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5



Let (Mn, g) be a Riemannian n-manifold, p ∈ M .
Metric defines locally shortest curves, called geodesics.
Following geodesics from p defines a map

exp : TpM 99KM
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Let (Mn, g) be a Riemannian n-manifold, p ∈ M .
Metric defines locally shortest curves, called geodesics.
Following geodesics from p defines a map

exp : TpM −→M

which is a diffeomorphism on a neighborhood of 0:
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Let (Mn, g) be a Riemannian n-manifold, p ∈ M .
Metric defines locally shortest curves, called geodesics.
Following geodesics from p defines a map

exp : TpM −→M

which is a diffeomorphism on a neighborhood of 0:
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Now choosing TpM
∼=→ Rn via some orthonormal

basis gives us special coordinates on M .
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In these “geodesic normal” coordinates, the metric
has components given by
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In these “geodesic normal” coordinates, the metric
has components given by

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

using the Einstein summation convention
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3
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Riemann curvature tensor at the reference point p
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the curvature tensor!
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In these “geodesic normal” coordinates, the metric
has components given by

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

where theRj`km are exactly the components of the
Riemann curvature tensor at the reference point p
represented by ~x = 0 in these coordinates.

This is essentially how Riemann (1854) discovered
the curvature tensor!

Modern point of view: When a vector field on Rn
like

xj
∂

∂xk
− xk ∂

∂xj
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In these “geodesic normal” coordinates, the metric
has components given by

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

where theRj`km are exactly the components of the
Riemann curvature tensor at the reference point p
represented by ~x = 0 in these coordinates.

This is essentially how Riemann (1854) discovered
the curvature tensor!

Modern point of view: When a vector field on Rn
has homogeneity one along radial lines, it is sent by
exp to a vector field which satisfies Jacobi’s equation

∇T∇TV = −R(·, T , V , T )

24



In these “geodesic normal” coordinates, the metric
has components given by

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

where theRj`km are exactly the components of the
Riemann curvature tensor at the reference point p
represented by ~x = 0 in these coordinates.

This is essentially how Riemann (1854) discovered
the curvature tensor!

Modern point of view: When a vector field on Rn
has homogeneity one along radial lines, it is sent by
exp to a vector field which satisfies Jacobi’s equation
along each radial geodesic. . .
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Conventions:

R(·, T , U, V ) = ∇U∇V T −∇V∇UT −∇[U,V ]T

where Levi-Civita connection ∇ is torsion-free

∇UV −∇V U = [U, V ]

and metric compatible

∇g = 0.
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Conventions:

R(·, T , U, V ) = ∇U∇V T −∇V∇UT −∇[U,V ]T

where Levi-Civita connection ∇ is torsion-free

∇UV −∇V U = [U, V ]

and metric compatible

∇g = 0.

These conditions uniquely characterize ∇.
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Conventions:

R(·, T , U, V ) = ∇U∇V T −∇V∇UT −∇[U,V ]T

= 2 Alt(∇∇T )(U, V )

In “abstract index” notation:

RabcdT b = 2 ∇[c∇d]T
a
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In these “geodesic normal” coordinates, the metric
has components given by

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

where theRj`km are exactly the components of the
Riemann curvature tensor at the reference point p
represented by ~x = 0 in these coordinates.
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1

3
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where theRj`km are exactly the components of the
Riemann curvature tensor at the reference point p
represented by ~x = 0 in these coordinates.

Uniquely determined by the above expression for
gjk once one also requires Bianchi identities
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3
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where theRj`km are exactly the components of the
Riemann curvature tensor at the reference point p
represented by ~x = 0 in these coordinates.

Uniquely determined by the above expression for
gjk once one also requires Bianchi identities
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In these “geodesic normal” coordinates, the metric
has components given by

gjk = δjk −
1

3
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where theRj`km are exactly the components of the
Riemann curvature tensor at the reference point p
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In these “geodesic normal” coordinates, the metric
has components given by

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

where theRj`km are exactly the components of the
Riemann curvature tensor at the reference point p
represented by ~x = 0 in these coordinates.

Uniquely determined by the above expression for
gjk once one also requires Bianchi identities

Rj`km = −R`jkm = −Rj`mk

Rj`km +Rjkm` +Rjm`k = 0

Components likeR1212 are “sectional curvatures”. . .
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Gr2TM = Grassmannian bundle of all 2-planes
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More conceptually, the sectional curvature

K : Gr2TM → R

Gr2TM = Grassmannian bundle of all 2-planes{
Π ⊂ TpM linear subspace

∣∣∣ p ∈M, Π ∼= R2
}
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More conceptually, the sectional curvature

K : Gr2TM → R
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More conceptually, the sectional curvature

K : Gr2TM → R
compares distances to the Euclidean answer:
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More conceptually, the sectional curvature

K : Gr2TM → R
compares distances to the Euclidean answer:

lengthg(base of isosceles triangle)

Euclidean answer
≈ 1−K(Π)
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(assuming angle at p is sufficiently small)
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For example, K ≡ +1 for the unit n-sphere

Sn ⊂ Rn+1,
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More conceptually, the sectional curvature

K : Gr2TM → R
compares distances to the Euclidean answer:
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For example, K ≡ +1 for the unit n-sphere

Sn ⊂ Rn+1,

and this characterizes the standard metric on Sn.
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Similarly, in geodesic normal coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,
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Similarly, in geodesic normal coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.
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Similarly, in geodesic normal coordinates the metric
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dµg =
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where r is the Ricci tensor rjk = Rijik.
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Similarly, in geodesic normal coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

dµg =
√

det[gjk] dx1 ∧ · · · ∧ dxn
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Similarly, in geodesic normal coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

dµg =
√

det[gjk] |dx1 ∧ · · · ∧ dxn|
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Similarly, in geodesic normal coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

dµg =
√

det[gjk] |dx1 ∧ · · · ∧ dxn|

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)
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Similarly, in geodesic normal coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

dµg =
√

det[gjk] |dx1 ∧ · · · ∧ dxn|

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

det(I + εA) = 1 + ε trA + O(ε2)
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Similarly, in geodesic normal coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

dµg =
√

det[gjk] |dx1 ∧ · · · ∧ dxn|

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)√

det(I + εA) = 1 + 1
2 ε trA + O(ε2)

65



Similarly, in geodesic normal coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.
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Similarly, in geodesic normal coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

The Ricci curvature is by definition the function
on the unit tangent bundle
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Similarly, in geodesic normal coordinates the metric
volume measure is given by

dµg =
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where r is the Ricci tensor rjk = Rijik.

The Ricci curvature is by definition the function
on the unit tangent bundle
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Similarly, in geodesic normal coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

The Ricci curvature is by definition the function
on the unit tangent bundle

STM = {v ∈ TM | g(v, v) = 1}
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Similarly, in geodesic normal coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

The Ricci curvature is by definition the function
on the unit tangent bundle

STM = {v ∈ TM | g(v, v) = 1}
given by

v 7−→ r(v, v).

70



More conceptually, the Ricci curvature
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More conceptually, the Ricci curvature

r : STM → R
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More conceptually, the Ricci curvature

r : STM → R

v 7−→ r(v, v).
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More conceptually, the Ricci curvature

r : STM → R

v 7−→ r(v, v).

STM := {v ∈ TM | g(v, v) = 1}
“unit tangent bundle”
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More conceptually, the Ricci curvature

r : STM → R
is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:
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More conceptually, the Ricci curvature

r : STM → R
is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:
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is a standard Riemannian invariant comparing the
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v any unit vector at p ∈M
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More conceptually, the Ricci curvature

r : STM → R
is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:
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v any unit vector at p ∈M
Ω small neighborhood of v ∈ STpM ≈ Sn−1
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More conceptually, the Ricci curvature

r : STM → R
is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:
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v any unit vector at p ∈M
Ω small neighborhood of v ∈ STpM ≈ Sn−1

cone truncated at distance ε from p
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r : STM → R
is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:
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More conceptually, the Ricci curvature

r : STM → R
is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:

volg(Cε(p, v,Ω))

Euclidean answer
≈ 1− r(v, v) nε2
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For example, the unit n-sphere Sn ⊂ Rn+1 has
Ricci curvature ≡ +(n− 1), but this does not lo-
cally characterize the standard metric when n ≥ 4.
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More conceptually, the Ricci curvature

r : STM → R
is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:
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For example, the unit n-sphere Sn ⊂ Rn+1 has
Ricci curvature ≡ +(n− 1), but this does not lo-
cally characterize the standard metric when n ≥ 4.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.
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be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.
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i.e.

r = λg

for some constant λ ∈ R.

Physicists usually call this the

“Einstein vacuum equation with cosmological const”
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r = λg

for some constant λ ∈ R.

Physicists usually call this the

“Einstein vacuum equation with cosmological const”

but in physics the metric g is typically indefinite.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Physicists usually call this the

“Einstein vacuum equation with cosmological const”

but in physics the metric g is typically indefinite.

But why do we tend to denote the metric by g?
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Physicists usually call this the

“Einstein vacuum equation with cosmological const”

but in physics the metric g is typically indefinite.

But why do we tend to denote the metric by g?

It’s Einstein’s notation for the gravitational field!
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Physicists usually call this the

“Einstein vacuum equation with cosmological const”

but in physics the metric g is typically indefinite.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Physicists usually call this the

“Einstein vacuum equation with cosmological const”

but in physics the metric g is typically indefinite.

What did Einstein think about this equation?
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

What did Einstein think about this equation?
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

“. . . the greatest blunder of my life!”

— A. Einstein, to G. Gamow
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

As punishment . . .
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Mathematicians call λ the Einstein constant.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Mathematicians call λ the Einstein constant.

Has same sign as the scalar curvature

s = r
j
j = Rijij.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Mathematicians call λ the Einstein constant.

Has same sign as the scalar curvature

s = r
j
j = Rijij.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker — unless dimM = 2 or 3.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

101



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.

gjk:
n(n+1)

2 components.

rjk:
n(n+1)

2 components.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.

gjk:
n(n+1)

2 components.

rjk:
n(n+1)

2 components.

Rjk`m:
n2(n2−1)

12 components.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.

gjk:
n(n+1)

2 components.

rjk:
n(n+1)

2 components.

Rjk`m:
n2(n2−1)

12 components.

= dim
�2(Λ2)

Λ4
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.

Elliptic non-linear PDE after gauge fixing.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.

Elliptic non-linear PDE after gauge fixing.

∆xj = 0 =⇒ rjk = 1
2∆gjk+ `ots.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.

Elliptic non-linear PDE after gauge fixing.

∆xj = 0 =⇒ rjk = 1
2∆gjk+ `ots.

Geometer’s Laplacian:

∆ = d∗d = − tr Hess
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. Differential Bianchi identity

R ∈ Γ(∧2 ⊗ End(TM))
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. Differential Bianchi identity

0 = d∇R
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. Differential Bianchi identity

0 = 3∇[aRbc]d
e
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. Differential Bianchi identity

0 = ∇aRbcde +∇bRcade +∇cRcade

116



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. Contracted Bianchi identity

0 = ∇aRbcbc +∇bRcabc +∇cRcabc
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. Contracted Bianchi identity

0 = ∇as−∇brba −∇crca
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. Contracted Bianchi identity

∇brba =
1

2
∇as
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. Contracted Bianchi identity

∇ · r =
1

2
ds
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. Contracted Bianchi identity

∇b(rba −
s

n
gba) = (

1

2
− 1

n
)∇as
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. Contracted Bianchi identity

∇ · (r − s

n
g) = (

1

2
− 1

n
)ds
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. Contracted Bianchi identity =⇒

∇·̊r = (1
2 −

1
n) ds
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. So when n 6= 2, r̊ = 0 =⇒ s = const, and

∇·̊r = (1
2 −

1
n) ds
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

Proof. So when n 6= 2, r̊ = 0 =⇒ s = const, and

r̊ = λg, where λ =
s

n
.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

By contrast: On any Riemannian 2-manifold,
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

By contrast: On any Riemannian 2-manifold,

r = Kg,
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

By contrast: On any Riemannian 2-manifold,

r = Kg,

and hence r̊ = 0. But K usually not constant!

129



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.

By contrast: On any Riemannian 2-manifold,

r = Kg,

and hence r̊ = 0. But K usually not constant!
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Proposition. If n ≥ 3, a Riemannian n-manifold
(Mn, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

r̊ := r − s

n
g = 0.
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One of the main questions that will concern us:
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Existence Question. Which smooth compact
n-manifolds admit an Einstein metric?
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One of the main questions that will concern us:

Existence Question. Which smooth compact
n-manifolds admit an Einstein metric?

In dimension 4, there are obstructions which have
no known analogues in other dimensions.

136



One of the main questions that will concern us:

Existence Question. Which smooth compact
n-manifolds admit an Einstein metric?

In dimension 4, there are obstructions which have
no known analogues in other dimensions.

We will meet the first of these later in this lecture.
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One of the main questions that will concern us:

Existence Question. Which smooth compact
n-manifolds admit an Einstein metric?

In dimension 4, there are obstructions which have
no known analogues in other dimensions.

We will meet the first of these later in this lecture.

But we will also discuss many existence results.
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One of the main questions that will concern us:

Existence Question. Which smooth compact
n-manifolds admit an Einstein metric?

In dimension 4, there are obstructions which have
no known analogues in other dimensions.

We will meet the first of these later in this lecture.

But we will also discuss many existence results.

In favorable circumstances, we will sometimes be
able to use obstructions to show that these existence
results are actually sharp!

139



A second main question that will concern us:

140



A second main question that will concern us:

Uniqueness Question. When Einstein metrics
exist on a given Mn, how many are there?
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To avoid allowing this to become a silly question:
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A second main question that will concern us:

Uniqueness Question. When Einstein metrics
exist on a given Mn, how many are there?

To avoid allowing this to become a silly question:

• If g is an Einstein metric onM , and Ψ : M →M
is a diffeomorphism, then Ψ∗g is also an Einstein
metric. Thus, the space of solutions of the Ein-
stein equation, when non-empty, is automatically
infinite-dimensional. But (M, g) and (M,Ψ∗g)
are isometric, and so are indistinguishable from
the point-of-view of Riemannian geometry.
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• If g is an Einstein metric onM , and Ψ : M →M
is a diffeomorphism, then Ψ∗g is also an Einstein
metric. Thus, the space of solutions of the Ein-
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are isometric, and so are indistinguishable from
the point-of-view of Riemannian geometry.
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Uniqueness Question. When Einstein metrics
exist on a given Mn, how many are there?

To avoid allowing this to become a silly question:

• If g is an Einstein metric onM , and Ψ : M →M
is a diffeomorphism, then Ψ∗g is also an Einstein
metric. Thus, the space of solutions of the Ein-
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• Multiplying a metric g by a positive constant c
does not change its Riemannian connection ∇,
and so does not change its curvature tensor R
or its Ricci tensor r. Thus, if g is Einstein, with
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with Einstein constant λ̃ = c−1λ.

“Homothetic change of metric”
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E (M) = {Einstein g on M}/(Diff (M)× R+)

of a smooth compact connected manifold M , where

Diff (M) = {Diffeomorphisms Ψ : M →M}

is the diffeomorphism group of M , and where

R+ acts by constant rescalings.

165



A second main question that will concern us:

Uniqueness Question. When Einstein metrics
exist on a given Mn, how many are there?

166



A second main question that will concern us:

Uniqueness Question. When Einstein metrics
exist on a given Mn, how many are there?

What can we say about the topological space E (M)?

167



A second main question that will concern us:

Uniqueness Question. When Einstein metrics
exist on a given Mn, how many are there?

What can we say about the topological space E (M)?

Is it connected?

168



A second main question that will concern us:

Uniqueness Question. When Einstein metrics
exist on a given Mn, how many are there?

What can we say about the topological space E (M)?

Is it connected?

Is it discrete?

169



A second main question that will concern us:

Uniqueness Question. When Einstein metrics
exist on a given Mn, how many are there?

What can we say about the topological space E (M)?

Is it connected?

Is it discrete?

Or is it, say, a manifold of higher dimension?

170



A second main question that will concern us:

Uniqueness Question. When Einstein metrics
exist on a given Mn, how many are there?

What can we say about the topological space E (M)?

Is it connected?

Is it discrete?

Or is it, say, a manifold of higher dimension?

The answers turn out to strongly depend on

n = dimM.

171
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Uniqueness Question. When Einstein metrics
exist on a given Mn, how many are there?

What can we say about the topological space E (M)?

Is it connected?

Is it discrete?

Or is it, say, a manifold of higher dimension?

The answers turn out to strongly depend on

n = dimM.

The n = 4 case is both unusual and fascinating.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

175



Dimension ≤ 3:

176



Dimension ≤ 3:

Einstein’s equations are “locally trivial:”

177



Dimension ≤ 3:

Einstein’s equations are “locally trivial:”

Einstein metrics have constant sectional curvature.

178



Dimension ≤ 3:

Einstein’s equations are “locally trivial:”

Einstein metrics have constant sectional curvature.

=⇒ Global rigidity results in these low dimensions.
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Dimension ≥ 5:

On compact n-manifolds, n ≥ 5, moduli space of
Einstein metrics is often highly disconnected.

In high dimensions, the Einstein condition allows
for a surprising degree of flexibility!
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Four Dimensions is Exceptional

When n = 4, existence for Einstein depends deli-
cately on smooth structure.

There are topological 4-manifolds which admit an
Einstein metric for one smooth structure, but not
for others.

But might allow for geometrization of 4-manifolds
by decomposition into Einstein and collapsed pieces.

Enough rigidity apparently still holds in dimension
four to call this a geometrization.

By contrast, high-dimensional Einstein metrics too
common; have little to do with geometrization.
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=⇒ Moduli space of Einstein metrics is connected.

Theorem (Hitchin). Any Einstein metric on K3
is Ricci-flat Kähler.

K3 ≈ generic quartic surface in CP3.
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Theorem (Berger). Any Einstein metric on
4-torus T 4 is flat.

=⇒ Moduli space of Einstein metrics is connected.

Theorem (Hitchin). Any Einstein metric on K3
is Ricci-flat Kähler.

=⇒ Moduli space of Einstein metrics is connected.
(Kodaira, Yau, Siu, Kobayashi-Todorov)

Theorem (Besson-Courtois-Gallot). There is only
one Einstein metric on compact hyperbolic
4-manifold H4/Γ, up to scale and diffeos.

Theorem (LeBrun). There is only one Einstein
metric on compact complex-hyperbolic 4-manifold
CH2/Γ, up to scale and diffeos.
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∇ is called self-dual (SD).

Donaldson: moduli spaces of SD connections
=⇒ differential topological invariants of M4.

These lectures will instead emphasize Seiberg-Witten
invariants. (Interaction w/ Riemannian geometry.)
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Why is Dimension Four Exceptional?

The Lie group SO(4) is not simple:

so(4) ∼= so(3)⊕ so(3).

On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−
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Why is Dimension Four Exceptional?

The Lie group SO(4) is not simple:

so(4) ∼= so(3)⊕ so(3).

On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−

In orthonormal frame, Λ+ spanned by

e1 ∧ e2 + e3 ∧ e4

e1 ∧ e3 − e2 ∧ e4

e1 ∧ e4 + e2 ∧ e3
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Why is Dimension Four Exceptional?

The Lie group SO(4) is not simple:

so(4) ∼= so(3)⊕ so(3).

On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−

In orthonormal frame, Λ− spanned by

e1 ∧ e2 − e3 ∧ e4

e1 ∧ e3 + e2 ∧ e4

e1 ∧ e4 − e2 ∧ e3
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Why is Dimension Four Exceptional?

The Lie group SO(4) is not simple:

so(4) ∼= so(3)⊕ so(3).

On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−
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Riemann curvature of g

R : Λ2→ Λ2
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

R =


W+ + s

12 r̊

r̊ W− + s
12


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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

252



Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature ′′
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature ′′

(unchanged by g u2g)
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Thus (M4, g) Einstein ⇐⇒
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Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2
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Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with
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Thus (M4, g) Einstein ⇐⇒
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commutes with

? : Λ2→ Λ2 :
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Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 r̊

r̊ W− + s
12

 .
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Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 0

0 W− + s
12

 .
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Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 r̊

r̊ W− + s
12

 .
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Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 0

0 W− + s
12

 .
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Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 r̊

r̊ W− + s
12

 .
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Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 0

0 W− + s
12

 .
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Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 r̊

r̊ W− + s
12

 .
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Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 0

0 W− + s
12

 .
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Corollary. A Riemannian 4-manifold (M, g) is
Einstein ⇐⇒ sectional curvatures are equal for
any pair of perpendicular 2-planes.
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Corollary. A Riemannian 4-manifold (M, g) is
Einstein ⇐⇒ sectional curvatures are equal for
any pair of perpendicular 2-planes.
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Corollary. A Riemannian 4-manifold (M, g) is
Einstein ⇐⇒ sectional curvatures are equal for
any pair of perpendicular 2-planes.
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Corollary. A Riemannian 4-manifold (M, g) is
Einstein ⇐⇒ sectional curvatures are equal for
any pair of perpendicular 2-planes.
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For (M4, g) compact oriented Riemannian,
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For (M4, g) compact oriented Riemannian,

Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ
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For (M4, g) compact oriented Riemannian,

Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ

n = 4 case of Generalized Gauss-Bonnet theorem.
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For (M4, g) compact oriented Riemannian,

Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ
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For (M4, g) compact oriented Riemannian,

Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

276



Here τ (M) = b+(M)− b−(M) defined in terms of
intersection pairing
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Here τ (M) = b+(M)− b−(M) defined in terms of
intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ
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Here τ (M) = b+(M)− b−(M) defined in terms of
intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Diagonalize:
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Here τ (M) = b+(M)− b−(M) defined in terms of
intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Diagonalize:

+1
. . .

+1︸ ︷︷ ︸
b+(M)

b−(M)

 −1
. . .

−1


.
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Here τ (M) = b+(M)− b−(M) defined in terms of
intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Diagonalize:

+1
. . .

+1︸ ︷︷ ︸
b+(M)

b−(M)

 −1
. . .

−1


.
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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
Since ? is involution of RHS, =⇒

H2(M,R) = H+
g ⊕H−g ,
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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
Since ? is involution of RHS, =⇒

H2(M,R) = H+
g ⊕H−g ,

where

H±g = {ϕ ∈ Γ(Λ±) | dϕ = 0}
self-dual & anti-self-dual harmonic forms.
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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
Since ? is involution of RHS, =⇒

H2(M,R) = H+
g ⊕H−g ,

where

H±g = {ϕ ∈ Γ(Λ±) | dϕ = 0}
self-dual & anti-self-dual harmonic forms. Then

b±(M) = dimH±g .
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Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg
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Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Einstein ⇒ =
1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg
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Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Einstein ⇒ =
1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg

Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0

288



Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Einstein ⇒ =
1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg

R =


W+ + s

12 r̊

r̊ W− + s
12


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Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Einstein ⇒ =
1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg

Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if Λ+ is flat on (M, g).
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Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Einstein ⇒ =
1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg

Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if Λ+ is flat on (M, g).

We will further discuss the equality case later!
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ;
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.

• both are w2 = 0or both are w2 6= 0
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.

• both are w2 = 0or both are w2 6= 0

Warning: “Exotic differentiable structures!”
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.

• both are w2 = 0or both are w2 6= 0

Warning: “Exotic differentiable structures!”

No diffeomorphism classification currently known!
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.

• both are w2 = 0or both are w2 6= 0

Warning: “Exotic differentiable structures!”

No diffeomorphism classification currently known!

Typically, one homeotype←→∞many diffeotypes.
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.

• both are w2 = 0or both are w2 6= 0
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum

jCP2#kCP2 = CP2# · · ·#CP2︸ ︷︷ ︸
j

#CP2# · · ·#CP2︸ ︷︷ ︸
k
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Recall:

CP2 = reverse oriented CP2.
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum

jCP2#kCP2 = CP2# · · ·#CP2︸ ︷︷ ︸
j

#CP2# · · ·#CP2︸ ︷︷ ︸
k
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum

jCP2#kCP2 = CP2# · · ·#CP2︸ ︷︷ ︸
j

#CP2# · · ·#CP2︸ ︷︷ ︸
k

where j = b+(M) and k = b−(M).
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Corollary. Any smooth compact simply connected
non-spin 4-manifold M is homeomorphic to a
connect sum jCP2#kCP2.
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Hitchin-Thorpe for these non-spin manifolds?

314



Hitchin-Thorpe for these non-spin manifolds?
jCP2#kCP2 has

315



Hitchin-Thorpe for these non-spin manifolds?
jCP2#kCP2 has

χ = 2 + j + k

316



Hitchin-Thorpe for these non-spin manifolds?
jCP2#kCP2 has

χ = 2 + j + k

τ = j − k

317



Hitchin-Thorpe for these non-spin manifolds?
jCP2#kCP2 has

χ = 2 + j + k

τ = j − k
2χ + 3τ = 4 + 5j − k

318



Hitchin-Thorpe for these non-spin manifolds?
jCP2#kCP2 has

χ = 2 + j + k

τ = j − k
2χ + 3τ = 4 + 5j − k

So Hitchin-Thorpe rules out Einstein metric unless

4 + 5j ≥ k.
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jCP2#kCP2 has

χ = 2 + j + k

τ = j − k
2χ + 3τ = 4 + 5j − k

So Hitchin-Thorpe rules out Einstein metric unless

4 + 5j ≥ k.

But also Λ+ cannot be flat, because simply-connected,
and w2(Λ+) = w2(M) 6= 0.
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Hitchin-Thorpe for these non-spin manifolds?
jCP2#kCP2 has

χ = 2 + j + k

τ = j − k
2χ + 3τ = 4 + 5j − k

So Hitchin-Thorpe rules out Einstein metric unless

4 + 5j ≥ k.

But also Λ+ cannot be flat, because simply-connected,
and w2(Λ+) = w2(M) 6= 0.
So Hitchin-Thorpe rules out Einstein metric unless

4 + 5j > k.

Repeat for reversed orientation: also 4 + 5k > j.
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End of Lecture I
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