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→ R

be the determinant:
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φ = det = e1 ∧ e2 ∧ · · · ∧ en
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...
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...
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∑
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Alternating Part.

There is an important projection

Alt : ⊗kV∗→ ΛkV∗

defined by

[Alt(φ)](V1, . . . ,Vk) =
1

k!

∑
σ∈Sk

(−1)σφ(Vσ(1), . . . ,Vσ(k)).

This is a projection, in the sense that

Alt ◦ Alt = Alt.

Notice that

e1 ∧ · · · ∧ ek = k! Alt(e1 ⊗ · · · ⊗ ek).
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spaces
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k

→ R},

and we can now construct vector bundles

$ : ΛkT ∗M →M

ΛkT ∗M =
∐
p∈M

ΛkT ∗pM
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Differential forms.

If M is a smooth manifold, we thus have vector
spaces

ΛkT ∗pM = {Alternating TpM × TpM × · · · × TpM︸ ︷︷ ︸
k

→ R},

and we can now construct vector bundles

$ : ΛkT ∗M →M

which are of sub-bundles of ⊗kT ∗M .

Elements of the space of smooth sections

Ωk(M) := Γ(ΛkT ∗M)

are called the differential k-forms on M .

99



Example. If we give R3 coordinates (x, y, z),

100



Example. If we give R3 coordinates (x, y, z),

u(x, y, z) dx + v(x, y, z) dy + w(x, y, z) dz

101



Example. If we give R3 coordinates (x, y, z),

u(x, y, z) dx + v(x, y, z) dy + w(x, y, z) dz

is the most general 1-form ∈ Ω1(R3), and

102



Example. If we give R3 coordinates (x, y, z),

u(x, y, z) dx + v(x, y, z) dy + w(x, y, z) dz

is the most general 1-form ∈ Ω1(R3), and

u(x, y, z) dy∧dz+v(x, y, z) dz∧dx+w(x, y, z) dx∧dy

103



Example. If we give R3 coordinates (x, y, z),

u(x, y, z) dx + v(x, y, z) dy + w(x, y, z) dz
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u(x, y, z) dx + v(x, y, z) dy + w(x, y, z) dz

is the most general 1-form ∈ Ω1(R3), and

u(x, y, z) dy∧dz+v(x, y, z) dz∧dx+w(x, y, z) dx∧dy
is the most general 2-form ∈ Ω2(R3).

Because these both have 3 components, undergrad-
uates are usually taught to mistake these for vector
fields.
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u(x, y, z) dx + v(x, y, z) dy + w(x, y, z) dz

is the most general 1-form ∈ Ω1(R3), and

u(x, y, z) dy∧dz+v(x, y, z) dz∧dx+w(x, y, z) dx∧dy
is the most general 2-form ∈ Ω2(R3).

Similarly,

f (x, y, z) dx ∧ dy ∧ dz
is the most general 3-form ∈ Ω3(R3).

Undergraduates are usually taught to mistake this
for a function.
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Example. The general 2-form ϕ ∈ Ω2(R4) is

ϕ = ϕ12 dx
1 ∧ dx2 + ϕ34 dx

3 ∧ dx4

ϕ13 dx
1 ∧ dx3 + ϕ24 dx

2 ∧ dx4

ϕ14 dx
1 ∧ dx4 + ϕ23 dx

2 ∧ dx3
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ϕ = ϕ12 dx
1 ∧ dx2 + ϕ34 dx

3 ∧ dx4

ϕ13 dx
1 ∧ dx3 + ϕ24 dx

2 ∧ dx4

ϕ14 dx
1 ∧ dx4 + ϕ23 dx

2 ∧ dx3

where the ϕij = ϕij(x
1, . . . , x4) are arbitrary smooth

functions of the coordinates (x1, . . . , x4).

Nothing like a vector field!

Most ϕ ∈ Ω2(R4) cannot be written as a wedge
product α ∧ β of two 1-forms:

(α ∧ β) ∧ (α ∧ β) = −α ∧ α ∧ β ∧ β = 0.

(dx1∧dx2+dx3∧dx4)∧(dx1∧dx2+dx3∧dx4) = 2 dx1∧dx2∧dx3∧dx4.
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Example. The general k-form on Rn is

ϕ =
∑

1≤i1<···<ik≤n
ϕi1···ikdx

i1∧· · ·∧dxik ∈ Ωk(Rn),

where the

ϕi1···ik = ϕi1···ik(x
1, . . . , xn)

are arbitrary smooth functions of (x1, . . . , xn).

Such a form has
(n
k

)
components if 0 ≤ k ≤ n.

On the other hand, Ωk(Rn) = 0 if k < 0 or k > n.

Since any smooth n-manifold M is locally diffeo-
morphic to Rn, any ϕ ∈ Ωk(M) looks like this in
local coordinates.
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Example. The general k-form on Rn is

ϕ =
∑

1≤i1<···<ik≤n
ϕi1···ikdx

i1∧· · ·∧dxik ∈ Ωk(Rn),

where the

ϕi1···ik = ϕi1···ik(x
1, . . . , xn)

are arbitrary smooth functions of (x1, . . . , xn).

“Multi-index” abbreviated notation:

ϕ =
∑
|I|=k

ϕIdx
I

where I = i1 · · · ik.
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Exterior Derivative. We previously defined an
operator

d : C∞(M)→ Γ(T ∗M)

by
(du)(V) = Vu.

We now think of this as an operator

d : Ω0(M)→ Ω1(M).

On Rn, it takes the explicit form

du =
∂u

∂x1
dx1 + · · · + ∂u

∂xn
dxn.
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Exterior Derivative. We previously defined an
operator

d : C∞(M)→ Γ(T ∗M)

by
(du)(V) = Vu.

We now think of this as an operator

d : Ω0(M)→ Ω1(M).

On Rn, it takes the explicit form

du =

n∑
i=1

∂u

∂xi
dxi.
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Exterior Derivative. We now generalize this to
an operator

d : Ωk(M)→ Ωk+1(M).

This is best first done in local coordinates.

On Rn, it takes the explicit form

d

∑
|I|=k

ϕIdx
I

 =
∑
|I|=k

(dϕI) ∧ dxI
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Exterior Derivative. We now generalize this to
an operator

d : Ωk(M)→ Ωk+1(M).

This is best first done in local coordinates.

On Rn, it takes the explicit form

d

∑
|I|=k

ϕIdx
I

 =
∑
|I|=k

(dϕI) ∧ dxI

=
∑

j,|I|=k

∂ϕI
∂xj

dxj ∧ dxI .
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Pull-backs. If

F : M → N

any smooth map, there is an induced “pull-back”
map

F ∗ : Ωk(N)→ Ωk(M)

for every k.

Notice this “goes backwards:”

Ωk(M)
F ∗←− Ωk(N)

M
F−→ N
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Exterior Derivative. We now generalize this to
an operator

d : Ωk(M)→ Ωk+1(M).

Key properties:

• Linear, as a map of real vector spaces;

•Given by our previous definition on Ω0;

• Commutes with pull-backs:

d(F ∗ϕ) = F ∗dϕ

for any smooth map F ;

• d2 = d ◦ d = 0; and

•Obeys the following Leibniz rule:

d(ϕ ∧ ψ) = (dϕ) ∧ ψ + (−1)kϕ ∧ dψ
where k is the degree of ϕ.
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