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If M smooth compact n-manifold, n > 3,
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S0:
Critical points are Einstein or scalar-flat (s=0).

Try to find Einstein metrics by minimizing?
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18 realized by an Einstein metric g; with A < 0.
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Four Dimensions is Exceptional

Theorem. Suppose that (M*, g,.J) is a compact
Kahler-Einstein 4-manifold with A < 0. Then g

15 an absolute minimizer of

/SQdu,

and so achieves Ty(M).

In higher dimensions, Kahler-Einstein metrics with
A < 0 also exist in profusion, but they do not enjoy
this privileged position among Riemannian metrics!
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Example. Let M C CPP3 be the smooth hyper-
surface of degree n > 4 given by

"yt + 2N+ w" =0

simply connected for all n, with

To(M) = 32w%n(n — 4)°.
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A complex surface X is called minimal if it is not
the blow-up of another complex surtace.

Any complex surface M can be obtained from a
minimal surface X by blowing up a finite number
of times:

M =~ X#kCP;
One says that X is minimal model of M.

The minimal model X of M is unique if
Kod(M) > 0.
Moreover, always have
Kod(X') = Kod (M),

and Kod mvariant under deformations.
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General Type means Kod(M ) = dimg(M).

For compact complex surface (M?, J), this means

dim (M, O(K®Y)

orows quadratically in £, where

K =AY

1s the “canonical line bundle” of M.
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Kodaira Classification of Complex Surfaces
Most important invariant: Kodaira dimension.

Given (M 1 ) compact complex surface, set

log dimT'(M, O(K®*
Kod(M) = limsup og diml(M, OLK ™))
(—+00 log €

where K = A%V is canonical line bundle.

Then Kod(M, J) € {—00,0,1,2} is exactly
max dimg Image(M --+ CPy)
over maps defined by holomorphic sections of /& L
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Kodaira Classification of Minimal Surfaces

For by odd:
Kod(X) X (X))
—00 “Type VII” 0, —
0 certain T2 bundles over T2 0

1 certain elliptic fibrations over curves| 0




Notice that ¢7 > 0 = Kod(X) € {—o0,2}, and
that X must be of Kahler type.

Grauert: happens because

X(X, 0(K%%) = B(O(K®Y) — RHO(K®Y)) + hA(O(K "))

= W(O(K®Y) — hH(O(K®) + h(O(x®1-9)
2

— o — 1)% + (X, 0)
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1 52 2 \ :
2v + 37V (M) = — +2IlW " —— | d
Finstein = _ 82+2\W |2 d
111 111 p—
o 472 24 i Hg

Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M* admits Einstein g, then

(2x +37)(M) > 0,

with equality only if (M, g) is locally hyper-Kahler.
The latter case happens only if M finitely cov-
ered by flat T* or K3.



Notice that ¢7 > 0 = Kod(X) € {—oc,2},



Notice that ¢7 > 0 = Kod(X) € {—o0,2}, and
that M must be of Kahler type.



Notice that ¢7 > 0 = Kod(X) € {—o0,2}, and
that M must be of Kahler type.

However,

c% — p1(AT) = 2x + 37.



Notice that ¢7 > 0 = Kod(X) € {—o0,2}, and
that M must be of Kahler type.

However,

c% — p1(AT) = 2x + 37.

and hence

cH(M) = {(X#KCPy) = ¢i(X) — k.



Notice that ¢7 > 0 = Kod(X) € {—o0,2}, and
that M must be of Kahler type.

However,

c% — p1(AT) = 2x + 37.

and hence

cH(M) = {(X#KCPy) = ¢i(X) — k.

Hitchin-Thorpe =



Notice that ¢7 > 0 = Kod(X) € {—o0,2}, and
that M must be of Kahler type.

However,

c% — p1(AT) = 2x + 37.

and hence

cH(M) = {(X#KCPy) = ¢i(X) — k.

Hitchin-Thorpe =

Proposition. If (M, J) compact complex sur-

face, and if M admits Finstein metric g (un-
related to J) with X\ # 0, then

Kod(M, J) € {—o00,2},



Notice that ¢7 > 0 = Kod(X) € {—o0,2}, and
that M must be of Kahler type.

However,

c% — p1(AT) = 2x + 37.

and hence

cH(M) = {(X#KCPy) = ¢i(X) — k.

Hitchin-Thorpe =

Proposition. If (M, J) compact complex sur-

face, and if M admits Finstein metric g (un-
related to J) with X\ # 0, then

Kod(M, J) € {—o00,2},

and M admits a symplectic structure.
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Dirac Operators and Scalar Curvature

The bundle S(A™) over any oriented (M 4, q)

|
SO 1

can be viewed as a CIP{-bundle.

Always have S(AT) = P(V4),
but if wg = 0 (M spin), then

S(AT) =P(S4)
A’Sy = C
S(A7) =P(S_)
A’S_ =C
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A<1C = Hom(S4,S_)
so get natural Clifford multiplication map
o . ANl®S; > S_.
Also have covariant derivative
V:[(Sy) - T(A' ®Sy)

Compose to get Dirac operator D:

D
r(s,) - T(S.)

A4

MA'®Sy)
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Atiyah-Singer: Dirac operator

D :T'(Sy) = T'(S2)
is elliptic, with ind(D) = —7(M)/8.

Weitzenbock formula: VO € I'(S4),

1 S
(D, D*DP) = §Ay<1>|2+ yvq>|2+iyq>\2

Proposition (Lichnerowicz). If M* compact spin,
with 7 # 0, then 3 metric g on M with s> 0.

Example. # metric of s> 0 on K 3.
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Example. Let M C CP3 a smooth hypersurface
of degree n. For example

"yt + 2N+ w" =0

spin if n = 2m

m + 1
= —16
=0 ("))

Divisible by 16, as predicted by Rochlin.
No s > 0 metrics if n > 4 even.

What about n > 4 odd?

Need a new technology to handle these cases!
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Spin© structures:

wo(TM?Y) € H* (M, Zs)
in image of
H?(M,Z) — H*(M,Zs)
—> d Hermitian line bundles
L — M

with
c1(L) = wo(TM) mod 2.

Given g on M, — drank-2 Hermitian vector bun-
dles V4 — M which formally satisfy

Ve =S4+ ® Ll/Q,

where S+ are the (locally defined) left- and right-
handed spinor bundles of (M, g).
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Key Example
Let J be any almost complex structure on M.

Let L = AY%2 be its anti-canonical line bundle.

Vg on M, the bundles

can formally be written as
Vie=05+® LY/ 2,
where St are left & right-handed spinor bundles.

We'll next see that every unitary connection A on
L induces a spin® Dirac operator

DA : F(V_|_> — F(V_)
generalizing 9 + 0*.
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A(lc = Hom(V4,V_)
so again get natural Clifford multiplication map
° /\1 0% V_|_ — V_.
Any connection A on L induces covariant derivative
Vi:D(Vy) - T(AM @V,

Compose to get Dirac operator D 4:

D
[(V4) —— T(V_)

-

F(Al X V+>
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Every unitary connection A on L induces
spin® Dirac operator

DA : F<V+> — F(V_)
generalizing 0 + O*.

Weitzenbock formula: VO € I'(V4),

1 S
(O, DA"Dy0) = iﬁl@\Q + V4P + Z!@lz
+2<_iFA+7O((D>>

where F' 47 = self-dual part curvature of A, and
oc:Vye—=ATisa natural real-quadratic map,

()] = —=|5]2

22
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Witten:

consider both ® and A as unknowns,

subject to Seiberg- Witten equations
Dpgd =0
F i = io(®).

Non-linear, but elliptic once ‘gauge-fixing’
d*(A— Ay =0

imposed to eliminate automorphisms of L — M.
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Weitzenbock formula becomes
0 = 2A|D2 + 4|V 4P| + 5O + |0
— moduli space compact, finite-dimensional. . .

Compactness: Implies CV bound on ®:

At maximum of @, A|®[? > 0, so

0> s|d|” + |D*

and hence |P|? < —s, unless ® = 0. Hence

9] < y/max [5_|

everywhere!

Bootstrapping with gauge-fixed equations, one gets
Lg bounds for (&, A) for all k, p.
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c1(L) — (2x + 37)(M)
4

For a given spin® structure and fixed metric ¢, this
is the dimension of pre-image of any regular value
of map defined by gauge-fixed S\ equations.

Spin© structure arises from some J <—

c%(L) = 2x + 37 <= Fredholm index is zero.

SW invariant € Zo means mod-2 mapping degree.
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I[f b (M) > 2, then, as metric varies, moduli spaces
are cobordant, so can construct invariants that some-
times predict existence of solutions.

Specifically, if spin© structure comes from some ./,
Fredholm index is 0, and moduli spaces generically
discrete. Counting solutions mod 2 gives Zo-valued
invariant.

This invariant is non-zero for complex surfaces of
Kéhler type (i.e. with by even).

Implies non-existence of metrics ¢ for which s > 0.
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M* admits Einstein g, then

(2x +37)(M) = 0,

with equality only if (M, g) is locally hyper-Kahler.
The latter case happens only if M finitely cov-
ered by flat T* or K3.
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when
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Application:

Theorem. Suppose that (M, .J) is a compact com-
plex surface. If the smooth compact 4-manifold
M admats an Einstein metric g with A > 0, then

Kod(M,J) = —o0, and

(CP#kCPy, 0< k<8
M=, < or

S% x 52

Key point: SW = s > 0 impossible when Kod = 2.
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Curvature Estimates:

If ST equations have solution Vg € [g],
—> curvature estimates

[ sy = el (1)
M 2
[ (5= VBIWA1) dg > T2mles (1)
M
where ¢ (L)" € H is self-dual part of

ci(L) € HA(M,R)=H} & H,
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Integrate Weitzenbock:
0= /[4|vq>\2 T s @2 + [0 Y.

[owpanz [t

Cauchy-Schwarz:
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0= /[4\%@\2 T 5@ + D]

/(—s)@!zduz /|<1>\4dﬂ.

Equality =
VP =0, s = const < 0
Hence Vo (P) =0, and ¢ is Kahler.
So metric is CSCK.
Moreover, A is Chern connection on L = K -1

Just one solution, so must have SV # 0. More
robust version works for Kéhler with ¢ - [w] < 0.
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Holder inequality =
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4
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> 7212 TP
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