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Institut Henri Poincaré, jeudi 16 avril 2026
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Definition. Let M be a smooth compact ori-
ented 4-manifold with b+ ≥ 2. Then

a ∈ H2(M,R)

is called a monopole class of M iff there exists
a spinc structure on M with first Chern class

c1(L) = a mod torsion

such that the Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

have a solution (Φ, A) for every metric g on M .
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Proposition. Let M be a smooth compact ori-
ented 4-manifold with b+ ≥ 2. The collection
C ⊂ H2(M,R) of all monopole classes is finite,
invariant under reflection through 0, and is an
oriented diffeomorphism invariant of M .

Finiteness: If ∃ solution for (g, c)∫
M
sg

2dµg ≥ 32π2[c1(L)+]2

So if v ∈ H+
g ⊂ H2(M,R) any unit vector, then

|v • c1(L)| ≤ Ag := ‖sg‖g
and hence

|v • a| ≤ Ag

for every monopole class a.
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Proposition. Let M be a smooth compact ori-
ented 4-manifold with b+ ≥ 2. The collection
C ⊂ H2(M,R) of all monopole classes is finite,
invariant under reflection through 0, and is an
oriented diffeomorphism invariant of M .

Finiteness: If ∃ solution for (g, c)∫
M
sg

2dµg ≥ 32π2[c1(L)+]2

So if v ∈ H+
g ⊂ H2(M,R) any unit vector, then

|v • c1(L)| ≤ Ag := ‖sg‖g
and hence

|v • a| ≤ Ag

for every monopole class a.
Now use a result of Donaldson on period map.
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Period map:

{Metrics on M} −→ Gr+
b+

[H2(M,R)]

g 7−→ Hg+

Donaldson: period map is a submersion.

=⇒
⋃
g′(H

+
g′ − 0) open in H2(M,R)− {0}.

But any open set in a vector space spans the space!

∴ ∃ (gj, vj), j = 1, . . . , b2(M), such that

vj ∈ H+
gj − 0

and such that {vj}
b2
j=1 forms a basis for H2(M,R).

We may also normalize so that vj
2 = 1 for each j.
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Proposition. Let M be a smooth compact ori-
ented 4-manifold with b+ ≥ 2. The collection
C ⊂ H2(M,R) of all monopole classes is finite,
invariant under reflection through 0, and is an
oriented diffeomorphism invariant of M .

Finiteness: If a any monopole class, then

|v • a| ≤ Ag = ‖sg‖g

for any unit v ∈ Hg+.
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Proposition. Let M be a smooth compact ori-
ented 4-manifold with b+ ≥ 2. The collection
C ⊂ H2(M,R) of all monopole classes is finite,
invariant under reflection through 0, and is an
oriented diffeomorphism invariant of M .

Finiteness: If a any monopole class, then

|v1 • a| ≤ Ag1 = ‖sg1‖g1

|v2 • a| ≤ Ag2 = ‖sg2‖g2
...

|vb2 • a| ≤ Agb2
= ‖sgb2‖gb2

for our chosen unit vj ∈ H+
gj .
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Proposition. Let M be a smooth compact ori-
ented 4-manifold with b+ ≥ 2. The collection
C ⊂ H2(M,R) of all monopole classes is finite,
invariant under reflection through 0, and is an
oriented diffeomorphism invariant of M .

Finiteness: If a any monopole class, then

|v1 • a| ≤ Ag1

|v2 • a| ≤ Ag2
...

|vb2 • a| ≤ Agb2

for our chosen linearly independent vj.
So C ⊂ compact parallelepiped ∩ integer lattice!

=⇒ Finite!
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C ⊂ H2(M,R) of all monopole classes is finite,
invariant under reflection through 0, and is an
oriented diffeomorphism invariant of M .
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Proposition. Let M be a smooth compact ori-
ented 4-manifold with b+ ≥ 2. The collection
C ⊂ H2(M,R) of all monopole classes is finite,
invariant under reflection through 0, and is an
oriented diffeomorphism invariant of M .

Reflection invariance: Complex conjugation

V+→ V+

acts on SW solutions by

(Φ, A) 7→ (Φ, A∗).

Since L = det(V+), also sends

c1(L)  c1(L∗) = −c1(L)
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Proposition. Let M be a smooth compact ori-
ented 4-manifold with b+ ≥ 2. The collection
C ⊂ H2(M,R) of all monopole classes is finite,
invariant under reflection through 0, and is an
oriented diffeomorphism invariant of M .

Reflection invariance: Complex conjugation

V+→ V+

acts on SW solutions by

(Φ, A) 7→ (Φ, A∗).

Since L = det(V+), also sends

c1(L)  c1(L∗) = −c1(L)

So whenever a = c1
R(L) is a monopole class,

−a = c1
R(L∗) is also a monopole class.
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Allows us to define the following simple invariant:

Definition. Let M be a smooth compact ori-
ented 4-manifold with b+(M) ≥ 2. Let

C ⊂ H2(M,Z)/torsion

be the set of monopole classes of M . If

C 6⊂ {0}
we define the bandwidth of M to be

BW(M) = max
{
n ∈ Z+ | ∃ a 6= b ∈ C, s.t. 2n|(a− b)

}
.
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Allows us to define the following simple invariant:

Definition. Let M be a smooth compact ori-
ented 4-manifold with b+(M) ≥ 2. Let

C ⊂ H2(M,Z)/torsion

be the set of monopole classes of M . If

C 6⊂ {0}
we define the bandwidth of M to be

BW(M) = max
{
n ∈ Z+ | ∃ a 6= b ∈ C, s.t. 2n|(a− b)

}
.

If, on the other hand, C ⊂ {0}, we define the
bandwidth BW(M) to be 0.
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Allows us to define the following simple invariant:

Definition. Let M be a smooth compact ori-
ented 4-manifold with b+(M) ≥ 2. Let

C ⊂ H2(M,Z)/torsion

be the set of monopole classes of M . If

C 6⊂ {0}
we define the bandwidth of M to be

BW(M) = max
{
n ∈ Z+ | ∃ a 6= b ∈ C, s.t. 2n|(a− b)

}
.

If, on the other hand, C ⊂ {0}, we define the
bandwidth BW(M) to be 0.

Notice that this of course assigns a specific natural
number to each differentiable structure.

73



Example. Let M be 4-manifold with b+ > 1.
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

“basic class”
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structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”
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then c1
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”

Replace chosen fiber T 2 with T 2/Z2`+1
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”

Key: [T 2×(D2 − {0})]/Z2`+1
∼= T 2×(D2 − {0}).
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”

Homotopy equivalent to K3, but c1 = −2`f,
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that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”

Homotopy equivalent to K3, but c1 = −2`f,

where f 6= 0 is homology class of new T 2/Z2`+1.
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”

Homotopy equivalent to K3, but c1 = −2`f,

where f 6= 0 is homology class of new T 2/Z2`+1.

Produces non-zero monopole class divisible by 2`.
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”

Homotopy equivalent to K3, but c1 = −2`f,

where f 6= 0 is homology class of new T 2/Z2`+1.

Produces non-zero monopole class divisible by 2`:

BW(M `) ≥ 2`.
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”

Homeomorphic to K3, but c1 = −2`f,

where f 6= 0 is homology class of new T 2/Z2`+1.

Produces non-zero monopole class divisible by 2`:

BW(M `) ≥ 2`.
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”

Homeomorphic to K3, but c1 = −2`f,

where f 6= 0 is homology class of new T 2/Z2`+1.

Produces non-zero monopole class divisible by 2`.

As `→∞, BW(M `)→∞. if finite, divisibility
would be bounded!
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”

Homeomorphic to K3, but c1 = −2`f,

where f 6= 0 is homology class of new T 2/Z2`+1.

Produces non-zero monopole class divisible by 2`.

As `→∞, get infinitely many different diffeomor-
phism types: if finite, BW would be bounded!
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”

Proposition. The topological manifold |K3| ad-
mits infinitely many smooth structures. Exactly
one of these admits an Einstein metric.
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one of these admits an Einstein metric.
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if (M, g) is finitely covered by
flat T 4 or Calabi-Yau K3.
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Example. When c arises from an almost-complex
structure J on M , and satisfies nc(M) 6= 0 ∈ Z2,
then c1

R(M,J) is a monopole class.

When J is integrable and b1 even, we saw last time
that c1(M,J) is therefore a monopole class.

On K3, only monopole class is 0 ∈ H2(M,Z).

Different for any Kodaira “homotopy K3.”

Proposition. The topological manifold |K3| ad-
mits infinitely many smooth structures. Exactly
one of these admits an Einstein metric.
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The finiteness of the set of monopole classes also
allows us to make the following definition:
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Definition. Let

C = {monopole classes}.
If C 6= ∅, let

Hull(C) = convex hull of C ⊂ H2(M,R)

and set

β2(M) = max {v · v | v ∈ Hull(C)}
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Definition. Let

C = {monopole classes}.
If C 6= ∅, let

Hull(C) = convex hull of C ⊂ H2(M,R)

and set

β2(M) = max {v • v | v ∈ Hull(C)}

105



Definition. Let

C = {monopole classes}.
If C 6= ∅, let

Hull(C) = convex hull of C ⊂ H2(M,R)

and set

β2(M) = max {v • v | v ∈ Hull(C)}

If C = ∅, set β2(M) = 0.
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Definition. Let
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If C 6= ∅, let

Hull(C) = convex hull of C ⊂ H2(M,R)

and set

β2(M) = max {v • v | v ∈ Hull(C)}

If C = ∅, set β2(M) = 0.

If C 6= ∅, reflection invariance guarantees that 0
belongs to its convex hull. So we automatically have
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Definition. Let

C = {monopole classes}.
If C 6= ∅, let

Hull(C) = convex hull of C ⊂ H2(M,R)

and set

β2(M) = max {v • v | v ∈ Hull(C)}

If C = ∅, set β2(M) = 0.

If C 6= ∅, reflection invariance guarantees that 0
belongs to its convex hull. So we automatically have

β2(M) ≥ 0.

We may therefore set β(M) :=
√
β2(M).
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Theorem (Curvature Estimates). For any C2 Rie-
mannian metric g on any smooth compact ori-
ented 4-manifold M with b+ ≥ 2, the following
curvature bounds are satisfied:
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Theorem (Curvature Estimates). For any C2 Rie-
mannian metric g on any smooth compact ori-
ented 4-manifold M with b+ ≥ 2, the following
curvature bounds are satisfied:

∫
M
s2dµg ≥ 32π2β2(M)∫

M

(
s−
√

6|W+|
)2
dµg
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Theorem (Curvature Estimates). For any C2 Rie-
mannian metric g on any smooth compact ori-
ented 4-manifold M with b+ ≥ 2, the following
curvature bounds are satisfied:

∫
M
s2dµg ≥ 32π2β2(M)∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2β2(M)

Key observation: If v ∈ Hull(C), then ∀g ∃ a ∈ C
such that

(a+)2 ≥ (v+)2 ≥ v2.
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Theorem (Curvature Estimates). For any C2 Rie-
mannian metric g on any smooth compact ori-
ented 4-manifold M with b+ ≥ 2, the following
curvature bounds are satisfied:

∫
M
s2dµg ≥ 32π2β2(M)∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2β2(M)

Key observation: If v ∈ Hull(C), then ∀g ∃ a ∈ C
such that

(a+)2 ≥ (v+)2 ≥ v2.

Now take v to maximize v2 := v • v on Hull(C).
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mannian metric g on any smooth compact ori-
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curvature bounds are satisfied:

∫
M
s2dµg ≥ 32π2β2(M)∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2β2(M)

Moreover, if β2(M) 6= 0, equality holds in ei-
ther case iff (M, g) is a Kähler-Einstein mani-
fold with s < 0.
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Theorem (Curvature Estimates). For any C2 Rie-
mannian metric g on any smooth compact ori-
ented 4-manifold M with b+ ≥ 2, the following
curvature bounds are satisfied:

∫
M
s2dµg ≥ 32π2β2(M)∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2β2(M)

Moreover, if β2(M) 6= 0, equality holds in ei-
ther case iff (M, g) is a Kähler-Einstein mani-
fold with s < 0.

The equality case intimately reflects the following. . .
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Example If X is a minimal complex surface with
b+ > 1, and if

M = X#`CP2

then
β2(M) = c1

2(X)

because every basic class is a monopole class. ♦
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Theorem (Curvature Estimates). For any C2 Rie-
mannian metric g on any smooth compact ori-
ented 4-manifold M with b+ ≥ 2, the following
curvature bounds are satisfied:

∫
M
s2dµg ≥ 32π2β2(M)∫

M

(
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dµg ≥ 72π2β2(M)
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Second curvature estimate implies

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg≥

2

3
β2(M)
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Second curvature estimate implies

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

2

3
β2(M)

Hence:

Theorem. Let M be a smooth compact oriented
4-manifold with b+(M) ≥ 2.
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Second curvature estimate implies

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

2

3
β2(M)

Hence:

Theorem. Let M be a smooth compact oriented
4-manifold with b+(M) ≥ 2. If M admits an
Einstein metric g,
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Second curvature estimate implies

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

2

3
β2(M)

Hence:

Theorem. Let M be a smooth compact oriented
4-manifold with b+(M) ≥ 2. If M admits an
Einstein metric g, then

(2χ + 3τ )(M) ≥ 2

3
β2(M)
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Second curvature estimate implies

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

2

3
β2(M)

Hence:

Theorem. Let M be a smooth compact oriented
4-manifold with b+(M) ≥ 2. If M admits an
Einstein metric g, then

(2χ + 3τ )(M) ≥ 2

3
β2(M)

with equality only if both sides vanish,
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Second curvature estimate implies

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

2

3
β2(M)

Hence:

Theorem. Let M be a smooth compact oriented
4-manifold with b+(M) ≥ 2. If M admits an
Einstein metric g, then

(2χ + 3τ )(M) ≥ 2

3
β2(M)

with equality only if both sides vanish, in which
case g must be hyper-Kähler, and Mmust be dif-
feomorphic to either K3 or T 4.
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Example If X is a minimal complex surface with
b+ > 1, and if

M = X#`CP2

then
β2(M) = c1

2(X)

because every basic class is a monopole class. ♦

Indeed, since every basic class ∈ C, one can show
that c1(X) ∈ Hull(C), and hence

β2(M) ≥ c1
2(X).
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Example If X is a minimal complex surface with
b+ > 1, and if

M = X#`CP2

then
β2(M) = c1

2(X)

because every basic class is a monopole class. ♦

Indeed, since every basic class ∈ C, one can show
that c1(X) ∈ Hull(C), and hence

β2(M) ≥ c1
2(X).

But one can also construct explicit sequences with

1

32π2

∫
M
s2
gjdµgj → c1

2(X).
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Example If X is a minimal complex surface with
b+ > 1, and if

M = X#`CP2

then
β2(M) = c1

2(X)

because every basic class is a monopole class. ♦

Indeed, since every basic class ∈ C, one can show
that c1(X) ∈ Hull(C), and hence

β2(M) ≥ c1
2(X).

So we also have

c1
2(X) ≥ β2(M).

131



Example If X is a minimal complex surface with
b+ > 1, and if

M = X#`CP2

then
β2(M) = c1

2(X)

because every basic class is a monopole class. ♦

132



Example If X is a minimal complex surface with
b+ > 1, and if

M = X#`CP2

then
β2(M) = c1

2(X)

because every basic class is a monopole class. ♦
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Example If X is a minimal complex surface with
b+ > 1, and if

M = X#`CP2

then
β2(M) = c1

2(X)

because every basic class is a monopole class. ♦

Example Let X , Y , and Z be minimal simply-
connected complex surfaces b+ ≡ 3 mod 4, and set

M = X#Y#Z#`CP2.

Bauer-Furuta invariant allows one to show that

β2(M) = c1
2(X) + c1

2(Y ) + c1
2(Z).

in conjunction with a construction of minimizing
sequences of metrics gj on this manifold. ♦
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Example If X is a minimal complex surface with
b+ > 1, and if

M = X#`CP2

then
β2(M) = c1

2(X)

because every basic class is a monopole class. ♦

Example Let X , Y , and Z be minimal simply-
connected complex surfaces b+ ≡ 3 mod 4, and set

M = X#Y#Z#`CP2.

Bauer-Furuta invariant allows one to show that
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in conjunction with a construction of minimizing
sequences of metrics gj on this manifold. ♦
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Theorem. Let X, Y , and Z be compact ori-
ented simply connected symplectic 4-manifolds
with b+ ≡ 3 mod 4. Then, with respect to the
canonical isomorphisms

H2(X#Y ,Z) = H2(X,Z)⊕H2(Y ,Z)

H2(X#Y#Z,Z) = H2(X,Z)⊕H2(Y ,Z)⊕H2(Z,Z),

the cohomology classes

±c1(X)± c1(Y ) ∈ H2(X,Z)⊕H2(Y ,Z)

±c1(X)± c1(Y )± c1(Z) ∈ H2(X,Z)⊕H2(Y ,Z)⊕H2(Z,Z)

are monopole classes on X#Y and X#Y#Z,
respectively. Here the ± signs are arbitrary, and
independent of one another.
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Theorem. Let (m,n) be a pair of natural num-
bers with
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Theorem. Let (m,n) be a pair of natural num-
bers with m ≡ 1 mod 4 and m ≥ 9. If

n >
7

3
m + 12,

there are infinitely many distinct smooth struc-
ture on m
mathbbCP 2#nCP2 for which no Einstein met-
ric can exist.
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Theorem. Let (m,n) be a pair of natural num-
bers with m ≡ 1 mod 4 and m ≥ 9. If

n >
7

3
m + 12,

there are infinitely many distinct smooth struc-
ture on mCP2#nCP2 for which no Einstein met-
ric can exist.

Here the smooth manifolds are constructed as

X#Y `#Z#kCP2,

where Y ` are the homotopy K3 surfaces we previ-
ously discussed, and X and Z are suitable simply
connected symplectic 4-manifolds.
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ously discussed, and X and Z are suitable simply
connected symplectic 4-manifolds
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Theorem. Let (m,n) be a pair of natural num-
bers with m ≡ 1 mod 4 and m ≥ 9. If

n >
7

3
m + 12,

there are infinitely many distinct smooth struc-
ture on mCP2#nCP2 for which no Einstein met-
ric can exist.

Here the smooth manifolds are constructed as

X#Y `#Z#kCP2,

where Y ` are the homotopy K3 surfaces we previ-
ously discussed, and X and Z are suitable simply
connected symplectic 4-manifolds for each (m,n).
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Theorem. Let (m,n) be a pair of natural num-
bers with m ≡ 1 mod 4 and m ≥ 9. If

n >
7

3
m + 12,

there are infinitely many distinct smooth struc-
ture on mCP2#nCP2 for which no Einstein met-
ric can exist.

Here the smooth manifolds are constructed as

X#Y `#Z#kCP2,

where Y ` are the homotopy K3 surfaces we previ-
ously discussed, and X and Z are suitable simply
connected symplectic 4-manifolds for each (m,n).

BW(X#Y `#Z#kCP2) ≥ 2`→ +∞
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Example. For any integer p ≥ 6 with

p ≡ 2 mod 4,

set m = p2−3p+3 and n = 3p2−3p+1. We then
have m ≡ 1 mod 4, m ≥ 9, and n > 7

3m + 12.
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Example. For any integer p ≥ 6 with

p ≡ 2 mod 4,

set m = p2−3p+3 and n = 3p2−3p+1. We then
have m ≡ 1 mod 4, m ≥ 9, and n > 7

3m + 12.

Theorem asserts that there are infinitely many
smooth structures on mCP2#nCP2 for which no
Einstein metrics exists.
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Example. For any integer p ≥ 6 with

p ≡ 2 mod 4,

set m = p2−3p+3 and n = 3p2−3p+1. We then
have m ≡ 1 mod 4, m ≥ 9, and n > 7

3m + 12.

Theorem asserts that there are infinitely many
smooth structures on mCP2#nCP2 for which no
Einstein metrics exists.

But this homeotype is also realizable by the dou-
ble branched cover of CP2, ramified over a smooth
curve of degree 2p.
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Example. For any integer p ≥ 6 with

p ≡ 2 mod 4,

set m = p2−3p+3 and n = 3p2−3p+1. We then
have m ≡ 1 mod 4, m ≥ 9, and n > 7

3m + 12.

Theorem asserts that there are infinitely many
smooth structures on mCP2#nCP2 for which no
Einstein metrics exists.

But this homeotype is also realizable by the dou-
ble branched cover of CP2, ramified over a smooth
curve of degree 2p.

.............................................................................................................................................................................................................
...................

...................
...................

...................
...................

...................
...................

...................
...............

.................
.................

.................
.................

.................
......................................................................................................................

......................................................

.......................................................... .............................................................................................................................................................................................

.............................................................................................................................................................................................

...........................................................................................................................................................................................

........
.......
.......
.......
........
...........

..............................

.............................................................................
.

........
.......
.......
.......
........
...........
..............................

.............................................................................
.

CP2

B
B

................................................................................................................................................................
.........

.........
....

N

................................................................................
...........
.........
.......

........
.........
............
..............................................................................

........
........
........
........
........
........
........
........
........
........
........
........
........
...

........
........
........
........
........
........
........
........
........
........
........
........
........

...

151



Example. For any integer p ≥ 6 with

p ≡ 2 mod 4,

set m = p2−3p+3 and n = 3p2−3p+1. We then
have m ≡ 1 mod 4, m ≥ 9, and n > 7

3m + 12.

Theorem asserts that there are infinitely many
smooth structures on mCP2#nCP2 for which no
Einstein metrics exists.

But this homeotype is also realizable by the dou-
ble branched cover of CP2, ramified over a smooth
curve of degree 2p.

This complex surface has ample canonical line bun-
dle so Aubin/Yau theorem implies that it admits
an Einstein metric (which can be constructed so as
to also be Kähler).

152



But M and N are both
simply connected & non-spin,
and both have c2

1 = 2, h2,0 = 3, so

χ = 46

τ = −30

Hence Freedman =⇒ M homeomorphic to N
Moral: Existence depends on diffeotype!
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Example. For any integer p ≥ 6 with

p ≡ 2 mod 4,

set m = p2−3p+3 and n = 3p2−3p+1. We then
have m ≡ 1 mod 4, m ≥ 9, and n > 7

3m + 12.

Theorem asserts that there are infinitely many
smooth structures on mCP2#nCP2 for which no
Einstein metrics exists.

But this homeotype is also realizable by the dou-
ble branched cover of CP2, ramified over a smooth
curve of degree 2p.

This complex surface has ample canonical line bun-
dle so Aubin/Yau theorem implies that it admits
an Einstein metric (which can be constructed so as
to also be Kähler).
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But M and N are both
simply connected & non-spin,
and both have c2

1 = 2, h2,0 = 3, so

χ = 46

τ = −30

Hence Freedman =⇒ M homeomorphic to N
Moral: Existence depends on diffeotype!
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Intermission
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Our discussion of Einstein metrics has largely con-
cerned settings where we automatically have λ ≤ 0.
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Our discussion of Einstein metrics has largely con-
cerned settings where we automatically have λ ≤ 0.

We now turn to the λ > 0 case.
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Theorem. Suppose that M is a smooth com-
pact oriented 4-manifold which admits a complex
structure J . Then M also admits an (unrelated)
Einstein metric g with λ > 0
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Einstein metric g with λ > 0
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Theorem. Suppose that M is a smooth com-
pact oriented 4-manifold which admits a complex
structure J . Then M also admits an (unrelated)
Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2
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Theorem. Suppose that M is a smooth com-
pact oriented 4-manifold which admits a complex
structure J . Then M also admits an (unrelated)
Einstein metric g with λ > 0
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CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2
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Theorem. Suppose that M is a smooth com-
pact oriented 4-manifold which admits a complex
structure J . Then M also admits an (unrelated)
Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: Del Pezzo surfaces.

Proof that there no other candidates:
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Theorem. Suppose that M is a smooth com-
pact oriented 4-manifold which admits a complex
structure J . Then M also admits an (unrelated)
Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: Del Pezzo surfaces.

Proof that there no other candidates:

• Hitchin-Thorpe: c1
2(M) = (2χ + 3τ )(M) > 0.
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Theorem. Suppose that M is a smooth com-
pact oriented 4-manifold which admits a complex
structure J . Then M also admits an (unrelated)
Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: Del Pezzo surfaces.

Proof that there no other candidates:

• Hitchin-Thorpe: c1
2(M) = (2χ + 3τ )(M) > 0.

• SW: ∃ metric g with s > 0 =⇒ Kod = −∞.
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Theorem. Suppose that M is a smooth com-
pact oriented 4-manifold which admits a complex
structure J . Then M also admits an (unrelated)
Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2
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Theorem. Suppose that M is a smooth com-
pact oriented 4-manifold which admits a complex
structure J . Then M also admits an (unrelated)
Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: “Del Pezzo surfaces.”
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Theorem. Suppose that M is a smooth com-
pact oriented 4-manifold which admits a complex
structure J . Then M also admits an (unrelated)
Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: “Del Pezzo surfaces.”

This provides the key to proving the converse:
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Theorem. Suppose that M is a smooth com-
pact oriented 4-manifold which admits a complex
structure J . Then M also admits an (unrelated)
Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: “Del Pezzo surfaces.”

This provides the key to proving the converse:

Each candidate admits a λ > 0 Einstein metric!
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

.......

.......

.......

.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
.........

..........
..........

...........
...........

............
.............

...............
.................

....................
............................

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
........................

..................
................

..............
.............
............
...........
..........
..........
..........
.........
.........
.........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

CP2

•

••

....................................................................................................................................................................................

....................................................................................................................................................................................
..........................................................................................................................................................................................

.......................................................................................................................

.......................................................................................................................

..................................................................................................................................................................................................................................................

........
........
........
........
........
........
........
........
........
........
........
........
.....

........
........
........
........
........
........
........
........
........
........
........
........
.....

173



Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 5 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 6 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein met-
ric, and this metric is unique up to complex au-
tomorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein met-
ric, and this metric is unique up to complex au-
tomorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is unique up to complex automor-
phisms and constant rescalings.

180
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(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is unique up to complex automor-
phisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is unique up to complex automor-
phisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is unique up to complex automor-
phisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is geometrically unique.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 1983 Siu, Tian-Yau, Tian, Odaka-
Spotti-Sun, Chen-L-Weber.

186



Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 , Derdziński 1986 Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

187



Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 , Derdziński, Siu, Siu 1987 Odaka-
Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 , Derdziński, Siu, Siu, Siu 1990
Odaka-Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

2016
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Odaka-Spotti-Sun Son 2008
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is geometrically unique.

Uniqueness: Bando-Mabuchi ’87 , L ’12.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible Hermitian, Einstein metric, and
this metric is geometrically unique.

Uniqueness: Bando-Mabuchi ’87, L ’12.
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This depends on the following key fact:
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Strictly four-dimensional phenomenon.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Strictly four-dimensional phenomenon: must have

g = fh

for some Kähler metric h, smooth function f > 0.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.

=⇒ W+ ∝ trace-free part of (ω ⊗ ω)
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.

=⇒ W+ = u(ω ⊗ ω)0
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.

Differential Bianchi identity =⇒ 0 = ∇·u(ω⊗ω)0
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.

=⇒ 0 = ∇̂ · (ω̂ ⊗ ω̂)0

for h = u2/3g.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.

0 = ∇̂ω̂
for h = u2/3g.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.

0 = ∇̂ω̂

so h = u2/3g is Kähler. (Derdziński, LeBrun)
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.

0 = ∇̂ω̂

so h = u2/3g is Kähler. (Derdziński, L)
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Strictly four-dimensional phenomenon.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Strictly four-dimensional phenomenon.

Wildly false in higher dimensions!
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Strictly four-dimensional phenomenon.

Wildly false in higher dimensions!

Calabi-Eckmann complex structure J on S3 × S3.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Strictly four-dimensional phenomenon.

Wildly false in higher dimensions!

Calabi-Eckmann complex structure J on S3 × S3.

Product metric is Einstein and Hermitian.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Strictly four-dimensional phenomenon.

Wildly false in higher dimensions!

Calabi-Eckmann complex structure J on S3 × S3.

Product metric is Einstein and Hermitian.

But S3×S3 has no Kähler metric because H2 = 0.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Strictly four-dimensional phenomenon.

Wildly false in higher dimensions!

Calabi-Eckmann complex structure J on S3 × S3.

Product metric is Einstein and Hermitian.

But S3×S3 has no Kähler metric because H2 = 0.

Similarly for S2n+1 × S2m+1.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!
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The Bach Tensor

Conformally invariant Riemannian functional:

W (g) =

∫
M
|W |2gdµg.
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The Bach Tensor

Conformally invariant Riemannian functional:

W (g) =

∫
M
|W |2gdµg.

Conformally invariant means unchanged by

g  u2g

for any smooth function u : M → R+.
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The Bach Tensor

Conformally invariant Riemannian functional:

W (g) =

∫
M
|W |2gdµg.
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The Bach Tensor

Conformally invariant Riemannian functional:

W (g) =

∫
M
|W |2gdµg.

For any 1-parameter family of metrics

gt := g + tġ + O(t2)
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The Bach Tensor

Conformally invariant Riemannian functional:

W (g) =

∫
M
|W |2gdµg.

For any 1-parameter family of metrics

gt := g + tġ + O(t2)

First variation
d

dt
W (gt)

∣∣∣∣
t=0

= −
∫
ġabBab dµg
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The Bach Tensor

Conformally invariant Riemannian functional:

W (g) =

∫
M
|W |2gdµg.

For any 1-parameter family of metrics

gt := g + tġ + O(t2)

First variation
d

dt
W (gt)

∣∣∣∣
t=0

= −
∫
ġabBab dµg

where

Bab := (∇c∇d +
1

2
rcd)W acbd .

is the Bach tensor of g.
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The Bach Tensor

Conformally invariant Riemannian functional:

W (g) =

∫
M
|W |2gdµg.

For any 1-parameter family of metrics

gt := g + tġ + O(t2)

First variation
d

dt
W (gt)

∣∣∣∣
t=0

= −
∫
ġabBab dµg

where

Bab := (∇c∇d +
1

2
rcd)W acbd .

is the Bach tensor of g. Symmetric, trace-free.
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The Bach Tensor

Conformally invariant Riemannian functional:

W (g) =

∫
M
|W |2gdµg.

For any 1-parameter family of metrics

gt := g + tġ + O(t2)

First variation
d

dt
W (gt)

∣∣∣∣
t=0

= −
∫
ġabBab dµg

where

Bab := (∇c∇d +
1

2
rcd)W acbd .

is the Bach tensor of g. Symmetric, trace-free.

∇aBab = 0
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4-dimensional Gauss-Bonnet formula

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W |2 − |̊r|

2

2

)
dµ
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4-dimensional Gauss-Bonnet formula

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W |2 − |̊r|

2

2

)
dµ

So

W (g) = 8π2χ(M)−
∫
M

(
s2

24
− |̊r|

2

2

)
dµ
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4-dimensional Gauss-Bonnet formula

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W |2 − |̊r|

2

2

)
dµ

So

W (g) = 8π2χ(M)−
∫
M

(
s2

24
− |̊r|

2

2

)
dµ

=⇒ Einstein metrics are critical points of W ,
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4-dimensional Gauss-Bonnet formula

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W |2 − |̊r|

2

2

)
dµ

So

W (g) = 8π2χ(M)−
∫
M

(
s2

24
− |̊r|

2

2

)
dµ

=⇒ Einstein metrics are critical points of W ,

since they are critical points of
∫
s2dµ and

∫
|̊r|2dµ.
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4-dimensional Gauss-Bonnet formula

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W |2 − |̊r|

2

2

)
dµ

So

W (g) = 8π2χ(M)−
∫
M

(
s2

24
− |̊r|

2

2

)
dµ

=⇒ Einstein metrics are critical points of W .
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4-dimensional Gauss-Bonnet formula

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W |2 − |̊r|

2

2

)
dµ

So

W (g) = 8π2χ(M)−
∫
M

(
s2

24
− |̊r|

2

2

)
dµ

=⇒ Einstein metrics are critical points of W .

=⇒ conformally Einstein metrics are critical, too.
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4-dimensional signature formula

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ
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4-dimensional signature formula

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

So

W (g) = 2

∫
M
|W+|2dµg − 12π2τ (M)
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4-dimensional signature formula

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

So

W (g) = 2

∫
M
|W+|2dµg − 12π2τ (M)

Hence

Bab := 2(∇c∇d +
1

2
r̊cd)(W+)acbd .
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4-dimensional signature formula

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

So

W (g) = 2

∫
M
|W+|2dµg − 12π2τ (M)

Hence

Bab := 2(∇c∇d +
1

2
r̊cd)(W+)acbd .

So what does the identity

Bab = 0

say about conformally Kähler, Einstein metrics?
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature ′′
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Kähler case:

Λ1,1 = Rω ⊕ Λ−
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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)
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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)

∇J = 0 =⇒ R ∈ End(Λ1,1)
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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)

∇J = 0 =⇒ R ∈ End(Λ1,1)

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12
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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)

∇J = 0 =⇒ R ∈ End(Λ1,1)

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12
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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)

∇J = 0 =⇒ R ∈ End(Λ1,1) =⇒

W+ +
s

12
=

 0
0
∗


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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)

∇J = 0 =⇒ R ∈ End(Λ1,1) =⇒

W+ +
s

12
=

 0
0
s
4


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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)

∇J = 0 =⇒ R ∈ End(Λ1,1) =⇒

W+ =

− s
12
− s

12
s
6


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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)

∇J = 0 =⇒ R ∈ End(Λ1,1) =⇒

|W+|2 =
s2

24

248



Restriction of W to Kähler metrics?
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Restriction of W to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ
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Restriction of W to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.
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Calabi:
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Calabi:

Extremal Kähler metrics = critical points of

h 7→
∫
M
s2dµh
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Calabi:

Extremal Kähler metrics = critical points of

h 7→
∫
M
s2dµh

where h = hω for J and [ω] ∈ H2(M,R) fixed.
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Calabi:

Extremal Kähler metrics = critical points of

h 7→
∫
M
s2dµh

where h = hω for J and [ω] ∈ H2(M,R) fixed.

Euler-Lagrange equations
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Calabi:

Extremal Kähler metrics = critical points of

h 7→
∫
M
s2dµh

where h = hω for J and [ω] ∈ H2(M,R) fixed.

Euler-Lagrange equations ⇐⇒

∇1,0s is a holomorphic vector field.
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Calabi:

Extremal Kähler metrics = critical points of

h 7→
∫
M
s2dµh

where h = hω for J and [ω] ∈ H2(M,R) fixed.

Euler-Lagrange equations ⇐⇒

J∇s is a Killing field.
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Calabi:

Extremal Kähler metrics = critical points of

h 7→
∫
M
s2dµh

where h = hω for J and [ω] ∈ H2(M,R) fixed.

Euler-Lagrange equations ⇐⇒

J∇s is a Killing field.

X.X. Chen: always minimizers.
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Calabi:

Extremal Kähler metrics = critical points of

h 7→
∫
M
s2dµh

where h = hω for J and [ω] ∈ H2(M,R) fixed.

Euler-Lagrange equations ⇐⇒

J∇s is a Killing field.

Donaldson/Mabuchi/Chen-Tian:
unique modulo bihomorphisms.

259



Restriction of W to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.
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Restriction of W to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Now for an extremal Kähler metric

B =
1

12

[
s̊r + 2Hess0(s)

]
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Restriction of W to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Now for an extremal Kähler metric

B =
1

12

[
s̊r + 2Hess0(s)

]
because W+ = 1

4s(ω ⊗ ω)0 in Kähler case
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Restriction of W to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Now for an extremal Kähler metric

B =
1

12

[
s̊r + 2Hess0(s)

]
where Hess0(s) is the trace-free piece of ∇∇s
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Restriction of W to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Now for an extremal Kähler metric

B =
1

12

[
s̊r + 2Hess0(s)

]
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Restriction of W to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Now for an extremal Kähler metric

B =
1

12

[
s̊r + 2Hess0(s)

]
and corresponds to harmonic primitive (1, 1)-form

ψ := B(J ·, ·) =
1

12

[
sρ + 2i∂∂̄s

]
0
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Restriction of W to Kähler metrics.
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Restriction of W to Kähler metrics.

Hence if h is extremal Kähler metric,

ht = h + tB

is a family of Kähler metrics,
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Restriction of W to Kähler metrics.

Hence if h is extremal Kähler metric,

ht = h + tB

is a family of Kähler metrics, for t ∈ (−ε, ε),
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Restriction of W to Kähler metrics.

Hence if h is extremal Kähler metric,

ht = h + tB

is a family of Kähler metrics,
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Restriction of W to Kähler metrics.

Hence if h is extremal Kähler metric,

ht = h + tB

is a family of Kähler metrics, corresponding to

ωt = ω + tψ
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Restriction of W to Kähler metrics.

Hence if h is extremal Kähler metric,

ht = h + tB

is a family of Kähler metrics, corresponding to

ωt = ω + tψ

and first variation is
d

dt
W (ht)

∣∣∣∣
t=0

=

∫
ġabBab dµh

= −
∫
|B|2 dµh
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Restriction of W to Kähler metrics.

Hence if h is extremal Kähler metric,

ht = h + tB

is a family of Kähler metrics, corresponding to

ωt = ω + tψ

and first variation is
d

dt
W (ht)

∣∣∣∣
t=0

=

∫
ġabBab dµh

= −
∫
|B|2 dµh.

So the critical points of restriction of W to
{Kähler metrics} must also have B = 0!
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Thus any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)
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Thus any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling g = s−2h is
Einstein

274



Thus any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling g = s−2h is
Einstein courtesy of transformation rule

r̊(u2h) = r̊(h) + (n− 2)uHess0(u−1) .
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Thus any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling g = s−2h is
Einstein courtesy of transformation rule

r̊(u2h) = r̊(h) + 2u Hess0(u−1) .
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Thus any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling g = s−2h is
Einstein courtesy of transformation rule

r̊(u2h) = r̊(h) + 2u Hess0(u−1) .

r̊(s−2h) = r̊(h) + 2s−1Hess0(s)= 12s−1B = 0.
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Thus any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling g = s−2h is
Einstein courtesy of transformation rule

r̊(u2h) = r̊(h) + 2u Hess0(u−1) .

r̊(s−2h) = r̊(h) + 2s−1Hess0(s) = 12s−1B = 0.
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Thus any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling g = s−2h is
Einstein courtesy of transformation rule

r̊(u2h) = r̊(h) + 2u Hess0(u−1) .

r̊(s−2h) = r̊(h) + 2s−1Hess0(s) = 12s−1B = 0.

This conformal rescaling trick due to Derdziński.
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Thus any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling g = s−2h is
Einstein courtesy of transformation rule

r̊(u2h) = r̊(h) + 2u Hess0(u−1) .

r̊(s−2h) = r̊(h) + 2s−1Hess0(s) = 12s−1B = 0.

This conformal rescaling trick due to Derdziński.

Warning. h undefined where s = 0!
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Thus any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling g = s−2h is
Einstein courtesy of transformation rule

r̊(u2h) = r̊(h) + 2u Hess0(u−1) .

r̊(s−2h) = r̊(h) + 2s−1Hess0(s) = 12s−1B = 0.

This conformal rescaling trick due to Derdziński.

Warning. h undefined where s = 0!

For global Einstein metric, need to show s > 0.
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian g which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian g which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Metric is conformal to Kähler metric h with
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian g which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Metric is conformal to Kähler metric h with

ρ + 2i∂∂̄logs > 0
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian g which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Metric is conformal to Kähler metric h with

ρ + 2i∂∂̄logs > 0

so c1 > 0.
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian g which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian g which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Lemma. If (M4, J) is a Del Pezzo surface, any
extremal Kähler metric h on M has scalar cur-
vature s > 0.

287



Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian g which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Lemma. If (M4, J) is a Del Pezzo surface, any
extremal Kähler metric h on M has scalar cur-
vature s > 0.

This comes down to a computation!
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian g which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Lemma. If (M4, J) is a Del Pezzo surface, any
extremal Kähler metric h on M has scalar cur-
vature s > 0.

This comes down to a computation!

But it then immediately implies. . .
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian g which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Lemma. If (M4, J) is a Del Pezzo surface, any
extremal Kähler metric h on M has scalar cur-
vature s > 0.

Lemma. Suppose that h is a Bach-flat Kähler
metric on a Del Pezzo surface (M4, J). Then
the Hermitian metric g = s−2h is Einstein, with
positive Einstein constant.

290



Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian g which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Lemma. If (M4, J) is a Del Pezzo surface, any
extremal Kähler metric h on M has scalar cur-
vature s > 0.

Lemma. Suppose that h is a Bach-flat Kähler
metric on a Del Pezzo surface (M4, J). Then
the Hermitian metric g = s−2h is Einstein, with
positive Einstein constant.

Lemma. Conversely, any Hermitian, Einstein
metric on a Del Pezzo surface arises in this way.
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Theorem. Let (M4, J) be a Del Pezzo surface.
Then, up to automorphisms and rescaling, there
is a unique Bach-flat Kähler metric h on M .
This metric is characterized by the fact that it
minimizes the Calabi functional

C =

∫
M
s2dµ

among all Kähler metrics on (M4, J).
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Theorem. Let (M4, J) be a Del Pezzo surface.
Then, up to automorphisms and rescaling, there
is a unique Bach-flat Kähler metric h on M .
This metric is characterized by the fact that it
minimizes the Calabi functional

C =

∫
M
s2dµ

among all Kähler metrics on (M4, J).

Hermitian, Einstein metric then given by

g = s−2h

and uniqueness Theorem follows.
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Theorem. Let (M4, J) be a Del Pezzo surface.
Then, up to automorphisms and rescaling, there
is a unique Bach-flat Kähler metric h on M .
This metric is characterized by the fact that it
minimizes the Calabi functional

C =

∫
M
s2dµ

among all Kähler metrics on (M4, J).

Only three cases are “non-trivial:”

CP2#kCP2, k = 1, 2, 3.
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Theorem. Let (M4, J) be a Del Pezzo surface.
Then, up to automorphisms and rescaling, there
is a unique Bach-flat Kähler metric h on M .
This metric is characterized by the fact that it
minimizes the Calabi functional

C =

∫
M
s2dµ

among all Kähler metrics on (M4, J).

Only three cases are “non-trivial:”

CP2#kCP2, k = 1, 2, 3.

In all other cases, any extremal Kähler metric must
have s ≡ const, so that any Hermitian, Einstein
metric must be Kähler-Einstein.
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Theorem. Let (M4, J) be a Del Pezzo surface.
Then, up to automorphisms and rescaling, there
is a unique Bach-flat Kähler metric h on M .
This metric is characterized by the fact that it
minimizes the Calabi functional

C =

∫
M
s2dµ

among all Kähler metrics on (M4, J).

Only three cases are “non-trivial:”

CP2#kCP2, k = 1, 2, 3.

The Kähler-Einstein case is of course quite non-
trivial, for complementary reasons. For a watertight
treatment, see Odaka-Spotti-Sun 2016.

296



Action Function on Kähler Cone
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Action Function on Kähler Cone

For any extremal Kähler (M4, h, J),
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Action Function on Kähler Cone

For any extremal Kähler (M4, h, J),

1

32π2

∫
s2dµh =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])
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Action Function on Kähler Cone

For any extremal Kähler (M4, h, J),

1

32π2

∫
s2dµh =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.
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Action Function on Kähler Cone

For any extremal Kähler (M4, h, J),

1

32π2

∫
s2dµh =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.
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Action Function on Kähler Cone

For any extremal Kähler (M4, h, J),

1

32π2

∫
s2dµh =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).
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K ⊂ H1,1(M,R) = H2(M,R)

(M Del Pezzo)
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(M Del Pezzo)
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Action Function on Kähler Cone

For any extremal Kähler (M4, h, J),

1

32π2

∫
s2dµh =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).
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Action Function on Kähler Cone

For any extremal Kähler (M4, h, J),

1

32π2

∫
s2dµh =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).

Lemma. If h is a Kähler metric on a compact
complex surface (M4, J), with Kähler class [ω],
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Action Function on Kähler Cone

For any extremal Kähler (M4, h, J),

1

32π2

∫
s2dµh =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).

Lemma. If h is a Kähler metric on a compact
complex surface (M4, J), with Kähler class [ω],
then h satisfies B = 0 ⇐⇒
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Action Function on Kähler Cone

For any extremal Kähler (M4, h, J),

1

32π2

∫
s2dµh =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).

Lemma. If h is a Kähler metric on a compact
complex surface (M4, J), with Kähler class [ω],
then h satisfies B = 0 ⇐⇒
• h is an extremal Kähler metric; and
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Action Function on Kähler Cone

For any extremal Kähler (M4, h, J),

1

32π2

∫
s2dµh =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).

Lemma. If h is a Kähler metric on a compact
complex surface (M4, J), with Kähler class [ω],
then h satisfies B = 0 ⇐⇒
• h is an extremal Kähler metric; and

• [ω] is a critical point of A : K → R.
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The non-trivial cases are toric, and the action A
can be directly computed from moment polygon.
Formula involves barycenters, moments of inertia.
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The non-trivial cases are toric, and the action A
can be directly computed from moment polygon.
Formula involves barycenters, moments of inertia.
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A([ω]) =
|∂P |2

2

( 1

|P |
+ ~D · Π−1~D

)
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To prove Uniqueness, show that

A : Ǩ → R
has unique critical point for relevant M .
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To prove Uniqueness, show that

A : Ǩ → R
has unique critical point for relevant M .

Here Ǩ = K /R+.
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To prove Uniqueness, show that

A : Ǩ → R
has unique critical point for relevant M .

Here Ǩ = K /R+.

A is explicit rational function —
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(1 + γ)

5
+ 24α

5
(1 + β + γ)

5
+ 12β

4
(1 + γ)

2
(5 + 20γ + 23γ

2
+ 10γ

3
) + 16β

3
(4 + 28γ + 72γ

2
+ 90γ

3
+ 57γ

4
+ 15γ

5
) +

12β
2
(3 + 24γ + 69γ

2
+ 96γ

3
+ 68γ

4
+ 20γ

5
) + 2β(5 + 45γ + 144γ

2
+ 224γ

3
+ 180γ

4
+ 60γ

5
) + 12α

4
(1 + β + γ)

2
(5 + 20γ + 23γ

2
+ 10γ

3
+ 10β

3
(1 + γ) + β

2
(23 + 46γ +

16γ
2
) + 2β(10 + 30γ + 23γ

2
+ 5γ

3
)) + 16α

3
(4 + 28γ + 72γ

2
+ 90γ

3
+ 57γ

4
+ 15γ

5
+ 15β

5
(1 + γ)

2
+ 3β

4
(19 + 57γ + 50γ

2
+ 13γ

3
) + 3β

3
(30 + 120γ + 155γ

2
+ 78γ

3
+

13γ
4
) + 3β

2
(24 + 120γ + 206γ

2
+ 155γ

3
+ 50γ

4
+ 5γ

5
) + β(28 + 168γ + 360γ

2
+ 360γ

3
+ 171γ

4
+ 30γ

5
)) + 12α

2
(3 + 24γ + 69γ

2
+ 96γ

3
+ 68γ

4
+ 20γ

5
+ 20β

5
(1 + γ)

3
+

β
4
(68 + 272γ + 366γ

2
+ 200γ

3
+ 36γ

4
) + 4β

3
(24 + 120γ + 206γ

2
+ 155γ

3
+ 50γ

4
+ 5γ

5
) + 2β(12 + 84γ + 207γ

2
+ 240γ

3
+ 136γ

4
+ 30γ

5
) + β

2
(69 + 414γ + 864γ

2
+

824γ
3

+ 366γ
4

+ 60γ
5
)) + 2α(5 + 45γ + 144γ

2
+ 224γ

3
+ 180γ

4
+ 60γ

5
+ 60β

5
(1 + γ)

4
+ 12β

4
(15 + 75γ + 136γ

2
+ 114γ

3
+ 43γ

4
+ 5γ

5
) + 12β

2
(12 + 84γ + 207γ

2
+

240γ
3

+ 136γ
4

+ 30γ
5
) + 8β

3
(28 + 168γ + 360γ

2
+ 360γ

3
+ 171γ

4
+ 30γ

5
) + 3β(15 + 120γ + 336γ

2
+ 448γ

3
+ 300γ

4
+ 80γ

5
))

]
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To prove Uniqueness, show that

A : Ǩ → R
has unique critical point for relevant M .

Here Ǩ = K /R+.

A is explicit rational function —
but quite complicated!
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To prove Uniqueness, show that

A : Ǩ → R
has unique critical point for relevant M .

Here Ǩ = K /R+.

A is explicit rational function —
but quite complicated!

Proof proceeds by showing critical point invariant
under certain discrete automorphisms of M .
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To prove Uniqueness, show that

A : Ǩ → R
has unique critical point for relevant M .

Here Ǩ = K /R+.

A is explicit rational function —
but quite complicated!

Proof proceeds by showing critical point invariant
under certain discrete automorphisms of M .

Done by showing A convex on appropriate lines.
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To prove Uniqueness, show that

A : Ǩ → R
has unique critical point for relevant M .

Here Ǩ = K /R+.

A is explicit rational function —
but quite complicated!

Proof proceeds by showing critical point invariant
under certain discrete automorphisms of M .

Done by showing A convex on appropriate lines.

Final step then just calculus in one variable. . .
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One consequence: only Hermitian, Einstein metric
on CP2#3CP2 is the Kähler-Einstein metric first
discovered by Siu!
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One consequence: only Hermitian, Einstein metric
on CP2#3CP2 is the Kähler-Einstein metric first
discovered by Siu!

But by deforming this metric, one can show that
every Kähler class in a specific low-energy conical
region on CP2#3CP2 is represented by an extremal
Kähler metric.
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Theorem. Let M = CP2#3CP2 be the blow-up
of CP2 at three non-collinear points, and let
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Theorem. Let M = CP2#3CP2 be the blow-up
of CP2 at three non-collinear points, and let [ω]
be a Kähler class on M for which

T ([ω]) :=
(c1 · [ω])2

[ω]2
≤ 3

2
c1

2 − 1

4
= c1

2 + 2.75.
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Theorem. Let M = CP2#3CP2 be the blow-up
of CP2 at three non-collinear points, and let [ω]
be a Kähler class on M for which

T ([ω]) :=
(c1 · [ω])2

[ω]2
≤ 3

2
c1

2 − 1

4
= c1

2 + 2.75.

Then there is an extremal Kähler metric h on
M with Kähler form ω ∈ [ω].
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H1,1(M,R) = H2(M,R)
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T ([ω]) =
(c1 · [ω])2

[ω]2
≤ const
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c1 Ǩ...................................................................................................................................................................................................................................................................................................................................................................................
.........................................

.............................
......................

..................
..............
...........
.........
.......
.......
.......
.........
...........

..............
..................

......................
.............................

.........................................
........................................................................................................

.....

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
....

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
....

.............................................................................................................................................................................................................................................................

.........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.......................................................................................................................................................................................................................................................

.......................................................................................................................................................................................................................................................

.......

......

.......

......

.......

......

.......

......

.......

......

.......

......

.......

......

.......

......

.......

......

.......

......

.......

......

.......

......

.......

......

.......

.......

.......

.......

.......

.......

.......

.......

.............

...........

Ǩ = K /R+
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One consequence: only Hermitian, Einstein metric
on CP2#3CP2 is the Kähler-Einstein metric first
discovered by Siu!

But by deforming this metric, one can show that
every Kähler class in a specific low-energy conical
region on CP2#3CP2 is represented by an extremal
Kähler metric.
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One consequence: only Hermitian, Einstein metric
on CP2#3CP2 is the Kähler-Einstein metric first
discovered by Siu!

But by deforming this metric, one can show that
every Kähler class in a specific low-energy conical
region on CP2#3CP2 is represented by an extremal
Kähler metric.

The following result is crucial for this purpose:
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Theorem (Chen-Weber). Let hi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex orbifold.
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Theorem (Chen-Weber). Let hi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex orbifold.
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Theorem (Chen-Weber). Let hi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex orbifold.
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Theorem (Chen-Weber). Let hi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex orbifold
(of same dimension).
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Theorem (Chen-Weber). Let hi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex orbifold.

Smallest constant such that

‖u‖2
L4 ≤ CS

(
‖∇u‖2

L2 + V −1/2‖u‖2
L2

)
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Theorem. Let hi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS.
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Theorem. Let hi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either
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Theorem. Let hi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or
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Theorem. Let hi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or

• ∃ pointed G-H limit of rescalings which is a
non-trivial ALE scalar-flat Kähler manifold.
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Theorem. Let hi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or

• ∃ pointed G-H limit of rescalings which is a
non-trivial ALE scalar-flat Kähler manifold.

“Deepest bubble”
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Theorem. Let hi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or

• ∃ pointed G-H limit of rescalings which is a
non-trivial ALE scalar-flat Kähler manifold.

“Deepest bubble”
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Theorem. Let hi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or

• ∃ pointed G-H limit of rescalings which is a
non-trivial ALE scalar-flat Kähler manifold.

“Deepest bubble”
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Theorem. Let hi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or

• ∃ pointed G-H limit of rescalings which is a
non-trivial ALE scalar-flat Kähler manifold.

“Deepest bubble”
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Theorem. Let hi be an arbitrary sequence of
unit-volume extremal Kähler metrics on Del Pezzo
M which satisfy

T ([ω]) ≤ 3

2
c1

2 − 1

4
Then ∃ subsequence which Gromov-Hausdorff con-
verges to an extremal Kähler metric on a com-
pact complex 2-orbifold.

348



Theorem. Let hi be an arbitrary sequence of
unit-volume extremal Kähler metrics on Del Pezzo
M which satisfy

T ([ω]) ≤ 3

2
c1

2 − 1

4
Then ∃ subsequence which Gromov-Hausdorff con-
verges to an extremal Kähler metric on a com-
pact complex 2-orbifold.

Theorem. Set of [ω] ∈ K containing extremal
Kähler metric is open.
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Theorem. Let hi be an arbitrary sequence of
unit-volume extremal Kähler metrics on Del Pezzo
M which satisfy

T ([ω]) ≤ 3

2
c1

2 − 1

4
Then ∃ subsequence which Gromov-Hausdorff con-
verges to an extremal Kähler metric on a com-
pact complex 2-orbifold.

Theorem. Set of [ω] ∈ K containing extremal
Kähler metric is open.

Suggests continuity method. . .
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Theorem. Let hi be an arbitrary sequence of
unit-volume extremal Kähler metrics on Del Pezzo
M which satisfy

T ([ω]) ≤ 3

2
c1

2 − 1

4
Then ∃ subsequence which Gromov-Hausdorff con-
verges to an extremal Kähler metric on a com-
pact complex 2-orbifold.

Difficulty: rule out deepest bubbles.
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Lemma. If M is toric, any deepest bubble (X, h∞)
must be toric, too, with H2(X,R) 6= 0 generated
by holomorphic CP1’s.
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Lemma. If M is toric, any deepest bubble (X, h∞)
must be toric, too, with H2(X,R) 6= 0 generated
by holomorphic CP1’s.

Moment map profile:

353



• Bubble arises by rescaling region of manifold by
scales ↗∞.
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• Bubble arises by rescaling region of manifold by
scales ↗∞.

• Limit X has negative intersection form.
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• Bubble arises by rescaling region of manifold by
scales ↗∞.

• Limit X has negative intersection form.

• Limit holomorphic CP1 arises from symplectic
S2 ⊂M .
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• Bubble arises by rescaling region of manifold by
scales ↗∞.

• Limit X has negative intersection form.

• Limit holomorphic CP1 arises from symplectic
S2 ⊂M .

Lemma. For toric Del Pezzo M , if bubbling oc-
curs as [ωj] → Ω in controlled cone, then there
exists [S] ∈ H2(M,Z) with
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• Bubble arises by rescaling region of manifold by
scales ↗∞.

• Limit X has negative intersection form.

• Limit holomorphic CP1 arises from symplectic
S2 ⊂M .

Lemma. For toric Del Pezzo M , if bubbling oc-
curs as [ωj] → Ω in controlled cone, then there
exists [S] ∈ H2(M,Z) with

[S] · [S] = −k < 0
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• Bubble arises by rescaling region of manifold by
scales ↗∞.

• Limit X has negative intersection form.

• Limit holomorphic CP1 arises from symplectic
S2 ⊂M .

Lemma. For toric Del Pezzo M , if bubbling oc-
curs as [ωj] → Ω in controlled cone, then there
exists [S] ∈ H2(M,Z) with

[S] · [S] = −k < 0

c1 · [S] = 2− k
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• Bubble arises by rescaling region of manifold by
scales ↗∞.

• Limit X has negative intersection form.

• Limit holomorphic CP1 arises from symplectic
S2 ⊂M .

Lemma. For toric Del Pezzo M , if bubbling oc-
curs as [ωj] → Ω in controlled cone, then there
exists [S] ∈ H2(M,Z) with

[S] · [S] = −k < 0

c1 · [S] = 2− k
Ω · [S] = 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with

[ωtj ] · [S] > 0

[S] · [S] = −k < 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with

[ωtj ] · [S] > 0

[S] · [S] = −k < 0

c1 · [S] = 2− k
Ω · [S] = 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with

(ujc1 + vjΩ) · [S] > 0, ∃uj, vj > 0

[S] · [S] = −k < 0

c1 · [S] = 2− k
Ω · [S] = 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with

+()ujc1 · [S] > 0, ∃uj > 0

[S] · [S] = −k < 0

c1 · [S] = 2− k
Ω · [S] = 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with

c1 · [S] > 0,

[S] · [S] = −k < 0

c1 · [S] = 2− k
Ω · [S] = 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with

[S] · [S] = −1

c1 · [S] = 1

Ω · [S] = 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
represented by holomorphic (−1)-curve with

Ω · [S] = 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
represented by holomorphic (−1)-curve with

Ω · [S] = 0

It follows that bubbling off cannot occur!
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One consequence: only Hermitian, Einstein metric
on CP2#3CP2 is the Kähler-Einstein metric first
discovered by Siu!

But by deforming this metric, one can show that
every Kähler class in a specific low-energy conical
region on CP2#3CP2 is represented by an extremal
Kähler metric.
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One consequence: only Hermitian, Einstein metric
on CP2#3CP2 is the Kähler-Einstein metric first
discovered by Siu!

But by deforming this metric, one can show that
every Kähler class in a specific low-energy conical
region on CP2#3CP2 is represented by an extremal
Kähler metric.

Weak limits of these metrics show that the target
class on CP2#2CP2 is also represented by an ex-
tremal Kähler metric, and the promised Einstein
metric on CP2#2CP2 is a conformal rescaling of
this extremal Kähler metric.
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Theorem. Let M = CP2#3CP2 be the blow-up
of CP2 at three non-collinear points, and let [ω]
be a Kähler class on M for which

T ([ω]) :=
(c1 · [ω])2

[ω]2
≤ 3

2
c1

2 − 1

4
= c1

2 + 2.75.

Then there is an extremal Kähler metric h on
M with Kähler form ω ∈ [ω].
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Theorem. Let M = CP2#3CP2 be the blow-up
of CP2 at three non-collinear points, and let [ω]
be a Kähler class on M for which

T ([ω]) :=
(c1 · [ω])2

[ω]2
≤ 3

2
c1

2 − 1

4
= c1

2 + 2.75.

Then there is an extremal Kähler metric h on
M with Kähler form ω ∈ [ω].

Also works when approaching boundary of
Kähler cone, but can bubble off (−1)-curves.

376



Theorem. Let Ω be any Kähler class on CP2#2CP2
for which

T (Ω) < 8.75 = c2
1 + 1.75 .
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Theorem. Let Ω be any Kähler class on CP2#2CP2
for which

T (Ω) < 8.75 = c2
1 + 1.75 .

Then there is an extremal Kähler metric h in Ω,
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Theorem. Let Ω be any Kähler class on CP2#2CP2
for which

T (Ω) < 8.75 = c2
1 + 1.75 .

Then there is an extremal Kähler metric h in Ω,
and a 1-parameter family

[0, 1) 3 t 7−→ ht

of extremal Kähler metrics on CP2#3CP2 s.t.
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Theorem. Let Ω be any Kähler class on CP2#2CP2
for which

T (Ω) < 8.75 = c2
1 + 1.75 .

Then there is an extremal Kähler metric h in Ω,
and a 1-parameter family

[0, 1) 3 t 7−→ ht

of extremal Kähler metrics on CP2#3CP2 s.t.

• h0 is Kähler-Einstein, and such that

• htj→h in the Gromov-Hausdorff sense

for some tj ↗ 1.
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•Ω
c1

A

K
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Theorem. There is a conformally Kähler, Ein-
stein metric g on M = CP2#2CP2 for which the
for which
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Theorem. There is a conformally Kähler, Ein-
stein metric g on M = CP2#2CP2 for which
the conformally related Kähler h minimizes the
functional
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Theorem. There is a conformally Kähler, Ein-
stein metric g on M = CP2#2CP2 for which
the conformally related Kähler h minimizes the
functional

h 7−→
∫
M
s2dµh

among all Kähler metrics on M . Consequently,
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Theorem. There is a conformally Kähler, Ein-
stein metric g on M = CP2#2CP2 for which
the conformally related Kähler h minimizes the
functional

h 7−→
∫
M
s2dµh

among all Kähler metrics on M . Consequently,
g is an absolute minimizer of the functional

g 7−→
∫
M
|W |2g dµg.

among all conformally Kähler metrics on M .
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Theorem. This minimizing Kähler metric h on
CP2#2CP2 is conformal to an Einstein metric.
Then there is a 1-parameter family
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Theorem. This minimizing Kähler metric h on
CP2#2CP2 is conformal to an Einstein metric.
Moreover, there is a 1-parameter family

[0, 1) 3 t 7−→ ht

of extremal Kähler metrics on CP2#3CP2 s.t.
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Theorem. This minimizing Kähler metric h on
CP2#2CP2 is conformal to an Einstein metric.
Moreover, there is a 1-parameter family

[0, 1) 3 t 7−→ ht

of extremal Kähler metrics on CP2#3CP2 s.t.

• h0 is Kähler-Einstein, and such that
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Theorem. This minimizing Kähler metric h on
CP2#2CP2 is conformal to an Einstein metric.
Moreover, there is a 1-parameter family

[0, 1) 3 t 7−→ ht

of extremal Kähler metrics on CP2#3CP2 s.t.

• h0 is Kähler-Einstein, and such that

• htj→h in the Gromov-Hausdorff sense
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•Ω
c1

A

K
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Theorem. This minimizing Kähler metric h on
CP2#2CP2 is conformal to an Einstein metric.
Moreover, there is a 1-parameter family

[0, 1) 3 t 7−→ ht

of extremal Kähler metrics on CP2#3CP2 s.t.

• h0 is Kähler-Einstein, and such that

• htj→h in the Gromov-Hausdorff sense

for some tj ↗ 1.
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Theorem. This minimizing Kähler metric h on
CP2#2CP2 is conformal to an Einstein metric.
Moreover, there is a 1-parameter family

[0, 1) 3 t 7−→ ht

of extremal Kähler metrics on CP2#3CP2 s.t.

• h0 is Kähler-Einstein, and such that

• htj→h in the Gromov-Hausdorff sense

for some tj ↗ 1.

Similarly for CP2#CP2, though less interesting. . .
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One consequence: only Hermitian, Einstein metric
on CP2#3CP2 is the Kähler-Einstein metric first
discovered by Siu!

But by deforming this metric, one can show that
every Kähler class in a specific low-energy conical
region on CP2#3CP2 is represented by an extremal
Kähler metric.

Weak limits of these metrics show that the target
class on CP2#2CP2 is also represented by an ex-
tremal Kähler metric, and the promised Einstein
metric on CP2#2CP2 is a conformal rescaling of
this extremal Kähler metric.
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One consequence: only Hermitian, Einstein metric
on CP2#3CP2 is the Kähler-Einstein metric first
discovered by Siu!

But by deforming this metric, one can show that
every Kähler class in a specific low-energy conical
region on CP2#3CP2 is represented by an extremal
Kähler metric.

Weak limits of these metrics show that the target
class on CP2#2CP2 is also represented by an ex-
tremal Kähler metric, and the promised Einstein
metric on CP2#2CP2 is a conformal rescaling of
this extremal Kähler metric.

This approach was carried out in L ’13, and gives a
technically simpler alternative to the previous exis-
tence proof given in Chen-L-Weber ’08.
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Proposition. Modulo rescalings and biholomor-
phisms, there is exactly one conformally Kähler,
Einstein metric g on M = CP2#CP2. This met-
ric coincides with the Page metric.
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phisms, there is exactly one conformally Kähler,
Einstein metric g on M = CP2#CP2. This met-
ric coincides with the Page metric.

Proposition. Modulo rescalings and biholomor-
phisms, there is exactly one conformally Kähler,
Einstein metric g on M = CP2#2CP2. This
metric coincides with the C-L-W metric.

Proposition. Modulo rescalings and biholomor-
phisms, there is only one conformally Kähler,
Einstein metric g on M = CP2#3CP2. This
metric is actually Kähler-Einstein, and is ex-
actly the metric discovered by Siu.
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In particular, our existence results prove. . .
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Theorem. Suppose that M is a smooth com-
pact oriented 4-manifold which admits a complex
structure J . Then M also admits an (unrelated)
Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2
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But combining this with results in symplectic ge-
ometry, we also obtain a symplectic analog. . .
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Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits a symplectic
form ω. Then M also admits an (unrelated)
Einstein metric g with λ > 0
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Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits a symplectic
form ω. Then M also admits an (unrelated)
Einstein metric g with λ > 0

ω ∈ Γ(∧2), dω = 0, yω : TM
∼=→ T ∗M.
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ω ∈ Γ(∧2), dω = 0, ω ∧ ω > 0.
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Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits a symplectic
form ω. Then M also admits an (unrelated)
Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Similar ideas also yield analogous results concerning
Einstein metrics with λ ≥ 0:
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Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits an integrable
complex structure J . Then M also admits an
Einstein metric g with λ ≥ 0 if and only if
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4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

410



Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits an integrable
complex structure J . Then M also admits an
Einstein metric g with λ ≥ 0 if and only if

M≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2

K3

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

411



Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits an integrable
complex structure J . Then M also admits an
Einstein metric g with λ ≥ 0 if and only if

M≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

412



Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits an integrable
complex structure J . Then M also admits an
Einstein metric g with λ ≥ 0 if and only if

M≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

413



Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits an integrable
complex structure J . Then M also admits an
Einstein metric g with λ ≥ 0 if and only if

M≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

414



Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits an integrable
complex structure J . Then M also admits an
Einstein metric g with λ ≥ 0 if and only if

M≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

415



Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits an integrable
complex structure J . Then M also admits an
Einstein metric g with λ ≥ 0 if and only if

M≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

416



Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits an integrable
complex structure J . Then M also admits an
Einstein metric g with λ ≥ 0 if and only if

M≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

417



Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits an integrable
complex structure J . Then M also admits an
Einstein metric g with λ ≥ 0 if and only if

M≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Del Pezzo surfaces,
K3 surface, Enriques surface,
Abelian surface, Hyper-elliptic surfaces.
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Theorem. Suppose that M is a smooth compact
oriented 4-manifold which admits a symplectic
form ω. Then M also admits an Einstein metric
g with λ ≥ 0 if and only if
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By contrast, the λ < 0 case is only partly settled:

421



Theorem. Let M be the 4-manifold underlying
a compact complex surface. Suppose moreover
that M carries an Einstein metric g. Then ei-
ther M appears on list for λ ≥ 0, or else
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Theorem. Let M be the 4-manifold underlying
a compact complex surface. Suppose moreover
that M carries an Einstein metric g. Then ei-
ther M appears on list for λ ≥ 0, or else

•M is a surface of general type; and

•M is not too non-minimal

in the sense that it is obtained from its minimal
model X by blowing up at k < c1

2(X)/3 points.

In particular, M carries Kähler metrics, and there-
fore admits symplectic structures.
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Theorem. Let M be the 4-manifold underlying
a compact complex surface. Suppose moreover
that M carries an Einstein metric g. Then ei-
ther M appears on list for λ ≥ 0, or else

•M is a surface of general type; and

•M is not too non-minimal

in the sense that it is obtained from its minimal
model X by blowing up at k < c1

2(X)/3 points.

Same conclusion holds in symplectic case.
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Theorem. Let M be the 4-manifold underlying
a compact complex surface. Suppose moreover
that M carries an Einstein metric g. Then ei-
ther M appears on list for λ ≥ 0, or else

•M is a surface of general type; and

•M is not too non-minimal

in the sense that it is obtained from its minimal
model X by blowing up at k < c1

2(X)/3 points.

Same conclusion holds in symplectic case.

General type: Minimal model X satisfies

c1
2(X) > 0

c1(X) · [ωX ] < 0.
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Two outstanding problems in λ < 0 case:
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Two outstanding problems in λ < 0 case:

Main Question. Are there any non-minimal com-
plex surfaces M of general type which actually
admit Einstein metrics?
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Two outstanding problems in λ < 0 case:

Main Question. Are there any non-minimal com-
plex surfaces M of general type which actually
admit Einstein metrics?

Main Question. Are there any non-complex sym-
plectic 4-manifolds M of general type which ac-
tually admit Einstein metrics?

If so, quite different from Kähler-Einstein metrics!
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