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Intersection Form, Revisited:
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Intersection Form, Revisited:

Assume M4 smooth, compact, connected.
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Intersection Form, Revisited:
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Intersection Form, Revisited:

Version over R: (deRham cohomology version)

• : H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ
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Intersection Form, Revisited:

Version over R:

• : H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Diagonalize:

+1
. . .

+1︸ ︷︷ ︸
b+(M)

b−(M)

 −1
. . .

−1


.

7



Intersection Form, Revisited:

Version over R:

• : H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Signature

τ (M) = b+(M)− b−(M)
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Intersection Form, Revisited:

Version over R:

• : H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Signature

τ (M) = b+(M)− b−(M)

Thom-Hirzebruch signature formula:

τ (M) = 1
3 p1(M)= 1

3

∫
M
℘1(TM)
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Intersection Form, Revisited:

Version over R:

• : H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Signature

τ (M) = b+(M)− b−(M)

Thom-Hirzebruch signature formula:

τ (M) = 1
3 p1(M) = 1

3

∫
M
℘1(TM)
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Intersection Form, Revisited:

Version over R:

• : H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ
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Intersection Form, Revisited:

Version over R: (Singular cohomology version)

• : H2(M,R)×H2(M,R) −→ R
( a , b ) 7−→ 〈a ∪ b, [M ]〉
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Intersection Form, Revisited:

Version over R: (Singular cohomology version)

• : H2(M,R)×H2(M,R) −→ R
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Oriented homotopy invariant!

13



Intersection Form, Revisited:

Version over R: (Singular cohomology version)

• : H2(M,R)×H2(M,R) −→ R
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Oriented homotopy invariant!

So τ (M) is, too!
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Intersection Form, Revisited:

Version over R: (Singular cohomology version)

• : H2(M,R)×H2(M,R) −→ R
( a , b ) 7−→ 〈a ∪ b, [M ]〉
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Vanishes on torsion!

17



Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Vanishes on torsion!

H2(M,Z)/torsion ↪→ H2(M,R)

as lattice.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Vanishes on torsion!

H2(M,Z)/torsion ↪→ H2(M,R)

Integral lattice: [ϕ] ∈ H2
dR(M,R) such that∫

Σ
ϕ ∈ Z ∀Σ2 ⊂M compact oriented.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:

H2(M,Z) = {C∞complex line bundles L→M}/isomorphism
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:

H2(M,Z)
c1← {C∞complex line bundles L→M}/isomorphism
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation: (Čech cohomology)

H2(M,Z)
c1← {C∞complex line bundles L→M}/isomorphism

0→ Z 2πi·→ E
exp→ E×→ 0
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation: (Čech cohomology)

H2(M,Z)
c1← {C∞complex line bundles L→M}/isomorphism

· · ·H1(M,E )→ H1(M,E×)→ H2(M,Z)→ H2(M,E ) · · ·
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation: (Čech cohomology)

H2(M,Z)
c1← {C∞complex line bundles L→M}/isomorphism

0→ H1(M,E×)→ H2(M,Z)→ 0
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:

H2(M,Z)
c1← {C∞complex line bundles L→M}/isomorphism
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:

H2(M,Z) = {C∞complex line bundles L→M}/isomorphism
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:

H2(M,Z) = H2(M,Z)

via Poincaré duality.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:

H2(M,Z) = H2(M,Z)

via Poincaré duality.

Line bundle L 7−→ zero set Σ generic section
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:

H2(M,Z) = H2(M,Z)

via Poincaré duality.

Line bundle L 7−→ zero set Σ generic section

Pairing: c1(L1) • c1(L2)= 〈c1(L1), [Σ2]〉
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:

H2(M,Z) = H2(M,Z)

via Poincaré duality.

Line bundle L 7−→ zero set Σ generic section

Pairing: c1(L1) • c1(L2) = 〈c1(L1), [Σ2]〉
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:

H2(M,Z) = H2(M,Z)

via Poincaré duality.

Line bundle L 7−→ zero set Σ generic section

Pairing: c1(L1) • c1(L2) = 〈c1(L1), [Σ2]〉
= # zeroes generic section L1|Σ2

= #(Σ1 ∩ Σ2)
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:

H2(M,Z) = H2(M,Z)

via Poincaré duality.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:

H2(M,Z) = H2(M,Z)

via Poincaré duality.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Geometric interpretation:

H2(M,Z) = H2(M,Z)

via Poincaré duality.

36



Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

Poincaré dual Σ and generic small perturbation Σ̃

a • a = #(Σ ∩ Σ̃)
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

Poincaré dual Σ and generic small perturbation Σ̃

a • a = #(Σ ∩ Σ̃)

counted with signs.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

Poincaré dual Σ and generic small perturbation Σ̃

a • a =

∫
Σ
c1(L)
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

Poincaré dual Σ and generic small perturbation Σ̃

a • a =

∫
Σ
c1(L)

where L|Σ→ Σ is normal bundle.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

Poincaré dual Σ and generic small perturbation Σ̃

a • a =

∫
Σ
c1(ν)

where ν → Σ is normal bundle ν = (TΣ)⊥
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

Poincaré dual Σ and generic small perturbation Σ̃

a • a =

∫
Σ
e(ν)

where ν → Σ is normal bundle ν = (TΣ)⊥
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

But

0→ Z 2·→ Z %→ Z2→ 0
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

But

0→ Z 2·→ Z %→ Z2→ 0

induces

% : H2(Σ,Z)→ H2(Σ,Z2)
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

But

0→ Z 2·→ Z %→ Z2→ 0

induces

% : H2(Σ,Z)→ H2(Σ,Z2)

and
%[e(ν)] = w2(ν).
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

50



Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

Poincaré dual Σ and generic small perturbation Σ̃
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

Poincaré dual Σ and generic small perturbation Σ̃

a • a =

∫
Σ
e(ν)
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

Poincaré dual Σ and generic small perturbation Σ̃

a • a =

∫
Σ
e(ν)

where ν → Σ is normal bundle ν = (TΣ)⊥
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

Poincaré dual Σ and generic small perturbation Σ̃

[Σ] • [Σ] ≡ 〈w2(ν), [Σ]〉 mod2
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

TM |Σ = ν ⊕ TΣ

55



Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

TM |Σ = ν ⊕ TΣ

j∗w2(TM) = w2(ν) + w2(TΣ)
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

TM |Σ = ν ⊕ TΣ

j∗[1+w1(TM)+w2(TM)] = (1+w1(ν)+w2(ν))(1+w1(TΣ)+w2(TΣ))
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

TM |Σ = ν ⊕ TΣ

j∗[1 + w2(TM)] = (1 + w2(ν))(1 + w2(TΣ))
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

TM |Σ = ν ⊕ TΣ

j∗w2(TM) = w2(ν) + w2(TΣ)
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

TM |Σ = ν ⊕ TΣ

j∗w2(TM) = w2(ν) + w2(TΣ)

e(TΣ) = (2− 2g(Σ))≡ 0 mod 2
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

TM |Σ = ν ⊕ TΣ

j∗w2(TM) = w2(ν) + w2(TΣ)

e(TΣ) = (2− 2g(Σ)) ≡ 0 mod 2
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

TM |Σ = ν ⊕ TΣ

j∗w2(TM) = w2(ν) + w2(TΣ)

w2(TΣ) = 0.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

TM |Σ = ν ⊕ TΣ

j∗w2(TM) = w2(ν).
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

Poincaré dual Σ and generic small perturbation Σ̃

[Σ] • [Σ] ≡ 〈w2(ν), [Σ]〉 mod2

where ν → Σ is normal bundle ν = (TΣ)⊥
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Special case: self-intersection

a 7−→ a • a ∈ Z

Poincaré dual Σ and generic small perturbation Σ̃

[Σ] • [Σ] ≡ 〈w2(TM), [Σ]〉 mod2
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Intersection Form, Revisited:

0→ Z 2·→ Z %→ Z2→ 0
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Intersection Form, Revisited:

0→ Z 2·→ Z %→ Z2→ 0

· · ·H2(M,Z)→ H2(M,Z)
%→ H2(M,Z2)→ H3(M,Z) · · ·
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Intersection Form, Revisited:

0→ Z 2·→ Z %→ Z2→ 0

· · ·H2(M,Z)→ H2(M,Z)
%→ H2(M,Z2)→ H3(M,Z) · · ·

H3(M,Z) = H1(M,Z)
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Intersection Form, Revisited:

0→ Z 2·→ Z %→ Z2→ 0

· · ·H2(M,Z)→ H2(M,Z)
%→ H2(M,Z2)→ H3(M,Z) · · ·

H3(M,Z) = H1(M,Z)

so if M simply-connected

H2(M,Z)� H2(M,Z2)
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Intersection Form, Revisited:

0→ Z 2·→ Z %→ Z2→ 0

· · ·H2(M,Z)→ H2(M,Z)
%→ H2(M,Z2)→ H3(M,Z) · · ·

H3(M,Z) = H1(M,Z)

so if M simply-connected

H2(M,Z)� H2(M,Z2)

∴ can detect w2 by pairing with oriented surfaces!
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Theorem (Wu). Suppose that M4 is compact,
simply connected.
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).

w2 = 0
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).

[Σ] • [Σ] ≡ 〈w2, [Σ]〉 mod2
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).

When this happens, we say that

• : H2(M,Z)×H2(M,Z)−→ Z
is even.
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).

When this happens, we say that

• : H2(M,Z)×H2(M,Z)−→ Z
is even.

Otherwise, one says that the form is odd.
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).

Warning: Depends on H2(M,Z) torsion-free!
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).

Warning: Depends on H2(M,Z) torsion-free!

(S2 × S2)/Z2 has b2 = 0 over R,

81



Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).

Warning: Depends on H2(M,Z) torsion-free!

(S2 × S2)/Z2 has b2 = 0 over R,

but non-spin for antipodal × antipodal Z2-action.
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).

Warning: Depends on H2(M,Z) torsion-free!

(S2 × S2)/Z2 has b2 = 0 over R,

but non-spin for antipodal × antipodal Z2-action.
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).

Warning: Depends on H2(M,Z) torsion-free!
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Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).

Warning: Depends on H2(M,Z) torsion-free!

To make Wu work in general, use intersection form

•Z2
: H2(M,Z2)×H2(M,Z2)−→ Z2

with Z2 coefficients instead!

86



Theorem (Wu). Suppose that M4 is compact,
simply connected.

Then M is spin⇐⇒ a•a is even ∀a ∈ H2(M,Z).
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)×H2(M,Z) −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉
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Intersection Form, Revisited:

Version over Z via Poincaré duality:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Can represent by b2 × b2 integer matrix
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Can represent by b2×b2 integer matrix of det = ±1.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Can represent by b2×b2 integer matrix of det = ±1.

“Unimodular”
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Can represent by b2×b2 integer matrix of det = ±1.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Can represent by b2×b2 integer matrix of det = ±1.

“Intersection Matrix”
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Can represent by b2×b2 integer matrix of det = ±1.

But any two similar matrices arise from same M4.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. jCP2#kCP2 has intersection matrix
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Recall:

CP2 = reverse oriented CP2.
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Recall:

CP2 = reverse oriented CP2.

Connected sum #:
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Recall:

CP2 = reverse oriented CP2.

Connected sum #:
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Recall:

CP2 = reverse oriented CP2.

Connected sum #:
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Recall:

CP2 = reverse oriented CP2.

Connected sum #:
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Recall:

CP2 = reverse oriented CP2.

Connected sum #:
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Recall:

CP2 = reverse oriented CP2.

Connected sum #:
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Recall:

CP2 = reverse oriented CP2.

Connected sum #:
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. jCP2#kCP2 has intersection matrix
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. jCP2#kCP2 has intersection matrix
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. jCP2#kCP2 has intersection matrix

+1
. . .

+1︸ ︷︷ ︸
j

k

 −1
. . .

−1


.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. jCP2#kCP2 has intersection matrix

〈+1〉 ⊕ · · · ⊕ 〈+1〉︸ ︷︷ ︸
j

⊕〈−1〉 ⊕ · · · ⊕ 〈−1〉︸ ︷︷ ︸
k
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. jCP2#kCP2 has intersection matrix

j〈+1〉 ⊕ k〈−1〉.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. jCP2#kCP2 has intersection matrix

j〈1〉 ⊕ k〈−1〉.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. jCP2#kCP2 has intersection matrix

j〈1〉 ⊕ k〈−1〉.

(1, 0, . . . , 0) • (1, 0, . . . , 0) = 1
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. jCP2#kCP2 has intersection matrix

j〈1〉 ⊕ k〈−1〉.

(1, 0, . . . , 0) • (1, 0, . . . , 0) = 1

“odd form” (not even!)
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. jCP2#kCP2 has intersection matrix

j〈1〉 ⊕ k〈−1〉.

(1, 0, . . . , 0) • (1, 0, . . . , 0) = 1

“odd form” (not even!)
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. jCP2#kCP2 has intersection matrix

j〈1〉 ⊕ k〈−1〉.

(1, 0, . . . , 0) • (1, 0, . . . , 0) = 1

“odd form” (not even!)

w2 6= 0
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. jCP2#kCP2 has intersection matrix

j〈1〉 ⊕ k〈−1〉.

(1, 0, . . . , 0) • (1, 0, . . . , 0) = 1

non-spin!

w2 6= 0
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example.
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. S2 × S2 has intersection matrix
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. S2 × S2 has intersection matrix[
0 1
1 0

]
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. S2 × S2 has intersection matrix[
0 1
1 0

]
...........................

..........................................................................................................................................................................................................................................................................................................................................................
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. S2 × S2 has intersection matrix[
0 1
1 0

]
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. S2 × S2 has intersection matrix[
0 1
1 0

]

(m,n) • (m,n) = 2mn

“even form”
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. S2 × S2 has intersection matrix[
0 1
1 0

]

(m,n) • (m,n) = 2mn

Because H2(Z) also torsion-free =⇒
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. S2 × S2 has intersection matrix[
0 1
1 0

]

(m,n) • (m,n) = 2mn

Because H2(Z) also torsion-free =⇒
w2 = 0
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. S2 × S2 has intersection matrix[
0 1
1 0

]

(m,n) • (m,n) = 2mn

spin!

w2 = 0
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. S2 × S2 has intersection matrix[
0 1
1 0

]
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. S2 × S2 has intersection matrix

H :=

[
0 1
1 0

]
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. (S2 × S2)# · · ·#(S2 × S2) has
intersection matrix

H⊕ · · · ⊕ H
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. (S2 × S2)# · · ·#(S2 × S2) has
intersection matrix

H⊕ · · · ⊕ H

even, w2 = 0, spin
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. (S2 × S2)# · · ·#(S2 × S2) has
intersection matrix

H⊕ · · · ⊕ H

even, w2 = 0, spin
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Intersection Form, Revisited:

Version over Z:

•Z : H2(M,Z)/torsion×H2(M,Z)/torsion −→ Z
( a , b ) 7−→ 〈a ∪ b, [M ]〉

Example. (S2 × S2)# · · ·#(S2 × S2) has
intersection matrix

H⊕ · · · ⊕ H

even, w2 = 0, spin
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Unimodular Forms:

Example.

−2 1
1 −2 1

1 −2 1
1 −2 1

1 −2 1 1
1 −2 1

1 −2
1 −2



• • • •
•
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Unimodular Forms:

Example.

−2 1
1 −2 1

1 −2 1
1 −2 1

1 −2 1 1
1 −2 1

1 −2
1 −2



• • • •
•
• • •....................................................................................................................................................................................................................................................................................................................
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.......

.......
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Unimodular Forms:

Example.

E8 =



−2 1
1 −2 1

1 −2 1
1 −2 1

1 −2 1 1
1 −2 1

1 −2
1 −2



• • • •
•
• • •....................................................................................................................................................................................................................................................................................................................
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.......

.......

.......

.......
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Unimodular Forms:

Example.

E8 =



−2 1
1 −2 1

1 −2 1
1 −2 1

1 −2 1 1
1 −2 1

1 −2
1 −2



• • • •
•
• • •....................................................................................................................................................................................................................................................................................................................

.......

.......

.......

.......

.......

....

even, negative definite, signature −8.
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Unimodular Forms:

Theorem. Indefinite unimodular forms are com-
pletely classified by rank, parity, signature:
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Unimodular Forms:

Theorem. Indefinite unimodular forms are com-
pletely classified by rank, parity, signature:
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Unimodular Forms:

Theorem. Indefinite unimodular forms are com-
pletely classified by rank, parity, signature:
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Unimodular Forms:

Theorem. Indefinite unimodular forms are com-
pletely classified by rank, parity, signature:
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Unimodular Forms:

Theorem. Indefinite unimodular forms are com-
pletely classified by rank, parity, signature:

• Any odd indefinite unimodular form isomor-
phic to
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Unimodular Forms:

Theorem. Indefinite unimodular forms are com-
pletely classified by rank, parity, signature:

• Any odd indefinite unimodular form isomor-
phic to

j〈1〉 ⊕ k〈−1〉.
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Unimodular Forms:

Theorem. Indefinite unimodular forms are com-
pletely classified by rank, parity, signature:

• Any odd indefinite unimodular form isomor-
phic to

j〈1〉 ⊕ k〈−1〉.
• Any even indefinite unimodular form isomor-

phic to
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Unimodular Forms:

Theorem. Indefinite unimodular forms are com-
pletely classified by rank, parity, signature:

• Any odd indefinite unimodular form isomor-
phic to

j〈1〉 ⊕ k〈−1〉.
• Any even indefinite unimodular form isomor-

phic to
±[jE8 ⊕ kH].
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Unimodular Forms:

Theorem. Indefinite unimodular forms are com-
pletely classified by rank, parity, signature:

• Any odd indefinite unimodular form isomor-
phic to

j〈1〉 ⊕ k〈−1〉.
• Any even indefinite unimodular form isomor-

phic to
±[jE8 ⊕ kH].

Warning. Wildly false for definite forms!
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Theorem (Milnor). Two compact simply-connected
4-manifolds are orientedly homotopy equivalent
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Theorem (Milnor). Two compact simply-connected
4-manifolds are orientedly homotopy equivalent
⇐⇒ they have have isomorphic intersection forms.
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Theorem (Milnor). Two compact simply-connected
4-manifolds are orientedly homotopy equivalent
⇐⇒ they have have isomorphic intersection forms.

Theorem (Rochlin). Any smooth compact spin
4-manifold has signature τ (M4) divisible by 16.
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Theorem (Milnor). Two compact simply-connected
4-manifolds are orientedly homotopy equivalent
⇐⇒ they have have isomorphic intersection forms.

Theorem (Rochlin). Any smooth compact spin
4-manifold has signature τ (M4) divisible by 16.
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Theorem (Milnor). Two compact simply-connected
4-manifolds are orientedly homotopy equivalent
⇐⇒ they have have isomorphic intersection forms.

Theorem (Rochlin). Any smooth compact spin
4-manifold has signature τ (M4) divisible by 16.

Atiyah-Singer:

151



Theorem (Milnor). Two compact simply-connected
4-manifolds are orientedly homotopy equivalent
⇐⇒ they have have isomorphic intersection forms.

Theorem (Rochlin). Any smooth compact spin
4-manifold has signature τ (M4) divisible by 16.

Atiyah-Singer:
new proof based on the index of the Dirac operator.
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Theorem (Milnor). Two compact simply-connected
4-manifolds are orientedly homotopy equivalent
⇐⇒ they have have isomorphic intersection forms.

Theorem (Rochlin). Any smooth compact spin
4-manifold has signature τ (M4) divisible by 16.

=⇒ intersection form ±[jE8 ⊕ kH], with j even.

153



Theorem (Milnor). Two compact simply-connected
4-manifolds are orientedly homotopy equivalent
⇐⇒ they have have isomorphic intersection forms.

Theorem (Rochlin). Any smooth compact spin
4-manifold has signature τ (M4) divisible by 16.
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Theorem (Milnor). Two compact simply-connected
4-manifolds are orientedly homotopy equivalent
⇐⇒ they have have isomorphic intersection forms.

Theorem (Rochlin). Any smooth compact spin
4-manifold has signature τ (M4) divisible by 16.

Theorem (Donaldson). If a smooth compact simply-
connected 4-manifold has positive definite inter-
section form, its intersection matrix form is

.
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Theorem (Milnor). Two compact simply-connected
4-manifolds are orientedly homotopy equivalent
⇐⇒ they have have isomorphic intersection forms.

Theorem (Rochlin). Any smooth compact spin
4-manifold has signature τ (M4) divisible by 16.

Theorem (Donaldson). If a smooth compact simply-
connected 4-manifold has positive definite inter-
section form, its intersection matrix form is

〈1〉 ⊕ 〈1〉 ⊕ · · · ⊕ 〈1〉 ⊕ 〈1〉
.
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Cobordism
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158



Wn+1

X
n

Y n.........................................................................................................................................
.................

........
.........
...................

....................................................................................................................................

..............................
........................

....................
..................

................
..............
.............
............
...........
..........
..........
.........
.........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
.........
.........

..........
...........

...........
............

.............
...............

................
..................

.....................
.........................

........................

..............................
........................

....................
..................

................
..............

.............
............

...........
..........

..........
.........
.........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
.........
.........
..........
...........
...........
............
.............
...............

................
..................

.....................
.........................

........................

.........................................................................................................................................
.................

.......

.....................................................................................................................................................................................................................

.....................................................................................................................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

..

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

..

......

......

.......

.......
........
.........
............
................

........

.......

.......

......

.......
.......
.........
............

.......................................................................

..................................................................

........
.....

.......................................................................

h-Cobordism

if X ↪→ W, Y ↪→ W both homotopy equivalences
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Smale: Suppose that Xn is h-cobordant to Y n. If
π1 = 0 and n > 4, then X is diffeomorphic to Y .

160



W 5

X
4

Y 4
.........................................................................................................................................

.................
........
.........
...................

....................................................................................................................................

..............................
........................

....................
..................

................
..............
.............
............
...........
..........
..........
.........
.........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
.........
.........

..........
...........

...........
............

.............
...............

................
..................

.....................
.........................

........................

..............................
........................

....................
..................

................
..............

.............
............

...........
..........

..........
.........
.........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
.........
.........
..........
...........
...........
............
.............
...............

................
..................

.....................
.........................

........................

.........................................................................................................................................
.................

.......

.....................................................................................................................................................................................................................

.....................................................................................................................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

..

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

..

......

......

.......

.......
........
.........
............
................

........

.......

.......

......

.......
.......
.........
............

.......................................................................

..................................................................

........
.....

.......................................................................

Wall: Suppose that X4 homotopy equivalent to Y 4.
If π1 = 0, then X is h-cobordant to Y .
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Wall: Suppose that X4 homotopy equivalent to Y 4.
If π1 = 0, then X is h-cobordant to Y .

But Smale doesn’t apply when n = 4!
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However, Freedman was able to prove:
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However, Freedman was able to prove:

If π1 = 0, then W 5 is homeomorphic to product,
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However, Freedman was able to prove:

If π1 = 0, then W 5 is homeomorphic to product,

so X4 is homeomorphic to Y 4.
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.
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pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;
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Warning: “Exotic differentiable structures!”
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.

• both are w2 = 0or both are w2 6= 0

Warning: “Exotic differentiable structures!”

No diffeomorphism classification currently known!
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.

• both are w2 = 0or both are w2 6= 0

Warning: “Exotic differentiable structures!”

No diffeomorphism classification currently known!

Typically, one homeotype←→∞many diffeotypes.

173



Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.

• both are w2 = 0or both are w2 6= 0
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum

jCP2#kCP2 = CP2# · · ·#CP2︸ ︷︷ ︸
j

#CP2# · · ·#CP2︸ ︷︷ ︸
k
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum

jCP2#kCP2 = CP2# · · ·#CP2︸ ︷︷ ︸
j

#CP2# · · ·#CP2︸ ︷︷ ︸
k

where j = b+(M) and k = b−(M).
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum jCP2#kCP2.
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum jCP2#kCP2.

What about spin case?
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connect sum jCP2#kCP2.
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum jCP2#kCP2.

What about spin case?

Need new building block!

K3 manifold. . .
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K3 = Kummer-Kähler-Kodaira surface.

—André Weil ,1958
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K3 = Kummer-Kähler-Kodaira surface.

“. . . et de la belle montagne K2 au Cachemire.”

—André Weil, 1958
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K3 = Kummer-Kähler-Kodaira surface.
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K3 = Kummer-Kähler-Kodaira surface.

Simply connected complex surface with c1 = 0.
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K3 = Kummer-Kähler-Kodaira surface.

Simply connected complex surface with c1 = 0.

Only one deformation type.
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K3 = Kummer-Kähler-Kodaira surface.

Simply connected complex surface with c1 = 0.

Only one diffeomorphism type.
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K3 = Kummer-Kähler-Kodaira manifold.
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Spin, χ = 24, τ = −16.
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K3 = Kummer-Kähler-Kodaira manifold.

Simply connected complex surface with c1 = 0.

Only one diffeomorphism type.

Spin, χ = 24, τ = −16.

b+ = 3, b− = 19.
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K3 = Kummer-Kähler-Kodaira manifold.

Simply connected complex surface with c1 = 0.

Only one diffeomorphism type.

Spin, χ = 24, τ = −16.

b+ = 3, b− = 19.

Intersection form: 2E8 ⊕ 3H.
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:

Begin with T 4/Z2:
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:
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Replace R4/Z2 neighborhood of each singular point
with copy of T ∗S2.
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:
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Replace R4/Z2 neighborhood of each singular point
with copy of T ∗S2.

Result is a K3 surface.
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:

Begin with T 4/Z2:
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:

Begin with T 4/Z2: Singular quartic in CP3.
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Kummer construction:

Begin with T 4/Z2: Singular quartic in CP3.
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:

Begin with T 4/Z2: Singular quartic in CP3.

T 4 = Picard torus of curve of genus 2.
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:

Begin with T 4/Z2: Singular quartic in CP3.

Remove singularities by deforming equation.
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:

Begin with T 4/Z2: Singular quartic in CP3.

Remove singularities by deforming equation.
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:

Begin with T 4/Z2: Singular quartic in CP3.

Generic quartic is then a K3 surface. Example:
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:

Begin with T 4/Z2: Singular quartic in CP3.

Generic quartic is then a K3 surface. Example:

0 = x4 + y4 + z4 + w4

219



K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:

Begin with T 4/Z2: Singular quartic in CP3.

Generic quartic is then a K3 surface. Example:

0 = (x2 + y2 + z2 − w2)2 − 8[(1− z2)2 − 2x2][(1 + z2)2 − 2y2]
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum jCP2#kCP2.
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum jCP2#kCP2.

Conjecture (11/8 Conjecture). Any smooth com-
pact simply connected spin 4-manifold M is (un-
orientedly) homeomorphic to either S4 or a con-
nected sum jK3#k(S2 × S2).
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum jCP2#kCP2.

Conjecture (11/8 Conjecture). Any smooth com-
pact simply connected spin 4-manifold M is (un-
orientedly) homeomorphic to either S4 or a con-
nected sum jK3#k(S2 × S2).

Equivalent to asserting that such manifolds satisfy

b2 ≥
11

8
|τ |.
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum jCP2#kCP2.

Conjecture (11/8 Conjecture). Any smooth com-
pact simply connected spin 4-manifold M is (un-
orientedly) homeomorphic to either S4 or a con-
nected sum jK3#k(S2 × S2).

Equivalent to asserting that such manifolds satisfy

b2 ≥
11

8
|τ |.

Best currently known result is by Furuta:

b2 ≥
10

8
|τ | + 2.
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum jCP2#kCP2.

Conjecture (11/8 Conjecture). Any smooth com-
pact simply connected spin 4-manifold M is (un-
orientedly) homeomorphic to either S4 or a con-
nected sum jK3#k(S2 × S2).

Equivalent to asserting that such manifolds satisfy

b2 ≥
11

8
|τ |.

Certainly true of all examples in these lectures!
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Intermission
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On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−
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On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.
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On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms

Λ− anti-self-dual 2-forms
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Characteristic Classes of Λ+→M?
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Let (M4, g) be any smooth compact oriented
Riemannian 4-manifold. Then
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Characteristic Classes of Λ+→M?

Let (M4, g) be any smooth compact oriented
Riemannian 4-manifold. Then

p1(Λ+) = 〈p1(Λ+), [M ]〉 = (2χ + 3τ )(M).
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p1(Λ+) = 〈p1(Λ+), [M ]〉 = (2χ + 3τ )(M).
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Characteristic Classes of Λ+→M?

Let (M4, g) be any smooth compact oriented
Riemannian 4-manifold. Then

p1(Λ+) = 〈p1(Λ+), [M ]〉 = (2χ + 3τ )(M).

p1(Λ+) = −c2(Λ+ ⊗ C)
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Characteristic Classes of Λ+→M?

Let (M4, g) be any smooth compact oriented
Riemannian 4-manifold. Then

p1(Λ+) = 〈p1(Λ+), [M ]〉 = (2χ + 3τ )(M).
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Characteristic Classes of Λ+→M?

Let (M4, g) be any smooth compact oriented
Riemannian 4-manifold. Then

p1(Λ+) = 〈p1(Λ+), [M ]〉 = (2χ + 3τ )(M).

Where have we seen this expression before?
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Characteristic Classes of Λ+→M?

Let (M4, g) be any smooth compact oriented
Riemannian 4-manifold. Then

p1(Λ+) = 〈p1(Λ+), [M ]〉 = (2χ + 3τ )(M).

Where have we seen this expression before?

Hitchin-Thorpe inequality!
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Characteristic Classes of Λ+→M?

Let (M4, g) be any smooth compact oriented
Riemannian 4-manifold. Then

p1(Λ+) = 〈p1(Λ+), [M ]〉 = (2χ + 3τ )(M).

Where have we seen this expression before?

Hitchin-Thorpe inequality!

More on this in a moment!
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Characteristic Classes of Λ+→M?

Let (M4, g) be any smooth compact oriented
Riemannian 4-manifold. Then

p1(Λ+) = 〈p1(Λ+), [M ]〉 = (2χ + 3τ )(M).
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Characteristic Classes of Λ+→M?

Let (M4, g) be any smooth compact oriented
Riemannian 4-manifold. Then

p1(Λ+) = 〈p1(Λ+), [M ]〉 = (2χ + 3τ )(M).

Also

w2(Λ+) = w2(TM),
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Characteristic Classes of Λ+→M?

Let (M4, g) be any smooth compact oriented
Riemannian 4-manifold. Then

p1(Λ+) = 〈p1(Λ+), [M ]〉 = (2χ + 3τ )(M).

Also

w2(Λ+) = w2(TM),

and

e(Λ+) = 0.
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Lemma. If M is compact, and if ∇ preserves
an inner product 〈 , 〉 on V , then
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Lemma. If M is compact, and if ∇ preserves
an inner product 〈 , 〉 on V , then

p1(V ) =
1

8π2

∫
M

(
‖F+‖2 − ‖F−‖2

)
dµg.
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Lemma. If M is compact, and if ∇ preserves
an inner product 〈 , 〉 on V , then

p1(V ) =
1

8π2

∫
M

(
‖F+‖2 − ‖F−‖2

)
dµg,

where F∇ = F+ + F− is the curvature of ∇.
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Lemma. If M is compact, and if ∇ preserves
an inner product 〈 , 〉 on V , then

p1(V ) =
1

8π2

∫
M

(
‖F+‖2 − ‖F−‖2

)
dµg.
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Lemma. If M is compact, and if ∇ preserves
an inner product 〈 , 〉 on V , then

p1(V ) =
1

8π2

∫
M

(
‖F+‖2 − ‖F−‖2

)
dµg.

Corollary. If (V ,∇) is a “self-dual instanton”
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Lemma. If M is compact, and if ∇ preserves
an inner product 〈 , 〉 on V , then

p1(V ) =
1

8π2

∫
M

(
‖F+‖2 − ‖F−‖2

)
dµg.

Corollary. If (V ,∇) is a “self-dual instanton”

F− = 0,
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Lemma. If M is compact, and if ∇ preserves
an inner product 〈 , 〉 on V , then

p1(V ) =
1

8π2

∫
M

(
‖F+‖2 − ‖F−‖2

)
dµg.

Corollary. If (V ,∇) is a “self-dual instanton”

F− = 0,

then its “instanton number” is non-negative:
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Lemma. If M is compact, and if ∇ preserves
an inner product 〈 , 〉 on V , then

p1(V ) =
1

8π2

∫
M

(
‖F+‖2 − ‖F−‖2

)
dµg.

Corollary. If (V ,∇) is a “self-dual instanton”

F− = 0,

then its “instanton number” is non-negative:

p1(V ) ≥ 0,
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Lemma. If M is compact, and if ∇ preserves
an inner product 〈 , 〉 on V , then

p1(V ) =
1

8π2

∫
M

(
‖F+‖2 − ‖F−‖2

)
dµg.

Corollary. If (V ,∇) is a “self-dual instanton”

F− = 0,

then its “instanton number” is non-negative:

p1(V ) ≥ 0,

with equality ⇐⇒ ∇ is flat.
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

R =


W+ + s

12 r̊

r̊ W− + s
12


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For the Riemannian connection ∇ on Λ+,
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For the Riemannian connection ∇ on Λ+,

‖F+‖2 =
s2

12
+ 4|W+|2

255



For the Riemannian connection ∇ on Λ+,

‖F+‖2 =
s2

12
+ 4|W+|2

and

‖F−‖2 = |̊r|2.
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For the Riemannian connection ∇ on Λ+,

‖F+‖2 =
s2

12
+ 4|W+|2

and

‖F−‖2 = |̊r|2.

So (Λ+,∇) “self-dual instanton” ⇐⇒ g Einstein.
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For the Riemannian connection ∇ on Λ+,

‖F+‖2 =
s2

12
+ 4|W+|2

and

‖F−‖2 = |̊r|2.

So (Λ+,∇) “self-dual instanton” ⇐⇒ g Einstein.

p1(Λ+) =
1

8π2

∫
M

(
s2

12
+ 4|W+|2 − |̊r|2

)
dµg
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For the Riemannian connection ∇ on Λ+,

‖F+‖2 =
s2

12
+ 4|W+|2

and

‖F−‖2 = |̊r|2.

So (Λ+,∇) “self-dual instanton” ⇐⇒ g Einstein.

p1(Λ+) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg
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For the Riemannian connection ∇ on Λ+,

‖F+‖2 =
s2

12
+ 4|W+|2

and

‖F−‖2 = |̊r|2.

So (Λ+,∇) “self-dual instanton” ⇐⇒ g Einstein.

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg
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For the Riemannian connection ∇ on Λ+,

‖F+‖2 =
s2

12
+ 4|W+|2

and

‖F−‖2 = |̊r|2.

So (Λ+,∇) “self-dual instanton” ⇐⇒ g Einstein.

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Similarly,

(2χ− 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W−|2 −

|̊r|2

2

)
dµg
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if Λ+ is flat on (M, g).
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if Λ+ is flat on (M, g).

p1(Λ+) ≥ 0
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if Λ+ is flat on (M, g).

But what kind of metric g has Λ+ is flat?
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if Λ+ is flat on (M, g).

But what kind of metric g has Λ+ is flat?

This brings us to a discussion of holonomy!
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(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ O(n)

s
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Kähler metrics:

(M2m, g): Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

s
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

J : TM → TM, J2 = −I
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

∇J = 0 =⇒ NijenhuisJ = 0 since ∇ torsion-free.
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

∇J = 0 =⇒ NijenhuisJ = 0 since ∇ torsion-free.

∴ Newlander-Nirenberg theorem =⇒ ∃ local

295



Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

∇J = 0 =⇒ NijenhuisJ = 0 since ∇ torsion-free.

∴ Newlander-Nirenberg theorem =⇒ ∃ local

complex coordinates zj = xj + iyj in which

J = dxj ⊗ ∂

∂yj
− dyj ⊗ ∂

∂xj
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

ω(J ·, J ·) = ω
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

ω(J ·, J ·) = ω

dω = ω
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

ω = g(J ·, ·)
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, J) is a complex m-manifold and ∃ J -
invariant closed 2-form ω such that g = ω(·, J ·).
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, J) is a complex m-manifold and ∃ J -
invariant closed 2-form ω such that g = ω(·, J ·).

[ω] ∈ H2
dR(M)
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, J) is a complex m-manifold and ∃ J -
invariant closed 2-form ω such that g = ω(·, J ·).

[ω] ∈ H2
dR(M)

“Kähler class”
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, J) is a complex m-manifold and ∃ J -
invariant closed 2-form ω such that g = ω(·, J ·).
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

Kähler magic:
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

Kähler magic:

The 2-form

ir(J ·, ·)
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

Kähler magic:

The 2-form

ir(J ·, ·)
is curvature of canonical line bundle K = Λm,0.
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Kähler metrics:

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

Kähler magic:

The 2-form

ir(J ·, ·)
is curvature of canonical line bundle K = Λ2,0.
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ O(n)

s
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Kähler metrics:

(M2m, g): Kähler ⇐⇒ holonomy ⊂ U(m)

s

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........
..........
..........
..........
..........
...........
...........
............
.............
..............
...............

................
..................

......................
.............................

....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....................................................................................................................................................................................................................................................................................................................................................................................
..............................................

.................................
..........................

....................
...............

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

....................................
....................

....................
....................

.....................
...................

........................................................................................
...
..........

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
...... .................................................................................................................................................................................

314



Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

s
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U(m) := O(2m) ∩GL(m,C)
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Ricci-flat Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)

s
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Ricci-flat Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)

s
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Ricci-flat Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)

s
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SU(m) ⊂ U(m) : {A | detA = 1}
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Ricci-flat Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)

s
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SU(m) ⊂ U(m) : {A | detA = 1}

Ricci-flat ⇐⇒ K = Λm,0 = det(Λ1,0) is flat.
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Ricci-flat Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)

s
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Ricci-flat Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐⇒ holonomy⊂ SU(m)

s
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if M is simply connected.

322



Calabi-Yau metrics:

(M2m, g): Calabi-Yau ⇐⇒ holonomy ⊂ SU(m)

s
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(`)

s
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Sp(k) := O(4k) ∩GL(`,H)
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Sp(k) ⊂ SU(2k)
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Sp(k) ⊂ SU(2k)

in many ways! (For example, permute i, j, k. . . )
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Sp(k) ⊂ SU(2k)

in many ways! (For example, permute i, j, k. . . )
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Sp(k) ⊂ SU(2k)

Ricci-flat and Kähler,

for many different complex structures!
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Sp(k) ⊂ SU(2k)
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)

s
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Sp(1) = SU(2)
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)

s
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Sp(1) = SU(2)

For (M4, g):

hyper-Kähler ⇐⇒ Calabi-Yau.
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)

s
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Sp(1) = SU(2)

When (M4, g) simply connected:

hyper-Kähler ⇐⇒ Ricci-flat Kähler.
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We say that (M4, g) is locally hyper-Kähler ⇐⇒

its universal cover (M̃
4
, g̃) is hyper-Kähler.

337



Locally Hyper-Kähler metrics:

We say that (M4, g) is locally hyper-Kähler ⇐⇒

its universal cover (M̃
4
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⇐⇒ (M4, g) has reduced holonomy in Sp(1), where
the reduced holonomy group is defined using only
curves that represent 0 ∈ π1(M, p).
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Locally Hyper-Kähler metrics:

We say that (M4, g) is locally hyper-Kähler ⇐⇒

its universal cover (M̃
4
, g̃) is hyper-Kähler.
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⇐⇒ (M4, g) has reduced holonomy in Sp(1), where
the reduced holonomy group is defined using only
curves that represent 0 ∈ π1(M, p).
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if Λ+ is flat on (M, g).

340



Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if (M, g) is locally hyper-Kähler.

341



Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then
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with equality only if (M, g) is locally hyper-Kähler.
The latter happens if and only if (M, g) is finitely
covered by a flat 4-torus or a Calabi-Yau K3.
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if (M, g) is locally hyper-Kähler.
The latter happens if and only if (M, g) is finitely
covered by a flat 4-torus or a Calabi-Yau K3.

Extra ingredients: (Hitchin)
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if (M, g) is locally hyper-Kähler.
The latter happens if and only if (M, g) is finitely
covered by a flat 4-torus or a Calabi-Yau K3.

Extra ingredients: (Hitchin)

Cheeger-Gromoll splitting theorem
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if (M, g) is locally hyper-Kähler.
The latter happens if and only if (M, g) is finitely
covered by a flat 4-torus or a Calabi-Yau K3.

Extra ingredients: (Hitchin)

Cheeger-Gromoll splitting theorem

Bieberbach’s theorem on “crystallography”
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Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if (M, g) is locally hyper-Kähler.
The latter happens if and only if (M, g) is finitely
covered by a flat 4-torus or a Calabi-Yau K3.

Theorem (Yau). If a compact complex manifold
admits Kähler metrics, and has c1

R = 0, then
there is a unique Ricci-flat Kähler metric in ev-
ery Kähler class [ω].
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with equality only if (M, g) is locally hyper-Kähler.
The latter happens if and only if (M, g) is finitely
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Theorem (Yau). If a compact complex manifold
admits Kähler metrics, and has c1

R = 0, then
there is a unique Ricci-flat Kähler metric in ev-
ery Kähler class [ω].
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For example

xn + yn + zn + wn = 0
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of degree n. For example
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For example

xn + yn + zn + wn = 0

simply connected for all n

spin if n is even

non-spin if n is odd

b+ = 1 +
(n− 1)(n− 2)(n− 3)

3
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For example

xn + yn + zn + wn = 0

simply connected for all n

spin if n is even

non-spin if n is odd

b+ = 1 +
(n− 1)(n− 2)(n− 3)

3

b− = 1 +
(n− 2)(2n2 − 2n + 3)

3
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For example

xn + yn + zn + wn = 0

simply connected for all n

spin if n is even

non-spin if n is odd

b+ = 1 +
(n− 1)(n− 2)(n− 3)

3

b− = 1 +
(n− 2)(2n2 − 2n + 3)

3

τ = −(n + 2)n(n− 2)

3
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Main Question. Which smooth compact 4-manifolds
M4 admit Einstein metrics?
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M4 admit Einstein metrics?

Complex geometry is rich source of examples.

On suitable 4-manifolds, Seiberg-Witten theory al-
lows one to mimic Kähler geometry when treating
non-Kähler metrics.

360



Main Question. Which smooth compact 4-manifolds
M4 admit Einstein metrics?

Complex geometry is rich source of examples.

On suitable 4-manifolds, Seiberg-Witten theory al-
lows one to mimic Kähler geometry when treating
non-Kähler metrics.

Special Case. If (M4, J) is a compact complex
surface, when does M4 admit an Einstein metric
g (unrelated to J)?
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Most important invariant: Kodaira dimension.

Given (M4, J) compact complex surface, set

Kod(M) = lim sup
`→+∞

log dimΓ(M,O(K⊗`))
log `
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Kodaira Classification of Complex Surfaces

Most important invariant: Kodaira dimension.

Given (M4, J) compact complex surface, set

Kod(M) = lim sup
`→+∞

log dimΓ(M,O(K⊗`))
log `

where K = Λ2,0 is canonical line bundle.
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Most important invariant: Kodaira dimension.

Given (M4, J) compact complex surface, set

Kod(M) = lim sup
`→+∞

log dimΓ(M,O(K⊗`))
log `

where K = Λ2,0 is canonical line bundle.

Then Kod(M,J) ∈ {−∞, 0, 1, 2} is exactly
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Kodaira Classification of Complex Surfaces

Most important invariant: Kodaira dimension.

Given (M4, J) compact complex surface, set

Kod(M) = lim sup
`→+∞

log dimΓ(M,O(K⊗`))
log `

where K = Λ2,0 is canonical line bundle.

Then Kod(M,J) ∈ {−∞, 0, 1, 2} is exactly

max dimC Image(M 99K CPN )
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Kodaira Classification of Complex Surfaces

Most important invariant: Kodaira dimension.

Given (M4, J) compact complex surface, set

Kod(M) = lim sup
`→+∞

log dimΓ(M,O(K⊗`))
log `

where K = Λ2,0 is canonical line bundle.

Then Kod(M,J) ∈ {−∞, 0, 1, 2} is exactly

max dimC Image(M 99K CPN )

over maps defined by holomorphic sections of K⊗`.
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First-Factor Second-Factor Kodaira Dimension
Genus Genus of Product

0 anything −∞

1 1 0

1 ≥ 2 1

≥ 2 ≥ 2 2
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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A complex surface X is called minimal if it is not

389



A complex surface X is called minimal if it is not
the blow-up of another complex surface.
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A complex surface X is called minimal if it is not
the blow-up of another complex surface.
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A complex surface X is called minimal if it is not
the blow-up of another complex surface.
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A complex surface X is called minimal if it is not
the blow-up of another complex surface.

Any complex surface M can be obtained from a
minimal surface X by blowing up a finite number
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A complex surface X is called minimal if it is not
the blow-up of another complex surface.

Any complex surface M can be obtained from a
minimal surface X by blowing up a finite number
of times:

M ≈ X#kCP2
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A complex surface X is called minimal if it is not
the blow-up of another complex surface.

Any complex surface M can be obtained from a
minimal surface X by blowing up a finite number
of times:

M ≈ X#kCP2

One says that X is minimal model of M .
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A complex surface X is called minimal if it is not
the blow-up of another complex surface.

Any complex surface M can be obtained from a
minimal surface X by blowing up a finite number
of times:

M ≈ X#kCP2

One says that X is minimal model of M .

The minimal model X of M is unique if

Kod(M) ≥ 0.
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A complex surface X is called minimal if it is not
the blow-up of another complex surface.

Any complex surface M can be obtained from a
minimal surface X by blowing up a finite number
of times:

M ≈ X#kCP2

One says that X is minimal model of M .

The minimal model X of M is unique if

Kod(M) ≥ 0.

Moreover, always have

Kod(X) = Kod(M),

397



A complex surface X is called minimal if it is not
the blow-up of another complex surface.

Any complex surface M can be obtained from a
minimal surface X by blowing up a finite number
of times:

M ≈ X#kCP2

One says that X is minimal model of M .

The minimal model X of M is unique if

Kod(M) ≥ 0.

Moreover, always have

Kod(X) = Kod(M),

and Kod invariant under deformations.
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For example

xn + yn + zn + wn = 0
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For example

xn + yn + zn + wn = 0

n M Kod(M) minimal?

1 CP2 −∞ Yes

2 CP1 × CP1 −∞ Yes

3 CP2#6CP2 No

4 K3 0 Yes

≥ 4 “general type” 2 Yes
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For example

xn + yn + zn + wn = 0

n M Kod(M) minimal?

1 CP2 Yes

2 CP1 × CP1 −∞ Yes

3 CP2#6CP2 No

4 K3 0 Yes

≥ 4 “general type” 2 Yes
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For example

xn + yn + zn + wn = 0

n M Kod(M) minimal?

1 CP2 Yes

2 CP1 × CP1 −∞ Yes

3 CP2#6CP2 No

4 K3 0 Yes

≥ 4 “general type” 2 Yes
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For example

xn + yn + zn + wn = 0

n M Kod(M) minimal?

1 CP2 Yes

2 CP1 × CP1 −∞ Yes

3 CP2#6CP2 No

4 K3 0 Yes

≥ 4 “general type” 2 Yes

403



Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For example

xn + yn + zn + wn = 0

n M Kod(M) minimal?

1 CP2 Yes

2 CP1 × CP1 −∞ Yes

3 CP2#6CP2 No

4 K3 0 Yes

≥ 5 “general type” 2 Yes
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End of Lecture II
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