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Orientations.

Definition. A smooth n-manifold is said to be
orientable if it admits an atlas for which all the
transition functions Φα ◦ Φβ

−1 have Jacobian
matrices of positive determinant:

det d(Φα ◦ Φβ
−1) > 0.

Definition. An orientation for M is a maximal
atlas with this property.

Theorem. A smooth n-manifold is orientable iff
it carries a smooth n-form ω ∈ Ωn(M) which is
everywhere non-zero:

ω 6= 0.
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ω̃ = fω

for some smooth positive function f : M → R+.

Proposition. Let M be a smooth n-manifold.
Then M is orientable ⇐⇒

ΛnT ∗M →M

is trivial as a vector bundle.

Notice that ΛnT ∗pM ∼= R for every p ∈M .

So ΛnT ∗pM − {0} ∼= R − {0} has two connected
components.

Proposition. Suppose M is a smooth connected
n-manifold. Then M is orientable ⇐⇒

ΛnT ∗M − 0M

has two connected components.
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M̃ := (ΛnT ∗M − 0M )/R+

This comes equipped with a 2-to-1 map M̃ →M .

A point p̃ ∈ M̃ consists of

• a point p ∈M ; and

• an orientation of TpM .

In particular, M̃ is oriented.

Proposition. Suppose that M is a connected,
non-orientable manifold. Then there is a 2-to-1
covering map M̃ →M , where M̃ is a connected,
orientable manifold.

Corollary. Any simply connected manifold M is
orientable.
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If M is an oriented manifold-with-boundary,
its boundary ∂M therefore inherits an orientation.

Our convention: out-pointing orientation.

If ω ∈ Ωn(M) orientation-compatible,
and V ∈ TpM out-pointing at some p ∈ ∂M ,
then Vyω orientation-compatible on ∂M .

56



Integrating n-forms on Rn.

57



Integrating n-forms on Rn.

Let ω ∈ Ωn0 (Rn) be a compactly supported smooth
n-form on Rn.

58



Integrating n-forms on Rn.

Let ω ∈ Ωn0 (Rn) be a compactly supported smooth
n-form on Rn.

That is, let

59



Integrating n-forms on Rn.

Let ω ∈ Ωn0 (Rn) be a compactly supported smooth
n-form on Rn.

That is, let

ω = f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

60



Integrating n-forms on Rn.

Let ω ∈ Ωn0 (Rn) be a compactly supported smooth
n-form on Rn.

That is, let

ω = f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

for some smooth, compactly supported function f :

61



Integrating n-forms on Rn.

Let ω ∈ Ωn0 (Rn) be a compactly supported smooth
n-form on Rn.

That is, let

ω = f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

for some smooth, compactly supported function f :

f : Rn C
∞
→ R, f ≡ 0 outside some large ball.

62



Integrating n-forms on Rn.

Let ω ∈ Ωn0 (Rn) be a compactly supported smooth
n-form on Rn.

That is, let

ω = f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

for some smooth, compactly supported function f :

f : Rn C
∞
→ R, f ≡ 0 outside some large ball.

We may then define

63



Integrating n-forms on Rn.

Let ω ∈ Ωn0 (Rn) be a compactly supported smooth
n-form on Rn.

That is, let

ω = f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

for some smooth, compactly supported function f :

f : Rn C
∞
→ R, f ≡ 0 outside some large ball.

We may then define∫
Rn
ω =

∫
Rn
f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

64



Integrating n-forms on Rn.

Let ω ∈ Ωn0 (Rn) be a compactly supported smooth
n-form on Rn.

That is, let

ω = f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

for some smooth, compactly supported function f :

f : Rn C
∞
→ R, f ≡ 0 outside some large ball.

We may then define∫
Rn
ω =

∫
Rn
f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

to just mean the iterated integral

65



Integrating n-forms on Rn.

Let ω ∈ Ωn0 (Rn) be a compactly supported smooth
n-form on Rn.

That is, let

ω = f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

for some smooth, compactly supported function f :

f : Rn C
∞
→ R, f ≡ 0 outside some large ball.

We may then define∫
Rn
ω =

∫
Rn
f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

to just mean the iterated integral∫ ∞
−∞
· · ·
∫ ∞
−∞

f (x1, . . . , xn)dx1 · · · dxn

66



Integrating n-forms on Rn.

Let ω ∈ Ωn0 (Rn) be a compactly supported smooth
n-form on Rn.

That is, let

ω = f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

for some smooth, compactly supported function f :

f : Rn C
∞
→ R, f ≡ 0 outside some large ball.

We may then define∫
Rn
ω =

∫
Rn
f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

to just mean the iterated integral∫ ∞
−∞
· · ·
∫ ∞
−∞

f (x1, . . . , xn)dx1 · · · dxn

which then, by Fubini’s theorem, agrees with the
Lebesgue integral of f on Rn.

67



Integrating n-forms on Hn.

68



Integrating n-forms on Hn.

Similar for compactly supported n-form ω ∈ Ωn0 (Hn)

on the half-space Hn = {(x1, . . . , xn) | x1 ≤ 0}.

69



Integrating n-forms on Hn.

Similar for compactly supported n-form ω ∈ Ωn0 (Hn)

on the half-space Hn = {(x1, . . . , xn) | x1 ≤ 0}.
That is, let

ω = f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

for some smooth, compactly supported function f :

f : Hn C
∞
→ R, f ≡ 0 outside large half-ball.

70



Integrating n-forms on Hn.

Similar for compactly supported n-form ω ∈ Ωn0 (Hn)

on the half-space Hn = {(x1, . . . , xn) | x1 ≤ 0}.
That is, let

ω = f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

for some smooth, compactly supported function f :

f : Hn C
∞
→ R, f ≡ 0 outside large half-ball.

We may then define∫
Hn
ω =

∫
Hn
f (x1, . . . , xn) dx1 ∧ dx2 ∧ · · · ∧ dxn

71



Integrating n-forms on Hn.

Similar for compactly supported n-form ω ∈ Ωn0 (Hn)

on the half-space Hn = {(x1, . . . , xn) | x1 ≤ 0}.
That is, let

ω = f (x1, . . . , xn) dx1 ∧ · · · ∧ dxn

for some smooth, compactly supported function f :

f : Hn C
∞
→ R, f ≡ 0 outside large half-ball.

We may then define∫
Hn
ω =

∫
Hn
f (x1, . . . , xn) dx1 ∧ dx2 ∧ · · · ∧ dxn

to just mean the iterated integral∫ ∞
−∞
· · ·
∫ ∞
−∞

∫ 0

−∞
f (x1, . . . , xn)dx1dx2 · · · dxn

which then, by Fubini’s theorem, agrees with the
Lebesgue integral of f on Hn.

72



Integrating n-forms on Rn.

73
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If F : Rn→ Rn is an orientation-preserving diffeo-
morphism, then ∫

Rn
F ∗ω =

∫
Rn
ω

because the classical change-of-variable formula says∫
Rn
f (~y)|dy|n =

∫
Rn
f (~y(~x))

∣∣∣∣∣det

(
∂yj

∂xk

)∣∣∣∣∣ |dx|n
(Diffeomorphism F sends a small cube of volume ε
roughly to an parallepiped of volume ε|det dF |.)
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If F : Rn→ Rn is an orientation-preserving diffeo-
morphism, then ∫

Rn
F ∗ω =

∫
Rn
ω

because the classical change-of-variable formula says∫
Rn
f (~y)|dy|n =

∫
Rn
f (~y(~x))

∣∣∣∣∣det

(
∂yj

∂xk

)∣∣∣∣∣ |dx|n
Compatible with integration of n-forms because

dy1 ∧ · · · ∧ dyn = det

(
∂yj

∂xk

)
dx1 ∧ · · · ∧ dxn

and det
(
∂yj

∂xk

)
> 0 if orientation-preserving.
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If F : Rn→ Rn is an orientation-preserving diffeo-
morphism, then ∫
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F ∗ω =

∫
Rn
ω

because the classical change-of-variable formula says∫
Rn
f (~y)|dy|n =

∫
Rn
f (~y(~x))

∣∣∣∣∣det

(
∂yj

∂xk

)∣∣∣∣∣ |dx|n
However, notice that if F : Rn→ Rn were orientation-
reversing, we would instead have∫

Rn
F ∗ω = −

∫
Rn
ω
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Integrating n-forms on Rn.

If F : Rn→ Rn is an orientation-preserving diffeo-
morphism, then ∫

Rn
F ∗ω =

∫
Rn
ω

because the classical change-of-variable formula says∫
Rn
f (~y)|dy|n =

∫
Rn
f (~y(~x))

∣∣∣∣∣det

(
∂yj

∂xk

)∣∣∣∣∣ |dx|n
However, notice that if F : Rn→ Rn were orientation-
reversing, we would instead have∫

Rn
F ∗ω = −

∫
Rn
ω

so orientation is crucial for us!
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If F : Rn→ Rn is an orientation-preserving diffeo-
morphism, then ∫

Rn
F ∗ω =

∫
Rn
ω

83



Integrating n-forms on Hn.

Similarly, if F : Hn→ Hn is an orientation-preserving
diffeomorphism, then∫

Hn
F ∗ω =

∫
Hn
ω
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Integration on Manifolds:

If M is an oriented n-manifold, and if ω ∈ Ωn0 (M)

is any compactly supported smooth n-form on M ,

we can now define
∫
M ω as follows:

• cover the support of ω with finitely many coor-
dinate domains U1, . . . , U `;

• on each U j choose an oriented coordinate system

Φj : U j → Rn;

• write ω as

ω = ω1 + · · · + ω`
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Integration on Manifolds:

If M is an oriented n-manifold, and if ω ∈ Ωn0 (M)

is any compactly supported smooth n-form on M ,

we can now define
∫
M ω as follows:

• cover the support of ω with finitely many coor-
dinate domains U1, . . . , U `;

• on each U j choose an oriented coordinate system

Φj : U j → Rn;

• write ω as

ω = ω1 + · · · + ω`

where ωj is compactly supported in U j;
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Integration on Manifolds:

If M is an oriented n-manifold, and if ω ∈ Ωn0 (M)

is any compactly supported smooth n-form on M ,

we can now define
∫
M ω as follows:

• cover the support of ω with finitely many coor-
dinate domains U1, . . . , U `;

• on each U j choose an oriented coordinate system

Φj : U j → Rn;

• write ω as

ω = ω1 + · · · + ω`

where ωj is compactly supported in U j;

• set
∫
M ωj :=

∫
U j
ωj =

∫
Rn(Φ−1

j )∗ωj; and
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Integration on Manifolds:

If M is an oriented n-manifold, and if ω ∈ Ωn0 (M)

is any compactly supported smooth n-form on M ,

we can now define
∫
M ω as follows:

• cover the support of ω with finitely many coor-
dinate domains U1, . . . , U `;

• on each U j choose an oriented coordinate system

Φj : U j → Rn;

• write ω as

ω = ω1 + · · · + ω`

where ωj is compactly supported in U j;

• set
∫
M ωj :=

∫
U j
ωj =

∫
Rn(Φ−1

j )∗ωj; and

• define
∫
M ω :=

∫
M ω1 + · · · +

∫
M ω`.
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If M is an oriented n-manifold, and if ω ∈ Ωn0 (M)

is any compactly supported smooth n-form on M ,

we can now define
∫
M ω as follows:

∫
M
ω :=

∫
M
ω1 + · · · +

∫
M
ω`

where each n-form ωj is compactly supported in an
oriented coordinate domain.
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Integration on Manifolds:

If M is an oriented n-manifold, and if ω ∈ Ωn0 (M)

is any compactly supported smooth n-form on M ,

we can now define
∫
M ω as follows:

∫
M
ω :=

∫
M
ω1 + · · · +

∫
M
ω`

where each n-form ωj is compactly supported in an
oriented coordinate domain.

Proposition. This is independent of choices.
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Integration on Manifolds-with-Boundary:

Similarly, ifM is an oriented n-manifold-with-boundary,

and ω ∈ Ωn0 (M) compactly supported n-form, just

allow some charts to take values in Hn, and set:

∫
M
ω :=

∫
M
ω1 + · · · +

∫
M
ω`

where each n-form ωj is compactly supported in an
oriented coordinate domain.
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and ω ∈ Ωn0 (M) compactly supported n-form, just

allow some charts to take values in Hn, and set:

∫
M
ω :=

∫
M
ω1 + · · · +

∫
M
ω`

where each n-form ωj is compactly supported in an
oriented coordinate domain.

Proposition. This is independent of choices.
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Let M be an oriented n-manifold with boundary.
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Let M be an oriented n-manifold-with-boundary.
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Let M be an oriented n-manifold-with-boundary.

Let ω be compactly supported (n− 1)-form on M .
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Let M be an oriented n-manifold-with-boundary.

Let ω be compactly supported (n− 1)-form on M .

Let j : ∂M ↪→M be the inclusion map.
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Let M be an oriented n-manifold-with-boundary.

Let ω be compactly supported (n− 1)-form on M .

Let j : ∂M ↪→M be the inclusion map.

Then ∫
M dω =

∫
∂M j∗ω
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Let M be an oriented n-manifold-with-boundary.

Let ω be compactly supported (n− 1)-form on M .

One usually abbreviates this as:

Then ∫
M dω =

∫
∂M ω
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Let M be an oriented n-manifold-with-boundary.

Let ω be compactly supported (n− 1)-form on M .

Cartoon slogan version:

Then

d = ∂
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Let M be an oriented n-manifold-with-boundary.

Let ω be compactly supported (n− 1)-form on M .

One usually abbreviates this as:

Then ∫
M dω =

∫
∂M ω

Modern form due to Élie Cartan (1945).
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Let M be an oriented n-manifold-with-boundary.

Let ω be compactly supported (n− 1)-form on M .

One usually abbreviates this as:

Then ∫
M dω =

∫
∂M ω

Classical special case due to Lord Kelvin (1854).
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∫
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