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Main Problem:

Let Y 2m be a smooth compact connected manifold.

Moduli space of complex structures defined by

M(Y ) = { Integrable complex structures J on Y }/Diff (Y ).

Kuranishi =⇒
M(Y ) is locally finite-dimensional.

Question:

Is M(Y ) globally finite-dimensional?

We’ll see:

In general, the answer is No!
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U(m) := O(2m) ∩GL(m,C)
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Ricci-flat Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)
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SU(m) ⊂ U(m) : {A | detA = 1}
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if M is simply connected.
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Calabi-Yau metrics:

(M2m, g): Calabi-Yau ⇐⇒ holonomy ⊂ SU(m)

s
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(`)

s
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........
..........
..........
..........
..........
...........
...........
............
.............
..............
...............

................
..................

......................
.............................

....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....................................................................................................................................................................................................................................................................................................................................................................................
..............................................

.................................
..........................

....................
...............

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

....................................
....................

....................
....................

.....................
...................

........................................................................................
...
..........

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
...... .................................................................................................................................................................................

Sp(k) := O(4k) ∩GL(`,H)
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Sp(k) ⊂ SU(2k)
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Sp(k) ⊂ SU(2k)

in many ways! (For example, permute i, j, k. . . )
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Sp(k) ⊂ SU(2k)

in many ways! (For example, permute i, j, k. . . )
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Sp(k) ⊂ SU(2k)

Ricci-flat and Kähler,

for many different complex structures!

73



Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Sp(k) ⊂ SU(2k)
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)

s
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Sp(1) = SU(2)
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)

s

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........
..........
..........
..........
..........
...........
...........
............
.............
..............
...............

................
..................

......................
.............................

....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....................................................................................................................................................................................................................................................................................................................................................................................
..............................................

.................................
..........................

....................
...............

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

....................................
....................

....................
....................

.....................
...................

........................................................................................
...
..........

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
...... .................................................................................................................................................................................

Sp(1) = SU(2)

For (M4, g):

hyper-Kähler ⇐⇒ Calabi-Yau.
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)

s
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Sp(1) = SU(2)

When (M4, g) simply connected:

hyper-Kähler ⇐⇒ Ricci-flat Kähler.
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)

s
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Sp(1) = SU(2)
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)

s
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Sp(1) = SU(2)

Ricci-flat and Kähler,

for many different complex structures!
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)

s
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Sp(k) ⊂ SU(2k)

Ricci-flat and Kähler,

for many different complex structures!
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All these complex structures can be repackaged as

Penrose Twistor Space (Z6, J),

which is a complex 3-manifold
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Penrose-Hitchin Twistor Space (Z4k+2, J),
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Penrose-Hitchin Twistor Space (Z4k+2, J),

which is a complex 2k + 1-manifold.
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Z4k+2 is diffeomorphic to M × S2.
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Z4k+2 is diffeomorphic to M × CP1.
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Z4k+2 is diffeomorphic to M × CP1.

$ : Z → CP1 is a holomorphic submersion.
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Z4k+2 is diffeomorphic to M × CP1.

$ : Z → CP1 is a holomorphic submersion.

By contrast, ℘ : Z →M is not holomorphic.
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Examples:

Let (M4k, J, g0) be a compact Kähler manifold which
admits a holomorphic symplectic form

Ω = dz1 ∧ dz2 + · · · + dz2k−1 ∧ dz2k

Calabi-Yau Theorem =⇒
∃! Calabi-Yau metric g on (M,J) with [ω] = [ω0].

Bochner’s Weitzenböck argument =⇒

∇Ω = 0.

∴ (M, g) is hyper-Kähler.
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“. . . et de la belle montagne K2 au Cachemire.”

—André Weil, 1958
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K3 = Kummer-Kähler-Kodaira surface.

Simply connected complex surface with c1 = 0.

Typical model: Smooth quartic in CP3.

Admits hyper-Kähler Kähler metrics.
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Irreducible Higher-Dimensional Examples:

(Beauville ’83), generalizing Fujiki:

(M4k, J) = Hilbert scheme of k points on K3.

Natural desingularization of (K3× · · · ×K3︸ ︷︷ ︸
k

)/Sk.

(Fujiki had done the k = 2 case.)

Beauville also discovered a second infinite series:

(Hilbert scheme of k + 1 points on T4)/T4.

O’Grady ’99, ’03: sporadic examplesM12 andM20.

All a priori simply connected!

Multiplicativity of Todd genus + Cheeger-Gromoll.
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All these complex structures can be repackaged as

Penrose-Hitchin Twistor Space (Z4k+2, J),

which is a complex 2k + 1-manifold.
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Z4k+2 is diffeomorphic to M × CP1.

$ : Z → CP1 is a holomorphic submersion.

By contrast, ℘ : Z →M is not holomorphic.
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All these complex structures can be repackaged as

Penrose-Hitchin Twistor Space (Z4k+2, J),

which is a complex 2k + 1-manifold.
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Z4k+2 is diffeomorphic to M × CP1.

$ : Z → CP1 is a holomorphic submersion.

124



All these complex structures can be repackaged as

Penrose-Hitchin Twistor Space (Z4k+2, J)

with holomorphic submersion $ : Z → CP1.
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All these complex structures can be repackaged as

Penrose-Hitchin Twistor Space (Z4k+2, J)

with holomorphic submersion $ : Z → CP1.
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Let f : CP1→ CP1 be a holomorphic map.
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Let f : CP1→ CP1 be a holomorphic map.

f ([z1, z2]) = [P (z1, z2), Q(z1, z2)]
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Let f : CP1→ CP1 be a holomorphic map.

f ([z1, z2]) = [P (z1, z2), Q(z1, z2)]

i.e. rational function f : C ∪ {∞} → C ∪ {∞}
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Let f : CP1→ CP1 be a holomorphic map.

f ([z1, z2]) = [P (z1, z2), Q(z1, z2)]

i.e. rational function f : C ∪ {∞} → C ∪ {∞}

f (z) =
P (z)

Q(z)

130



Let f : CP1→ CP1 be a holomorphic map.

f ([z1, z2]) = [P (z1, z2), Q(z1, z2)]

i.e. rational function f : C ∪ {∞} → C ∪ {∞}

f (z) =
P (z)

Q(z)

Set ` = deg(f ).
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All these complex structures can be repackaged as

Penrose-Hitchin Twistor Space (Z4k+2, J)

with holomorphic submersion $ : Z → CP1.
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All these complex structures can be repackaged as

Penrose-Hitchin Twistor Space (Z4k+2, J)

with holomorphic submersion $ : Z → CP1.
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All these complex structures can be repackaged as

Penrose-Hitchin Twistor Space (Z4k+2, J)

with holomorphic submersion $ : Z → CP1.
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For clarity:
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For clarity:

id×$ : CP1 × Z → CP1 × CP1
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For clarity:

id×$ : CP1 × Z → CP1 × CP1

is a holomorphic submersion.
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F For clarity:

id×$ : CP1 × Z → CP1 × CP1

is a holomorphic submersion.

Pull-back f∗Z is exactly ($ × id)−1(graphf ).

138



All these complex structures can be repackaged as

Penrose-Hitchin Twistor Space (Z4k+2, J)

with holomorphic submersion $ : Z → CP1.
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All these complex structures can be repackaged as

Penrose-Hitchin Twistor Space (Z4k+2, J)

with holomorphic submersion $ : Z → CP1.
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Since Z → CP1 is smoothly trivial,
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f : CP1→ CP1.
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Since Z → CP1 is smoothly trivial,
so is f∗Z → CP1.

Consequently, f∗Z ≈ S2 ×M .

Defines complex structure Jf on S2×M for every

f : CP1→ CP1.

How different are these?
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All these complex structures can be repackaged as

Penrose-Hitchin Twistor Space (Z4k+2, J)

with holomorphic submersion $ : Z → CP1.
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All these complex structures can be repackaged as

Penrose-Hitchin Twistor Space (Z4k+2, J)

with holomorphic submersion $ : Z → CP1.
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Fix some simply-connected hyper-Kähler (M4k, g).
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Fix some simply-connected hyper-Kähler (M4k, g).

Let Z be its twistor space.

Theorem. Let Crit(f ) ⊂ CP1 be the set of crit-
ical points of

f : CP1→ CP1,

where each critical point is also labeled by its
multiplicity.
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Fix some simply-connected hyper-Kähler (M4k, g).

Let Z be its twistor space.

Theorem. Let Crit(f ) ⊂ CP1 be the set of crit-
ical points of

f : CP1→ CP1,

where each critical point is also labeled by its
multiplicity.

Then, up to Möbius transformations of CP1, the
labeled set Crit(f ) is a complex-manifold invari-
ant f∗Z.
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Fix some simply-connected hyper-Kähler (M4k, g).

Let Z be its twistor space.

Theorem. Let Crit(f ) ⊂ CP1 be the set of crit-
ical points of

f : CP1→ CP1,

where each critical point is also labeled by its
multiplicity.

Then, up to Möbius transformations of CP1, the
labeled set Crit(f ) is a complex-manifold invari-
ant f∗Z.

In particular, if f1
∗Z and f2

∗Z are biholomorphic,
then Crit(f1) anf Crit(f2) are related by a Möbius
transformation.
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• ∃ uniquely defined holomorphic line bundle

L = K−1/(2k`+2)
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Indication of Proof.

• ∃ uniquely defined holomorphic line bundle

L = K−1/(2k`+2)

over f∗Z, where ` = deg(f ).

• h0(f∗Z,O(L)) = 2.
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Indication of Proof.

• ∃ uniquely defined holomorphic line bundle

L = K−1/(2k`+2)

over f∗Z, where ` = deg(f ).

• h0(f∗Z,O(L)) = 2.

• The holomorphic projection

f∗Z → CP1

is given by the linear system |L|.
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Indication of Proof.

• ∃ uniquely defined holomorphic line bundle

L = K−1/(2k`+2)

over f∗Z, where ` = deg(f ).

• h0(f∗Z,O(L)) = 2.

• The holomorphic projection

f∗Z → CP1

is given by the linear system |L|.

• Kodaira-Spencer map of the family

f∗Z → CP1

vanishes at, and only at, Crit(f ), with exactly the
same multiplicities.
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Fix some simply-connected hyper-Kähler (M4k, g).

Let Z be its twistor space.

Theorem. Let Crit(f ) ⊂ CP1 be the set of crit-
ical points of

f : CP1→ CP1,

where each critical point is also labeled by its
multiplicity.

Then, up to Möbius transformations of CP1, the
labeled set Crit(f ) is a complex-manifold invari-
ant f∗Z.

In particular, if f1
∗Z and f2

∗Z are biholomorphic,
then Crit(f1) anf Crit(f2) are related by a Möbius
transformation.
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Choose any simply-connected hyper-Kähler (M4k, g).
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Choose any simply-connected hyper-Kähler (M4k, g).

Theorem A. The moduli space M(M × S2) of
complex structures on M×S2 is infinite-dimensional,
in this following sense:

For any positive integer N , there are holomor-
phic embeddings

DN ↪→M(M × S2)

of the N-dimensional polydisk

DN := D × . . .×D︸ ︷︷ ︸
N

⊂ CN

into the moduli space.
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Choose any simply-connected hyper-Kähler (M4k, g).

Theorem A. The moduli space M(M × S2) of
complex structures on M×S2 is infinite-dimensional,
in this following sense:

For any positive integer N , there are holomor-
phic embeddings

DN ↪→M(M × S2)

of the N-dimensional polydisk

DN := D × . . .×D︸ ︷︷ ︸
N

⊂ CN

into the moduli space.

(Can choose large families of high-degree

f t : CP1→ CP1

that are distinguished by Crit(f t).)
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Well, thanks for your attention!
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It’s a real pleasure being here!
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Thanks for the invitation!
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