COURS DE LA CHAIRE D'EXCELLENCE

-\, CONBATON
P: SCIENCES
& & MATHEMATIQUES DE
2 PARIS

CrLauDE R. LEBRUN

Stony BROOK

@

INSTITUT DE MATHEMATIQUES
JUSSIEU - PARIS RIVE GAUCHE

AccuEiLLI A L'IMJ-PRG (SorsoNNE UNiv., UNiv. Paris Cite, CNRS)

EinsTEIN METRICS,
Four-ManiFoLDs,
AND DIFFERENTIAL TOPOLOGY

AMPHITHEATRE YVONNE CHOQUET-BRUHAT (BAT. PERRIN)

Jeubl 19 mars 2026
JEuDI 26 mARs 2026
JEuDI 2 AVRIL 2026

SALLE PierrRE GRISVARD (BAT. BOREL, 3° ETAGE)

JEuDI 9 AVRIL 2026
JeEuD!I 16 AVRIL 2026
JEuDI 23 AVRIL 2026*

pE 144 A 17115
INsTITUT HENRI POINCARE

11, rUE PIERRE ET MARIE CURIE, 75005 PARIS

INFORMATIONS ET RESUME DU COURS
WWW.SCIENCESMATHS-PARIS.FR

*La durée totale du
cours étant de 15h,

une séance parmi les
trois dernieres indiquées
sera supprimée,

en concertation avec
Claude LeBrun.

[El=alE

(=53



Einstein Metrics,
Four-Manifolds, &

Differential Topology I

Claude LeBrun
Stony Brook University

Cours de la Chaire d’Excellence
Fondation Sciences Mathématiques de Paris
Institut Henri Poincaré, jeudi 19 mars 2026



Let (M"™, g) be a Riemannian n-manifold,



Let (M", g) be a Riemannian n-manifold, p € M.



Let (M", g) be a Riemannian n-manifold, p € M.
Metric defines locally shortest curves, called geodesics.



Let (M", g) be a Riemannian n-manifold, p € M.
Metric defines locally shortest curves, called geodesics.
Following geodesics from p defines a map

exp : IpM --» M



Let (M", g) be a Riemannian n-manifold, p € M.
Metric defines locally shortest curves, called geodesics.
Following geodesics from p defines a map

exp : IpM — M

which is a diffeomorphism on a neighborhood of 0:



Let (M", g) be a Riemannian n-manifold, p € M.
Metric defines locally shortest curves, called geodesics.
Following geodesics from p defines a map

exp : IpM — M

which is a diffeomorphism on a neighborhood of 0:




Let (M", g) be a Riemannian n-manifold, p € M.
Metric defines locally shortest curves, called geodesics.
Following geodesics from p defines a map

exp : IpM — M

which is a diffeomorphism on a neighborhood of 0:

Now choosing TpM — R™ via some orthonormal
basis gives us special coordinates on M.



In these “geodesic normal” coordinates, the metric



In these “geodesic normal” coordinates, the metric
has components given by

gk =



In these “geodesic normal” coordinates, the metric
has components given by

9jk = 0k



In these “geodesic normal” coordinates, the metric
has components given by

1 (
9jk = Ok = FRjerma "



In these “geodesic normal” coordinates, the metric
has components given by

1 ¢
Jik =0 — 3 Rjtkm® 2™+ O(|z|”)



In these “geodesic normal” coordinates, the metric
has components given by

1 ¢ 3
Jik =0 — 3 Rjtkm® " + O(|x|7)

using the Einstein summation convention



In these “geodesic normal” coordinates, the metric
has components given by

1 ¢
Jik =0 — 3 Rjtkm® 2™+ O(|z|”)



In these “geodesic normal” coordinates, the metric
has components given by

1 ¢ 3
9ik = 0k — 3R jokmr =" + O(|z]7)
3

where the R gy, are exactly the components of the
Riemann curvature tensor



In these “geodesic normal” coordinates, the metric
has components given by

1 ( 3
9jk = Ojk = 3R jtkm?® 2"+ O(|z|%)
where the R gy, are exactly the components of the
Riemann curvature tensor at the reference point p
represented by £ = 0 in these coordinates.



In these “geodesic normal” coordinates, the metric
has components given by

1 ( 3
Jjk =0k — 3 Rjtkm® " + O(|x|7)
where the R gy, are exactly the components of the
Riemann curvature tensor at the reference point p
represented by £ = 0 in these coordinates.

This is essentially how Riemann (1854) discovered
the curvature tensor!



In these “geodesic normal” coordinates, the metric
has components given by

1 ¢ 3
Jik =0 — gijkmﬂﬁ z" + O(|z]°)

where the R gy, are exactly the components of the

Riemann curvature tensor at the reference point p
represented by £ = 0 in these coordinates.

This is essentially how Riemann (1854) discovered
the curvature tensor!

Modern point of view: When a vector field on R"

like P p
R
Yok T ou



In these “geodesic normal” coordinates, the metric
has components given by

1 ( 3
Jjk =0k — 3 Rjtkm® " + O(|x|7)
where the R gy, are exactly the components of the
Riemann curvature tensor at the reference point p
represented by £ = 0 in these coordinates.

This is essentially how Riemann (1854) discovered
the curvature tensor!

Modern point of view: When a vector field on R"
has homogeneity one along radial lines,



In these “geodesic normal” coordinates, the metric
has components given by

1 ( 3
Jjk =0k — 3 Rjtkm® " + O(|x|7)
where the R gy, are exactly the components of the
Riemann curvature tensor at the reference point p
represented by £ = 0 in these coordinates.

This is essentially how Riemann (1854) discovered
the curvature tensor!

Modern point of view: When a vector field on R"
has homogeneity one along radial lines, it is sent by
exp to a vector field



In these “geodesic normal” coordinates, the metric
has components given by

1 ( 3
Jjk =0k — 3 Rjtkm® " + O(|x|7)
where the R gy, are exactly the components of the
Riemann curvature tensor at the reference point p
represented by £ = 0 in these coordinates.

This is essentially how Riemann (1854) discovered
the curvature tensor!

Modern point of view: When a vector field on R"
has homogeneity one along radial lines, it is sent by
exp to a vector field which satisfies Jacobi’s equation



In these “geodesic normal” coordinates, the metric
has components given by

1 ( 3
Jik =0 — gijkmﬂﬁ z" + O(|z]°)
where the R gy, are exactly the components of the

Riemann curvature tensor at the reference point p
represented by £ = 0 in these coordinates.

This is essentially how Riemann (1854) discovered
the curvature tensor!

Modern point of view: When a vector field on R"
has homogeneity one along radial lines, it is sent by
exp to a vector field which satisfies Jacobi’s equation

VoVeV = —R(,T,V,T)



In these “geodesic normal” coordinates, the metric
has components given by

1 ( 3
Jjk =0k — 3 Rjtkm® " + O(|x|7)
where the R gy, are exactly the components of the
Riemann curvature tensor at the reference point p
represented by £ = 0 in these coordinates.

This is essentially how Riemann (1854) discovered
the curvature tensor!

Modern point of view: When a vector field on R"
has homogeneity one along radial lines, it is sent by
exp to a vector field which satisfies Jacobi’s equation
along each radial geodesic. . .
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R(,T,U,V) = VyVyT = VyVyT — Vg T

where Levi-Civita connection V is torsion-free
ViV =V U = U, V|

and metric compatible

Vg =0.

These conditions uniquely characterize V.
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Conventions:
R(-,T,U,V)=VyVyT -V VT — V[U,V]T

=2 A(VVT)(U,V)

In “abstract index” notation:

R%cT" =2 V.V T
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In these “geodesic normal” coordinates, the metric
has components given by

1 ¢ 3
Jik =0 — gRjékmx z" + O(|z]°)

where the R gy, are exactly the components of the

Riemann curvature tensor at the reference point p
represented by £ = 0 in these coordinates.

Uniquely determined by the above expression for
g once one also requires Bianchi identities

Rjékm — _REjkm — _Rjémk

Rjékm + Rjkm€ + ijé/f =0

Components like R 1919 are “sectional curvatures”. ..
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K :GroI'M — R

Grol' M = Grassmannian bundle of all 2-planes

{H C IpM linear subspace | pe M, 1= RQ}
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More conceptually, the sectional curvature
K :GroI'M — R

compares distances to the Euclidean answer:

length (base of isosceles triangle) . 3

FEuclidean answer

For example, K = +1 for the unit n-sphere
Sn C Rn+1

and this characterizes the standard metric on S™.
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Similarly, in geodesic normal coordinates the metric
volume measure is given by

d,ug = |1 — % T]k ijxk + O(‘x‘g) d,uEuclidean)

where 7 1s the [ticci tensor 1. = Rijik.

The Ricct curvature is by definition the function
on the unit tangent bundle

STM ={veTM| gv,v)=1}

given by
v — (v, V).
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More conceptually, the Ricci curvature
rSTM — R

v — (v, V).

STM ={veTM]|gv,v)=1}

“unit tangent bundle”



More conceptually, the Ricci curvature
rSTM — R

is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:



More conceptually, the Ricci curvature
r:STM — R

is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:

l ()
VO 9(06(pvvv )) ~1— T(?),U> n—52 + O(€3>

6(n-+2)
4

FEuclidean answer



More conceptually, the Ricci curvature
r:STM — R

is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:

l ()
VO 9(06(pvvv )) ~1— T(?),U> n—52 + 0(53)

6(n-+2)
4

FEuclidean answer

v any unit vector at p € M



More conceptually, the Ricci curvature
r:STM — R

is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:

l ()
VO 9(06(pvvv )) ~1— T(?),U> n—52 + 0(53)

6(n-+2)
4

FEuclidean answer

v any unit vector at p € M
() small neighborhood of v € ST, M ~ gn—1



More conceptually, the Ricci curvature
r:STM — R

is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:

l ()
VO 9(06(pvvv )) ~1— T(?),U> n—52 + 0(53)

6(n-+2)
4

FEuclidean answer
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() small neighborhood of v € ST M ~ sn—l
cone truncated at distance € from p
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More conceptually, the Ricci curvature
r:STM — R

is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:

l ()
VO 9(06(pvvv )) ~1— T(?),U> n—52 + 0(53)

6(n-+2)
4

FEuclidean answer

For example, the unit n-sphere S™ C Rt hag
Ricci curvature = +(n — 1), but this does not lo-
cally characterize the standard metric when n > 4.
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r=Ag

for some constant A € R.

Physicists usually call this the
“Einstein vacuum equation with cosmological const”

but in physics the metric g is typically indefinite.

But why do we tend to denote the metric by ¢7

It’s Einstein’s notation for the gravitational field!



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Physicists usually call this the
“Einstein vacuum equation with cosmological const”

but in physics the metric g is typically indefinite.



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

= Ag

for some constant A € R.

Physicists usually call this the
“Einstein vacuum equation with cosmological const”

but in physics the metric g is typically indefinite.

What did Einstein think about this equation?



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

= Ag

for some constant A € R.

What did Einstein think about this equation?



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

'77

*...the greatest blunder of my life
— A. Einstein, to G. Gamow
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Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
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r=Ag

for some constant A € R.

Mathematicians call A the Einstein constant.

Has same sign as the scalar curvature

_ I _ pij
S—T]-—R i

volg(Be(p)) 22

Cpe™ =1l-s 6(n+2)
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for some constant A € R.

Generalizes constant sectional curvature condition,
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Determined system:
same number of equations as unknowns.

. n(n+1)
Jjk: —9— components.

. n(n+1) ;
I'jk —g— components.

202
R jkem: L <q2 L components.
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Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.

Elliptic non-linear PDE after gauge fixing.
Agd =0 —= ik = %Agﬂ@L (ots.
Geometer’s Laplacian:
A =d*d = — tr Hess
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be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof.

R e T'(A* @ End(TM))



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof. Differential Bianchi identity



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof. Differential Bianchi identity

0= dgR



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof. Differential Bianchi identity

0= 3v[aRbc]d€



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof. Differential Bianchi identity

0= va72bcd6 + vacade + vC7€cade



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof. Contracted Bianchi identity

O — VCLRbch —|_ VbRcabC —l— VCRcabC



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof. Contracted Bianchi identity

0=Vas — Vyrh — Vers



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof. Contracted Bianchi identity

1
vbrba — §V@S



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof. Contracted Bianchi identity

1
V.Tzids



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof. Contracted Bianchi identity

S 1 1

vb(rba - Egba) — <§ - E)vas



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof. Contracted Bianchi identity

S 1 1

Ve(r——g)=(5—)ds



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proot. Contracted Bianchi identity =

Vi =(3—35) ds



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof. So when n #£ 2, i = 0 = s = const,

Vi =(3—35) ds



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

Proof. So when n #£ 2, i = 0 = s = const, and

S
= Ag, where A = —.
n



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

By contrast:



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

By contrast: On any Riemannian 2-manifold,

r= Kag,



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

By contrast: On any Riemannian 2-manifold,
r=Kg,

and hence 7 = 0.



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

= Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n

By contrast: On any Riemannian 2-manifold,
r=Kg,

and hence » = 0. But K usually not constant!



Definition. A Riemannian metric g s said to
be Einstein f it has constant Riccit curvature —
l.€.

r=Ag

for some constant A € R.

Proposition. Ifn > 3, a Riemannian n-manifold
(M™, g) is Einstein iff the trace-free part of its
Ricci tensor vanishes:

ro=r——g=0.
n



One of the main questions that will concern us:



One of the main questions that will concern us:

Existence Question.



One of the main questions that will concern us:

Existence Question. Which smooth compact
n-manifolds



One of the main questions that will concern us:

Existence Question. Which smooth compact
n-manifolds admait an Einstein metric?



One of the main questions that will concern us:

Existence Question. Which smooth compact
n-manifolds admait an Einstein metric?

In dimension 4, there are obstructions which have
no known analogues in other dimensions.



One of the main questions that will concern us:

Existence Question. Which smooth compact
n-manifolds admait an Einstein metric?

In dimension 4, there are obstructions which have
no known analogues in other dimensions.

We will meet the first of these later in this lecture.



One of the main questions that will concern us:

Existence Question. Which smooth compact
n-manifolds admait an Einstein metric?

In dimension 4, there are obstructions which have
no known analogues in other dimensions.

We will meet the first of these later in this lecture.

But we will also discuss many existence results.



One of the main questions that will concern us:

Existence Question. Which smooth compact
n-manifolds admait an Einstein metric?

In dimension 4, there are obstructions which have
no known analogues in other dimensions.

We will meet the first of these later in this lecture.
But we will also discuss many existence results.

In favorable circumstances, we will sometimes be
able to use obstructions to show that these existence
results are actually sharp!
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To avoid allowing this to become a silly question:

e If g is an Einstein metricon M, and V : M — M
is a diffeomorphism, then W*¢ is also an Einstein
metric. Thus, the space of solutions of the Ein-
stein equation, when non-empty, is automatically
infinite-dimensional. But (M, g) and (M, V*g)
are isometric, and so are indistinguishable from
the point-of-view of Riemannian geometry.
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A second main question that will concern us:

Uniqueness Question. When Einstein metrics
exist on a giwven M™, how many are there?

To avoid allowing this to become a silly question:

e Multiplying a metric g by a positive constant ¢
does not change its Riemannian connection V,
and so does not change its curvature tensor R
or its Ricci tensor . Thus, if ¢ is Einstein, with
Einstein constant A, then ¢ = cg is also Einstein,
with Einstein constant A = ¢ 1.

“Homothetic change of metric”
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Uniqueness Question. When Einstein metrics
exist on a giwven M™, how many are there?

We therefore introduce the Einstein moduli space
& (M) = {Einstein g on M}/(Diff (M) x R™)
of a smooth compact connected manitold M, where
Diff (M) = {Diffeomorphisms ¥V : M — M}

is the diffeomorphism group of M, and where

R™ acts by constant rescalings.
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Uniqueness Question. When Einstein metrics
exist on a giwven M™, how many are there?

What can we say about the topological space & (M )?
Is it connected?

[s it discrete?

Or is it, say, a manifold of higher dimension”

The answers turn out to strongly depend on

n = dim M.

The n = 4 case is both unusual and fascinating.
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l.€.

r=Ag

for some constant A € R.
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Dimension > 5:

On compact n-manifolds, n > 5, moduli space of
Einstein metrics is often highly disconnected.

In high dimensions, the Einstein condition allows
for a surprising degree of flexibility!
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Not too rigid. Not too flexible. Just right!

Habitable Zone

TOO HOT
_ JUST RIGHT
( : TOO COLD

b (

Planet size: 1-2x Earth
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Four Dimensions is Exceptional

When n = 4, existence for Einstein depends deli-
cately on smooth structure.

There are topological 4-manifolds which admit an
Einstein metric for one smooth structure, but not
for others.

But might allow for geometrization of 4-manifolds
by decomposition into Einstein and collapsed pieces.

Enough rigidity apparently still holds in dimension
four to call this a geometrization.

By contrast, high-dimensional Einstein metrics too
common; have little to do with geometrization.
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Theorem (Berger). Any Einstein metric on
A-torus T* is flat.

—> Moduli space of Einstein metrics is connected.

Theorem (Hitchin). Any Einstein metric on K3
15 Ricer-flat Kahler.

—> Moduli space of Einstein metrics is connected.
(Kodaira, Yau, Siu, Kobayashi-Todorov)

Theorem (Besson-Courtois-Gallot). There is only

one Einstein metric on compact hyperbolic
4-manafold 7—[4/F, up to scale and diffeos.

Theorem (LeBrun). There is only one Einstein
metric on compact complex-hyperbolic 4-manzifold

CHo/I', up to scale and diffeos.
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The Lie group SO(4) is not simple:

s50(4) = s0(3) @ s0(3).
On oriented (M4, g), —
A=At @A~
where AF are (£1)-eigenspaces of
x 1 A% = A2
x> = 1.

AT self-dual 2-forms.
A7 anti-self-dual 2-forms.
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Curvature is a bundle-valued 2-form!

Vector-bundle-with-connection (E, V) over
oriented Riemannian (M?, ¢) has curvature

Fy=F"+F~
where F* € AT ® End(E).

If F~ =0, so that F'y = F'T,
V is called self-dual (SD).

Donaldson: moduli spaces of SD connections
— differential topological invariants of M*.

These lectures will instead emphasize Seiberg-Witten
invariants. (Interaction w/ Riemannian geometry.)
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The Lie group SO(4) is not simple:

s50(4) = s0(3) P so(3).

On oriented (M4, g), —
A=At @A~

In orthonormal frame, A~ spanned by

2 4
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Riemann curvature of ¢
R: A% — A°
splits into 4 irreducible pieces:

AT* ATF

AT W_|_—|—1—82 r

s = scalar curvature
1 = trace-free Ricci curvature
W4 = self-dual Weyl curvature (conformally invariant)

W _ = anti-selt-dual Weyl curvature !

(unchanged by g~u?g)
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FEinstein <= sectional curvatures are equal for
any pair of perpendicular 2-planes.

K(P) = K(PY)
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n = 4 case of Generalized Gauss-Bonnet theorem.
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Euler characteristic

o= | I
X =gz [l T -7

Signature

w0 =5 [ (W= 1)

1272
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Hodge theory:

H*(M,R)={p e D(A°) | dp =0, d*p =0}
Since « is involution of RHS, =—

H*(M,R) =H} dH,,

where

Hy ={p € I(A\") | dp = 0}

self-dual & anti-self-dual harmonic forms. Then

b+ (M) = dimH.
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Hitchin-Thorpe Inequality:

1 52 2 \ :
2v + 37V (M) = — +2IlW " —— | d
Finstein = _ 82+2\W |2 d
111 111 p—
o A2 24 i Hg

Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M* admits Einstein g, then

(2x + 37)(M) > 0,
with equality only if AT is flat on (M, g).

We will further discuss the equality case later!
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e they have the same Euler characteristic x;
e they have the same signature 7; and

e both are spin, or both are non-spin.
wo = 0 woy # 0

Warning: “Exotic differentiable structures!”
No diffeomorphism classification currently known!

Typically, one homeotype +— oo many diffeotypes.
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where j = by (M) and k =b_(M).




Corollary. Any smooth compact simply connected
non-spin 4-manifold M 1s homeomorphic to a

connect sum jCPy#kCP5.
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Hitchin-Thorpe for these non-spin manifolds?
1CPy#kCPy has

X=2+7+k
T=9—k
2+ 31 =445 — k
So Hitchin-Thorpe rules out Einstein metric unless

445> k.

But also AT cannot be flat, because simply-connected,
and wg(/\+) — wQ(M) # 0.

So Hitchin-Thorpe rules out Einstein metric unless

4455 > k.

Repeat for reversed orientation: also 4 4+ 5k > j.



End of Lecture I



