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∧2S+ = C
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can be viewed as a CP1-bundle.

Always have S(Λ+) = P(V+),
but if w2 = 0 (M spin), then

S(Λ+) = P(S+)

∧2S+ = C
S(Λ−) = P(S−)

∧2S− = C
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so get natural Clifford multiplication map

• : Λ1 ⊗ S+→ S−.

Also have covariant derivative

∇ : Γ(S+)→ Γ(Λ1 ⊗ S+)

Compose to get Dirac operator D:
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Ĵ 



















�

-

17



Spinc structures:

18



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

19



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

20



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

21



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

Given g onM , =⇒ ∃ rank-2 Hermitian vector bun-
dles V±→M

22



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

Given g onM , =⇒ ∃ rank-2 Hermitian vector bun-
dles V±→M which formally satisfy

V± = S± ⊗ L1/2,

23



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

Given g onM , =⇒ ∃ rank-2 Hermitian vector bun-
dles V±→M which formally satisfy

V± = S± ⊗ L1/2,

where S± are the (locally defined) left- and right-
handed spinor bundles of (M, g).

24



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

25



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

If M simply connected:

26



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

If M simply connected:

{spinc structures}←→{a ∈ H2(Z) | a ≡ w2 mod 2}

27



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

28



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

In general, H2(M,Z) acts freely and transitively
on {spinc structures} by

29



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

In general, H2(M,Z) acts freely and transitively
on {spinc structures} by

V+ V+ ⊗ E

30



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

In general, H2(M,Z) acts freely and transitively
on {spinc structures} by

V+ V+ ⊗ E

Doesn’t change P(V+)= S(Λ+)

31



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

In general, H2(M,Z) acts freely and transitively
on {spinc structures} by

V+ V+ ⊗ E

Doesn’t change P(V+) = S(Λ+).

32



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

In general, H2(M,Z) acts freely and transitively
on {spinc structures} by

V+ V+ ⊗ E

33



Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
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Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

In general, H2(M,Z) acts freely and transitively
on {spinc structures} by

V+ V+ ⊗ E
c1(L) c1(L) + 2c1(E)

L = detV+ = Λ2V+
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so again get natural Clifford multiplication map

• : Λ1 ⊗ V+→ V−.

Any connection A on L induces covariant derivative
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1

2
∆|Φ|2 + |∇AΦ|2 +

s

4
|Φ|2
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Every unitary connection A on L induces
spinc Dirac operator

DA : Γ(V+)→ Γ(V−)

Weitzenböck formula: ∀Φ ∈ Γ(V+),

〈Φ, DA∗DAΦ〉 =
1

2
∆|Φ|2 + |∇AΦ|2 +

s

4
|Φ|2

+2〈−iFA+, σ(Φ)〉
where FA

+ = self-dual part curvature of A, and
σ : V+→ Λ+ is a natural real-quadratic map
modeled on

H −→ =mH
q 7−→ 1

2
√

2
q i q
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Every unitary connection A on L induces
spinc Dirac operator

DA : Γ(V+)→ Γ(V−)

Weitzenböck formula: ∀Φ ∈ Γ(V+),

〈Φ, DA∗DAΦ〉 =
1

2
∆|Φ|2 + |∇AΦ|2 +

s

4
|Φ|2

+2〈−iFA+, σ(Φ)〉
where FA

+ = self-dual part curvature of A, and
σ : V+→ Λ+ is a natural real-quadratic map s.t.

|σ(Φ)| = 1

2
√

2
|Φ|2.

54



Witten:

consider both Φ and A as unknowns,

55



Witten:

consider both Φ and A as unknowns,

subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

56



Witten:

consider both Φ and A as unknowns,

subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

Chosen to that the SW equations imply the Weitzenböck
formula

0 = 2∆|Φ|2 + 4|∇AΦ|2 + s|Φ|2 + |Φ|4
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Witten:

consider both Φ and A as unknowns,

subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

However, the “gauge group”

G = {smooth maps f : M → S1 ⊂ C}
of circle-valued functions acts on solutions by

(Φ, A) 7−→ (f Φ, A + 2d log f ),
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Witten:

consider both Φ and A as unknowns,

subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

For each metric g and spinc structure c on M , the
Seiberg-Witten moduli space is

Mc(g) = {solutions of SW eqs }/G .
Always compact, but not always a manifold. Need
to overcome in order to define Witten’s invariant.
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Witten:

consider both Φ and A as unknowns,

subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

Non-linear, but elliptic once ‘gauge-fixing’

d∗(A− A0) = 0

imposed to nearly eliminate action of G .

Surviving gauge freedom:

G 0 = {harmonic maps f : M → S1}.
If M simply connected, just constant maps S1.
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Witten:

consider both Φ and A as unknowns,

subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

Non-linear, but elliptic once ‘gauge-fixing’

d∗(A− A0) = 0

imposed to nearly eliminate action of G .

Surviving gauge freedom:

G 0 = {harmonic maps f : M → S1}.
In general,

G 0
∼= S1 oH1(M,Z).
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Witten:

consider both Φ and A as unknowns,

subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).
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consider both Φ and A as unknowns,

subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

Action of the constants S1 is source of trouble.
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Witten:

consider both Φ and A as unknowns,

subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

Action of the constants S1 is source of trouble.

They fix any solution with Φ ≡ 0.
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Witten:

consider both Φ and A as unknowns,

subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

Action of the constants S1 is source of trouble.

They fix any solution with Φ ≡ 0.

Such solutions are called reducible solutions.
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Witten:

consider both Φ and A as unknowns,

subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

Action of the constants S1 is source of trouble.

They fix any solution with Φ ≡ 0.

Such solutions are called reducible solutions.

Can avoid these via the following trick. . .
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Perturbed Seiberg-Witten Equations:
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Perturbed Seiberg-Witten Equations:

Choose η ∈ Γ(Λ+) and consider
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Perturbed Seiberg-Witten Equations:

Choose η ∈ Γ(Λ+) and consider

DAΦ = 0

iF+
A + σ(Φ) = η.
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Perturbed Seiberg-Witten Equations:

Choose η ∈ Γ(Λ+) and consider

DAΦ = 0

iF+
A + σ(Φ) = η.

When η = 0, becomes standard SW system.
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Perturbed Seiberg-Witten Equations:

Choose η ∈ Γ(Λ+) and consider

DAΦ = 0

iF+
A + σ(Φ) = η.
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Perturbed Seiberg-Witten Equations:

Choose η ∈ Γ(Λ+) and consider

DAΦ = 0

iF+
A + σ(Φ) = η.

Perturbed moduli space
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Perturbed Seiberg-Witten Equations:

Choose η ∈ Γ(Λ+) and consider

DAΦ = 0

iF+
A + σ(Φ) = η.

Perturbed moduli space

Mc(g, η) = {solutions of perturbed SW }/G .
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DAΦ = 0

iF+
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Perturbed moduli space

Mc(g, η) = {solutions of perturbed SW }/G .

No reducible solutions (Φ ≡ 0) if
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Perturbed Seiberg-Witten Equations:

Choose η ∈ Γ(Λ+) and consider

DAΦ = 0

iF+
A + σ(Φ) = η.

Perturbed moduli space

Mc(g, η) = {solutions of perturbed SW }/G .

No reducible solutions (Φ ≡ 0) if

ηH 6= 2π[c1(L)]+∈ H+
g ,
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Perturbed Seiberg-Witten Equations:

Choose η ∈ Γ(Λ+) and consider

DAΦ = 0

iF+
A + σ(Φ) = η.

Perturbed moduli space

Mc(g, η) = {solutions of perturbed SW }/G .

No reducible solutions (Φ ≡ 0) if

ηH 6= 2π[c1(L)]+ ∈ H+
g ,

where ηH = harmonic part of η.
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Perturbed Seiberg-Witten Equations:

Choose η ∈ Γ(Λ+) and consider

DAΦ = 0

iF+
A + σ(Φ) = η.

Perturbed moduli space

Mc(g, η) = {solutions of perturbed SW }/G .

No reducible solutions (Φ ≡ 0) if

ηH 6= 2π[c1(L)]+ ∈ H+
g ,

where ηH = harmonic part of η.
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Perturbed Seiberg-Witten Equations:

Choose η ∈ Γ(Λ+) and consider

DAΦ = 0

iF+
A + σ(Φ) = η.

Perturbed moduli space

Mc(g, η) = {solutions of perturbed SW }/G .
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Perturbed Seiberg-Witten Equations:

Choose η ∈ Γ(Λ+) and consider

DAΦ = 0

iF+
A + σ(Φ) = η.

Perturbed moduli space

Mc(g, η) = {solutions of perturbed SW }/G .

By Smale-Sard theorem, moduli space is a smooth
manifold for η “regular”; comeager in Γ(Λ+).
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Perturbed Seiberg-Witten Equations:

Choose η ∈ Γ(Λ+) and consider

DAΦ = 0

iF+
A + σ(Φ) = η.

Perturbed moduli space

Mc(g, η) = {solutions of perturbed SW }/G .

By Smale-Sard theorem, moduli space is a smooth
manifold for η “regular”; comeager in Γ(Λ+).
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Monopole Map:

96



Monopole Map:

L2
k(V+)⊕ L2

k(Λ1) −→ L2
k−1(V−)⊕ L2

k−1(Λ+)⊕ L2
k−1/R
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Monopole Map:

L2
k(V+)⊕ L2

k(Λ1) −→ L2
k−1(V−)⊕ L2

k−1(Λ+)⊕ L2
k−1/R

(Φ, A) 7−→ (DA0+AΦ, iF+
A0
− d+A + σ(Φ), d∗A)
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Monopole Map:

L2
k(V+)⊕ L2

k(Λ1) −→ L2
k−1(V−)⊕ L2

k−1(Λ+)⊕ L2
k−1/R

(Φ, A) 7−→ (DA0+AΦ, iF+
A0
− d+A + σ(Φ), d∗A)

Linearization is elliptic, hence Fredholm.
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Monopole Map:

L2
k(V+)⊕ L2

k(Λ1) −→ L2
k−1(V−)⊕ L2

k−1(Λ+)⊕ L2
k−1/R

(Φ, A) 7−→ (DA0+AΦ, iF+
A0
− d+A + σ(Φ), d∗A)

Linearization is elliptic, hence Fredholm.

(0, ϕ, 0) is regular value for comeager set of ϕ.
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Monopole Map:

L2
k(V+)⊕ L2

k(Λ1) −→ L2
k−1(V−)⊕ L2

k−1(Λ+)⊕ L2
k−1/R

(Φ, A) 7−→ (DA0+AΦ, iF+
A0
− d+A + σ(Φ), d∗A)

Linearization is elliptic, hence Fredholm.

(0, ϕ, 0) is regular value for comeager set of ϕ.

(Linearization surjective at every preimage.)
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Monopole Map:

L2
k(V+)⊕ L2

k(Λ1) −→ L2
k−1(V−)⊕ L2

k−1(Λ+)⊕ L2
k−1/R

(Φ, A) 7−→ (DA0+AΦ, iF+
A0
− d+A + σ(Φ), d∗A)

Linearization is elliptic, hence Fredholm.

(0, ϕ, 0) is regular value for comeager set of ϕ.

102



Monopole Map:

L2
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k(Λ1) −→ L2
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k−1(Λ+)⊕ L2
k−1/R

(Φ, A) 7−→ (DA0+AΦ, iF+
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Monopole Map:

L2
k(V+)⊕ L2

k(Λ1) −→ L2
k−1(V−)⊕ L2

k−1(Λ+)⊕ L2
k−1/R

(Φ, A) 7−→ (DA0+AΦ, iF+
A0
− d+A + σ(Φ), d∗A)

Linearization is elliptic, hence Fredholm.

(0, ϕ, 0) is regular value for comeager set of ϕ.

Preimage of (0, ϕ, 0) is then a manifold.
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Monopole Map:

L2
k(V+)⊕ L2

k(Λ1) −→ L2
k−1(V−)⊕ L2

k−1(Λ+)⊕ L2
k−1/R

(Φ, A) 7−→ (DA0+AΦ, iF+
A0
− d+A + σ(Φ), d∗A)

Linearization is elliptic, hence Fredholm.

(0, ϕ, 0) is regular value for comeager set of ϕ.

Preimage of (0, ϕ, 0) is then a manifold.

Dimension = index of linearization:

dim =
c1

2(L)− (2χ + 3τ )(M)

4
+ 1.
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Monopole Map:

L2
k(V+)⊕ L2

k(Λ1) −→ L2
k−1(V−)⊕ L2

k−1(Λ+)⊕ L2
k−1/R

(Φ, A) 7−→ (DA0+AΦ, iF+
A0
− d+A + σ(Φ), d∗A)

Linearization is elliptic, hence Fredholm.

(0, ϕ, 0) is regular value for comeager set of ϕ.

Preimage of (0, ϕ, 0) is then a manifold.

If ϕH 6= 2π[c1(L)]+, then S1 acts freely, and

106



Monopole Map:

L2
k(V+)⊕ L2

k(Λ1) −→ L2
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Monopole Map:

L2
k(V+)⊕ L2

k(Λ1) −→ L2
k−1(V−)⊕ L2

k−1(Λ+)⊕ L2
k−1/R

(Φ, A) 7−→ (DA0+AΦ, iF+
A0
− d+A + σ(Φ), d∗A)

Linearization is elliptic, hence Fredholm.

(0, ϕ, 0) is regular value for comeager set of ϕ.

Preimage of (0, ϕ, 0) is then a manifold.

If ϕH 6= 2π[c1(L)]+, then S1 acts freely, and

dimMc(g, η) =
c1

2(L)− (2χ + 3τ )(M)

4
.
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Lemma. Moduli space Mc(g, η) always compact.
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DAΦ = 0

iF+
A + σ(Φ) = η

d∗(A− A0) = 0,
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Lemma. Moduli space Mc(g, η) always compact.

DAΦ = 0

iF+
A + σ(Φ) = η

d∗(A− A0) = 0,

and can assume that ‖(A− A0)H‖ < C
because G 0 action includes H1(M,Z).
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d∗(A− A0) = 0,

and can assume that ‖(A− A0)H‖ < C
because G 0 action includes H1(M,Z).

Weitzenböck formula
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Lemma. Moduli space Mc(g, η) always compact.

DAΦ = 0

iF+
A + σ(Φ) = η

d∗(A− A0) = 0,

and can assume that ‖(A− A0)H‖ < C
because G 0 action includes H1(M,Z).

Weitzenböck formula

0 = 2∆|Φ|2+4|∇AΦ|2+s|Φ|2+|Φ|4−8〈η, σ(Φ)〉
implies
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Lemma. Moduli space Mc(g, η) always compact.

DAΦ = 0

iF+
A + σ(Φ) = η

d∗(A− A0) = 0,

and can assume that ‖(A− A0)H‖ < C
because G 0 action includes H1(M,Z).

Weitzenböck formula

0 = 2∆|Φ|2+4|∇AΦ|2+s|Φ|2+|Φ|4−8〈η, σ(Φ)〉
implies

|Φ|2 ≤ max(2
√

2|η| − s)
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Lemma. Moduli space Mc(g, η) always compact.
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√

2|η| − s)
Hence equations well-defined inL2

k Sobolev spaces!
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√

2|η| − s)
Hence equations well-defined inL2

k Sobolev spaces!
Rellich Theorem: under

L2
k ↪→ L2

k−1
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Lemma. Moduli space Mc(g, η) always compact.

DAΦ = 0

iF+
A + σ(Φ) = η

d∗(A− A0) = 0,

and can assume that ‖(A− A0)H‖ < C
because G 0 action includes H1(M,Z).

Weitzenböck formula

0 = 2∆|Φ|2+4|∇AΦ|2+s|Φ|2+|Φ|4−8〈η, σ(Φ)〉
implies

|Φ|2 ≤ max(2
√

2|η| − s)
Hence equations well-defined inL2

k Sobolev spaces!
Rellich Theorem: under

L2
k ↪→ L2

k−1

images of closed bounded sets are compact!
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Lemma. Moduli space Mc(g, η) always compact.
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Lemma. Moduli space Mc(g, η) always compact.

Lemma. If b+(M) 6= 0, moduli space Mc(g, η)
is a compact manifold for any g and generic η.
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Lemma. Moduli space Mc(g, η) always compact.

Lemma. If b+(M) 6= 0, moduli space Mc(g, η)
is a compact manifold for any g and generic η.

Need ϕH 6= 2π[c1(L)]+ to avoid reducibles!
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Lemma. If b+(M) 6= 0, moduli space Mc(g, η)
is a compact manifold for any g and generic η.
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Lemma. Moduli space Mc(g, η) always compact.

Lemma. If b+(M) 6= 0, moduli space Mc(g, η)
is a compact manifold for any g and generic η.

Lemma. If b+(M) ≥ 2, moduli spaces Mc(g, η)
and Mc(g̃, η̃) are cobordant for any g, g̃ and
generic η, η̃.
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Lemma. Moduli space Mc(g, η) always compact.

Lemma. If b+(M) 6= 0, moduli space Mc(g, η)
is a compact manifold for any g and generic η.

Lemma. If b+(M) ≥ 2, moduli spaces Mc(g, η)
and Mc(g̃, η̃) are cobordant for any g, g̃ and
generic η, η̃.

dimMc(g, η) =
c1

2(L)− (2χ + 3τ )(M)

4
.
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Lemma. Moduli space Mc(g, η) always compact.

Lemma. If b+(M) 6= 0, moduli space Mc(g, η)
is a compact manifold for any g and generic η.

Lemma. If b+(M) ≥ 2, moduli spaces Mc(g, η)
and Mc(g̃, η̃) are cobordant for any g, g̃ and
generic η, η̃.

dimMc(g, η) =
c1

2(L)− (2χ + 3τ )(M)

4
.

Simplest case: c1
2(L) = (2χ + 3τ )(M).
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Lemma. Moduli space Mc(g, η) always compact.

Lemma. If b+(M) 6= 0, moduli space Mc(g, η)
is a compact manifold for any g and generic η.

Lemma. If b+(M) ≥ 2, moduli spaces Mc(g, η)
and Mc(g̃, η̃) are cobordant for any g, g̃ and
generic η, η̃.

dimMc(g, η) =
c1

2(L)− (2χ + 3τ )(M)

4
.

Simplest case: c1
2(L) = (2χ + 3τ )(M).

This happens iff the spinc structure induced by an
almost-complex structure J on M .
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Let J be any almost-complex structure on M .
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Let J be any almost-complex structure on M .

J : TM → TM, J2 = −I
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Let J be any almost-complex structure on M .
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Let J be any almost-complex structure on M .

Let L = Λ0,2 be its anti-canonical line bundle.
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Let J be any almost-complex structure on M .

Let L = Λ0,2 be its anti-canonical line bundle.

∀g on M , the bundles

V+ = Λ0,0 ⊕ Λ0,2

V− = Λ0,1
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Let J be any almost-complex structure on M .

Let L = Λ0,2 be its anti-canonical line bundle.

∀g on M , the bundles

V+ = Λ0,0 ⊕ Λ0,2

V− = Λ0,1

can formally be written as

V± = S± ⊗ L1/2,
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∀g on M , the bundles
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V− = Λ0,1

can formally be written as

V± = S± ⊗ L1/2,

where S± are left & right-handed spinor bundles.

135



Let J be any almost-complex structure on M .

Let L = Λ0,2 be its anti-canonical line bundle.

∀g on M , the bundles

V+ = Λ0,0 ⊕ Λ0,2

V− = Λ0,1

can formally be written as

V± = S± ⊗ L1/2,

where S± are left & right-handed spinor bundles.

Every unitary connection A on L induces
spinc Dirac operator

DA : Γ(V+)→ Γ(V−)

generalizing ∂̄ + ∂̄∗.
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Lemma. Moduli space Mc(g, η) always compact.

Lemma. If b+(M) 6= 0, moduli space Mc(g, η)
is a compact manifold for any g and generic η.

Lemma. If b+(M) ≥ 2, moduli spaces Mc(g, η)
and Mc(g̃, η̃) are cobordant for any g, g̃ and
generic η, η̃.

dimMc(g, η) =
c1

2(L)− (2χ + 3τ )(M)

4
.

Simplest case: c1
2(L) = (2χ + 3τ )(M).
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Lemma. Moduli space Mc(g, η) always compact.

Lemma. If b+(M) 6= 0, moduli space Mc(g, η)
is a compact manifold for any g and generic η.

Lemma. If b+(M) ≥ 2, moduli spaces Mc(g, η)
and Mc(g̃, η̃) are cobordant for any g, g̃ and
generic η, η̃.

dimMc(g, η) =
c1

2(L)− (2χ + 3τ )(M)

4
.

Simplest case: c1
2(L) = (2χ + 3τ )(M).

dimMc(g, η) = 0.
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Witten’s SW Invariant:
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Suppose that b+(M) ≥ 2,
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Suppose that b+(M) ≥ 2,

Let c be spinc structure on M with

c1
2(L) = (2χ + 3τ )(M).
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Witten’s SW Invariant:

Suppose that b+(M) ≥ 2.

Let c be spinc structure on M with

c1
2(L) = (2χ + 3τ )(M).

Then dimMc(g, η) = 0 for any g, generic η.
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Witten’s SW Invariant:

Suppose that b+(M) ≥ 2.

Let c be spinc structure on M with

c1
2(L) = (2χ + 3τ )(M).

Then dimMc(g, η) = 0 for any g, generic η.

Count the number of solutions, mod 2, to define a
Z2-valued invariant:
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Let c be spinc structure on M with

c1
2(L) = (2χ + 3τ )(M).

Then dimMc(g, η) = 0 for any g, generic η.

Count the number of solutions, mod 2, to define a
Z2-valued invariant:

nc(M) = #Mc(g, η) mod 2
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Witten’s SW Invariant:

Suppose that b+(M) ≥ 2.

Let c be spinc structure on M with

c1
2(L) = (2χ + 3τ )(M).

Then dimMc(g, η) = 0 for any g, generic η.

Count the number of solutions, mod 2, to define a
Z2-valued invariant:

nc(M) = #Mc(g, η) mod 2

This is independent of g, regular-value η.

145



Witten’s SW Invariant:

Suppose that b+(M) ≥ 2.

Let c be spinc structure on M with

c1
2(L) = (2χ + 3τ )(M).

Then dimMc(g, η) = 0 for any g, generic η.

Count the number of solutions, mod 2, to define a
Z2-valued invariant:

nc(M) = #Mc(g, η) mod 2

This is independent of g, regular-value η.

Any two good choices (g, η) can be a joined by a
smooth curve transverse to the monopole map.
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Witten’s SW Invariant:

Suppose that b+(M) ≥ 2.

Let c be spinc structure on M with

c1
2(L) = (2χ + 3τ )(M).

Then dimMc(g, η) = 0 for any g, generic η.

Count the number of solutions, mod 2, to define a
Z2-valued invariant:

nc(M) = #Mc(g, η) mod 2

This is independent of g, regular-value η.
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Witten’s SW Invariant:

Suppose that b+(M) ≥ 2.

Let c be spinc structure on M with

c1
2(L) = (2χ + 3τ )(M).

Then dimMc(g, η) = 0 for any g, generic η.

Count the number of solutions, mod 2, to define a
Z2-valued invariant:

nc(M) = #Mc(g, η) mod 2

This is independent of g, regular-value η.

There is actually a Z-valued improvement, but we
will not need this for our purposes here.
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Proposition. Let M be a smooth compact man-
ifold with b+(M) ≥ 2, and suppose that c is a
spinc structure induced by some almost-complex
structure J . If nc(M) 6= 0, and if g is any
smooth metric on M , then the unperturbed Seiberg-
Witten equations have a solution on (M, g, c).
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Witten equations have a solution on (M, g, c).

DAΦ = 0

F+
A = iσ(Φ)
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Proposition. Let M be a smooth compact man-
ifold with b+(M) ≥ 2, and suppose that c is a
spinc structure induced by some almost-complex
structure J . If nc(M) 6= 0, and if g is any
smooth metric on M , then the unperturbed Seiberg-
Witten equations have a solution on (M, g, c).

DAΦ = 0

F+
A = iσ(Φ)

Indeed, if [c1(L)]+ 6= 0, and if there are no solu-
tions, then η = 0 is a regular value of the monopole
map for g. But this means that nc(M) = 0. ⇒⇐
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Indeed, if [c1(L)]+ 6= 0, and if there are no solu-
tions, then η = 0 is a regular value of the monopole
map for g. But this means that nc(M) = 0. ⇒⇐
However, if [c1(L)]+ = 0, there are always reducible
solutions: set Φ ≡ 0, and choose A so that iFA is
harmonic representative of 2πc1(L).
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spinc structure induced by some almost-complex
structure J . If nc(M) 6= 0, we will say that
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R(M,J) ∈ H2(M,Z)/(torsion)
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M almost-complex =⇒Todd (M) =
1− b1 + b+

2
∈ Z
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M almost-complex =⇒ b1(M) 6≡ b+(M) mod 2
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M of Kähler type.
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Definition. Let M be a smooth compact man-
ifold with b+(M) ≥ 2, and suppose that c is a
spinc structure induced by some almost-complex
structure J . If nc(M) 6= 0, we will say that

c1
R(L) = c1

R(M,J) ∈ H2(M,Z)/(torsion)

is a basic class of M .

Theorem (Witten et al). Let (M,J) be a smooth
compact complex surface with b1(M) even and
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Kähler form. For η = (1+sg)

ω
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Theorem (Witten et al). Let (M,J) be a smooth
compact complex surface with b1(M) even and
b+(M) ≥ 3. Then c1(M,J) is basic class of M .

M of Kähler type. Let g be a Kähler metric, ω its
Kähler form. For η = (1+sg)

ω
4 , one can show that,

modulo gauge equivalence, the only SW solution is

Φ = (1, 0) ∈ Λ0,0⊕Λ0,2, A = Chern connection on K∗
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Definition. Let M be a smooth compact man-
ifold with b+(M) ≥ 2, and suppose that c is a
spinc structure induced by some almost-complex
structure J . If nc(M) 6= 0, we will say that

c1
R(L) = c1

R(M,J) ∈ H2(M,Z)/(torsion)

is a basic class of M .

Theorem (Witten et al). Let (M,J) be a smooth
compact complex surface with b1(M) even and
b+(M) ≥ 3. Then c1(M,J) is basic class of M .

M of Kähler type. Let g be a Kähler metric, ω its
Kähler form. For η = (1+sg)

ω
4 , one can show that,

Linearization surjective at this unique solution, so
nc(M) = 1 mod 2.
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Definition. Let M be a smooth compact man-
ifold with b+(M) ≥ 2, and suppose that c is a
spinc structure induced by some almost-complex
structure J . If nc(M) 6= 0, we will say that

c1
R(L) = c1

R(M,J) ∈ H2(M,Z)/(torsion)

is a basic class of M .

Theorem (Taubes). Let (M,ω) be a smooth com-
pact symplectic manifold with b+(M) ≥ 2. Then
c1(M,ω) is basic class of M .
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Definition. Let M be a smooth compact man-
ifold with b+(M) ≥ 2, and suppose that c is a
spinc structure induced by some almost-complex
structure J . If nc(M) 6= 0, we will say that

c1
R(L) = c1

R(M,J) ∈ H2(M,Z)/(torsion)

is a basic class of M .

Theorem (Taubes). Let (M,ω) be a smooth com-
pact symplectic manifold with b+(M) ≥ 2. Then
c1(M,ω) is basic class of M .

Proof similar: there are choices of η for which there
is a unique SW solution, up to gauge equivalence.
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Can be generalized to the setting b+(M) = 1.

But the theory becomes much more delicate!

The problem is that the condition

ηH 6= 2π[c1(L)]+ ∈ H+
g ,

divides the space of good perturbation η into two
connected components, for each g.
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Can be generalized to the setting b+(M) = 1.

But the theory becomes much more delicate!

The problem is that the condition

ηH 6= 2π[c1(L)]+ ∈ H+
g ,

divides the space of good perturbation η into two
connected components, for each g.
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connected components, for each g.

These are called chambers.

200



Can be generalized to the setting b+(M) = 1.

But the theory becomes much more delicate!

The problem is that the condition

ηH 6= 2π[c1(L)]+ ∈ H+
g ,

divides the space of good perturbation η into two
connected components, for each g.

These are called chambers.

Now nc also depend on choice ^± of chamber.
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Can be generalized to the setting b+(M) = 1.

But the theory becomes much more delicate!

The problem is that the condition

ηH 6= 2π[c1(L)]+ ∈ H+
g ,

divides the space of good perturbation η into two
connected components, for each g.

These are called chambers.

Now nc also depend on a choice ^± of chamber.

If c1
2(L) < 0 for the spinc structure c, then η = 0

may belong to different chambers for different g.
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Can be generalized to the setting b+(M) = 1.

But the theory becomes much more delicate!

The problem is that the condition

ηH 6= 2π[c1(L)]+ ∈ H+
g ,

divides the space of good perturbation η into two
connected components, for each g.

These are called chambers.

Now nc also depend on a choice ^± of chamber.

If c1
2(L) < 0 for the spinc structure c, then η = 0

may belong to different chambers for different g.
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The problem is that the condition

ηH 6= 2π[c1(L)]+ ∈ H+
g ,

divides the space of good perturbation η into two
connected components, for each g.

These are called chambers.

Now nc also depend on a choice ^± of chamber.

If c1
2(L) < 0 for the spinc structure c, then η = 0

may belong to different chambers for different g.

So η = 0 belongs to ^+ when c1
+ is past-pointing,

and to ^− when c+
1 is future-pointing.
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The problem is that the condition

ηH 6= 2π[c1(L)]+ ∈ H+
g ,

divides the space of good perturbation η into two
connected components, for each g.

These are called chambers.

Now nc also depend on a choice ^± of chamber.

If c1
2(L) < 0 for the spinc structure c, then η = 0

may belong to different chambers for different g.

So η = 0 belongs to ^+ when c1
+ is past-pointing,

and to ^− when c1
+ is future-pointing.
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However, this problem becomes innocuous when

• c1
2(L) > 0, or

• c1
2(L) = 0, but c1(L) 6= 0 in H2(M,R).

This then guarantees either that c1
+ is always past-

pointing, or else that c1
+ is always future-pointing.
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However, this problem becomes innocuous when

• c1
2(L) > 0, or

• c1
2(L) = 0, but c1(L) 6= 0 in H2(M,R).

This then guarantees either that c1
+ is always past-

pointing, or else that c1
+ is always future-pointing.

217



........
.............

.......................
.........................................................................................................................................................................................................................................................................................................................................................
......................

............
......

..............................................................................................................................................................................
......................

............
.......

ss c1c+1

H+
g

.......

.......

.......

.......

.....

.......

.......

.......

.......

.......

.......

.......

.......

.......

.....

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.......

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.......

..............................................................................................................................................

..............................................................................................................................................

................................................
..

...........

.............

.............

.............

.............

.............

.......

......

.......

......

.......

......

......

........
.............

.......................
.........................................................................................................................................................................................................................................................................................................................................................
......................

............
......

..............................................................................................................................................................................
......................

............
.......

ss
c1

c+1

H+
g′

.......
.......
.......
.......
.......
.......
.......
.......
......

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.......

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.......

..............................................................................................................................................

..............................................................................................................................................

........................................

.............
.............

................

.............
.............
.............
.............
.............
.............
.............
.............
.............

218



However, this problem becomes innocuous when

• c1
2(L) > 0, or

• c1
2(L) = 0, but c1(L) 6= 0 in H2(M,R).

This then guarantees either that c1
+ is always past-

pointing, or else that c1
+ is always future-pointing.

We can therefore define the Seiberg-Witten invari-
ant nc(M) as before, but using only perturbations
η that belong to the same chamber as 0.
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However, this problem becomes innocuous when

• c1
2(L) > 0, or

• c1
2(L) = 0, but c1(L) 6= 0 in H2(M,R).

This then guarantees either that c1
+ is always past-

pointing, or else that c1
+ is always future-pointing.

We can therefore define the Seiberg-Witten invari-
ant nc(M) as before, but using only perturbations
η that belong to the same chamber as 0.

Concretely, this condition will automatically hold
whenever max |η| is sufficiently small.
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By the same proof as before, we now have:

222



By the same proof as before, we now have:

Proposition. Let M be a smooth compact man-
ifold with b+(M) = 1, and suppose that c is a
spinc structure induced by some almost-complex
structure J . Suppose, moreover, that either and
if g is any smooth metric on M , then the unper-
turbed Seiberg-Witten equations have a solution
on (M, g, c).
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By the same proof as before, we now have:

Proposition. Let M be a smooth compact man-
ifold with b+(M) = 1, and suppose that c is a
spinc structure induced by some almost-complex
structure J . Suppose, moreover, that either

• c1
2(M,J) > 0, or that

• c1
2(M,J) = 0, but c1(M,J) 6= 0 in H2(M,R).

If nc(M) 6= 0, and if g is any smooth metric on
M , then the unperturbed Seiberg-Witten equa-
tions have a solution on (M, g, c).

Because

c1
2(M,J) = (2χ + 3τ )(M),

the Hitchin-Thorpe inequality makes this a good
tool for the study of Einstein metrics on 4-manifolds.
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By the same proof as before, we now have:

Proposition. Let M be a smooth compact man-
ifold with b+(M) = 1, and suppose that c is a
spinc structure induced by some almost-complex
structure J . Suppose, moreover, that either

• c1
2(M,J) > 0, or that

• c1
2(M,J) = 0, but c1(M,J) 6= 0 in H2(M,R).

If nc(M) 6= 0, and if g is any smooth metric on
M , then the unperturbed Seiberg-Witten equa-
tions have a solution on (M, g, c).

But there are other natural problems arising from
Riemannian geometry that require one to carefully
use the chamber-dependence of the invariant, and
instead play different spinc structures off against
one another.
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We now return to the simpler setting of b+ ≥ 2. . .
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Proposition. Let M be a smooth compact man-
ifold with b+(M) ≥ 2, and suppose that c is a
spinc structure induced by some almost-complex
structure J . If nc(M) 6= 0, and if g is any
smooth metric on M , then the unperturbed Seiberg-
Witten equations have a solution on (M, g, c).
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ifold with b+(M) ≥ 2, and suppose that c is a
spinc structure s.t. there is a solution unper-
turbed Seiberg-Witten equations for every metric
g. Then we will say that that the corresponding
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Proposition. Let M be a smooth compact man-
ifold with b+(M) ≥ 2, and suppose that c is a
spinc structure induced by some almost-complex
structure J . If nc(M) 6= 0, and if g is any
smooth metric on M , then the unperturbed Seiberg-
Witten equations have a solution on (M, g, c).

Definition. Let M be a smooth compact man-
ifold with b+(M) ≥ 2, and suppose that c is a
spinc structure s.t. there is a solution unper-
turbed Seiberg-Witten equations for every metric
g. Then we will say that that the corresponding

c1
R(L) = c1

R(M, detV+) ∈ H2(M,Z)/(torsion)

is a monopole class of M .
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Basic class =⇒ monopole class
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Basic class =⇒ monopole class
6⇐=

Theorem (Bauer-Furuta). Let Xj, j = 1, 2, 3,
be smooth compact almost-complex 4-manifolds
with non-zero mod-2 Seiberg-Witten invariant.
Also suppose that each Xj satisfies
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Basic class =⇒ monopole class
6⇐=

Theorem (Bauer-Furuta). Let Xj, j = 1, 2, 3,
be smooth compact almost-complex 4-manifolds
with non-zero mod-2 Seiberg-Witten invariant.
Also suppose that each Xj satisfies

b1(Xj) = 0, and b+(Xj) ≡ 3 mod 4.
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Theorem (Bauer-Furuta). Let Xj, j = 1, 2, 3,
be smooth compact almost-complex 4-manifolds
with non-zero mod-2 Seiberg-Witten invariant.
Also suppose that each Xj satisfies

b1(Xj) = 0, and b+(Xj) ≡ 3 mod 4.

Then c1(X1) ⊕ c1(X2) ⊕ c1(X3) is a monopole
class on X1#X2#X3.
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be smooth compact almost-complex 4-manifolds
with non-zero mod-2 Seiberg-Witten invariant.
Also suppose that each Xj satisfies

b1(Xj) = 0, and b+(Xj) ≡ 3 mod 4.

Then c1(X1) ⊕ c1(X2) ⊕ c1(X3) is a monopole
class on X1#X2#X3.

Uses equivariant cohomotopy invariant.
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Basic class =⇒ monopole class
6⇐=

Theorem (Bauer-Furuta). Let Xj, j = 1, 2, 3,
be smooth compact almost-complex 4-manifolds
with non-zero mod-2 Seiberg-Witten invariant.
Also suppose that each Xj satisfies

b1(Xj) = 0, and b+(Xj) ≡ 3 mod 4.

Then c1(X1) ⊕ c1(X2) ⊕ c1(X3) is a monopole
class on X1#X2#X3.

Uses equivariant cohomotopy invariant.

Similarly for X1#X2.
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Theorem. Let M be a smooth compact manifold
with b+(M) ≥ 2. Then the collection

C ⊂ H2(M,R)

of all monopole classes is finite.
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C ⊂ H2(M,R)

of all monopole classes is finite.
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Basic class =⇒ monopole class
6⇐=

Theorem. Let M be a smooth compact manifold
with b+(M) ≥ 2. Then the collection

C ⊂ H2(M,R)

of all monopole classes is finite.

Corollary. Let M be a smooth compact mani-
fold with b+(M) ≥ 2. Then the collection

S ⊂ H2(M,R)

of all basic classes is finite.
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Intermission
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Witten:

consider both Φ and A as unknowns,
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subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).
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Witten:

consider both Φ and A as unknowns,

subject to Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

Non-linear, but elliptic once ‘gauge-fixing’

d∗(A− A0) = 0

imposed to eliminate automorphisms of L→M .
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SW equations imply the Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇AΦ|2 + s|Φ|2 + |Φ|4
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=⇒ moduli space compact, finite-dimensional. . .
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=⇒ moduli space compact, finite-dimensional. . .

Dimension: dimension of the moduli space is

c2
1(L)− (2χ + 3τ )(M)

4
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SW equations imply the Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇AΦ|2 + s|Φ|2 + |Φ|4

=⇒ moduli space compact, finite-dimensional. . .

Dimension: dimension of the moduli space is

c2
1(L)− (2χ + 3τ )(M)

4

For a given spinc structure and fixed metric g, this
is the dimension of pre-image of any regular value
of map defined by gauge-fixed SW equations.
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1(L) = 2χ + 3τ ⇐⇒ this dimension is zero.
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SW equations imply the Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇AΦ|2 + s|Φ|2 + |Φ|4

=⇒ moduli space compact, finite-dimensional. . .

Dimension: dimension of the moduli space is

c2
1(L)− (2χ + 3τ )(M)

4

For a given spinc structure and fixed metric g, this
is the dimension of pre-image of any regular value
of map defined by gauge-fixed SW equations.

Spinc structure arises from some J ⇐⇒
c2

1(L) = 2χ + 3τ ⇐⇒ this dimension is zero.

SW invariant ∈ Z2 like mod-2 mapping degree.

272



SW equations imply the Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇AΦ|2 + s|Φ|2 + |Φ|4

=⇒ moduli space compact, finite-dimensional. . .
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SW equations imply the Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇AΦ|2 + s|Φ|2 + |Φ|4

=⇒ moduli space compact, finite-dimensional. . .

If b+(M) ≥ 2, then, as metric varies, moduli spaces
are cobordant, so can construct invariants that some-
times predict existence of solutions.

274



SW equations imply the Weitzenböck formula
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=⇒ moduli space compact, finite-dimensional. . .

If b+(M) ≥ 2, then, as metric varies, moduli spaces
are cobordant, so can construct invariants that some-
times predict existence of solutions.

Specifically, if spinc structure comes from some J ,
predicted dimension is 0, and moduli spaces gener-
ically discrete. Counting solutions mod 2 gives Z2-
valued invariant.
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If b+(M) ≥ 2, then, as metric varies, moduli spaces
are cobordant, so can construct invariants that some-
times predict existence of solutions.

Specifically, if spinc structure comes from some J ,
predicted dimension is 0, and moduli spaces gener-
ically discrete. Counting solutions mod 2 gives Z2-
valued invariant.

This invariant is non-zero for complex surfaces of
Kähler type (i.e. with b1 even).
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SW equations imply the Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇AΦ|2 + s|Φ|2 + |Φ|4

=⇒ moduli space compact, finite-dimensional. . .

If b+(M) ≥ 2, then, as metric varies, moduli spaces
are cobordant, so can construct invariants that some-
times predict existence of solutions.

Specifically, if spinc structure comes from some J ,
predicted dimension is 0, and moduli spaces gener-
ically discrete. Counting solutions mod 2 gives Z2-
valued invariant.

This invariant is non-zero for complex surfaces of
Kähler type (i.e. with b1 even).

Implies non-existence of metrics g for which s > 0.
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SW equations imply the Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇AΦ|2 + s|Φ|2 + |Φ|4

=⇒ moduli space compact, finite-dimensional. . .

When b+(M) = 1, theory is more complicated.

278



SW equations imply the Weitzenböck formula
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When b+(M) = 1, theory is more complicated.

But theory works exactly the same way when

• c2
1(L) > 0; or
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SW equations imply the Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇AΦ|2 + s|Φ|2 + |Φ|4

=⇒ moduli space compact, finite-dimensional. . .

When b+(M) = 1, theory is more complicated.

But theory works exactly the same way when

• c2
1(L) > 0; or

• c2
1(L) = 0, but c1(L) 6= 0 ∈ H2(M,R).
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if (M, g) is locally hyper-Kähler.
The latter case happens only if M finitely cov-
ered by flat T 4 or K3.
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1(L) = 0, but c1(L) 6= 0 ∈ H2(M,R).

Enough for us, by Hitchin-Thorpe Inequality.

For (M,J) a complex surface, one shows that

• nc(M) = 0 if Kod(M) = −∞; and

• nc(M) 6= 0 if Kod(M) ≥ 0.
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Curvature Estimates:

If SW equations have solution for every g̃ = u2g
conformally related to g,
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Curvature Estimates:

If SW equations have solution ∀g̃ ∈ [g]
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Curvature Estimates:

If SW equations have solution ∀g̃ ∈ [g],
=⇒ curvature estimates∫

M
s2dµg ≥ 32π2[c1(L)+]2∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2[c1(L)+]2
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Curvature Estimates:

If SW equations have solution ∀g̃ ∈ [g],
=⇒ curvature estimates∫

M
s2dµg ≥ 32π2[c1(L)+]2∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2[c1(L)+]2

where c1(L)+ ∈ H+
g is self-dual part of

c1(L) ∈ H2(M,R) = H+
g ⊕H−g
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First Estimate:
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First Estimate:

Weitzenböck formula:

0 = 2∆|Φ|2 + 4|∇Φ|2 + s|Φ|2 + |Φ|4
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First Estimate:

Integrate Weitzenböck:

0 =

∫
[4|∇Φ|2 + s|Φ|2 + |Φ|4]dµ.
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First Estimate:

Integrate Weitzenböck:

0 =

∫
[4|∇Φ|2 + s|Φ|2 + |Φ|4]dµ.

0 ≥
∫

[s|Φ|2 + |Φ|4]dµ.
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First Estimate:

Integrate Weitzenböck:

0 =

∫
[4|∇Φ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.
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First Estimate:

Integrate Weitzenböck:

0 =

∫
[4|∇Φ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Cauchy-Schwarz:
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First Estimate:

Integrate Weitzenböck:

0 =

∫
[4|∇Φ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Cauchy-Schwarz:

(∫
s2dµ

)1/2(∫
|Φ|4dµ

)1/2

≥
∫
|Φ|4dµ,
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Integrate Weitzenböck:
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)1/2(∫
|Φ|4dµ

)1/2

≥
∫
|Φ|4dµ,

∫
s2dµ ≥

∫
|Φ|4dµ

= 8

∫
|F+
A |

2dµ
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First Estimate:

Integrate Weitzenböck:

0 =

∫
[4|∇Φ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Cauchy-Schwarz:

(∫
s2dµ

)1/2(∫
|Φ|4dµ

)1/2

≥
∫
|Φ|4dµ,

∫
s2dµ ≥

∫
|Φ|4dµ

= 8

∫
|FA+|2dµ

≥ 32π2[c1
+]2
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When does equality occur?
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When does equality occur?

0 =

∫
[4|∇AΦ|2 + s|Φ|2 + |Φ|4]dµ.∫
(−s)|Φ|2dµ ≥

∫
|Φ|4dµ.
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0 =

∫
[4|∇AΦ|2 + s|Φ|2 + |Φ|4]dµ.∫
(−s)|Φ|2dµ ≥

∫
|Φ|4dµ.

Equality =⇒
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0 =

∫
[4|∇AΦ|2 + s|Φ|2 + |Φ|4]dµ.∫
(−s)|Φ|2dµ ≥

∫
|Φ|4dµ.

Equality =⇒
∇AΦ = 0, s = const < 0
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(−s)|Φ|2dµ ≥

∫
|Φ|4dµ.

Equality =⇒
∇AΦ = 0, s = const < 0

Hence ∇σ(Φ) = 0, and g is Kähler.
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So metric is CSCK.

Moreover, A is Chern connection on L = K−1.
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When does equality occur?

0 =

∫
[4|∇AΦ|2 + s|Φ|2 + |Φ|4]dµ.∫
(−s)|Φ|2dµ ≥

∫
|Φ|4dµ.

Equality =⇒
∇AΦ = 0, s = const < 0

Hence ∇σ(Φ) = 0, and g is Kähler.

So metric is CSCK.

Moreover, A is Chern connection on L = K−1.

Just one solution, so must have nc(M) 6= 0. More
robust version works for Kähler with

∫
s dµ < 0.
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When does equality occur?

0 =

∫
[4|∇AΦ|2 + s|Φ|2 + |Φ|4]dµ.∫
(−s)|Φ|2dµ ≥

∫
|Φ|4dµ.

Equality =⇒
∇AΦ = 0, s = const < 0

Hence ∇σ(Φ) = 0, and g is Kähler.

So metric is CSCK.

Moreover, A is Chern connection on L = K−1.

Just one solution, so must have nc(M) 6= 0. More
robust version works for Kähler with

∫
s dµ < 0.
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When does equality occur?

0 =

∫
[4|∇AΦ|2 + s|Φ|2 + |Φ|4]dµ.∫
(−s)|Φ|2dµ ≥

∫
|Φ|4dµ.

Equality =⇒
∇AΦ = 0, s = const < 0

Hence ∇σ(Φ) = 0, and g is Kähler.

So metric is CSCK.

Moreover, A is Chern connection on L = K−1.

Just one solution, so must have nc(M) 6= 0. More
robust version works for Kähler with c1 · [ω] < 0.
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with respect to f−2g ⇐⇒ new system

DAΦ = 0

F+
A = ifσ(Φ).

with new Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇AΦ|2 + s|Φ|2 + f |Φ|4

Multiply by |Φ|2 and integrate:

0 ≥
∫ [

4|Φ|2|∇AΦ|2 + s|Φ|4 + f |Φ|6
]
dµ
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By conformal invariance of Dirac, SW equations
with respect to f−2g ⇐⇒ new system

DAΦ = 0

F+
A = ifσ(Φ).

with new Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇AΦ|2 + s|Φ|2 + f |Φ|4

Multiply by |Φ|2 and integrate:

0 ≥
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dµ

so self-dual 2-form ψ = 2
√
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Second Estimate: more subtle!

By conformal invariance of Dirac, SW equations
with respect to f−2g ⇐⇒ new system

DAΦ = 0

F+
A = ifσ(Φ).

with new Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇AΦ|2 + s|Φ|2 + f |Φ|4

Multiply by |Φ|2 and integrate:

0 ≥
∫ [

4|Φ|2|∇AΦ|2 + s|Φ|4 + f |Φ|6
]
dµ

so self-dual 2-form ψ = 2
√

2σ(Φ) satisfies

0 ≥
∫ [
|∇ψ|2 + s|ψ|2 + f |ψ|3

]
dµ

328



But any self-dual 2-form satisfies∫
|∇ψ|2dµ ≥ −

∫ (
s

3
+ 2

√
2

3
|W+|

)
|ψ|2dµ

by Weitzenböck for (d + d∗)2. Hence
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But any self-dual 2-form satisfies∫
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|W+|

)
|ψ|2dµ

by Weitzenböck for (d + d∗)2. Hence

0 ≥
∫ [
|∇ψ|2 + s|ψ|2 + f |ψ|3

]
dµ
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Hölder inequality =⇒
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Hölder inequality =⇒(∫
f4dµ

)1/3(∫ ∣∣∣s−√6|W+|
∣∣∣3 f−2dµ
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≥ 9

4

∫
f2|ψ|2dµ
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Hölder inequality =⇒(∫
f4dµ

)1/3(∫ ∣∣∣s−√6|W+|
∣∣∣3 f−2dµ

)2/3

≥ 9

4

∫
f2|ψ|2dµ

≥ 72π2[c1
+]2

335



But any self-dual 2-form satisfies∫
|∇ψ|2dµ ≥ −

∫ (
s

3
+ 2

√
2

3
|W+|

)
|ψ|2dµ
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Curvature Estimates:

If SW equations have solution for every g̃ = u2g
conformally related to g,
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Curvature Estimates:

If SW equations have solution ∀g̃ ∈ [g],
=⇒ curvature estimates∫
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g is self-dual part of
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This decomposition still depends on metric.
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Curvature Estimates:

If SW equations have solution ∀g̃ ∈ [g],
=⇒ curvature estimates∫

M
s2dµg ≥ 32π2[c1(L)+]2∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2[c1(L)+]2

where c1(L)+ ∈ H+
g is self-dual part of

c1(L) ∈ H2(M,R) = H+
g ⊕H−g

This decomposition still depends on metric.

We need metric-independent improvement!
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For simplicity, we now assume that

(∗) Either b+(M) ≥ 2, or (2χ + 3τ )(M) ≥ 0.

Definition. Let M be a smooth compact ori-
ented 4-manifold satisfying (∗), and suppose that
M carries almost-complex structure J such that

nc(M) 6= 0

for spinc structure induced by J . Then

c1(M,J) ∈ H2(M,R)

will be called a basic class of M .
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Key property:

Every basic class

b ∈ H2(M,R)

arises from a spinc structure such that the Seiberg-
Witten equations

DAΦ = 0

F+
A = iσ(Φ).

have a solution (Φ, A) for every metric g on M .
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is an oriented diffeomorphism invariant of M .
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Proof. Linearity of projection =⇒
a+ ∈ Hull{ b+ | b ∈ S}.

Hence ∃ basic class b such that

(b+)2 ≥ (a+)2

because intersection form pos def on H+
g . But

(a)2 = (a+)2 − |(a−)2|,
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[c1(L)+]2 = (b+)2 ≥ (a+)2 ≥ a2
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Lemma. Suppose that a ∈ Hull(S). Then, for
any metric g, ∃ basic class b = c1(L) such that

[c1(L)+]2 ≥ a2.

Proof. Linearity of projection =⇒
a+ ∈ Hull{ b+ | b ∈ S}.

Hence ∃ basic class b such that

(b+)2 ≥ (a+)2

because intersection form pos def on H+
g . But

(a)2 = (a+)2 − |(a−)2|,
so

[c1(L)+]2 = (b+)2 ≥ (a+)2 ≥ a2

as claimed.

400



Thus, if a ∈ Hull(S), we have estimates

401



Thus, if a ∈ Hull(S), we have estimates∫
M
s2dµg ≥ 32π2a2∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2a2

402



Thus, if a ∈ Hull(S), we have estimates∫
M
s2dµg ≥ 32π2a2∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2a2

Example. May take a = c1(L) to be a basic class.

403



Thus, if a ∈ Hull(S), we have estimates∫
M
s2dµg ≥ 32π2a2∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2a2

Example. May take a = c1(L) to be a basic class.

Since c1
2(L) = (2χ + 3τ )(M), the first estimate

then tells us that

404



Thus, if a ∈ Hull(S), we have estimates∫
M
s2dµg ≥ 32π2a2∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2a2

Example. May take a = c1(L) to be a basic class.

Since c1
2(L) = (2χ + 3τ )(M), the first estimate

then tells us that

1

32π2

∫
M
s2dµg ≥ (2χ + 3τ )(M)

405



Thus, if a ∈ Hull(S), we have estimates∫
M
s2dµg ≥ 32π2a2∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2a2

Example. May take a = c1(L) to be a basic class.

Since c1
2(L) = (2χ + 3τ )(M), the first estimate

then tells us that

1

32π2

∫
M
s2dµg ≥ (2χ + 3τ )(M)

If g Einstein:

3

4π2

∫
M

s2

24
dµg ≥

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg

406



Thus, if a ∈ Hull(S), we have estimates∫
M
s2dµg ≥ 32π2a2∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2a2

Example. May take a = c1(L) to be a basic class.

Since c1
2(L) = (2χ + 3τ )(M), the first estimate

then tells us that

1

32π2

∫
M
s2dµg ≥ (2χ + 3τ )(M)

g Einstein =⇒
∫
M

s2

24
dµg ≥

∫
M
|W+|2dµg

407



Proposition. If the smooth compact 4-manifold
M admits both an Einstein metric g and a basic
class b ∈ H2(M), then the Einstein metric g
satisfies

408



Proposition. If the smooth compact 4-manifold
M admits both an Einstein metric g and a basic
class b ∈ H2(M), then the Einstein metric g
satisfies

409



Proposition. If the smooth compact 4-manifold
M admits both an Einstein metric g and a basic
class b ∈ H2(M), then the Einstein metric g
satisfies

410



Proposition. If the smooth compact 4-manifold
M admits both an Einstein metric g and a basic
class b ∈ H2(M), then the Einstein metric g
satisfies

411



Proposition. If the smooth compact 4-manifold
M admits both an Einstein metric g and a basic
class b ∈ H2(M), then the Einstein metric g
satisfies

412



Proposition. If the smooth compact 4-manifold
M admits both an Einstein metric g and a basic
class b ∈ H2(M), then the Einstein metric g
satisfies ∫

M

s2

24
dµg ≥

∫
M
|W+|2dµg

413



Proposition. If the smooth compact 4-manifold
M admits both an Einstein metric g and a basic
class b ∈ H2(M), then the Einstein metric g
satisfies ∫

M

s2

24
dµg ≥

∫
M
|W+|2dµg

with equality iff g is Kähler-Einstein.

414



Proposition. If the smooth compact 4-manifold
M admits both an Einstein metric g and a basic
class b ∈ H2(M), then the Einstein metric g
satisfies ∫

M

s2

24
dµg ≥

∫
M
|W+|2dµg

with equality iff g is Kähler-Einstein.

For any compact Riemannian (M4, g),

415



Proposition. If the smooth compact 4-manifold
M admits both an Einstein metric g and a basic
class b ∈ H2(M), then the Einstein metric g
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M

s2

24
dµg ≥

∫
M
|W+|2dµg

with equality iff g is Kähler-Einstein.

For any compact Riemannian (M4, g),

(χ− 3τ )(M) =
1

8π2

∫
M

[(
s2

24
− |W+|2

)
+ 3|W−|2 −

|̊r|2
2

]
dµg

416



Proposition. If the smooth compact 4-manifold
M admits both an Einstein metric g and a basic
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dµg ≥

∫
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with equality iff g is Kähler-Einstein.

For any compact Riemannian (M4, g),

(χ− 3τ )(M) =
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8π2

∫
M
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s2
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− |W+|2

)
+ 3|W−|2 −

|̊r|2
2

]
dµg

Hence:
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where Ej Poincaré dual to CP1 in jth copy of CP2.

435



Shrewder use of curvature estimates: suppose

M = X#kCP2

non-minimal surface of general type.
For given complex structure

c1(M,J) = c1(X)−
k∑
j=1

Ej
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origin, and is the identity far from origin:
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Induced by self-diffeomorphism of R4 = C2 which
agrees with complex conjugation C2 → C2 near
origin, and is the identity far from origin:

Namely, multiply by following r-dependent matrix,
where r is the Euclidean radius in R4:
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Induced by self-diffeomorphism of R4 = C2 which
agrees with complex conjugation C2 → C2 near
origin, and is the identity far from origin:

Namely, multiply by following r-dependent matrix,
where r is the Euclidean radius in R4:
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Induced by self-diffeomorphism of R4 = C2 which
agrees with complex conjugation C2 → C2 near
origin, and is the identity far from origin:

Namely, multiply by following r-dependent matrix,
where r is the Euclidean radius in R4:


1 0 0 0
0 cosπu(r) 0 − sinπu(r)
0 0 1 0
0 sin πu(r) 0 cos πu(r)


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Induced by self-diffeomorphism of R4 = C2 which
agrees with complex conjugation C2 → C2 near
origin, and is the identity far from origin:

Namely, multiply by following r-dependent matrix,
where r is the Euclidean radius in R4:


1 0 0 0
0 cosπu(r) 0 − sinπu(r)
0 0 1 0
0 sin πu(r) 0 cos πu(r)


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Induced by self-diffeomorphism of R4 = C2 which
agrees with complex conjugation C2 → C2 near
origin, and is the identity far from origin:

Namely, multiply by following r-dependent matrix,
where r is the Euclidean radius in R4:


1 0 0 0
0 cosπu(r) 0 − sinπu(r)
0 0 1 0
0 sin πu(r) 0 cos πu(r)


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Then blow up origin!
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Induced by self-diffeomorphism of R4 = C2 which
agrees with complex conjugation C2 → C2 near
origin, and is the identity far from origin:

Namely, multiply by following r-dependent matrix,
where r is the Euclidean radius in R4:


1 0 0 0
0 cosπu(r) 0 − sinπu(r)
0 0 1 0
0 sin πu(r) 0 cos πu(r)


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Induced by self-diffeomorphism of R4 = C2 which
agrees with complex conjugation C2 → C2 near
origin, and is the identity far from origin:

Namely, multiply by following r-dependent matrix,
where r is the Euclidean radius in R4:


1 0 0 0
0 cosπu(r) 0 − sinπu(r)
0 0 1 0
0 sin πu(r) 0 cos πu(r)


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Then blow up origin!
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Induced by self-diffeomorphism of R4 = C2 which
agrees with complex conjugation C2 → C2 near
origin, and is the identity far from origin:

Namely, multiply by following r-dependent matrix,
where r is the Euclidean radius in R4:


1 0 0 0
0 cosπu(r) 0 − sinπu(r)
0 0 1 0
0 sin πu(r) 0 cos πu(r)


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Induced by self-diffeomorphism of R4 = C2 which
agrees with complex conjugation C2 → C2 near
origin, and is the identity far from origin:

Namely, multiply by following r-dependent matrix,
where r is the Euclidean radius in R4:


1 0 0 0
0 cosπu(r) 0 − sinπu(r)
0 0 1 0
0 sin πu(r) 0 cos πu(r)


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Then blow up origin!
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Shrewder use of curvature estimates: suppose

M = X#kCP2

non-minimal surface of general type.
For given complex structure

c1(M,J) = c1(X)−
k∑
j=1

Ej

where Ej Poincaré dual to CP1 in jth copy of CP2.

But there are self-diffeomorphisms of M sending
this cohomology class to

c1(M,J) = c1(X) +

k∑
j=1

Ej
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Shrewder use of curvature estimates: suppose

M = X#kCP2

non-minimal surface of general type.
For given complex structure

c1(M,J) = c1(X)−
k∑
j=1

Ej

where Ej Poincaré dual to CP1 in jth copy of CP2.

But there are self-diffeomorphisms of M sending
this cohomology class to

c1(M,J) = c1(X) +

k∑
j=1

Ej

Hence c1(X) ∈ Hull(S). ∴ Curvature estimates!
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Shrewder use of curvature estimates: suppose

M = X#kCP2

non-minimal surface of general type.
For given complex structure

c1(M,J) = c1(X)−
k∑
j=1

Ej

where Ej Poincaré dual to CP1 in jth copy of CP2.

But there are self-diffeomorphisms of M sending
this cohomology class to

c1(M,J) = c1(X) +

k∑
j=1

Ej

Hence c1(X) ∈ Hull(S). ∴ Curvature estimates!
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Theorem (Curvature Estimates). For any Rie-
mannian metric g on a compact complex sur-
face M of general type, the following curvature
bounds are satisfied:
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Theorem (Curvature Estimates). For any Rie-
mannian metric g on a compact complex sur-
face M of general type, the following curvature
bounds are satisfied:

∫
M
s2dµg ≥ 32π2c1

2(X)∫
M

(
s−
√

6|W+|
)2
dµg ≥ 72π2c1

2(X)

where X is the minimal model of M .
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Theorem (Curvature Estimates). For any Rie-
mannian metric g on a compact complex sur-
face M of general type, the following curvature
bounds are satisfied:

∫
M
s2dµg ≥ 32π2c1

2(X)∫
M

(
s−
√

6|W+|
)2
dµg ≥ 72π2c1

2(X)

where X is the minimal model of M .

Moreover, equality holds in either case iff M =
X, and g is Kähler-Einstein with λ < 0.
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Cauchy-Schwarz argument =⇒

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

1

27

∫
M

(
s−
√

6|W+|
)2
dµg
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Cauchy-Schwarz argument =⇒

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

1

27

∫
M

(
s−
√

6|W+|
)2
dµg

∴ Second curvature estimate implies

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

2

3
c1

2(X)
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Cauchy-Schwarz argument =⇒

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

1

27

∫
M

(
s−
√

6|W+|
)2
dµg

∴ Second curvature estimate implies

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg >

2

3
c1

2(X)
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Cauchy-Schwarz argument =⇒

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

1

27

∫
M

(
s−
√

6|W+|
)2
dµg

∴ Second curvature estimate implies

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg >

2

3
c1

2(X)

Einstein =⇒ (2χ + 3τ )(M) >
2

3
c1

2(X)
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Cauchy-Schwarz argument =⇒

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

1

27

∫
M

(
s−
√

6|W+|
)2
dµg

∴ Second curvature estimate implies

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg >

2

3
c1

2(X)

Einstein =⇒ c1
2(M) >

2

3
c1

2(X)
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Cauchy-Schwarz argument =⇒

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

1

27

∫
M

(
s−
√

6|W+|
)2
dµg

∴ Second curvature estimate implies

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg >

2

3
c1

2(X)

Einstein =⇒ c1
2(X)− k > 2

3
c1

2(X)
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Cauchy-Schwarz argument =⇒

∫
M

(
s2

24
+ 2|W+|2

)
dµg ≥

1

27

∫
M

(
s−
√

6|W+|
)2
dµg

∴ Second curvature estimate implies

1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg >

2

3
c1

2(X)

Einstein =⇒ 1

3
c1

2(X) > k
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Theorem. Let X be a minimal surface of gen-
eral type, and let
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Theorem. Let X be a minimal surface of gen-
eral type, and let

M = X#kCP2.
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Theorem. Let X be a minimal surface of gen-
eral type, and let

M = X#kCP2.

Then M cannot admit an Einstein metric if

k ≥ c1
2(X)/3.
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Theorem. Let X be a minimal surface of gen-
eral type, and let

M = X#kCP2.

Then M cannot admit an Einstein metric if

k ≥ c1
2(X)/3.

(Better than Hitchin-Thorpe by a factor of 3.)
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Theorem. Let X be a minimal surface of gen-
eral type, and let

M = X#kCP2.

Then M cannot admit an Einstein metric if

k ≥ c1
2(X)/3.

(Better than Hitchin-Thorpe by a factor of 3.)

So being “very” non-minimal is an obstruction.
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By contrast, existence result:
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By contrast, existence result:

Theorem (Aubin/Yau). Compact complex man-
ifold (M2m, J) admits compatible Kähler-Einstein
metric with s < 0 ⇐⇒ c1 < 0.
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By contrast, existence result:

Theorem (Aubin/Yau). Compact complex man-
ifold (M2m, J) admits compatible Kähler-Einstein
metric with s < 0⇐⇒ ∃ holomorphic embedding

j : M ↪→ CPk
such that c1(M) is negative multiple of j∗c1(CPk).
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By contrast, existence result:

Theorem (Aubin/Yau). Compact complex man-
ifold (M2m, J) admits compatible Kähler-Einstein
metric with s < 0⇐⇒ ∃ holomorphic embedding

j : M ↪→ CPk
such that c1(M) is negative multiple of j∗c1(CPk).

When n = 2m = 4, such M are the minimal com-
plex surfaces of general type such that

@CP1
O
↪→M

of homological self-intersection −2.
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Example. Let N be double branched cover CP2,
ramified at a smooth octic:
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ramified at a smooth octic:
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Example. Let N be double branched cover CP2,
ramified at a smooth octic:
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Example. Let N be double branched cover CP2,
ramified at a smooth octic:
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Aubin/Yau =⇒ N carries Einstein metric.
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Now let X be a triple cyclic cover CP2, ramified at
a smooth sextic
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Now let X be a triple cyclic cover CP2, ramified at
a smooth sextic
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and set
M = X#CP2.
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Now let X be a triple cyclic cover CP2, ramified at
a smooth sextic
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and set
M = X#CP2.

Here

c1
2(X) = 3
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Theorem. Let X be a minimal surface of gen-
eral type, and let

M = X#kCP2.

Then M cannot admit an Einstein metric if

k ≥ c1
2(X)/3.
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Theorem. Let X be a minimal surface of gen-
eral type, and let

M = X#kCP2.

Then M cannot admit an Einstein metric if

k ≥ c1
2(X)/3.

In example:

c1
2(X) = 3

k = 1 = c1
2(X)/3
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X is triple cover CP2 ramified at sextic
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and set
M = X#CP2.

Theorem =⇒ no Einstein metric on M .

480



But M and N are both
simply connected & non-spin,
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But M and N are both
simply connected & non-spin,
and both have c1

2 = 2, h2,0 = 3, so
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But M and N are both
simply connected & non-spin,
and both have c1

2 = 2, h2,0 = 3, so

b+ = 1 + 2h2,0= 7

b− = 4 + 5b+ − c1
2= 37
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But M and N are both
simply connected & non-spin,
and both have c1

2 = 2, h2,0 = 3, so

b+ = 1 + 2h2,0 = 7

b− = 4 + 5b+ − c1
2 = 37
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But M and N are both
simply connected & non-spin,
and both have c1

2 = 2, h2,0 = 3, so

χ = 46

τ = −30
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But M and N are both
simply connected & non-spin,
and both have c1

2 = 2, h2,0 = 3, so

χ = 46

τ = −30

Hence Freedman =⇒ M homeomorphic to N !
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But M and N are both
simply connected & non-spin,
and both have c1

2 = 2, h2,0 = 3, so

χ = 46

τ = −30

Hence Freedman =⇒ M homeomorphic to N !
Moral: Existence depends on diffeotype!
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But M and N are both
simply connected & non-spin,
and both have c2

1 = 2, h2,0 = 3, so

χ = 46

τ = −30

Hence Freedman =⇒ M homeomorphic to N
Moral: Existence depends on diffeotype!
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Example. Z2 acts on Σ3×Σ2 with 48 fixed points.
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Example. Z2 acts on Σ3×Σ2 with 48 fixed points.
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Example. Z2 acts on Σ3×Σ2 with 48 fixed points.
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Obtain N by replacing nbhds of 48 singularities of

Ň = (Σ3 × Σ2)/Z2

with copies of T ∗S2. This manifold N diffeo to
double branched cover of CP1 × CP1 branched at
generic curveB of bidegree (8, 6), which has c2

1 < 0.
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Obtain N by replacing nbhds of 48 singularities of

Ň = (Σ3 × Σ2)/Z2

with copies of T ∗S2. This manifold N diffeo to
double branched cover of CP1 × CP1 branched at
generic curveB of bidegree (8, 6), which has c1 < 0.

Aubin-Yau =⇒ N carries Kähler-Einstein metrics.
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Now consider X ⊂ CP5 given by generic intersec-
tion of a cubic and two quadrics.
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Now consider X ⊂ CP5 given by generic intersec-
tion of a cubic and two quadrics.

Then c1
2(X) = 12, so c1

2(X)/3 = 4. Hence
M = X#4CP2 does not admit Einstein metrics.
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Theorem (L ’01). Let X be a minimal surface
of general type, and let

M = X#kCP2.

Then M cannot admit an Einstein metric if

k ≥ c1
2(X)/3.
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Theorem (L ’01). Let X be a minimal surface
of general type, and let

M = X#kCP2.

Then M cannot admit an Einstein metric if

k ≥ c1
2(X)/3.

In example:

c2
1(X) = 12

k = 4

So Theorem =⇒ no Einstein metric onM = X#4CP2.
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b− = 4 + 5b+ − c1
2= 61
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But M and N are both
simply connected & non-spin,
and both have c1

2 = 8, h2,0 = 6, so

χ = 76

τ = −48

Hence Freedman =⇒ M homeomorphic to N !

Conclusion: Existence depends on diffeotype!
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End, Part IV
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