
Einstein Metrics,

Curvature Functionals, and

Conformally Kähler Geometry

Claude LeBrun
Stony Brook University

Joint Meeting, Baltimore
January 15, 2014

1



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

2



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

3



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

λ called Einstein constant.

4



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

λ called Einstein constant.

Has same sign as the scalar curvature

s = r
j
j = Rijij.

5



Definition. A Riemannian metric g is said to
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for some constant λ ∈ R.
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Has same sign as the scalar curvature

s = r
j
j = Rijij.
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Variational Problem:

If M smooth compact n-manifold, n ≥ 3,

GM = { smooth metrics g on M}
then Einstein metrics are critical points of the scale-
invariant action functional

GM −→ R

g 7−→
∫
M
|sg|n/2dµg

Conversely:

Critical points are Einstein or scalar-flat (s≡0).

Try to find Einstein metrics by minimizing?
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A Differential-Topological Invariant:

Is(M) = inf
g

∫
M
|sg|n/2dµg

Theorem. Let M be a compact simply connected
n-manifold, n ≥ 3. If n 6= 4, Is(M) = 0.

Theorem. There exist compact simply connected
4-manifolds M j with Is(M j)→ +∞.

Moreover, can choose M j such that

Is(M j) = inf
g

∫
M j

|sg|2dµg

is realized by an Einstein metric gj with λ < 0.
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

R =


W+ + s

12 r̊

r̊ W− + s
12


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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature ′′
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Question. Which smooth compact 4-manifolds
M4 admit Einstein metrics?

Complex geometry is rich source of examples.

On suitable 4-manifolds, Seiberg-Witten theory al-
lows one to mimic Kähler geometry when treating
non-Kähler metrics.

More Modest Question. If (M4, J) is a com-
pact complex surface, when does M4 admit an
Einstein metric g (unrelated to J)?
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Even Narrower Question. When does a com-
pact complex surface (M4, J) admit an Einstein
metric g which is Hermitian, in the sense that

g(·, ·) = g(J ·, J ·)?

Kähler if the 2-form

ω = g(J ·, ·)
is closed:

dω = 0.

But we do not assume this!
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Theorem. A compact complex surface (M4, J)
admits an Einstein metric g which is Hermitian
with respect to J ⇐⇒ c1(M4, J) “has a sign.”

More precisely, ∃ such g with Einstein constant
λ ⇐⇒ there is a Kähler form ω such that

c1(M4, J) = λ[ω].

Moreover, this metric is unique, up to isometry,
if λ 6= 0.

Aubin, Yau, Siu, Tian . . . Kähler case.

Chen-L-Weber (2008), L (2013): non-Kähler case.

Only two metrics arise in non-Kähler case!
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Proposition. Let (M4, J) be a compact complex
surface, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

In other words,
g = fg̃

∃ Kähler metric g̃, smooth function f : M → R+.
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Proposition. Let (M4, J) be a compact complex
surface, and suppose that g is an Einstein metric
on M which is Hermitian with respect to J :

g(J ·, J ·) = g.

Then (M4, g, J) is conformally Kähler!

Strictly four-dimensional phenomenon.

Wildly false in higher dimensions!

Calabi-Eckmann complex structure J on S3 × S3.

Product metric is Einstein and Hermitian.

But S3×S3 has no Kähler metric because H2 = 0.
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We’ve seen that it is interesting to consider

GM −→ R

g 7−→
∫
M
|sg|2dµg

for metrics on M4.

But also natural and interesting to consider

g 7−→
∫
M
|r|2gdµg

or

g 7−→
∫
M
|R|2gdµg
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However, these are not independent!
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For (M4, g) compact oriented Riemannian,

Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ
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For (M4, g) compact oriented Riemannian,

Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ
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Thus any quadratic curvature functional expressible
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M
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In Kähler case:∫
M

s2

24
dµg =

∫
M
|W+|2dµg .

But independent for general Riemannian metrics.
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Einstein metrics are critical for both!

∴ Einstein metrics critical ∀ quadratic functionals!
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Thus any quadratic curvature functional expressible
in terms of e.g.∫

M
s2dµg and

∫
M
|W+|2dµg .

Einstein metrics are critical for both!

Natural Question. When does Einstein metric
g on 4-manifold M minimize one or both of these
functionals?
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Thus any quadratic curvature functional expressible
in terms of e.g.∫

M
s2dµg and

∫
M
|W+|2dµg .

Note that
∫
M |W+|2dµg is conformally invariant:

unchanged by g u2g.

By contrast,
∫
Ms

2dµg varies on any conformal class.

Critical in [g] ⇐⇒ s = constant.

Minimizer in [g] ⇐⇒ g is “Yamabe metric.”

90



Theorem (L ’95). If smooth compact M4 admits
Kähler-Einstein metric g with λ ≤ 0, then g is
absolute minimizer of

∫
M s2dµ among all Rie-

mannian metrics on M . Moreover, any metric
g̃ on M satisfies
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Theorem (L ’95). If smooth compact M4 admits
Kähler-Einstein metric g with λ ≤ 0, then g is
absolute minimizer of

∫
M s2dµ among all Rie-

mannian metrics on M . Moreover, any metric
g̃ on M satisfies∫

M
s2dµ ≥ 32π2(2χ + 3τ )(M),

with equality iff g̃ is Kähler-Einstein, with λ ≤ 0.

Key idea to to Witten ’94.
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absolute minimizer of

∫
M s2dµ among all Rie-

mannian metrics on M . Moreover, any metric
g̃ on M satisfies∫

M
s2dµ ≥ 32π2(2χ + 3τ )(M),

with equality iff g̃ is Kähler-Einstein, with λ ≤ 0.

Proof depends on Seiberg-Witten equations

/DAΦ = 0

F+
A = −1

2
Φ⊗ Φ̄.

Non-linear version of Dirac equation,

only defined in dimension 4.
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among

all conformal classes [g̃] with Y ([g̃]) > 0.Moreover,
every conformal class [g̃] with Y ([g̃]) > 0 satis-
fies
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among

all conformal classes [g̃] with Y ([g̃]) > 0.Moreover,
every conformal class [g̃] with Y ([g̃]) > 0 satis-
fies
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among

all conformal classes [g̃] with Y ([g̃]) > 0. More-
over, every conformal class [g̃] with Y ([g̃]) > 0
satisfies
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among

all conformal classes [g̃] with Y ([g̃]) > 0. More-
over, every conformal class [g̃] with Y ([g̃]) > 0
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among

all conformal classes [g̃] with Y ([g̃]) > 0. More-
over, every conformal class [g̃] with Y ([g̃]) > 0
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality iff [g̃] contains Kähler-Einstein g̃,
with λ > 0.
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among

all conformal classes [g̃] with Y ([g̃]) > 0. More-
over, every conformal class [g̃] with Y ([g̃]) > 0
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality iff [g̃] contains Kähler-Einstein g̃,
with λ > 0.

Einstein metrics with λ > 0 never minimize
∫
M s2dµ!
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among

all conformal classes [g̃] with Y ([g̃]) > 0. More-
over, every conformal class [g̃] with Y ([g̃]) > 0
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality iff [g̃] contains Kähler-Einstein g̃,
with λ > 0.

Y ([g̃]) > 0 ⇐⇒ ∃ s > 0 metrics in [g̃].
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among

all conformal classes [g̃] with Y ([g̃]) > 0. More-
over, every conformal class [g̃] with Y ([g̃]) > 0
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality iff [g̃] contains Kähler-Einstein g̃,
with λ > 0.

Proof depends on modified Yamabe problem

and Weitzenböck formula for harmonic 2-forms.
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∫
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among

all conformal classes [g̃] with Y ([g̃]) > 0. More-
over, every conformal class [g̃] with Y ([g̃]) > 0
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality iff [g̃] contains Kähler-Einstein g̃,
with λ > 0.

Proof depends on modified Yamabe problem

and Weitzenböck formula for harmonic 2-forms.

Proof 4-dimensional in details, but not philosophy.
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among

all conformal classes [g̃] with Y ([g̃]) > 0. More-
over, every conformal class [g̃] with Y ([g̃]) > 0
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality iff [g̃] contains Kähler-Einstein g̃,
with λ > 0.

Natural Questions.
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among

all conformal classes [g̃] with Y ([g̃]) > 0. More-
over, every conformal class [g̃] with Y ([g̃]) > 0
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality iff [g̃] contains Kähler-Einstein g̃,
with λ > 0.

Natural Questions.

•What about Hermitian Einstein metrics?
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Theorem (Gursky ’98). If smooth compact M4

admits Kähler-Einstein metric g with λ > 0, then
[g] is absolute minimizer of

∫
M |W+|2dµ among

all conformal classes [g̃] with Y ([g̃]) > 0. More-
over, every conformal class [g̃] with Y ([g̃]) > 0
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality iff [g̃] contains Kähler-Einstein g̃,
with λ > 0.

Natural Questions.

•What about Hermitian Einstein metrics?

•What about [g̃] with Y ([g̃]) ≤ 0?
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Which complex surfaces admit

Einstein Hermitian metrics with λ > 0?
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Which complex surfaces admit

Einstein Hermitian metrics with λ > 0?
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

121



Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Blowing up:
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

r
N

M
............................................................................................................... ..........

....
....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................
.........

.........................
............................

................................
......................................

..................................................
.................................................................................................................................................................................................................................................................................................................................................................................................................

....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................

........................................
.....................................

.................................................
..............................................................................................................................................................................................................................................................................................................................................................

....
....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................
.........

.........................
............................

................................
......................................

..................................................
.................................................................................................................................................................................................................................................................................................................................................................................................................

....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................

........................................
.....................................

.................................................
..............................................................................................................................................................................................................................................................................................................................................................

........

.......

.......
.......
.......
.......
.........
....

126



Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Conventions:

CP2 = reverse oriented CP2.
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which admits a com-
plex structure J . Then M also admits an (un-
related) Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which admits a com-
plex structure J . Then M also admits an (un-
related) Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: Del Pezzo surfaces.
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which admits a com-
plex structure J . Then M also admits an (un-
related) Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: Del Pezzo surfaces.

Proof: Seiberg-Witten & Hitchin-Thorpe ineq.
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which admits a sym-
plectic form ω. Then M also admits an (unre-
lated) Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which admits a sym-
plectic form ω. Then M also admits an (unre-
lated) Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Proof also uses results of Taubes, McDuff, et al.

146



Theorem (L ’12). Let g be Einstein, Hermitian
metric on be a Del Pezzo surface (M4, J). Then
[g] minimizes

∫
M |W+|2dµ among all conformally

Kähler metrics on (M4, J).
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Theorem (L ’12). Let g be Einstein, Hermitian
metric on be a Del Pezzo surface (M4, J). Then
[g] minimizes

∫
M |W+|2dµ among all conformally

Kähler metrics on (M4, J).

Hard case: when M is toric.
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Theorem (L ’12). Let g be Einstein, Hermitian
metric on be a Del Pezzo surface (M4, J). Then
[g] minimizes

∫
M |W+|2dµ among all conformally

Kähler metrics on (M4, J).

Hard case: when M is toric.

Must understand critical points of

A([ω]) =
(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

where F is Futaki invariant.
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K ⊂ H1,1(M,R) = H2(M,R)

(M Del Pezzo)
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The non-trivial cases are toric, and the action A
can be directly computed from moment polygon.
Formula involves barycenters, moments of inertia.
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A is explicit rational function —
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A is explicit rational function —
but quite complicated!
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Theorem (L ’12). Let g be Einstein, Hermitian
metric on be a Del Pezzo surface (M4, J). Then
[g] minimizes

∫
M |W+|2dµ among all conformally

Kähler metrics on (M4, J).
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To put in Riemannian context, introduce

Definition. Let M be smooth 4-manifold with
b+(M) = 1, and let [g] be conformal class. We
will say that [g] is of symplectic type if non-
trivial self-dual harmonic form ω is non-zero at
every point of M .
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To put in Riemannian context, introduce

Definition. Let M be smooth 4-manifold with
b+(M) = 1, and let [g] be conformal class. We
will say that [g] is of symplectic type if non-
trivial self-dual harmonic form ω is non-zero at
every point of M .

• open condition;

• holds in Kähler case;

•most such classes have Y ([g]) < 0.
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Theorem A. Let M be the underlying 4-manifold
of a del Pezzo surface. Then any conformal class
[g] of symplectic type on M satisfies
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Theorem A. Let M be the underlying 4-manifold
of a del Pezzo surface. Then any conformal class
[g] of symplectic type on M satisfies∫

M
|W+|2dµ ≥

4π2

3

(c1 · [ω])2

[ω]2
,
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Theorem A. Let M be the underlying 4-manifold
of a del Pezzo surface. Then any conformal class
[g] of symplectic type on M satisfies∫

M
|W+|2dµ ≥

4π2

3

(c1 · [ω])2

[ω]2
,

with equality iff [g] contains a Kähler metric g
of constant scalar curvature.
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Theorem A. Let M be the underlying 4-manifold
of a del Pezzo surface. Then any conformal class
[g] of symplectic type on M satisfies∫

M
|W+|2dµ ≥

4π2

3

(c1 · [ω])2

[ω]2
,

with equality iff [g] contains a Kähler metric g
of constant scalar curvature.

For proof, see arXiv:1310.0848 [math.DG]
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Theorem B. Let M be the underlying smooth
oriented 4-manifold of a del Pezzo surface. Then
any conformal class [g] of symplectic type on M
satisfies
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with equality iff [g] contains a Kähler-Einstein
metric g.
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Theorem B. Let M be the underlying smooth
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any conformal class [g] of symplectic type on M
satisfies∫

M
|W+|2dµ ≥

4π2

3
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with equality iff [g] contains a Kähler-Einstein
metric g.

This recovers Gursky’s inequality — but for a dif-
ferent open set of conformal classes!
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Theorem C. Let M be the underlying 4-manifold
of a toric del Pezzo surface, and let g be Ein-
stein, Hermitian metric on M which is invariant
under fixed torus action. Then the conformal
class [g] minimizes

∫
M |W+|2dµ among symplec-

tic conformal classes which are invariant under
the torus action. Moreover, up to diffeomor-
phism, [g] is the unique such minimizer.
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Theorem C. Let M be the underlying 4-manifold
of a toric del Pezzo surface, and let g be Ein-
stein, Hermitian metric on M which is invari-
ant under fixed torus action. Then the confor-
mal class [g] minimizes

∫
M |W+|2dµ among sym-

plectic conformal classes which are invariant
under the torus action. Moreover, up to diffeo-
morphism, [g] is the unique such minimizer.
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Theorem C. Let M be the underlying 4-manifold
of a toric del Pezzo surface, and let g be Ein-
stein, Hermitian metric on M which is invari-
ant under fixed torus action. Then the confor-
mal class [g] minimizes

∫
M |W+|2dµ among sym-

plectic conformal classes which are invariant
under the torus action. Moreover, up to diffeo-
morphism, [g] is the unique such minimizer.

Key inequality:∫
M
|W+|2dµ ≥

4π2

3
A([ω]),

with equality only if [g̃] contains extremal Kähler
metrics.
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Conjecture. If M4 admits an Einstein, Her-
mitian metric g with λ > 0, then [g] minimizes∫
M |W+|2dµ among all conformal classes on M .

181



Conjecture. If M4 admits an Einstein, Her-
mitian metric g with λ > 0, then [g] minimizes∫
M |W+|2dµ among all conformal classes on M .

Even Kähler-Einstein cases would require new ideas.

182



Conjecture. If M4 admits an Einstein, Her-
mitian metric g with λ > 0, then [g] minimizes∫
M |W+|2dµ among all conformal classes on M .

Even Kähler-Einstein cases would require new ideas.

Nearly symplectic structures?

183



Conjecture. If M4 admits an Einstein, Her-
mitian metric g with λ > 0, then [g] minimizes∫
M |W+|2dµ among all conformal classes on M .

Even Kähler-Einstein cases would require new ideas.

Nearly symplectic structures?

Non-Kähler cases: eliminate toric condition?

184



Conjecture. If M4 admits an Einstein, Her-
mitian metric g with λ > 0, then [g] minimizes∫
M |W+|2dµ among all conformal classes on M .

Even Kähler-Einstein cases would require new ideas.

Nearly symplectic structures?

Non-Kähler cases: eliminate toric condition?

185


