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In local coordinates, this takes the explicit form

d

∑
|I|=k

ϕIdx
I
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Exterior Derivative. We previously defined the
exterior derivative

d : Ωk(M)→ Ωk+1(M).

In local coordinates, this takes the explicit form

d

∑
|I|=k

ϕIdx
I

 =
∑
|I|=k

(dϕI) ∧ dxI

=
∑

j,|I|=k

∂ϕI
∂xj

dxj ∧ dxI .
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Closed Forms. A differential form ϕ ∈ Ωk(M)
is said to be closed if

dϕ = 0.

In other words

{closed k-forms on M} = ker
[
d : Ωk(M)→ Ωk+1(M)

]
.

Example. If n = dimM , then every ϕ ∈ Ωn(M)
is closed, because Ωn+1(M) = 0.

Example. If f ∈ Ω0(M), then f is closed ⇐⇒
f is locally constant.

0 = df =
∑ ∂f

∂xj
dxj

Locally constant = constant on nbhd each point
Locally constant = const on each component of M
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Closed Forms. A differential form ϕ ∈ Ωk(M)
is said to be closed if

dϕ = 0.

In other words

{closed k-forms on M} = ker
[
d : Ωk(M)→ Ωk+1(M)

]
.

Example. If n = dimM , then every ϕ ∈ Ωn(M)
is closed, because Ωn+1(M) = 0.

Example. If f ∈ Ω0(M), then f is closed ⇐⇒
f is constant on each connected component of M .
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Closed Forms. A differential form ϕ ∈ Ωk(M)
is said to be closed if

dϕ = 0.

In other words

{closed k-forms on M} = ker
[
d : Ωk(M)→ Ωk+1(M)

]
.

Example. If n = dimM , then every ϕ ∈ Ωn(M)
is closed, because Ωn+1(M) = 0.

Example. If f ∈ Ω0(M), then f is closed ⇐⇒
f is constant if M is connected.
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How can we manufacture closed forms?

Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)x

d2

Recall: d2 = 0.

d2(fdxI) = d
[
d(fdxI)

]
= d

∑
j

∂f

∂xj
dxj ∧ dxI


=
∑
i,j

∂2f

∂xi∂xj
dxi ∧ dxj ∧ dxI

=
∑
i<j

(
∂2f

∂xi∂xj
− ∂2f

∂xj∂xi

)
dxi ∧ dxj ∧ dxI
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How can we manufacture closed forms?

Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)x

d2

Recall: d2 = 0.

d2(fdxI) = d
[
d(fdxI)

]
= d

∑
j

∂f

∂xj
dxj ∧ dxI


=
∑
i,j

∂2f

∂xi∂xj
dxi ∧ dxj ∧ dxI

=
∑
i<j

(
∂2f

∂xi∂xj
− ∂2f

∂xj∂xi

)
dxi ∧ dxj ∧ dxI

= 0.
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How can we manufacture closed forms?

Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)x

d2

Recall: d2 = 0.

d2(fdxI) = 0d
[
d(fdxI)

]
Applying this term-by-term to

ϕ =
∑
|I|=k

ϕIdx
I

now gives
d2ϕ = 0.
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How can we manufacture closed forms?

Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)x

d2

Recall: d2 = 0.

Upshot: If ψ = dϕ, then ψ is closed.

Definition.
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How can we manufacture closed forms?

Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)x

d2

Recall: d2 = 0.

Upshot: If ψ = dϕ, then ψ is closed.

Definition. If ψ ∈ Ωk(M) can be written as

ψ = dϕ

for some ϕ ∈ Ωk−1(M), we say that ψ in an
exact form.

Thus
exact =⇒ closed.
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How can we manufacture closed forms?

Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)x

d2

Recall: d2 = 0.

Upshot: If ψ exact, then ψ is closed.

exact =⇒ closed.
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exact =⇒ closed.

What about converse?

exact ⇐=? closed

Answer: It depends!

It depends on the manifold M !

Let’s see this via some examples.
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Let ω ∈ Ωn(Rn) be a smooth n-form on Rn:

ω = f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

for some smooth function f : Rn C∞−→ R.

Remember: ω is closed, because Ωn+1(Rn) = 0.
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Let M be an oriented n-manifold-with-boundary.

Let ω be compactly supported (n− 1)-form on M .

One usually abbreviates this as:

Then ∫
M dω =
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∂M ω
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Let M be a compact oriented n-manifold, ∂M = ∅.
Let ω be any smooth (n− 1)-form on M .

One usually abbreviates this as:

Then ∫
M dω =

∫
∅ ω
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Let M be a compact oriented n-manifold, ∂M = ∅.
Let ω be any smooth (n− 1)-form on M .

∫
M
dω = 0
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Let M be a compact oriented n-manifold, ∂M = ∅.
Let ω be any smooth (n− 1)-form on M .

∫
M
dω = 0
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Let M be a compact oriented n-manifold, ∂M = ∅.
Let ω be any smooth (n− 1)-form on M .

∫
M
dω = 0

But oriented n-manifold M carries n-form ψ with

ψ = f dx1 ∧ · · · ∧ dxn, f > 0

in every oriented chart, and this implies
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Let M be a compact oriented n-manifold, ∂M = ∅.
Let ω be any smooth (n− 1)-form on M .

∫
M
dω = 0

But oriented n-manifold M carries n-form ψ with

ψ = f dx1 ∧ · · · ∧ dxn, f > 0

in every oriented chart, and this implies∫
M
ψ > 0.
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Let M be a compact oriented n-manifold, ∂M = ∅.
Let ω be any smooth (n− 1)-form on M .

∫
M
dω = 0

But oriented n-manifold M carries n-form ψ with∫
M
ψ > 0
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Let M be a compact oriented n-manifold, ∂M = ∅.
Let ω be any smooth (n− 1)-form on M .

∫
M
dω = 0

But oriented n-manifold M carries n-form ψ with∫
M
ψ > 0

Thus ψ 6= dω for any (n− 1)-form ω.
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Let M be a compact oriented n-manifold, ∂M = ∅.
Let ω be any smooth (n− 1)-form on M .

∫
M
dω = 0

But oriented n-manifold M carries n-form ψ with∫
M
ψ > 0

∴ The closed form ψ is not exact.
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exact =⇒ closed.

What about converse?

exact ⇐=? closed

Answer: It depends!

It depends on the manifold M !
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exact =⇒ closed.

What about converse?

exact ⇐=? closed

Answer: It depends!

It depends on the manifold M !

This leads to interesting invariants of M . . .
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De Rham Cohomology:
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De Rham Cohomology:

(Named after Georges de Rham.)
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De Rham Cohomology:
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.

Image d ⊂ ker d
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.

exact =⇒ closed.
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.

Image d ⊂ ker d
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.

exact =⇒ closed.
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.

Image d ⊂ ker d
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.

Image d ⊂ ker d

Hk(M) :=
ker d : Ωk(M)→ Ωk+1(M)

Image d : Ωk−1(M)→ Ωk(M)
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.

exact =⇒ closed.

Hk(M) :=
{closed k-forms}
{exact k-forms}
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.

Image d ⊂ ker d

Hk(M) :=
ker d : Ωk(M)→ Ωk+1(M)

Image d : Ωk−1(M)→ Ωk(M)
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De Rham Cohomology:

De Rham complex:

· · · d→ Ωk−1(M)
d→ Ωk(M)

d→ Ωk+1(M)
d→ Ωk+2(M)

d→ · · ·x

d2

Complex: d2 = 0.

exact =⇒ closed.

Hk(M) :=
{closed k-forms}
{exact k-forms}
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}
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De Rham Cohomology:

Hk
dR(M) :=

{closed k-forms}
{exact k-forms}
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

This is a vector space over R.
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

This is a vector space over R.

In particular, an additive group.
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

This is a vector space over R.

In particular, an additive group.

Sometimes called a “cohomology group” . . .
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

Example. Let M be a connected manifold.
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

Example. Let M be a connected manifold.

Ω−1(M)
d→ Ω0(M)

d→ Ω1(M)
d→ · · ·
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

Example. Let M be a connected manifold.

· · · d→ 0
d→ Ω0(M)

d→ Ω1(M)
d→ · · ·
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De Rham Cohomology:

Hk(M) :=
ker d : Ωk(M)→ Ωk+1(M)

Image d : Ωk−1(M)→ Ωk(M)

Example. Let M be a connected manifold.

· · · d→ 0
d→ Ω0(M)

d→ Ω1(M)
d→ · · ·

116



De Rham Cohomology:

Hk(M) :=
ker d : Ωk(M)→ Ωk+1(M)

Image d : Ωk−1(M)→ Ωk(M)

Example. Let M be a connected manifold.

· · · d→ 0
d→ Ω0(M)

d→ Ω1(M)
d→ · · ·

H0(M) = R.
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De Rham Cohomology:

Hk(M) :=
ker d : Ωk(M)→ Ωk+1(M)

Image d : Ωk−1(M)→ Ωk(M)

Example. Let M be a connected manifold.

· · · d→ 0
d→ Ω0(M)

d→ Ω1(M)
d→ · · ·

H0(M) = R.

Example. Or if M has ` connected components,

H0(M) = R`.
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De Rham Cohomology:

Hk(M) :=
ker d : Ωk(M)→ Ωk+1(M)

Image d : Ωk−1(M)→ Ωk(M)
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

Example. Since every n-form on Rn is exact,

Hn(Rn) = 0.
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

Example. Since every n-form on Rn is exact,

Hn(Rn) = 0.

Example. LetM be a compact oriented n-manifold
(without boundary).
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

Example. Since every n-form on Rn is exact,

Hn(Rn) = 0.

Example. LetM be a compact oriented n-manifold
(without boundary).

· · · d→ Ωn−1(M)
d→ Ωn(M)

d→ 0→ · · ·
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

Example. Since every n-form on Rn is exact,

Hn(Rn) = 0.

Example. LetM be a compact oriented n-manifold
(without boundary).
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

Example. Since every n-form on Rn is exact,

Hn(Rn) = 0.

Example. LetM be a compact oriented n-manifold
(without boundary).

By Stokes’, not every n-form on M is exact.
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

Example. Since every n-form on Rn is exact,

Hn(Rn) = 0.

Example. LetM be a compact oriented n-manifold
(without boundary).

By Stokes’, not every n-form on M is exact.

But every n-form is closed. So:
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De Rham Cohomology:

Hk(M) :=
{closed k-forms}
{exact k-forms}

Example. Since every n-form on Rn is exact,

Hn(Rn) = 0.

Example. LetM be a compact oriented n-manifold
(without boundary).

By Stokes’, not every n-form on M is exact.

But every n-form is closed. So:

Hn(Mn) 6= 0.
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Coming Attractions:
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Coming Attractions:

Poincaré Lemma.
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Coming Attractions:

Poincaré Lemma.

Hk(Rn) =

{
R if k = 0,

0 otherwise.
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Coming Attractions:

Poincaré Lemma.

Hk(Rn) =

{
R if k = 0,

0 otherwise.

Theorem.
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Coming Attractions:

Poincaré Lemma.

Hk(Rn) =

{
R if k = 0,

0 otherwise.

Theorem. If Mn is a smooth compact, connected,
oriented n-manifold (without boundary), then
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Coming Attractions:

Poincaré Lemma.

Hk(Rn) =

{
R if k = 0,

0 otherwise.

Theorem. If Mn is a smooth compact, connected,
oriented n-manifold (without boundary), then
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Coming Attractions:

Poincaré Lemma.

Hk(Rn) =

{
R if k = 0,

0 otherwise.

Theorem. If Mn is a smooth compact, connected,
oriented n-manifold (without boundary), then
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Coming Attractions:

Poincaré Lemma.

Hk(Rn) =

{
R if k = 0,

0 otherwise.

Theorem. If Mn is a smooth compact, connected,
oriented n-manifold (without boundary), then

Hn(Mn) ∼= R,
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Coming Attractions:

Poincaré Lemma.

Hk(Rn) =

{
R if k = 0,

0 otherwise.

Theorem. If Mn is a smooth compact, connected,
oriented n-manifold (without boundary), then

Hn(Mn) ∼= R,
where the isomorphism is given by
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Coming Attractions:

Poincaré Lemma.

Hk(Rn) =

{
R if k = 0,

0 otherwise.

Theorem. If Mn is a smooth compact, connected,
oriented n-manifold (without boundary), then

Hn(Mn) ∼= R,
where the isomorphism is given by

[ψ] 7−→
∫
M
ψ.
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Coming Attractions:

Poincaré Lemma.

Hk(Rn) =

{
R if k = 0,

0 otherwise.

Theorem. If Mn is a smooth compact, connected,
oriented n-manifold (without boundary), then

Hn(Mn) ∼= R,
where the isomorphism is given by

[ψ] 7−→
∫
M
ψ.

That is, an n-form is exact iff its integral = 0.
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