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H = R*, with basis

ep=1, es=1, e3=j, e4=k

Quaternionic conjugation

tl+ui+vj,+twk=t1—ui—vj,

Notice that
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49 = q7 = |lq||” = llq[I"2
So any ¢ # 0 has multiplicative inverse
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Also notice that conjugation satisfies

9192 = Q2 q1

—wk
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eU(1l) = Ok
u(l) =R

¢SO(n) = {n xn Rmatrices A| A'A =1, detA =1}
so(n) = {nxn R-matrices A| A'=—A}

e SU(n) ={n xn C-matrices A] A*A =1, detA =1}
su(n) ={n xn C-matrices A|] A*=—A, trA=0}

e Sp(n) = {n x n  H-matrices A| AfA = I}
sp(n) = {n x n H-matrices A| At = —A}



Fundamental Groups of
“Classical” Compact Lie Groups

e SO(2) =U(1) = 5!
m(S0(2)) = m(U(1)) =Z

e SO(3) ~ RP’
m1(SO(3)) = Zo

SO(3) — SO(n), n >3
We'll show this induces:
m(SO(n)) = Zo, n >3
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Example of a “Serre fibration”:

F — FE

!
B

Homotopy exact sequence of a fibration

cor = mo(B) = m(F) = m(E) = m(B) = mg(F) — - -

m9(X) = homotopy classes of maps 5% — X
mo(X) = set of connected components of X

Need base point to define relevant structures!
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Homotopy exact sequence of a fibration

= Tpl(B) = () = mp(B) = mp(B) = m (F) = -

71.(X) = homotopy classes of maps gk s x
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Example of a “Serre fibration”:

SO(n) < SO(n + 1)

!
Sn

Homotopy exact sequence of a fibration

s — 7T2(Sn) — m1(SO(n)) — 71 (SO(n+1)) — m(S”) — 0

For n > 3, get isomorphism

m1(SO(n)) — 1 (SO(n+ 1))

induced by inclusion.
By induction,
m(S0(n)) = m(SO3)) = Zy, Vn >3
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Fiber bundle:

SU(n) — SU(n+1)
!

SZTH-I

Homotopy exact sequence of a fibration

(57" = 1 (SU(R)) = m(SU(n + 1)) — m (57"
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Fundamental Groups of
“Classical” Compact Lie Groups

e 1 (SO(2)) =m(U(1)) = Z
e 11(SO(n)) = Zo, n >3

o 1 (SU(n)) =0, n > 2

e Sp(l) ~ S
m1(Sp(1)) =0

Sp(1) — Sp(n),
Similarly, this induces:
m(Sp(n)) =0,
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Fiber bundle:

Sp(n) — Sp(n+1)
!

S4n+3

Homotopy exact sequence of a fibration

(ST 5 1 (SU(R)) = m(SU(n + 1)) — (57



Fundamental Groups of
“Classical” Compact Lie Groups

e m1(SO(2)) = m(U(1)) = Z
e 11(SO(n)) = Zo, n >3

o 1 (SU(n)) =0, n > 2

e (Sp(n)) =0, n =1



