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/ v € 1 V2 M compact oriented.
D
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= 4 zeroes generic section LI‘ZQ
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0723725 75— 0
. HX(M,Z) — H*(M.,Z) S H*(M,Zs) — H>(M,Z) - -

H(M,Z) = Hi(M,Z)
so if M simply-connected
H?(M,Z) — H*(M,Z»)

.. can detect wo by pairing with oriented surfaces!
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Theorem (Wu). Suppose that M* s compact,
simply connected.

Then M is spin <= aea is even Va € H>(M, 7).

Warning: Depends on H?(M,7Z) torsion-freel

To make Wu work in general, use intersection form
oz, HA(M,Zy) x H*(M,Zy)— s

with Zo coefficients instead!
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even, negative definite, signature —8.
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Unimodular Forms:

Theorem. Indefinite unimodular forms are com-
pletely classified by rank, parity, signature:

e Any odd indefinite unimodular form isomor-
phic to
j(1) ® k(-1).

e Any even indefinite unimodular form isomor-
phic to
+[7Es ® EH].

Warning. Wildly false for definite forms!
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A-manifold has signature T(M*) divisible by 16.

Atiyah-Singer:
new proof based on the index of the Dirac operator.
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Theorem (Milnor). Two compact simply-connected
4-manafolds are orientedly homotopy equivalent
<= they have have isomorphic intersection forms.

Theorem (Rochlin). Any smooth compact spin
A-manifold has signature T(M*) divisible by 16.

Theorem (Donaldson). If a smooth compact simply-
connected 4-manifold has positive definite inter-
section form, its intersection matrix form s

Ho)o---a(1)a(l)
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-1

Smale: Suppose that X' is h-cobordant to Y. If
m1 = 0 and n > 4, then X is diffeomorphic to Y.
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Wall: Suppose that X + homotopy equivalent to Y4,
If 1y =0, then X is h-cobordant to Y.

But Smale doesn’t apply when n = 4!
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However, Freedman was able to prove:
If 71 = 0, then TW? is homeomorphic to product,

so X* is homeomorphic to Y*.
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e they have the same Euler characteristic x;
e they have the same signature 7; and

e both are spin, or both are non-spin.
wo = 0 woy # 0

Warning: “Exotic differentiable structures!”
No diffeomorphism classification currently known!

Typically, one homeotype +— oo many diffeotypes.



Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

e they have the same Euler characteristic x;
e they have the same signature 7; and

e both are spin, or both are non-spin.
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JCPy#kCPy = CPy# - - - #CPy # CPo# - - - #CPy
7 &
where j = by (M) and k =b_(M).
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K3 manifold. . .
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K3 = Kummer-Kahler-Kodaira manifold.
Simply connected complex surface with ¢; = 0.
Only one diffeomorphism type.
Spin, y = 24, T = —16.

b =3,b6_ =19

Intersection form: 2Eg 6 3H.
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Kummer construction:

Begin with 7% /Zo;

X X
@ T4
T? |
o
T2

Replace R* /75 neighborhood of each singular point
with copy of T*S2.

Result 1s a K 3 surtface.
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K3 = Kummer-Kahler-Kodaira manifold.
Kummer construction:

Begin with 7" /2o Singular quartic in CP3.

Generic quartic is then a K3 surface. Example:

0= (22 +17+ 22— w?)? = §[(1 — 22 — 27[(1 + 22)? — 2
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Conjecture (11/8 Conjecture). Any smooth com-
pact simply connected spin 4-manifold M is (un-
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Best currently known result is by Furuta:
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M 1s homeomorphic to a

connect sum jCPy#kCP5.

Conjecture (11/8 Conjecture). Any smooth com-
pact simply connected spin 4-manifold M is (un-

orientedly) homeomorphic to either S* or a con-
nected sum jI34#k(S% x S?).

Equivalent to asserting that such manitfolds satisty

11
bo > —|7].
9 > 8\T|

Certainly true of all examples in these lectures!
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On oriented (M?, g), —
A =A@ AT
where AT are (41)-eigenspaces of
%1 A% — A2,
* = 1.

AT self-dual 2-forms
A7 anti-self-dual 2-forms
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Characteristic Classes of AT — M?

Let (A%, g) be any smooth compact oriented
Riemannian 4-manifold. Then

p1(AT) = (p1(AT), [M]) = (2x + 37)(M).
Where have we seen this expression before?
Hitchin-Thorpe inequality!

More on this in a moment!
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Characteristic Classes of AT — M?

Let (A%, g) be any smooth compact oriented
Riemannian 4-manifold. Then

p1(AT) = (pi (A7), [M]) = (2x + 37)(M).

Also

wa(AT) = wo(TM),

and

e(AT) = 0.
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Lemma. If M is compact, and if \V/ preserves

an inner product ( , ) on V', then
1

V) = (F+2— F_2>d.
puV) =z [ (112 = 1571

Corollary. If (V,V) is a “self-dual instanton”
F— =0,
then its “instanton number” is non-negative:
pi(V) =0,
with equality <= V s flat.



Riemann curvature of ¢
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For the Riemannian connection ¥V on AT,

g2

2 2
[P =+ g

and
— 12 0, |2
[ e T
So (AT, V) “self-dual instanton” <= ¢ Einstein.
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Similarly,

(2x — 37)(M) = 1/ 82+2\W 2 s d
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M* admits Einstein g, then

(2x + 37)(M) > 0,
with equality only if AT is flat on (M, g).

But what kind of metric ¢ has A7 is flat?

This brings us to a discussion of holonomy!
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We say that (M*?, ¢) is locally hyper-Kéhler <=

—~4 . .
its universal cover (M ,q) is hyper-Kahler.

= (M*, g) has reduced holonomy in Sp(1), where
the reduced holonomy group is defined using only
curves that represent 0 € 7 (M, p).
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Main Question. Which smooth compact 4-manifolds
M* admit Einstein metrics?

Complex geometry is rich source of examples.

On suitable 4-manifolds, Seiberg-Witten theory al-
lows one to mimic Kahler geometry when treating
non-Kahler metrics.

Special Case. If (M*, ) is a compact complex
surface, when does M* admit an Finstein metric
g (unrelated to .J)?
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Kodaira Classification of Complex Surfaces
Most important invariant: Kodaira dimension.

Given (M 1 ) compact complex surface, set

log dimT'(M, O(K®*
Kod(M) = limsup og diml(M, OLK ™))
(—+00 log €

where K = A%V is canonical line bundle.

Then Kod(M, J) € {—00,0,1,2} is exactly
max dimg Image(M --+ CPy)
over maps defined by holomorphic sections of /& L
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A complex surface X is called minimal if it is not
the blow-up of another complex surtace.

Any complex surface M can be obtained from a
minimal surface X by blowing up a finite number
of times:

M =~ X#kCP;
One says that X is minimal model of M.

The minimal model X of M is unique if
Kod(M) > 0.
Moreover, always have
Kod(X') = Kod (M),

and Kod mvariant under deformations.
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Example. Let M C CP3 a smooth hypersurface
of degree n. For example

"yt + 2N+ w" =0

n M Kod(M) | minimal?
1 CIPoy Yes

2 CPl X C]P)l — 00 Yes

3 | CPy#6CPs No

4 K3 0 Yes
> 5| “general type” 2 Yes




End of Lecture 11



