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• a real vector space structure on every “fiber”
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Example. Zero section: σ(p) = 0p ∀p.
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Sections.

A section of $ : E →M is a (smooth) map

σ : M → E

such that $ ◦ σ = idM .

Thus σ : M → E is a right inverse of

$ : E −→yM
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Sections.

A section of $ : E →M is a (smooth) map
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Sections.

A section of $ : E →M is a (smooth) map

σ : M → E

such that $ ◦ σ = idM .

Thus σ : M → E is a right inverse of
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Sections.

A section of $ : E →M is a (smooth) map

σ : M → E

such that $ ◦ σ = idM .

Thus σ : M → E is a right inverse of

$ : E −→yM
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Sections.

A section of $ : E →M is a (smooth) map

σ : M → E

such that $ ◦ σ = idM .

Thus σ : M → E is a right inverse of

$ : E −→yM

Example. If E = TM , section = vector field.
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Sections.

A section of $ : E →M is a (smooth) map

σ : M → E

such that $ ◦ σ = idM .

Thus σ : M → E is a right inverse of

$ : E −→yM

Local section = section of restriction E|U of
bundle to some open subset U ⊂M .
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Example. Möbius strip.
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Example. Möbius strip.

6

?

Here vertical segment is open, represents all of R.

Equivalent construction:

E = R2/ ∼
where equivalence relation is

(x, y) ∼ (x + j, (−1)jy) ∀j ∈ Z.
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Example. Möbius strip.

6

?

Here vertical segment is open, represents all of R.

Equivalent construction:

E = R2/ ∼
where equivalence relation is

(x, y) ∼ (x + j, (−1)jy) ∀j ∈ Z.

Projection $ : E → R/Z given by [(x, y)] 7→ [x].

52



Transition functions.
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Transition functions.

Can build any smooth vector bundle as follows:

1. Cover M with open sets:

M =
⋃
α

Uα

2. Choose system of transition functions:

ταβ : Uα ∩ Uβ
C∞−→ GL(k,R)
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Transition functions.

Can build any smooth vector bundle as follows:

1. Cover M with open sets:

M =
⋃
α

Uα

2. Choose system of transition functions:

ταβ : Uα ∩ Uβ
C∞−→ GL(k,R)

with
ταβ = τ−1

βα
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Transition functions.

Can build any smooth vector bundle as follows:

1. Cover M with open sets:

M =
⋃
α

Uα

2. Choose system of transition functions:

ταβ : Uα ∩ Uβ
C∞−→ GL(k,R)

with
ταβ = τ−1

βα

ταβτβγτγα = I.
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Transition functions.

Can build any smooth vector bundle as follows:

1. Cover M with open sets:

M =
⋃
α

Uα

2. Choose system of transition functions:

ταβ : Uα ∩ Uβ
C∞−→ GL(k,R)

with
ταβ = τ−1

βα

ταβτβγτγα = I.

Here GL(k,R) = {invertible real k × k matrices}.
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Transition functions.

Can build any smooth vector bundle as follows:

1. Cover M with open sets:

M =
⋃
α

Uα

2. Choose system of transition functions:

ταβ : Uα ∩ Uβ
C∞−→ GL(k,R)

with
ταβ = τ−1

βα

ταβτβγτγα = I.

Here GL(k,R) = {invertible real k × k matrices}.
3. Set

E =

[⋃
α

(Uα × Rk)

]
/ ∼
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Transition functions.

Can build any smooth vector bundle as follows:

1. Cover M with open sets:

M =
⋃
α

Uα

2. Choose system of transition functions:

ταβ : Uα ∩ Uβ
C∞−→ GL(k,R)

with
ταβ = τ−1

βα

ταβτβγτγα = I.

Here GL(k,R) = {invertible real k × k matrices}.
3. Set

E =

[⋃
α

(Uα × Rk)

]
/ ∼

Uβ×Rk 3 (p, v) ∼ (p, ταβ(p)v) ∈ Uα×Rk ∀p ∈ Uα∩Uβ.
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