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Dirac Operators and Scalar Curvature

The bundle S(A™) over any oriented (M 4, q)

|
SO 1

can be viewed as a CIP{-bundle.

Always have S(AT) = P(V4),
but if wg = 0 (M spin), then

S(AT) =P(S4)
A’Sy = C
S(A7) =P(S_)
A’S_ =C
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A<1C = Hom(S4,S_)
so get natural Clifford multiplication map
o . ANl®S; > S_.
Also have covariant derivative
V:[(Sy) - T(A' ®Sy)

Compose to get Dirac operator D:

D
r(s,) - T(S.)

A4

MA'®Sy)
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A(lc = Hom(V4,V_)
so again get natural Clifford multiplication map
° /\1 0% V_|_ — V_.
Any connection A on L induces covariant derivative
Vi:D(Vy) - T(AM @V,

Compose to get Dirac operator D 4:

D
[(V4) —— T(V_)

-

F(Al X V+>
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Every unitary connection A on L induces
spin® Dirac operator

DA ) F<V+> — F(V_)
Weitzenbock formula: VO € I'(Vy),

1 S
(P, DA"DpP) = §A|@\2 + V4P + Z’CMZ
+2(—iF 47, 0(®))

where F' 47 = self-dual part curvature of A, and
o : Vi — AT is a natural real-quadratic map
modeled on

H — SmH

. . 1 . —
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Every unitary connection A on L induces
spin® Dirac operator

DA ) F<V+> — F(V_)
Weitzenbock formula: VO € I'(Vy),

1 S
(P, DA"DpP) = §A|@\2 + V4P + Z’CMZ
+2({—iF 4T, 0(D))

where F' 47 = self-dual part curvature of A, and
o: Vi — AT is anatural real quadratic map s.t.

()] = —=|B[2
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Witten:

consider both ® and A as unknowns,

subject to Seiberg- Witten equations

Dsd =0
F i = io(®).

However, the “gauge group”
¢ = {smooth maps f : M — St c C}
of circle-valued functions acts on solutions by

(P, A) — (fP, A+ 2d log f),
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M. (g) = {solutions of SW eqs }/¥.

Always compact, but not always a manifold. Need
to overcome in order to define Witten’s invariant.
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Witten:

consider both ® and A as unknowns,

subject to Seiberg- Witten equations

Dsd =0
F i = io(®).

Non-linear, but elliptic once ‘gauge-fixing’
d*(A— Ay =0

imposed to nearly eliminate action of ¥ .

Surviving gauge freedom:
4 = {harmonic maps f : M — S1}.
In general,
G, = St x HY (M, 7).
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Witten:

consider both ® and A as unknowns,

subject to Seiberg- Witten equations
Dpgd =0
F i = io(®).

Action of the constants St is source of trouble.
They fix any solution with ® = 0.
Such solutions are called reducible solutions.

Can avoid these via the following trick. . .
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Perturbed moduli space
M. (g,n) = {solutions of perturbed SW }/¥4.

No reducible solutions (& = 0) if

ng 7 2rlel (D) € Hy,

where 1 = harmonic part of 7.
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Perturbed Seiberg-Witten Equations:

Choose 1 € T'(A™) and consider
Dpgd =0
iF7 +0(P) = 1.
Perturbed moduli space
M. (g,n) = {solutions of perturbed SW }/¥4.

By Smale-Sard theorem, moduli space is a smooth
manifold for 1 “regular”; comeager in I'(A™).
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LyVy) @ Lp(A) — Li_ (Vo) e Li_(\T) @ Lj_ /R
(D, A) — (Dagea®, il —d"A+o(D), d*A)

Linearization is elliptic, hence Fredholm.
(0, ¢, 0) is regular value for comeager set of .
Preimage of (0, ¢, 0) is then a manifold.

If op # 2r[c1(L)]F, then ST acts freely, and

e ’(L) — (2x+37)(M)

dim M (g,n) = .
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Dgd =0
iF +0(0) =1
d*(A — Ap) = 0,
and can assume that |[(A — AO) | < C
because ¥4 action includes H (M, Z).

Weitzenbock formula
0 = 20|02 +4|V 4O 45| P>+ |D|* = 8(n, o(D))
implies

9% < max(2v/2)n] — s)

Hence equations well-defined in L% Sobolev spaces!
Rellich Theorem: under

L%L,.Cl

images of closed bounded sets are compact!
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s a compact manifold for any g and generic 1.

Lemma. If by (M) > 2, moduli spaces Mc(g,n)

and M:(q,7m) are cobordant for any g, § and
generic 1, 1.

(L) — (2x +37)(M)

dim M (g,n) = I

Simplest case: ¢12(L) = (2x + 37)(M).

This happens iff the spin® structure induced by an
almost-complex structure ./ on M.
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Let J be any almost-complex structure on M.
Let L = A2 be its anti-canonical line bundle.

Vg on M, the bundles

V_|_ _ AO’O @/\072
V. = AO,l

can formally be written as
Ve =S4+ ® LY/ 2,
where S are left & right-handed spinor bundles.

Every unitary connection A on L induces
spin® Dirac operator

DA ) F(V+> — F(V_)
generalizing 9 + 0*.
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Lemma. Moduli space Mc(g,n) always compact.

Lemma. If by (M) # 0, moduli space Mc(g,n)
s a compact manifold for any g and generic 1.

Lemma. If by (M) > 2, moduli spaces Mc(g,n)

and M:(q,7m) are cobordant for any g, § and
generic 1, 1.

(L) — (2x +37)(M)

dim M (g,n) = I

Simplest case: ¢12(L) = (2x + 37)(M).

dim 9M(g,n) = 0.
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Suppose that by (M) > 2.
Let ¢ be spin® structure on M with
c1*(L) = (2x +37)(M),
Then dim 9M:(g,n) = 0 for any ¢, generic 7.

Count the number of solutions, mod 2, to define a
Zio-valued invariant:

ne(M) = #Mc(g,n) mod 2

This is independent of ¢, regular-value 7.

Any two good choices (g,7) can be a joined by a
smooth curve transverse to the monopole map.
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Witten’s SW Invariant:
Suppose that by (M) > 2.
Let ¢ be spin® structure on M with
c1*(L) = (2x +37)(M),
Then dim 9M:(g,n) = 0 for any ¢, generic 7.

Count the number of solutions, mod 2, to define a
Zio-valued invariant:

ne(M) = #Mc(g,n) mod 2

This is independent of ¢, regular-value 7.

There is actually a Z-valued improvement, but we
will not need this for our purposes here.
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Proposition. Let M be a smooth compact man-
ifold with b (M) > 2, and suppose that ¢ is a
spin® structure induced by some almost-complex
structure J. If ne(M) # 0, and if g is any
smooth metric on M, then the unperturbed Seiberg-
Witten equations have a solution on (M, g, c).

Dag® = 0
F = io(®)

Indeed, if [c;(L)]T # 0, and if there are no solu-
tions, then n = 0 is a regular value of the monopole

map for ¢g. But this means that n (M) = 0. =<«

However, if [c1(L)]T = 0, there are always reducible
solutions: set ® = 0, and choose A so that 1F'4 is
harmonic representative of 2mwe((L).
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spin® structure induced by some almost-complex
structure J. If ne(M) # 0, we will say that

(L) = (M, J) € H*(M,Z)/ (torsion)

s a basic class of M.

Theorem (Taubes). Let (M, w) be a smooth com-
pact symplectic manifold with by (M) > 2. Then
c1(M,w) is basic class of M.

Proof similar: there are choices of 7 for which there
is a unique SV solution, up to gauge equivalence.
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The problem is that the condition
ng # 2nlcl(L)]T € Hy,

divides the space of good perturbation 7 into two
connected components, for each g.

These are called chambers.
Now n. also depend on a choice <<= of chamber.

If ¢;?(L) < 0 for the spin® structure ¢, then 1 = 0
may belong to different chambers for different ¢.

So 1 = 0 belongs to <t when ¢ is past-pointing,
and to <~ when ¢; " is future-pointing.
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However, this problem becomes innocuous when

ec;2(L) >0, or
o c;’(L) =0, but ¢;(L) #0in H*(M,R).

This then guarantees either that ¢; ™ is always past-
pointing, or else that ¢; T is always future-pointing.

We can therefore define the Seiberg-Witten invari-
ant n¢(M) as before, but using only perturbations
1 that belong to the same chamber as 0.

Concretely, this condition will automatically hold
whenever max |7 is sufficiently small.
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the Hitchin-Thorpe inequality makes this a good
tool for the study of Einstein metrics on 4-manifolds.
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Proposition. Let M be a smooth compact man-
ifold with by (M) = 1, and suppose that ¢ is a
spin® structure induced by some almost-complex
structure J. Suppose, moreover, that either

e ci2(M,.J) >0, or that
o ci2(M,J)=0, but c;(M,J) # 0 in H*(M,R).

If ne(M) # 0, and if g is any smooth metric on
M, then the unperturbed Seiberg- Witten equa-
tions have a solution on (M, g, c).

But there are other natural problems arising from
Riemannian geometry that require one to carefully
use the chamber-dependence of the invariant, and
instead play different spin® structures off against
one another.









We now return to the simpler setting of b4 > 2. ..



Proposition. Let M be a smooth compact man-
ifold with b (M) > 2, and suppose that ¢ is a
spin® structure induced by some almost-complex
structure J. If ne(M) # 0, and if g is any
smooth metric on M, then the unperturbed Seiberg-
Witten equations have a solution on (M, g, c).



Proposition. Let M be a smooth compact man-
ifold with b (M) > 2, and suppose that ¢ is a
spin® structure induced by some almost-complex
structure J. If ne(M) # 0, and if g is any
smooth metric on M, then the unperturbed Seiberg-
Witten equations have a solution on (M, g, c).

Definition. Let M be a smooth compact man-
ifold with b (M) > 2,



Proposition. Let M be a smooth compact man-
ifold with b (M) > 2, and suppose that ¢ is a
spin® structure induced by some almost-complex
structure J. If ne(M) # 0, and if g is any
smooth metric on M, then the unperturbed Seiberg-
Witten equations have a solution on (M, g, c).

Definition. Let M be a smooth compact man-

ifold with b (M) > 2, and suppose that ¢ is a
spin® structure



Proposition. Let M be a smooth compact man-
ifold with b (M) > 2, and suppose that ¢ is a
spin® structure induced by some almost-complex
structure J. If ne(M) # 0, and if g is any
smooth metric on M, then the unperturbed Seiberg-
Witten equations have a solution on (M, g, c).

Definition. Let M be a smooth compact man-
ifold with b (M) > 2, and suppose that ¢ is a
spin® structure s.t. there is a solution unper-
turbed Seiberg- Witten equations



Proposition. Let M be a smooth compact man-
ifold with b (M) > 2, and suppose that ¢ is a
spin® structure induced by some almost-complex
structure J. If ne(M) # 0, and if g is any
smooth metric on M, then the unperturbed Seiberg-
Witten equations have a solution on (M, g, c).

Definition. Let M be a smooth compact man-
ifold with b (M) > 2, and suppose that ¢ is a
spin® structure s.t. there is a solution unper-
turbed Seiberg- Witten equations for every metric
qg.



Proposition. Let M be a smooth compact man-
ifold with b (M) > 2, and suppose that ¢ is a
spin® structure induced by some almost-complex
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Definition. Let M be a smooth compact man-
ifold with b (M) > 2, and suppose that ¢ is a
spin® structure s.t. there is a solution unper-
turbed Seiberg- Witten equations for every metric
g. Then we will say that that the corresponding
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Theorem (Bauer-Furuta). Let X;, 7 = 1,2,3,
be smooth compact almost-complex 4-manifolds
with non-zero mod-2 Seiberg- Witten invariant.
Also suppose that each X ; satisfies

b1(X;) =0, and by(X;)=3mod4
Then c1(X1) ® c¢1(X9) @ ¢1(X3) is a monopole
class on X 1#Xo#X3.

Uses equivariant cohomotopy invariant.

Similarly for X#X5.



Basic class = monopole class

ot



Basic class = monopole class

ot

Theorem. Let M be a smooth compact manifold



Basic class = monopole class

ot

Theorem. Let M be a smooth compact manifold
with by (M) > 2. Then the collection



Basic class = monopole class

ot

Theorem. Let M be a smooth compact manifold
with by (M) > 2. Then the collection

¢ C H*(M,R)



Basic class = monopole class

ot

Theorem. Let M be a smooth compact manifold
with by (M) > 2. Then the collection

¢ C H*(M,R)

of all monopole classes



Basic class = monopole class

ot

Theorem. Let M be a smooth compact manifold
with by (M) > 2. Then the collection

¢ C H*(M,R)

of all monopole classes s finite.



Basic class = monopole class

ot

Theorem. Let M be a smooth compact manifold
with by (M) > 2. Then the collection

¢ C H*(M,R)

of all monopole classes s finite.

Corollary. Let M be a smooth compact mani-
fold with by (M) > 2. Then the collection

S c H*(M,R)

of all basic classes is finite.
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Witten:

consider both ® and A as unknowns,

subject to Seiberg- Witten equations
Dpgd =0
F i = io(®).

Non-linear, but elliptic once ‘gauge-fixing’
d*(A— Ay =0

imposed to eliminate automorphisms of L — M.
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For a given spin® structure and fixed metric ¢, this
is the dimension of pre-image of any regular value
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Spin© structure arises from some J <—

c%(L) = 2x + 37 <= this dimension is zero.

SW invariant € Zo like mod-2 mapping degree.
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I[f b (M) > 2, then, as metric varies, moduli spaces
are cobordant, so can construct invariants that some-
times predict existence of solutions.

Specifically, if spin© structure comes from some ./,
predicted dimension is 0, and moduli spaces gener-
ically discrete. Counting solutions mod 2 gives Zo-
valued invariant.

This invariant is non-zero for complex surfaces of
Kéhler type (i.e. with by even).

Implies non-existence of metrics ¢ for which s > 0.
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M* admits Einstein g, then

(2x +37)(M) = 0,

with equality only if (M, g) is locally hyper-Kahler.
The latter case happens only if M finitely cov-
ered by flat T* or K3.
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We need metric-independent improvement!
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Fi = io(d).

have a solution (®, A) for every metric g on M.
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Proof. Linearity of projection =
o e Hull{ b* | b € &},
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as claimed.
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Theorem. If the smooth compact 4-manifold M

admits both an FEinstein metric g and a basic
class b € H*(M), then

X(M) = 37(M)

and equality = (M, g) is either flat or a com-
plex hyperbolic manifold CHy/T .

Corollary. For any compact complex-hyperbolic
4-manifold M = CHy/T', the Einstein moduli
space, consisting of Einstein metrics on M, mod-

ulo diffeomorphisms and rescaling, consists of
exactly one point.
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Theorem (Curvature Estimates). For any Rie-
mannian metric g on a compact compler sur-
face M of general type, the following curvature
bounds are satisfied:

/ 32d,ug > 327%¢12(X)
M 2
/ (3 — \/6\W+\) dig > 7211 %(X)
M

where X s the minimal model of M.

Moreover, equality holds in either case iff M =
X, and g 1s Kahler-Einstein with A < 0.
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(Better than Hitchin-Thorpe by a factor of 3.)

So being “very’ non-minimal is an obstruction.
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By contrast, existence result:

Theorem (Aubin/Yau). Compact complexr man-
ifold (M?™, J) admits compatible Kdhler-Einstein
metric with s < 0 <= 4 holomorphic embedding

such that c1(M) is negative multiple of 7% ¢1(CPy.).

When n = 2m = 4, such M are the minimal com-
plex surfaces of general type such that

2CP; S M

of homological self-intersection —2.
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X is triple cover CIP9 ramified at sextic

b

T~ C<

CP,

M = X#CP».

Theorem =— no Einstein metric on M.
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Then 612(X>_: 12, s0 ¢;(X)/3 = 4. Hence
M = X#4CPy does not admit Einstein metrics.
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M = X#kCP,.
Then M cannot admit an Einstein metric if
k> c’(X)/3.

In example:

H(X

) =12
k=4

So Theorem == no Einstein metric on M = X #4CP-.
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