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Measures deviation [¢g| from conformal flatness.
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Restriction of 7, to Kahler metrics?

On Kahler metrics,

[ 1w - / iy

so any critical point of restriction must be
extremal in sense of Calabi.

Lemma. If g 1s a Kahler metric on a complex
surface (M 4 ), the following are equivalent:

e g 15 an extremal Kahler metric,

e B=DB(JJ);

o) = B(J-,-) is a closed (1,1)-form;

o g = g+ tB is Kahler metric for smallt.
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Theorem. Each del Pezzo (M*,J) admits a
J-compatible conformally Kahler, FEinstein
metric, and this metric is geometrically unique.

Uniqueness: Bando-Mabuchi 87, L. "12.
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Theorem (CLW '08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form w. Then M admits an (unre-
lated) Finstein metric h with A > 0

CPy#kCPy, 0<k <38,
— M~ or
S2 % G2

Diffeotypes: exactly the Del Pezzo surfaces.

For known h, can take w harmonic self-dual 2-form.

But this is not needed in above result.
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One fascinating open problem:

Are the conformal classes |h] of these known
Finstein h on Del Pezzos absolute minimizers of %77

Are these |h] the only minimizers?
Gursky '98: Strong evidence:

Absolute minimizers among conformal classes |¢]
of positive Yamabe constant, when h is K-E.

[, '15: Further evidence:

Absolute minimizers among conformal classes |¢]
of symplectic type, when A is K-E.

Also true in non-K-E cases, among toric
conformal classes |g] of symplectic type.
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Moduli Spaces of Einstein metrics

& (M) = {Einstein h}/(Diffeos x RT)

Known to be connected for certain 4-manifolds:
M = T K3,  HYD, CHyT.

Berger, Hitchin, Besson-Courtois-Gallot, L.
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Related fundamental open problem:
Understand all Einstein metrics on del Pezzos.

Is Einstein moduli space connected?

Progress to date:
Nice characterizations of known Einstein metrics.

Exactly one connected component of moduli space!
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Theorem (L '15). On any del Pezzo M*, the
conformally Kahler, Einstein metrics are exactly
characterized by the property that

W (w,w) >0

everywhere on M, for w an arbitrary non-trivial
global self-dual harmonic 2-form.

Corollary. These known Einstein metrics on any
del Pezzo M* sweep out exactly one connected
component of the Einstein moduli space & (M ).
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Involves global harmonic 2-form w.

Peng Wu proposed an alternate characterization
using only a purely local condition on W ™.

Kahler = AT = Rw @ ReA2V

S
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Reasonably satistying result.
But W™ (w,w) > 0 is not purely local condition!

Involves global harmonic 2-form w.

Peng Wu proposed an alternate characterization
using only a purely local condition on W ™.

Wu's criterion:

det(W ) > 0.
Wu (2021): terse, opaque proof that <.
I (2021a): completely different proof.

L. (2021b): related classification result.
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Theorem B. Let (M, h) be a simply-connected
compact oriented Einstein 4-manifold, and sup-
pose that its self-dual Weyl curvature

W AT — AT
satisfies
det(W™") > 0
at every point of M. Then h 1s conformal to an

orientation-compatible Bach-flat extremal Kahler
metric g with scalar curvature s >0 on M.
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Let aw > 3 > ~ be eigenvalues of W™

0

Wr=1| g8

~

a+f+v7=0
a>0 <0, HW"#£0
det(W™T) = aBy

det(W") >0 = o has multiplicity 1.

Get almost-complex structure .J on M or M by
w=h(J").
Claim: (M, h) compact Einstein = .J integrable.
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WT AT = AT
satisfies
det(W™") > 0
at every point of M. Then h 1s conformal to an

orientation-compatible Bach-flat extremal Kahler
metric g with scalar curvature s >0 on M.

Simply connected hypothesis is essential!
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Theorem E. Let (M, h) be a compact oriented
Einstein 4-manifold. If

5v/2
21+/21

everywhere on M, then actually det(TV ") > 0.
Consequently, all the results described remain

true if we merely tmpose this ostensibly weaker
hypothesis.

det(W ) > — s
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Some indication of the proof:

By second Bianchi identity;,

h Einstein = W™ = (6IW)" = 0.

|
(OW)pea = =VaWhea = =Vierap + o Vas

Our strategy:

study weaker equation

SWT =0

as proxy for Einstein equation.
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If h = f2¢ satisfies
SWT =0

then ¢ instead satisfies

S(fIWT) =0

which in turn implies the Weitzenbock formula

0= V*V(fWT) + ng+ 6 Wt oWt £ 2f WA

for fIVF € End(AT).
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We'll choose g = f~2h and w adapted to problem,

take L? inner product of the Weitzenbock formula

0= V*V(fWT) + ng+ 6 Wt oWt £ 2fWHAT

with w ® w, and integrate by parts. This yields:

0= / (7, VoV (w05 (w,0) 6| () P2l Pleo?] £
o >
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0

Wr=1| g8

~

a+8+v=0
a>0 <0, HW"#£0
det(W™T) = aBy

det(W") >0 = o has multiplicity 1.

So v = avj, : M — RT a smooth function. Set

f=ay ™ g=fh =
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Eigenvalues of W™ carry a conformal weight:

For g = f—2h,

o 2o

So our choice of f = o~ 1/3 implies

0= al/s = 1

— af =1
Now choose w € AT so that
W) =aw, |uly=v2

after at worst passing to double cover M — M.
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M

Because

(d+d*)? = Vv — oW +§

on AT,



1
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1
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So Vw = 0, and ¢ is Kahler!
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It’s such a pleasure to be here!



