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We investigate the conformal welding problem, which is a way of taking quotients of Riemann
surfaces by identifying points on their boundaries. The existence and uniqueness of this
operation is in general difficult to determine. Our focus is on weldings which exhibit branching
so that the resulting boundary interfaces are dendrites. We show that the welding relation
associated to certain Julia sets in complex dynamics satisfies a regularity condition analogous
to the classical quasisymmetry condition. We also show that the Brownian lamination, a

random welding relation related to the continuum random tree, has a unique solution.
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Chapter 1

INTRODUCTION

Let D; and D, be topological spaces, and let ~ be an equivalence relation on the
disjoint union D; U Dy. It is an elementary fact of point set topology that there is a unique
(modulo homeomorphism) quotient space Q :== Dy U Dy/ ~ together with a quotient map
7w D1 U Dy — (@ with the following universal property.

If fi: Dy —Y and fo: Dy — Y are continuous maps into any other topological space Y,
and if f; and f, are consistent with ~ in the sense that x ~y = fi1(x) = f2(y), then there
is a unique continuous map f: Q — Y such that for = f; U fo.

Informally speaking, we can say that ) is the result of gluing Dy and Dy via ~, and this
construction is fundamental in all of mathematics.

This thesis is concerned with an analogous problem in the category of Riemann surfaces,
the so called ‘conformal welding problem’ [31]. In this setting the existence of the ‘quotient’
is in general not guaranteed to exist, and even when it does, it is not necessarily unique.

A common special case is when the D; = D and D, = D* := C\D are the closed unit disk
and the exterior of the unit disk respectively. Suppose v C C is a Jordan curve and let O, Py
be conformal maps from D, D* onto the bounded and unbounded complementary components
of (@\7 respectively. By Carathéodory’s theorem, ¢_ and ¢, extend continuously to their
common boundaries . The welding homeomorphism® associated to 7 is the homeomorphism

h:=¢;'o¢_:0D — ID. See Figure 1.1.

!'Note that we have abused language here because h is only defined up to pre and post composition by
Mobius transformations of the circle (since pre-composing ¢_ or ¢4 by a Mobius transformation of the
disk yields another conformal map onto a component of C\7y).



Figure 1.1: The left hand side depicts a homeomorphism A : 0D — 0D*. We have drawn
OD* slightly larger than dD so that the homeomorphism is visible. On the right hand side, a
sketch of the curve 7, a solution to the welding problem, is shown. It has the property that

¢_ = ¢, oh on ID, where ¢_ and ¢, are Riemann maps onto the components of C\~.

Conversely, let A : 0D — JD be homeomorphism, which can be interpreted as an
equivalence relation on the boundaries of D and D,. In this setting, the conformal welding
problem is to find a Jordan curve v C C for which A is a welding homeomorphism for v. The
resulting curve is said to be the? conformal welding of h. This can be related to the preceding
discussion by using the solution ¢_, ¢, to construct conformal charts for the topological
quotient sphere D L, D*.

In this way we obtain a partial correspondence between homeomorphisms A : St — S*
and Jordan curves in the plane (modulo some equivalence relations). For example, the
homeomorphism h(z) = z on S! corresponds to the curve v = 9D.

For general homeomorphisms, it is difficult to determine whether a welding exists, and

even when existence is known, it is not always clear that the solution is unique (up to Mobius

2 Again, an abuse of language because the image of v under any Mobius transformation of C has the same
welding homeomorphism h.



transformations).

1.1 Examples of Conformal Welding

In the examples below, instead of welding together D and D* as above, we may also weld
together the upper and lower half planes H, ,H_. The definitions are similar, and the
examples can be transported into the setting described above via Mobius maps. Here, the
welding homeomorphism is a map h : R — R and a solution is an infinite arc v in C with

both endpoints at oo.

Example 1.1.1. Let h: R — R be defined by h(z) = 2*. Let v = [0,00) U [0, 00). Then
b (2) = 22 and ¢_(2) = 2*? map H, and H_ respectively onto the complementary compo-
nents of C\~y. Furthermore, we have ¢7' o ¢_ = h on R, so h is a welding homeomorphism
for .

More generally, for a > 1, h(z) = z|z|*"! is a welding homeomorphism for v = [0, c0) U

627ri(1+a)*1 [07 OO)

A small modification of the first example gives an example of a homeomorphism that has

no welding solution. This example is even piecewise real analytic.

Example 1.1.2 ([49, Example 1]). Let A : R — R be defined by h(z) = x for x < 0, and
h(z) = a3 for z > 0. The welding problem for i does not have a solution. To see this,
suppose for contradiction that v C C is a solution and let ¢, and ¢_ be the conformal maps
from the upper and lower half planes to the complementary components of C\7 such that
h=¢' o¢_. We will use this to construct an analytic covering map 7 : H — C\{y(0)},
which is a contradiction.

For integer k, define the conformal maps 7 : R x (i3%,43*"!) — C\[0,00) by 7%(2) =

2—3ki
¢”"FFF from the strip to the slit plane.

Next define m(z) = ¢y omi(2) if z € HT and mi(2) = p_ o 7(2) if 7¢(2) € H™, see Figure
1.2.
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Figure 1.2: The conformal map 7, maps the strip R x (i3%,i3*1) onto C\{v(0)}, via the
maps ¢, and ¢_. The maps 7, and 7,4, agree on the line Imz = 3¥*!, so the collection of
maps (7x)rez extends to a continuous map H — C\{7(0)}. Indeed this map is an analytic

covering map, which is a contradiction.

Observe that the maps 7, and 7,1 extend to the boundary of their domains, and, because
(¢_,¢y) is a solution the welding problem h, they are equal on the common boundary
Imz = 3!, Thus the maps 7 glue together to form a continuous map 7 on the upper half
plane H = U(R x [i3*,43%1]). This map is a topological covering map 7 : H — C\{7(0)}. By
construction, the map is analytic except on a countable union of horizontal lines. By Morera’s
theorem, 7 is actually analytic on H, and so 7 is an analytic covering H — C\{~(0)}. This
contradicts the fact that the universal covering space of C\{v(0)} is the plane and not the
half plane.

Another way to derive a contradiction is to consider the modulus (see Section 2.3) of
the family of loops surrounding (0) and contained in a small neighbourhood of ~(0). This
modulus should be infinite, but one can show that if v solves the welding problem A, then

the modulus is actually finite, which is a contradiction. See [49, Example 1] for details.

If v is a solution to the welding problem h, the question of whether this is the unique
solution is closely related (but not necessarily equivalent, see [59, Question 1.2]) to the
conformal removability of the set v. We say that K C C is conformally removable for

homeomorphisms if the following implication holds: if ¢ : C—Cisa homeomorphism which



is conformal on C\K , then ¢ is conformal.

Proposition 1.1.3. If v is a solution to the welding problem h, and it is conformally
removable for homeomorphisms, then in fact vy is the unique (up to Mébius) solution the

welding problem.

Proof. Let p_ and ¢, be the conformal maps into complementary components of @\’y such
that h = @;1ogo_. Suppose 7 C C is another solution, and let ¢_ and @, be the corresponding
conformal maps.

DeﬁneT:@—H@by

5 o Mz if z (D
) = P-o0p” (2) € v (D) 1)

Prowil(z) if 2z € py (D),
Then 7 is well defined and continuous, and it is a homeomorphism, so by the definition of

conformal removability, we have that 7 is a Mobius transformation. O]

Examples of welding homeomorphisms that do not have unique solutions can be found in
[12].

We have seen that conformal welding gives a partial correspondence between homeomor-
phisms (up to Mébius equivalence) and Jordan curves in C (up to Mébius equivalence). It is
natural to ask for classes of homeomorphisms for which this correspondence is a bijection.
The following classical result says that the welding problem for quasisymmetric homeomor-
phisms always has a unique solution. It also characterizes the geometry of the solution 7. A
homeomorphism A : 0D — JD* is said to be K-quasisymmetric if diamh(/) < Kdiamh(J)
whenever I, J C 0D are adjacent arcs of the same length. A Jordan curve 7 is said to be a
K-quasicircle if for all z,y € ~, we have diamc(7,,) < K|z — y|. Here ~,, is the smallest
component of Y\{z,y}.

All bi-Lipschitz homeomorphisms are quasisymmetric, and similarly all bi-Lipschitz loops

are quasicircles. An example of a quasicircle is the Koch snowflake.



Theorem 1.1.4 (Fundamental Theorem of Conformal Welding [50]). If h is quasisymmetric,
then it has a unique (up to Mdbius transformation) welding v C C. Moreover, a Jordan curve

v is a quasicircle if and only if its welding homeomorphism is quasisymmetric.

In many modern applications, the quasisymmetry condition for conformal welding is not
sufficient. In the calculus of random geometry developed by Duplantier, Miller and Sheffield,
[22], the welding of ‘random surfaces’ (which are, roughly speaking, Riemann surfaces
equipped with a certain random volume and boundary measures) along their boundaries is a
fundamental operation. Here the welding homeomorphism A : 9S; — 095 is chosen so that
the boundary measures vy, 5 of the surfaces are consistent, h,v; = vs.

Roughly speaking, the quasisymmetry condition is a regularity condition on each scale,
however, for random homeomorphisms, it is almost always the case that the regularity
condition will be violated at infinitely many scales. Recent work [7] in this direction has
shown that ‘regularity at most scales’ suffices to show that the welding has a solution.

So far we have considered the problem of welding two disks (or half planes) along their
boundaries via a homeomorphism to yield a sphere (or plane) with a distinguished simple
curve. It is natural to generalize this and consider the welding problem for an arbitrary
equivalence relation on the boundary of (the union of) Riemann surfaces.

For instance, if h is a homeomorphism from the upper semicircle 9D N H* to the lower
semicircle 9D NH-, this induces a welding problem where the solution is a simple arc v which
has the property ¢ = ¢ o h on D, where ¢ : D* — C\~ is a conformal map.

In this thesis we will be interested in the case when D* is welded via an equivalence
relation ~ on JD*. A solution in this case is a compact connected set K C C for which
the conformal map ¢ : D* — C\ K extends continuously to the boundary and «(z) = ¢(y) iff
x ~ vy, see Figures 1.3, 1.7b and 1.8b. We will remove the Mcbius freedom by requiring the
normalization ¢(z) = z + o(1) as z — oo.

The topology of the solution set K can be much more complicated than in the classical

case of a Jordan curve, and indeed the possibility of ‘branch points’ presents additional



D*

Figure 1.3: The left hand side depicts a equivalence relation ~ on 9D*. Points on 0D* are
identified under ~ if there is a curve in D connecting them. There are only finitely many
(three) non-trivial equivalence classes. The conformal map ¢ on D* extends to the boundary

and makes the identifications given specified by ~.

difficulties.

Example 1.1.5. If ~ is an equivalence relation on 0D* such that each equivalence class is
finite, and there are only finitely many nontrivial equivalence classes (Figure 1.3), then it
not too hard to show that a welding exists, by using the classical Riemann uniformization
theorem.

Note that in this case, the solution is highly non-unique (even with the normalization
1(z) = z+ o(1)). Given a solution we can construct another solution by the following
procedure. Let D C K be an open disk, and let ¢ be any non-identity conformal mapping on

C\ K such that ¢(z) = z 4 o(1). Then ¢ o is another solution to the welding problem.

Example 1.1.6. Suppose K C C is a continuum, i.e. a locally connected, connected compact
set with more than 2 points. Let ¢ : D* — C\K be the unique conformal map with

1(z) = Az +o(1) as z — oo, for some A > 0. Suppose also that K has empty interior so



that if + : D* — C\K is a conformal map fixing oo, then ((0D*) = K. The lamination
associated to K is the equivalence relation on 0D* defined by z ~y <= (x) = (y). If K
is conformally removable, then by the same argument as Proposition 1.1.3, z — «¢(z/A) is the

unique (normalized) conformal map which solves the welding problem ~.

Example 1.1.7. Let p.(2) = 22 + ¢ be a quadratic polynomial. Its Julia set is the set of

points in C which are bounded under iteration by p.:
J={z¢€C:pl(z) is bounded in n}.

We say that p,. is strictly preperiodic if the orbit of the critical value ¢ is pre-periodic but not
periodic. It can be shown that the Julia set of such polynomials are dendrites. Thus this
family of Julia sets provides many examples of weldable laminations, see Figure 1.7. In fact,
the lamination can be computed easily without computing the conformal map. In Chapter 3

of this thesis, we investigate the regularity properties of this lamination.

Example 1.1.8 (True trees and Shabat polynomials). Let 7" be a finite combinatorial
plane tree with n edges. There is a natural way to represent 7' as a lamination (up to
rotation), by dividing OD* into 2n arcs of the same length and identifying pairs of arcs by
an orientation reversing, arc length preserving homeomorphism, see Figure 1.5. We can use
the uniformization theorem to prove that the welding exists, see Figure 1.6. Let P, C C
be a regular polygon with 2n sides, viewed as a Riemann surface. This gives a model of the
exterior unit disk D*, and there is a unique (up to rotation) conformal map f : D* — P,
which maps oo to the center of P, and maps each of the 2n subarcs of JD* onto the edges of
Py,.

Using this correspondence between edges of P», and subarcs of dD*, the lamination ~
induces a pairing = of the 2n edges of P,,. The resulting quotient space is a Riemann surface
homeomorphic to a sphere (the Riemann surface structure has only been defined the interior
of the polygon, but it can be extended to the whole sphere by using flat charts on the edges
of the polygon. See [28, Section 2.2] for more details). By the uniformization theorem there

exists a conformal homeomorphism & : P,/ ~— C.



The composition ¢ := ® o f is the desired solution to the welding problem. Indeed, ¢ is
unique up to Mébius transformations because +(9D*) is a finite union of analytic arcs, which
can be shown to be removable via Morera’s theorem. Another proof for the existence of the
solution to the welding problem, based on quasiconformal mappings, can be found in [14,

Corollary 2.6].

If we normalize so that ¢(z) = z+ o(1), this procedure gives a unique conformal embedding

of the combinatorial tree T'.

Figure 1.4 shows the conformal embedding of a 3-regular tree of depth 12. Figure 1.8b
shows a uniform random arc pairing lamination of n = 50000 edges, and an approximation
of the solution to the corresponding welding problem. In Chapter 4, we prove that the
solutions to the welding problem for a uniformly random arc pairing lamination with 2n edges
converges (as n — 00) to a limiting object (Theorems 1.3.1 and 1.3.2), which we interpret as

the conformal realization of the continuum random tree.

Figure 1.4: The conformal realization of the binary tree with 6141 edges. Generated with
Donald Marshall’s zipper software [45].
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Figure 1.5: Bottom left: A combinatorial plane tree T" with 7 edges. Bottom right: The
representation of 7" as a Bernoulli excursion e : [0,1] — R . Top left: The representation
of T as a lamination ~ on dD*. The unit circle is divided into 14 equally size arcs and
pairs of arcs are identified with each other via orientation reversing and arclength preserving
homeomorphism. Top right: A sketch of the solution K to the welding problem induced

by ~. The conformal map ¢ : D* — C\K makes the identifications given by ~, that is

Ty = ufr) = ufy).
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Figure 1.6: An arc pairing lamination ~ of 14 arcs is depicted on the left. Such laminations
can always be welded. Let P, be a regular polygon with 2n sides (here n = 7), viewed as a
Riemann surface. Quotienting out by the relation &~ induced by ~ yields a Riemann surface
P,,,/ ~ homeomorphic to a sphere, and the uniformization theorem gives a uniformizing map
O P/ ~— C. There is a conformal map f: D* — P,/ ~ which maps each of the 14 arcs
to one of the 14 edges of P,,. The composition t = ® o f is the desired solution to the welding

problem.
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(a) The lamination ~, associated to a = (b) The Julia set associated to the polynomial
1/4. The normalized Riemann map from the pe(2) = 22 + ¢ where ¢ ~ —.228 + 1.115i is
outside of the disk to the outside of the Julia a solution to the algebraic equation p?(c) =
set on the right identifies the endpoints of pi(c).

chords in this picture.

Figure 1.7
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1.2 Dendrite Julia Sets

We saw in Example 1.1.7 that Julia sets of certain quadratic polynomials p. provide examples
of weldable equivalence relations ~. with branching. The relations ~. are intricate and diverse
for varying values of ¢, but there is a simple ‘combinatorial” way of describing them without
reference to any complex analysis, see [8, 37, 57] and Chapter 3. For every combinatorial
parameter o € T/{0} there is an abstract Julia equivalence =, and there is a way to relate ¢
and « in such a way that, for many cases, ~.==,,.

There are several natural questions to ask about the welding relation ~,,.

Question 1.

e What is the relation between the geometric properties of the set J. and the properties

of the welding relation =7

e Can it be seen directly that ~, has a welding solution? Of course we already know
that ~. has a welding solution, but we are asking if it is possible to see this directly

from the combinatorial construction of ~,.

One of the main theorems in [44] is a tree-welding analog of the ‘Fundamental Theorem
of Conformal Welding (for curves)’ (Theorem 1.1.4). It is proved that a welding relation has
a Gehring tree solution if and only if the welding has ‘quasisymmetric gluings at all scales
and all locations’. A Gehring tree is a dendrite K C C such that the complement C\ K is a
John domain; this means that every point in the domain can be joined to any other point in
the domain without going too close to the boundary. A quasisymmetric gluing is, roughly
speaking, a chain of pairs of intervals around x for which a thick (uniformly perfect) subset
of each interval is identified quasisymmetrically with a thick subset of the other interval in
its pair. See Theorem 2.5.3 for details.

In [17] it is shown that Fatou sets for semihyperbolic polynomials are John domains. The
semihyperbolicity condition can be defined as a dynamical condition on the orbit of the

critical points under iteration of the polynomial.
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Theorem 1.2.1 ([17]). The polynomial p is semihyperbolic if and only if the complement of
the filled Julia set is a John domain.

In Chapter 3, we formulate the semihyperbolicity condition purely in terms of the
combinatorial parameter o € T (and call it combinatorial semihyperbolicity), and we prove
that the relations =, corresponding to combinatorially semihyperbolic parameters satisfy the

quasisymmetric gluing condition described above.

Theorem 1.2.2. [/3, Theorem 1.2] Suppose « is combinatorially semihyperbolic. Then =,
satisfies the hypotheses of Theorem 2.5.3.

This result illustrates how the quasisymmetric gluing criterion of [44] can be useful for
solving the welding problem. It inspired our further work on random welding problems,
described in Section 1.3.

We also show that our notion of combinatorial semihyperbolicity matches the notion of

semihyperbolicity [17] in the concrete setting.

Theorem 1.2.3. [/3, Theorem 5.1] o € T is combinatorially semihyperbolic if and only if

the associated ¢ € C is semihyperbolic and J. is a dendrite Julia set.

Our proof is purely combinatorial, so together with the results of [44], which say that
quasisymmetric weldings have unique solutions and the solutions are Gehring trees - which
are a generalization of quasicircles to the dendritic setting - we get an independent proof of

Theorem 3.1.4 in the case of dendritic quadratic polynomials.

Corollary 1.2.4. If « is combinatorially semihyperbolic, the welding problem for =, has a

unique solution and the complement of the solution is a Gehring tree.

Theorem 1.2.2 describes the connection between John domains and semihyperbolic dy-
namics, and we proved the correspondence ‘semihyperbolic equivalence’ <» ‘quasisymmetric

lamination’.
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In future work, we would like to extend the results of this thesis to cover the Collet-
Eckmann (CE) [52, 55, 29] quadratic polynomials, which can have non-quasisymmetric

geometry.
1.3 Conformal embedding of random trees

The Brownian lamination is a random equivalence relation on T obtained from the Brownian
excursion as follows. Let e : [0, 1] — [0, 00) be any continuous function with e(0) = e(1) =0,
i.e. an excursion. This induces a pseudometric d.(-,-) on [0, 1] by

de(z,y) = e(z) +e(y) — 2trer[1zig] e(t), z,y € [0,1]. (1.2)

Define z ~, y if and only if d.(z,y) = 0. In particular 0 ~, 1, so we can view ~, as an
equivalence relation on the unit circle T := R/Z. If e is taken to be the standard Brownian
excursion, then the resulting random equivalence relation ~, is called the Brownian lamination.
The quotient of T under the Brownian lamination is known as the continuum random tree
(CRT) [3].

It is easy to show that the CRT does not satisfy the quasisymmetry hypothesis of Theorem

2.5.3. However, we prove that the Brownian lamination can still be welded.

Theorem 1.3.1. Almost surely, the Brownian lamination admits conformal welding. The
solution is unique up to Mdobius transformation, and it is almost surely Hoélder continuous

with a deterministic universal exponent ag > 0.

Rather than proving this theorem directly, we prove a stronger result regarding convergence
of the Shabat trees introduced in Example 1.1.8. Shabat trees are the special case of
Grothendieck’s dessin d’enfant where the graph is a tree drawn on the sphere so that the Belyi
function is a polynomial, known as a Shabat polynomial or generalized Chebychev polynomial.
They arise in a number of different ways, and in particular can be shown ([11, 14]) to be
the dendrites whose laminations are given by non-crossing pairings of 2n arcs of equal size

on the circle (see Example 1.1.8). Equivalently, these laminations are given by the Dyck



(a) A sample of ~,, for n = 30000. This is
generated by dividing the unit circle into 2n
arcs of equal size and choosing a uniformly
random non-crossing pairing of the arcs. As
n — 00, this equivalence relation converges

to the Brownian lamination.

16

(b) The solution to the welding problem ~, .
The Riemann map from the outside of the
disk to the outside of this set identifies the
endpoints of chords in the left picture. We
prove that as n — oo, this converges to the
welding solution to the Brownian lamination.
Generated by Donald Marshall’s zipper soft-

ware [45].

Figure 1.8
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paths S coding the trees via (1.2), see Figure 1.5. Thus a Shabat tree with n edges chosen
uniformly at random can be viewed as the welding solution to the lamination associated with
simple random walk excursions of length 2n via (1.2). Roughly speaking, we prove that the
(suitably normalized) uniform random Shabat tree of n edges converges (distributionally in
the Hausdorff topology, and even stronger the topology induced by conformal parametrization)
to the random dendrite of Theorem 1.3.1. More precisely, it is not hard to show that the
laminations induced by simple random walk excursions converge to the Brownian lamination
in distribution (similar to the convergence of rescaled simple random walk to Brownian

motion), and we show that the solutions to the welding problems also converge.

Theorem 1.3.2. There exists a deterministic universal constant ag > 0 such that the
following holds. If v, : D — C is the welding map for the uniform random lamination (the
random non-crossing pairing of 2n arcs), then v, converges in distribution to a (random)
conformal map ¢, with respect to uniform convergence on D. Furthermore, v is almost surely
ao-Holder continuous. The law of the associated lamination L, is that of the Brownian

lamination.
1.4 Related Work

1.4.1 Conformal Welding of Jordan curves and trees

When two disks are welded together via a homeomorphism, existence and uniqueness of the
conformal welding is guaranteed if h is quasisymmetric [41, 50], and this is sometimes referred
to as the ‘fundamental theorem of conformal welding’ [31]. However, a full characterization
of welding homeomorphisms seems difficult - for instance, see the results and references in
[13]. In [7], it was shown that certain random homeomorphisms can be almost surely welded,
yielding a probability measure on the space of loops modulo Mébius transformations. Note
that the random homeomorphisms considered there are almost surely not quasisymmetric, so
that the fundamental theorem of conformal welding cannot be used to deduce existence and

uniqueness of the solution.
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In this thesis, we investigate the welding of the boundary of a single disk, where the
welding data is specified by a lamination (equivalence relation) on S!, and the resulting
surface is homeomorphic to the sphere. The theses [42] and [30] give sufficient conditions for
the existence of a solution - namely that solutions exist when only a small (zero capacity) set
of points have nontrivial equivalence class.

The thesis [9] also investigates the Brownian lamination. It is proved that any subsequential
limit ¢ of the finite solutions ¢, must be nontrivial. That is, P(¢ = Id) = 0. Bishop [14]
proves the deterministic result that any compact set in the plane can be approximated by

the compact set ¢(9D), where ¢ is the welding for some arc pairing lamination ~., .

1.4.2 Conformal representation of (large) triangulations

Let 7 be a finite triangulation of the sphere S?. We may construct a Riemann surface from
the data of 7 by gluing equilateral triangles along edges according the combinatorics of T .
One way to make this precise is to interpret this as the conformal welding problem where
S =", A, and ~ identifies edges of different A,. In this case the uniformization theorem
implies that the welding exists. That is, we can define the Riemann surface structure on
S/ ~ by writing down charts at each point explicitly, and it is not hard to see that the
structure is unique. See [28] for details. The uniformization theorem implies the existence of a
homeomorphism ¢ : S/ ~— C which is conformal on the union of the triangles S. This gives
a canonical way of drawing triangulations of the sphere (up to an M&bius transformation of
C) Also, the pushforward of the natural Euclidean metric and Lebesgue measure on S via ¢
induces a corresponding metric and measure on C.

This procedure provides a way to map a (combinatorial) triangulation of S? to a met-
ric/measure space structure on C (modulo Mdbius transformations). This procedure also
provides a canonical rational map f : C — C with critical values in {0, 1oo}, where the
preimage f~!(R) is exactly the triangulation 7. Such rational maps are called Bélyi functions.

This correspondence between triangulations and Bélyi functions is of interest in algebraic

geometry and number theory [53, 39]. In recent years, the properties of the corresponding



19

metric/measure/Riemann surface structure for large random triangulations have been studied
[18, 10, 28]. One motivation for this interest is the conjecture [54, 19] that measures and
metrics associated to large random triangulations will converge to certain continuum models
as the size of the triangulations goes to co. See [26] for an exposition of this area.

From the construction in Example 1.1.8, we see that welding problem for uniform random

laminations ~,, can be viewed as a certain random triangulation (the polygon P, used

n

there can be replaced with the gluing of 2n equilateral triangles identified around a common

vertex).

1.4.8  Continuum random tree and mating

The random metric space (S'/ ~,d.), introduced by [3, 4, 5] is known as the continuum
random tree (CRT). Our definition corresponds to Corollary 22 in [5]. Being the scaling limit
of many models of random finite trees, it is important and well studied in probability theory,
see the survey [40]. In [22], it is shown that two independent CRTs can be glued together to
form a topological sphere equipped with a canonical measure and space filling curve, and
that this quotient space can be canonically embedded in S? in such a way that the measure
is Liouville Quantum Gravity and the curve is space filling SLE. It would be interesting to
see whether we can use our conformal embedding of the CRT (Theorem 1.3.1) to provide
another construction of this embedding via an analogy of the mating construction [15] of

complex dynamics.
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Chapter 2
PRELIMINARIES

In this chapter we collect definitions and facts about quasisymmetric maps, logarithmic
capacity, conformal modulus and uniformly perfect sets, as can be found for instance in the

monographs [1], [2], [6], [27], [32], [51].
2.1 Notation

Throughout this thesis we will use the following notation: € = C U {oc} is the extended
complex plane, D is the (open) unit disc, D* = C\ D, and T = dD is the unit circle.
We write a <) b to designate the existence of a function C'(\) such that a/b < C()\), and

a < bif a < Cb for some constant C' > 0. We write a <) b to mean that a <) b and b <) a.
2.2 John domains, quasisymmetric maps and Gehring trees

A connected open subset D of the Riemann sphere is a John-domain if there is a point zy € D
(the John-center) and a constant C' (the John-constant) such that for every z € D there is a

curve 7 C D from zp to z such that
dist(y(t), z) < Cdist(v(t),0D)
for all ¢. If oo € D, then zy = co. An equivalent definition ([51]) is that
diamD(c) < C'diamo (2.1)

for every crosscut o of D, where D(o) denotes the component of D \ o that does not contain
2. Moreover, it is enough to consider crosscuts that are line segments.
John domains were introduced in [34] and are ubiquitous in analysis. Simply connected

planar John domains can be viewed as one-sided quasidiscs. Indeed, a Jordan curve is a
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quasicircle if and only if both complementary components are John domains. Important work
related to John domains can be found in [6],[35],[17],[48],[58] and a large number of references
in these works. A (planar) dendrite is a compact, connected, locally connected subset T' of

the plane C with trivial fundamental group.

Definition 2.2.1. A Gehring tree is a planar dendrite such that the complement is a

John-domain.

The notion of quasisymmetry is a generalization of quasiconformality to the setting of
metric spaces, see [32]. An embedding f : X — Y of metric spaces (X,dx) and (Y, dy) is
quasisymmetric if there is a homeomorphism 7 : [0, 00) — [0, 00) such that dy (¢(z), p(2)) <
n(t)dy (p(y), #(z)) whenever dx (x, z) < tdx(y, z). In this thesis we will be mostly be concerned
with the case when f is a homeomorphism and X, Y are subsets of the interval or the circle.

Here, a homeomorphism f : X — Y is quasisymmetric iff there exists K > 1 such that

[9(x) — o(y)| < K|o(y) — ¢(2)| whenever |z —y[ < |y — 2|.

2.3 Logarithmic capacity, conformal modulus and uniformly perfect sets

Let p be a Borel measure of finite nonzero mass on C. The (logarithmic) energy E(u) of the

measure 4 is the extended real number

E(1) = / / —loglw — gl dp(x)du(y). (2.2)

The (logarithmic) capacity of a compact set £ C C is the real number

cap(FE) = e~ nin &)

where the infimum is taken over all Borel probability measures supported on E. Important
examples are cap B(z,r) = r and cap|a, b] = |b — a|/4. The capacity of a Borel set is defined
as the supremum of the capacities of compact subsets.

Now let €2 C C be an open set. A path in € is a countable collection of rectifiable curves

in Q. A path family in Q is a collection of paths in €.
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A (conformal) metric on ) is a measurable nonnegative extended real valued function
p: Q= [0,00]. The area of a metric is the quantity Area(p) = [ [, p(x,y)*dzdy.

If v is a path in Q then the p-length of v is £,() = f7 pds.

The modulus Mod(I") of a path family I" is the quantity

Mod(I") = inf Area(p) (2.3)

p

where the infinimum is taken over all admissible metrics p, namely Borel measurable functions

p such that inf ep £,(y) > 1.

Example 2.3.1. Let R = [0,1] x [0, M] be the rectangle with aspect ratio M > 0. Let '
be the family of paths joining the top edge of R to the bottom edge of R. Then by setting
p = 1/M in the definition (2.3), we see that Mod(I') < 1/M. In fact, we can show that
Mod(T") > 1/M too. Let p: R — [0, 00] be an admissible conformal metric, then for all > 0

we have
M
/ plz +iy)dy > 1,
0
and the Cauchy-Schwarz inequality implies

M
M/ plx +iy)*dy > 1.
0

Integrating this over z € [0, 1] gives

M/ plx +iy)?dedy > 1,
R

i.e. Area(p) > 1/M. Since p was arbitrary, this proves that Mod(I') > 1/M as desired.
Similarly, if I'* denotes the family of paths from the left edge of R to the right edge of R, one
can show that Mod(I'™) = M.

If f:Q — Q is a conformal map, and p : ' — R is a metric on 2, define the pullback
metric f*p : © — R to be the metric f*p(z) = p(f(2))|f'(2)|. Then Area(f*p) = Area(p),
and ls«,(y) = €,(f o~y) for any path ~ in Q.
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Let A C C be a topological annulus, that is, A is connected, open and has exactly two
complementary components. The modulus of A is defined to by Mod(A) = Mod(I') where I'
is the family of simple loops in A that separate the components of C\A. By the discussion
above, Mod(A) = Mod(f(A)) if f is conformal on A. If A = {z:r < |z|] < R} is a round
annulus for some 0 < r < R < oo, then Mod(A) = 5-log(R/r) (the proof is similar to that
of Theorem 2.3.1).

The following lemma relates diameter and modulus. Together with Lemma 2.3.3, this

gives a useful method for getting upper bounds on the diameters of sets.

Lemma 2.3.2. Suppose E C C is compact, D C C is open, and E C D so that D\E is a

non-degenerate annulus. Then
diamFE < 2. 27 MdD\E)diam (D). (2.4)

Proof. We get can get a sharper result by using the asymptotics for the solution to Te-
ichmiiller’s extremal problem [1, Chapter 3], but we will present a simpler argument that
uses essentially just the definition of modulus. This proof is adapted from [46]. Consider the
constant metric p = 1 on D\E and fix € > 0. By the definition of modulus, there exists a
simple loop v C D\E separating E from C\D such that

2

EP(V)

Arealp) < Mod(D\E)™ +e. (2.5)

By the isodiametric inequality [24, Theorem 2.4], we have Area(p) = [ o dady < [, dxdy <
2(diamD)?. We also have £,(y) > 2diamF, so from (2.5) and taking e — 0 we get

4(diamFE)?* < —(diamD)*Mod(D\E) .

N

Thus
) VT ‘ YN Y . ~1/2
diamFE < T diamD - Mod(D\FE) < 2dlamD Mod(D\E)™/=. (2.6)

This proves the desired inequality when Mod(D\FE) = 1.
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For the general case, divide the annulus D\ E into [mod(D\FE)~!] topologically concen-
tric topological annuli D\Ey, EY\Es, E3\Es, ..., (E,qp\g)-11 — 1)\E such that the first
|mod(D\E)~!| annuli have modulus equal to 1. This can be done by first mapping D\ F
conformally onto a round annulus, dividing this round annulus into concentric round annuli
of the correct modulus, and then mapping back to D\ E.

Tterating (2.6) yields diamE < 27 med(P\E)" qiam D and this implies the desired inequality.

]

The following simple lemma allows us to bound the modulus of a large annulus by bounding

the modulus of a collection of smaller annuli contained inside.

Lemma 2.3.3. Let A be a topological annulus, and let Ay, ..., An be a sequence of annuli

such that

e Foreach 1 <i< N —1, the annulus A;1 is contained in the bounded component of

C\A4;

e Fach A; is essentially embedded in A: we have A; C A, and if v C A; is a loop

separating the boundary components of A;, then v separates the boundary components

of A.
Then
N
Mod(A) > > Mod(4;).
i=1
Proof. Let I'; be the loops in A; that separate the boundary components of A;, and let I'
be the loops in A that separate the boundary components of A. Fix ¢ > 0 and let p be a

metric on A such that inf,ep fv pds > 1 and Area(p) < Mod(T) + €. Let p* = pla,. Then
inf er, [, p'ds > 1 because I'; C T, so Mod(T';) < Area(p') for all i. Thus

Z Mod(4;) < Z Area(p') < Area(p) < Mod(T) + e.

The middle inequality is due to the fact that all the I'; are disjoint. Taking € — 0 yields the
result. O
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The previous two lemmas are frequently combined to show that a given compact set
K C C is small. We will be using this lemma with K = +(I) where ¢ is the welding map and

I CTis an arc.

Lemma 2.3.4. Suppose K C C is contained in the disk of radius R, {z : |z| < R}. Suppose

there exists 0 > 0 and a sequence of topological annuli Ay, As, ..., An such that
e Mod(4;) > 0.
e The A; are contained in the disk {z : |z| < R}.
e Fori=1,...,N —1, the annulus A;11 is contained in the bounded component of C\A4;.

o K is contained in the bounded component of C\ Ax.
Then diamK < 2-2-NR.
Proof. Combine Lemmas 2.3.2 and 2.3.3. O

We will also use Pfluger’s theorem which quantifies a close connection between capacity

and modulus, see [51, Theorem 9.17] for a proof:

Theorem 2.3.5. If B C 0D is a Borel set and if U'p is the set of all curves v C D joining
the circle C, to the set B, then

cap B =< e ™/M(T5)

with the implicit constants depending only on 0 < r < 1.
Specifically, we will use the following variant, which we leave as an exercise for the reader.

Theorem 2.3.6. If S = [0,1] x [0, M] is a rectangle, if B C [0,1] x {M} is a Borel subset
of the top edge, and if U'g is the family of curves that join the bottom edge [0,1] x {0} to B
in S, then

cap B < C(M)e ™/?MTs), (2.7)



26

A compact set A is called uniformly perfect if there is a constant ¢ > 0 such that no
annulus A(x,cr,r) with r < diamA separates A: If AN A(x,cr,r) =0, then A C B(x,cr) or
AN B(z,r) = 0. See [27, Exercise IX.3] for 13 other equivalent definitions.

2.4 Modulus of welded rectangles and annuli

In this section we develop one of the main analytic tools of this thesis. The main result of
this section provides an estimate for the modulus of conformally welded rectangles in terms
of the quality of the welding on a small subset of the welded boundary.

Let IT =[0,1] and I~ = [0,1] —i. Let ST C C be the square with sides parallel to the
axes, with bottom edge I*. Let S~ C C be the square with top edge I=. Now let o : It — I~
be a homeomorphism and suppose that h is a welding homeomorphism, meaning that there
exists a homeomorphism ¢ : (ST U S7)/ ~,— Q where  is a simply connected domain and
¢ is conformal on St and S~. Without loss of generality (by composing with a Riemann
map) we can assume that €2 is a rectangle R = [0, 1] x [0, M], and that the four vertices of
(ST S™)/ ~ are mapped to the vertices of R in the following way: i — Mi, i+ 1 — 1+ Mi,
—2¢+— 0 and 1 — 27— 1. We are interested in bounds on the modulus M.

If h is the map h(x) = x — i then M = 2. On the other hand, if h is less well-behaved,
then it is possible for M to be arbitrarily large.

In our work it is crucial to find a criterion on h which ensures control over M. The
classical quasiconformal theory gives one such criterion. (We will not prove either of the

following propositions since we do not need them. They also follow from Proposition 2.4.4).

Proposition 2.4.1. If h : It — I~ is K-quasisymmetric, then M is bounded by some
function of K.

In our setting of dendrites, the existence of branch points means we need control even
when I is not glued to I~ via a homeomorphism, see Figure 2.1a. The following proposition
gives a criterion that works in this setting. It shows that as long as sufficiently ‘large’ parts of

I~ and I" are identified via a quasisymmetric homeomorphism, we can get control over M.
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Proposition 2.4.2. Let ~ be an equivalence relation on IT UI~. Let ET and E~ be subsets
of IT and I~ respectively and let h : IT — I~ be a homeomorphism such that x ~ h(x) for
x € ET. If ET is uniformly perfect and h is quasisymmetric, then M is bounded above by a

function of the quasisymmetry constant of h and the uniform perfectness constant of E™.

For this reason, we say that ~ is L-quasisymmetrically thick between I~ and I if the
hypothesis of the preceding proposition holds (here L is a parameter quantifying the uniform
perfectness constant and quasisymmetry constant).

However, this is still not strong enough for our purposes. As mentioned in the introduction,
the notions of uniform perfectness and quasisymmetry are not sufficient in random settings
since ‘almost surely something bad will happen at some scale somewhere’. We need the
following lemma, which allows us to deal with the random setting.

The proposition provides an estimate for the modulus of conformally welded rectangles in

terms of the quality of the welding on a small subset of the welded boundary.

Definition 2.4.3. Let ~ be an equivalence relation on I~ UI*. A pair u~, u™ of probability
measures supported on I~ and IT respectively is called a gluing pair for ~, I, I" if there is
a measure preserving bijection ¢ between measurable subsets E~ C I~ and Et C It of full

measure, u~ (E7) = pT(ET) = 1, such that ¢(z) ~ x for all z € E~.

A topological rectangle is a Jordan domain where two disjoint arcs on the boundary have
been marked. In the following statement, ST and S~ are squares, but it is clear that we can
use Riemann maps to generalize to the case when ST and S~ are topological rectangles, in
which case the constant Cj of the conclusion depends on the geometry of ST and S~. We
will use this generalization freely in Section 2.5 to get bounds on the welding of topological

rectangles.

Proposition 2.4.4. The family T of pairs of paths (v, ™) joining the top edge of S to the
bottom edge of S~ such that the endpoint of v+ is equivalent to the initial point of v~ satisfies

Mod(I')™! < Cp inf max (E(p7),E(T)), (2.8)

ot
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where the infimum is taken over all gluing pairs of measures as above, and £ denotes logarithmic

enerqgy.

Note that the quantity Mod(I')~! in the lemma above is an upper bound for the aspect

ratio M of the welded squares.

Proof. Let p= (p~, pT) be a conformal metric on the disjoint union S~ U S* and let p~, u™*
be Borel probability measures supported on I~ and I respectively, together with a measure
preserving bijection ¢ as in Definition 2.4.3. Let Bt C E™ be the set of bad points p such
that every curve v+ C S from the top edge of ST to p has p*-length at least 1/2, and define
B~ C E~ similarly so that all the curves from E~ to the bottom edge of S~ have p~-length
at least 1/2. By definition we have that Mod(T'g:) < 4Area(p’) for i = —, +. By Pfluger’s

Theorem 2.3.6 we have

cap B’L S Coeffr/(ZMod(FBi)) S C«Oefﬂ/(SArea(pi)) S efﬂ/(SArea(pi))JrcO

where we assume without loss of generality that Cy > 1 and ¢y > 0. Suppose that

/8

A Nt f hi=—- 2.
rea(p’) < 16 £(0) + o0 or both i ,+ (2.9)
so that cap B < exp(—16 £(u%)). Then
p'(BY) < 1/4. (2.10)

Indeed, since —log|z — y| > 0 for all z,y € [0,1], we have E(u') > E(i|p:), and since

wilgi /i (BY) is a probability measure, we have
. . o E(1| 5i) E(uh) —log cap B°
—1 B' < &g/ p(B")) = ——7 < ——= < ——
0g cap - (’u B /M( )) ul(BZ)Q — Mz(Bz)2 — 16M1(Bz>2

Since ¢ is measure preserving we thus have u*(B* U ¢ '(B™)) < 1/2 and in particular the
good set IT\ (BT U@ '(B7)) is non-empty. Let p be a point of this good set. Then there
are curves v~ C ST and v~ C S~ joining the top edge of ST to p and the bottom edge of
S~ to ¢(p) respectively, such that both the p’—lengths of the 4" are less than 1/2. Thus the
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metric p = (p~, pT) is not admissible for T'. Tt follows that every admissible metric p must
violate (2.9) and so

’ 8
Area(p) > max Area(p') > Wé)—i-co’

which proves the proposition. O

Remark 2.4.5. Proposition 2.4.2 can be viewed as a direct consequence of Proposition 2.4.4,
since uniformly perfect sets, having positive capacity, support measures of bounded energy,
and quasisymmetric maps distort energy of measures in a controlled manner (since they are

Holder continuous).

The following lemma explains how Proposition 2.4.4 will be applied to the Brownian
lamination, see Chapter 4 and in particular Proposition 4.2.4. Recall that an excursion is a
continuous map e : [0, 1] — [0, 00) which is zero at the endpoints. Every excursion determines

a lamination via (1.2).

Lemma 2.4.6. Fiz z € (0,1) and let I = (0,2) C T and let IT = (x,1) C T. Let
e:[0,1] = R be a (C,a)-Hélder continuous excursion and let ~. be the lamination on T

induced by e. There is a gluing pair =, u* for ~q, 1=, It such that
1
max (E(p"),E(n7)) < - (3/2 +loge(z) " +1ogC) . (2.11)

Proof. Let m be the Lebesgue measure on [0, e(z)] normalized so that |m| = 1. Computing
the integral (2.2) shows that £(m) = £(mjo1)) — loge(x) = 3/2 — loge(x) where myg 1) is the
Lebesgue measure on [0, 1].

Define the one-sided inverse functions e~,e™ on [0,e(z)] by e (y) = sup{t < x : e(t) =
y} and et (y) = inf{t > x : e(t) = y}, see Figure 2.1b. Let E~ C I~ and ET C I"
be the image of [0,e(z)] under e~ and e™ respectively. Define the measures p*, u~ on
0,1] by pt(A) = m(e(AN ET)) and p(A) = m(e(AN E7)). Since e is (C,a)-Holder
continuous, (2.2) shows that 4™ and =~ both have energy bounded above by ég(m)jté log C' =
1 (3/2+1loge(x)™ +1og C).
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-

e (y) x et (y)

(a) Two squares are welded along a common (b) If e : [0,1] — RT is a Holder continuous excur-
horizontal boundary, via an equivalence re- sion then we for any fixed x we can construct a
lation ~, shown in purple. A measure pre- measure 4" on [z, 1] by pushing forward Lebesgue
serving bijection between subsets of I and measure on [0, e(z)] via the inverse e of e that
I~ is highlighted in dark purple. ¢ maps maps y to the first time that e hits y after x. We
the vertices of the rectangle on the left to use a similar construction to get a measure u~
the vertices of the rectangle on the right. on [0, z]. The energies of 4~ and p* are bounded
If domf Uimf is ‘large’ and f is ‘good’, by a function of C, « and e(x).

then we can bound the aspect ratio of the

resulting rectangle.

Figure 2.1: Hlustrations for Proposition 2.4.4 and Proposition 2.4.6.

Define the bijection ¢ : £~ — E™* by ¢(t) = e*(e(t)). Notice that min,<,<q@) e(s) = e(t) =
e(¢(t)), so by definition of ~, we have ¢t ~. ¢(t). We also have = (A) = m(e(ANE™)) =
m(e(e (e(ANE™)))) =m(epg ' (ANE™)) = ut(¢p71(A)) for all Borel A C [0,1]. Thus pu~
and pt is a gluing pair for ~,, [, I". O

Finally, we show that the result of Proposition 2.4.4 can be ‘chained together’ to get an

estimate for weldings of multiple rectangles.



31

Proposition 2.4.7. For i = 1,2,...,m consider the square S; = [0,1] x [21 — 2,27 — 1].
Let ~; be an equivalence relation identifying points on the edge [0,1] x {2¢ — 1} to the edge
[0,1] x {2i}. Let T' be the family of paths (71, ..., %Ym) on US; such that

e FEach ~; joins the top edge of S; to the bottom edge of S;.

e fori=1,...,m—1, the top endpoint of v; is identified via ~; to the bottom endpoint
of Vit
Then
Mod(I') ™' <m <CO - max inf+(8(u*),5(;ﬁ)) A 1)
iopm
where the infimum is over all gluing pairs pu=, u* for ~;.

Proof. Let p = (p1,..., pm) be a metric on U;S; and suppose that

Area(p)™' > Comax inf (E(p7),E(uM)) A1

i =t
where () is the constant of Proposition 2.4.4. We will construct a path in I" that has p-length
bounded above by Cym, and this will prove the theorem.

Fori=1,...,m — 1, applying Proposition 2.4.4 to the pair of squares S;, S;+1 and the

relation ~; shows that there exists a pair of paths 7;;11 € S; and ;,,, € Si;1 such that
hd fp(%’,wrl) ‘{'gp(%{ﬂ'ﬂ) <1
® 7;;+1 joins the bottom edge of S; to the top edge of S;
° 7£,i+1 joins the bottom edge of S;;; to the top edge of S;11
e The top endpoint of 7; ;1 is identified to the bottom endpoint of v;;, ;.

See Figure 2.2.
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Figure 2.2: Bounding the modulus of multiple squares welded together, Proposition 2.4.7.
We use Proposition 2.4.4 to construct paths (blue) joining the boundaries of pairs of squares.
Then we use paths (red) joining the other sides of the squares, to find a single path through

all the squares.

On the other hand, the modulus of the path family joining the left side of S; to the right
side of 9; is 1, see Example 2.3.1. Therefore for each ¢ = 2,...,m — 1 there exists a curve g;
joining the left side of S; to the right side of S;, with p-length bounded above by 1.

Then the union (J; vii11 U741 U, gi contains a path in I' with p-length bounded by
(m —1) + (m —2) = 2m — 3 (follow that ~;;,1 path, then the v;,,, path until you intersect
the g;11 path, follow that until you hit the ;41,42 path, and so on). This proves the desired
bound on Mod(T"). O

2.5 Chains of rectangles and conformal annuli

In this section we will set up some notation for describing the annuli that we will use to
control the modulus of continuity of conformal welding solutions. Then we write down sets of
conditions that allow control of the modulus of these annuli. Fix a lamination ~ on T.

A chain link is pair of disjoint closed intervals J~ = [a™,b7 ], J* = [a™,b*] C T such that
some point of J~ is equivalent to some point of J*. Often (but not necessarily) the endpoints

will be equivalent, a= ~ b and a® ~ b~, which explains some of our terminology. For m > 1,
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Figure 2.3: Top: The intervals of a 3-chain (green) represented in R. The first two intervals
(from the left) form a chain link, the third and fourth intervals form a chain link, and the
last two intervals form a chain link. The arcs above the real line represent chords in ~. The
regions below the real line bounded by the squares and the real axis form Ag(C). Bottom
left: The lower half plane in the upper figure is mapped to the exterior of the unit disk D*.
Again, the arcs in the disk represent chords of ~. The regions bounded by the curves in D*
and the unit circle form Ap-(C). Bottom right: The image of D* under the solution to the
conformal welding ¢. We see that image of Ap+(C) from the bottom left picture becomes a
single topological annulus around ¢(e*) in C, which we call A(C). The modulus of the chain

is defined to be the modulus of this annulus.
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an m—chain C is a collection of m mutually disjoint chain links J;, J;" such that the intervals
are in cyclic order on the circle, a; < by < af <bf <ay <..<a.

For m > 2, the exterior of an m-chain is the union of the arcs that lie ‘in between’ each
chain link: Exterior(C) = U™, J;? where J7 is the component of T\{J;” U J;"} which does not
contain any other chain links in the chain. The interior of an m-chain is the union of arcs
T\ (Exterior(C) UC). These definitions do not make sense when m = 1, since T\(J; U J;")
consists of exactly two components, neither of which contains any chain links in C. For
this reason, we assume that 1-chains come with extra data specifying which components of
T\(J; U J;") should be considered the interior and exterior respectively.

Let C be a m chain. For each 1 <17 < m, we can associate a topological rectangle D; =
D;(C) in D* as follows. Let I; be the component of Interior(C) lying in between J;" and J; ;.
Let Log : D*\ L — C be a branch of the logarithm where the branch cut L = [0, 00) is taken
to be any ray from the origin that does not pass through the arcs J;" U ;U Ji;1- Then the map
¢(z) = 5=Logz transforms D*\ L to the vertical half-strip Sy := (6,0 +1) x (—00, 0) and maps
the arcs J;", I; and J;;, onto intervals in R. Let 4; = Square(o(J;F UL UJ; ))\Square(o(1;))
where, for I an interval in R, Square(/) = I° x (0, —|I]) is the open square in the half-strip
Sy with upper edge I°.

Then A; can be considered a topological rectangle by taking ¢(J;") and ¢(J;,,) as the
two marked arcs, and D; is defined to be the image of A; under the inverse of ¢, which is
2 s e2miE,

The point of this construction is that if ((D*) = C, then A(C) := «(U;D;(C)) is a
topological annulus in C, which we can use with Lemma 2.3.4. Moreover, the bounded
component of C\A(C) contains ¢(Interior(C)) and the unbounded component of C\A(C)
contains ¢(Exterior(C)), which explains the terminology.

To use this construction with Lemma 2.3.4, we need to control the modulus of the welded
annulus A(C). The bound of Proposition 2.4.4 (more precisely, its proof) gives a way to do
this. We see that there are three conditions that need to be satisfied by the chain C so that
the modulus of A(C) is controlled.
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Condition 1: All topological rectangles (D;, J; , J;") have bounded modulus. This is

7

easily seen to be equivalent to requiring an estimate of the form
|ai — 0| S 1T =p [l (2.12)

Condition 2a): The lamination is L—thick between J; and J;", meaning that there

exists gluing pairs p; , p; for ~, J;, J;" such that

max (£(u7), £01)) < L. (2.13)

where [ denotes the probability measure on [0, 1] obtained from p by linear scaling.

Note that the preceding condition is implied by the following stronger condition, by
Remark 2.4.5.

Condition 2b): The lamination is L—quasisymmetrically thick (see the discussion after
Proposition 2.4.2) between J;” and J; .

Condition 3: The number of links of the chain is bounded:
m < L. (2.14)

We say that a chain satisfying conditions 1, 2a) and 3 is a L-good chain. A chain satisfying
1, 2b) and 3 is a L-gs-good chain. If J; and J;" satisfies condition 2b), we say that J, and

J" are gs-glued. As explained in Remark 2.4.5, a qs-good chain is automatically a good chain.

Theorem 2.5.1. If C is a L-good chain,
Mod(A(C)) 21 1. (2.15)

Proof. The proof is essentially the same as the proof Proposition 2.4.7. Note that we only
need one direction of the inequality in (2.12). O

The criterion above motivates the following definition.

Definition 2.5.2. Fix L > 1. A number 0 < r < 1 is a (gs-)good scale for a point x € T, if

there is an L-(gs-)good chain C with z € Interior(C), and L™'r < |J;7| < Lr.
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We conclude this section by stating an analogue of the ‘Fundamental Theorem of Conformal
Welding’, Theorem 1.1.4, for dendrites. A Gehring tree K C C is a connected, locally

connected, compact set with at least two points such that C\ K is a John domain.

Theorem 2.5.3 ([44, Theorem 1.1]). Let ~ be a lamination for which D*/ ~ is a topological
sphere. If there are C; N and € > 0 such that for every x € T, the set of good scales has lower

density > ¢,

. o0—k
{k<n:2* €GOV
n

for all n, then ~ is the lamination of a Holder-tree. If every scale r is good, then ~ 1is the

lamination of a Gehring tree.

Proof Sketch. Suppose ~ satisfies the hypotheses. For the sake of exposition, first suppose
that ~ has a conformal welding solution ¢ : D* — C. Now fix x € T. If all scales 0 < r < 1
are good for x, then for fixed € > 0, there are <; loge™! L-good chains C which surround
B(x,€). From Theorem 2.5.1, this implies that there are <;, loge™! annuli of modulus greater
than § = 6(L) surrounding ¢(B(z,¢)). Then Lemma 2.3.4 implies that diam.(B(x,€)) < e(F)
where the exponent 0 < «(L) < 1 depends on L. It follows that the welding ¢ is Holder
continuous, if it exists.

To actually show the existence of ¢, the idea is to consider carefully chosen approximate
solutions ¢,, that partially solve the welding problem ~. The argument above can be modified
to show that the approximations ¢, are uniformly Hoélder continuous, so we can pass to
subsequential limits. The existence of the welding follows from showing that the subsequential
limit solves the welding problem. The Gehring property of the solution can also be deduced

from the modulus estimates. OJ

Combining Proposition 1.1.3 with P. Jones’ removability theorem [35] for John domains,
or its generalization the Jones-Smirnov removability theorem [36] for Holder domains, shows
that the solution to the welding of Theorem 2.5.3 is unique up to a linear map (see Proposition

1.1.3).
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Chapter 3

JULIA SETS OF SEMIHYPERBOLIC QUADRATIC
POLYNOMIALS

3.1 Introduction

This chapter is concerned with welding relations arising in the study of the dynamics of
quadratic polynomials. First we review the basic definitions in this area, see [16] and [47] for
more detailed introductions. Let p be a complex quadratic polynomial. By conjugation via
linear maps, we may assume that p is of the form p.(z) = 22 + ¢, for some c € C.

A periodic point is a point z € C such that p"(z) = z for some n > 1. A point z is said
to be pre-periodic if some iterate p'(z) is a periodic point. A strictly pre-periodic point is
a point which is pre-periodic but not periodic. A peroidic point z is said to be parabolic if
(p™)'(2) is a root of unity. The filled Julia set is the set of points that stays bounded under
iteration by p,

K. ={z:pl(z) bounded in n},

and the Julia set is the boundary of this set, J. = 0K,.. The Fatou set is the complement of
the Julia set. The basin of attraction to infinity is the complement of the filled Julia set. It
turns out that geometric properties of the filled Julia set are closely related to behaviour of
the critical point (z = 0) under iteration by p.

A simple example is that 0 € K. if and only if K. is connected, [16, Theorem 4.1].

The classification of Fatou components, initiated by Fatou and Julia in the 1900s and
completed by Sullivan in 1985 ([16, Theorem 2.1] and [56]) implies that if the critical point,

0, of p.(z) = 2% + c is strictly preperiodic, then K, = J, and in particular J. is a dendrite.

Example 3.1.1. Let ¢ = —2, then the critical point z = 0 is strictly preperiodic under
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iteration by p. : 0 — —2 +— 2 +— 2, and by the discussion above, J_5 must be a dendrite.
This particular example is simple enough that we can see this directly. The map p_o : 2 —
2?2 —2:C\[-2,2] — C\[-2,2] is conjugate to py : z — z? : D* — D* via the Joukowsky map
iz z+ % : D* — C\[-2,2]. Indeed, direct calculation shows that ¢ o pgo = =p_5 on
C. Since the basin of attraction to infinity for pg is obviously D*, it follows that J_ o = [—2, 2],

which is indeed a dendrite. Note that ¢ is the unique normalized welding solution to the

lamination x ~ —x on T, since p(e?™) = p(e~%m).

When K. is connected and locally connected, the conjugacy above always holds. Let
e : D* — C\J, be the conformal map, normalized so that ¢.(z) = Az + O(1) for A > 0
(the proof below will show that this forces A = 1). It will be convenient to introduce the
Caratheodory loop v(x) = ¢.(e*™®) and the doubling map h(z) = 2z for x € T. Here, we
identify T with the quotient [0, 1]/ ~, where ~ identifies 0 and 1.

Proposition 3.1.2. For x € T,

peoy(x) =70 h(z). (3.1)

Proof. The map ¢_'op.op. : D* — D* is proper of degree 2 and fixes 0o, s0 ¢ op.op.(2) =
pz? for some |u| = 1. On the other hand, the normalization assumption ¢.(z) = Az + O(1)
(where A\ > 0) implies that ¢ 1 o p. 0 ¢.(2) = A\2% + O(z) for large z, so we conclude that
=1 (and furthermore A\ = 1). The result then follows from the definition of v and h. [

This observation allows us to describe the welding relation ~ associated to J. in a purely

combinatorial manner.

Example 3.1.3. Let ¢ = i, then the critical point z = 0 is strictly preperiodic under iteration
by p.: 0+ 4+ —1+17+— —i — —1 414, and by the discussion above, J_; must be a dendrite.

The Julia set of this polynomial is far more complicated than that of the previous example,
see Figure 1.7. However, we can use the semiconjugacy of Proposition 3.1.2 to determine the

associated welding relation ~ on T.
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Let o be an external angle of the critical value ¢ = 4, meaning y(a) = 4. Since p?(i) = p3 (i),
the semiconjugacy (3.1) implies 22 = 23a  (mod 1). Tt follows that a = k/6 for some integer
k. We know that a # 0, otherwise this would imply that 7 is a fixed point of p;. Similarly,
a # %, % because this would imply that i is periodic under iteration by p;. The only remaining
possibilities are & = 1/6 or a« = 5/6. The latter may be eliminated by using Douady-Hubbard
correspondence between parameter rays for the Mandelbrot set and dynamical rays for the
Julia set, [21, Theorem 8.2].

This fact leads to a nice description the welding ~. The semiconjugacy implies yoh™!(t) €
pt(y(t)) for t € T. Applying this with ¢ = 1/6 yields v(1/12) = v(7/12) = 0, because 0 is
the only element of p;!(7). In particular, 1/12 ~ 7/12.

By the same reasoning, we get that {v(1/24),v(13/24),v(7/24),~v(19/24)} € p;1(0) =
{(—=4)"2, —(—4)"/2}. From topological considerations, the welding relation ~ must be flat [57,
Proposition I1.3.3], meaning that if z ~ y and z ~ w and the chord [z, y] crosses [z, w], then
T oY~z W,

Using this, we can deduce that «(1/24) = v(7/24) and 7(19/24) = v(13/24), and that
these two points are distinct.

Continuing inductively, we get an infinite set of pairs in ~. It can be shown that taking

the topological closure of these pairs in T X T recovers ~ itself, see [8, Theorem 1]

In the previous example we saw that the parameter « = 1/6 generates a lamination ~ via
backwards iteration. In Sections 3.2.1 and 3.2.2 we generalize this. For each a € T there is
an associated equivalence relation =, defined without reference to complex analysis. When
the Julia set J. of a quadratic polynomial p.. is a locally connected dendrite, the lamination
describing its welding is equal to =~,, where o € T is the landing angle of the critical value c.

Another example where the dynamical behaviour of the critical point influences the geom-
etry of the Julia set is captured by the notion of semihyperbolicity, which was introduced for
polynomials in [17]. Tt was shown (among other things) that a polynomial p is semihyperbolic

if and only if either of the following equivalent conditions hold. In this chapter we will take
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the second condition as our definition of semihyperbolicity.

Theorem 3.1.4 ([17, Theorem 1.1]). The following conditions are equivalent.

e p is semihyperbolic.

e p has no parabolic periodic points and w & J,~, p*(w) for all points w such that p'(w) = 0

(critical points).
e The basin of attraction to co is a John domain.

Note that if p. is strictly preperiodic, then it is semihyperbolic.

In this chapter, we introduce a combinatorial condition on the parameter a called combi-
natorial semihyperbolicity, (see Definition 3.2.5). We show directly that if a is combinatorially
semihyperbolic , then the lamination =, associated to « satisfies the hypotheses of Theorem

2.5.3, see also Definition 2.5.2.

Theorem 3.1.5. Suppose o € T is combinatorially semihyperbolic and consider the lamina-
tion ~, associated to a. Then there exists L such that for all x € T, for all0 <r <1, r isa

L—qgs-good scale for x.

In fact, our construction will show that we can take the uniformly perfect sets (in the
definition of gs-good scales) to be linear Cantor sets, and we can take the quasisymmetric
maps to be linear maps.

We also prove that combinatorial semihyperbolicity is equivalent to semihyperbolicity.

Theorem 3.1.6. Suppose ¢ € C is a parameter for which J. is a dendrite. Suppose c is
semihyperbolic. Let o € T be a landing angle of the critical value c. Then « is combinatorially
semihyperbolic.

Conversely, if a is combinatorially semihyperbolic, there exists ¢ € C for which J. is a

dendrite and c is semihyperbolic, and the external ray at angle o lands at ¢, and ~,=~ .
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The proof of this Theorem is at the end of this chapter, in Section 3.4. Everything
preceding that section is purely combinatorial.
As a corollary of Theorems 2.5.3, 3.1.5 and 3.1.6, we get a new proof of Theorem 3.1.4 in

the case where p is a quadratic polynomial with dendritic Julia set.

Notation In this chapter we make the identification T = R/Z, and for a,b € T we write
(a,b) to mean the counterclockwise open arc from a to b, and similarly for [a,b]. We define
the doubling map h: T — T by A(x) =2z mod 1. If I = (a,b) C T or I =[a,b] C T is an
open or closed interval, let |I| = b — a denote its length, normalized so that |T| = 1.

If a,b,¢c,d € T are distinct, we say that {a, b} crosses {c,d} if the chord joining a to b
intersects (in D) the chord from ¢ to d. This is equivalent to saying that if U; and U, are the
two components of T\{a, b}, then U; and U, each contain an element of {c, d}. We sometimes
refer to two element subsets {a,b} C T as chords. If a ~ b for some relation ~ (depending on
context), we may refer to {a, b} as a leaf.

An equivalence relation ~ on T is flat if whenever {z,y} and {z, w} are crossing leaves,
then © ~y ~ z ~ w. A lamination is a flat equivalence relation on T.!

A* is the set of finite words on some alphabet set A, and A is the set of infinite words.
If g € A* is a finite word, we write |g| to denote the number of letters in g. If, in addition,
h € A* U A is a finite or infinite word, gh denotes the concatenation. If k is in a positive
integer, g* denotes the k-fold concatenation and g™ denotes the periodic infinite word ggg . . ..
For integer m > 0, g,, denotes the mth letter of g, and g|,, denotes the subword of g of the
first m letters gog192 ... gm_1 € A™.

If ~ is an equivalence relation on T and = € T, we write [z] or [z]. to denote the
equivalence class of x as a subset of T.

To reduce clutter, we will drop subscripts, superscripts, and parentheses for function

arguments when they are clear from context.

n the literature, for instance [57], a lamination refers to a collection of noncrossing chords of the circle.
The two usages are clearly related, but in this chapter a lamination will always be an equivalence relation.
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3.2 Description of the lamination

We provide a mostly self contained review of the minimal and dynamical a-equivalences ~,,
and =2, in Section 3.2.1 and 3.2.2. See [57] and [8] for more detailed presentations. These
equivalences are equal in our setting (see Theorem 3.2.4), and they provide a family of
conformal welding problems. In Section 3.2.3 we introduce the notion of M-closeness which
provides a simple characterization of the topology of quotient space T/ ~,.

Our construction will use some more detailed results on the relationship between ~, and

~,, and this is the content of Section 3.2.4.

3.2.1 Invariant Laminations and the Minimal a-FEquivalence ~,,

Fix o € T\{0}, and assume that « is not periodic under iteration by h (we will soon see that
this follows from the combinatorial semihyperbolicity condition defined in Section 3.1). The
preimages of a under the angle doubling map h are *; := «/2 and %, := /2 + 1/2. These
two points divide the circle T into two semi-circular arcs, (xj,%*o) and (*g, %1). See Figure
3.1a. Let L be the semicircle containing a and let R be the other semicircle.

Each z € T has two preimages under h. For = # «, these pre-images z/2 and z/2 + 1/2
lie in either the semicircle (g, *;) or in the semicircle (xq,*;). We let Lz be the pre-image
that lies in L and let Rz := Lx + 1/2 be the other pre-image of x, lying in R. Let ~ be an
equivalence relation on T, with a marked point o« € T. Here are some properties that ~ may

have:

1. Forward invariant: x ~y = h(z) ~ h(y)

2. Backward Invariant: For z,y # «a, we have z ~ y — La ~ Zy and Rz ~ }Nzy. It

x#aandxwa,thenzzw*landéxw*l.

3. Closed: If x,, — x and vy, — y and x,, ~ y, for all n then x ~ y.
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Following [57], any equivalence relation satisfying properties 1) and 2) above is said to be
moariant.

The minimal a-equivalence is the minimal closed invariant equivalence relation ~, for
which %1 ~, *5. It is a lamination, see [57, Proposition I1.4.5].

The following general observation about invariant relations will be useful throughout the

rest of the chapter, and is easily proved by induction.

Lemma 3.2.1. Fix a € T and suppose ~ is a forward and backward invariant equivalence

relation with respect to a. Then for every x € T and t > 0, we have h'([z].) = [h'(z)]~.

Backwards invariance of ~, allows us to construct some chords of ~, concretely. Recall
that L and R are the continuous inverse branches of h on T\{«a}. Every finite word
g € {L, R}* encodes a composition of such mappings, where we use the usual right to left
ordering convention for function composition. Denote this mapping by g.

Since each function in the composition ¢ is only well defined away from «, the domain of
g is T\ A, where A, is some subset of the postcritical set P, := {h'a: 0 <t < |g|}. In fact,

it is easy to see that
Ag:{xe'ﬂ‘:c%(as):afor some 1 <t < |g|} (3.2)

where we recall that o is the left shift operator on words. Notice that the derivative of ¢ is
27191 and § is linear on each component of T\A,.

Since « is not periodic, *; and x5 are not in the postcritical set P,. Therefore g*; and g*o
are well defined for every choice of g. The following observation follows immediately from

backwards invariance.
Proposition 3.2.2. For all g € {L, R}*, we have g*1 ~q G*o.

If g{*1, %2} is a leaf of the minimal equivalence, and g is finite, we say that |g| is the depth
of that leaf. The choice of g used to represent the leaf is unique because « is not periodic, so

this is well defined.
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3.2.2  Itineraries and the Dynamical a-Equivalence =,

In the course of our construction we will need the following alternative description of the
lamination ~,, in terms of itineraries. Every point in T lies in either L, R or {x1,*3}. See
Figure 3.1a. For z € T, the dtinerary I*(x) € {L, R, *}* is an infinite sequence on a three
letter alphabet, which keeps track of which half of the circle the iterates of z lie in. It is

defined as follows:

;

L ifh"xz el
I(x), =< R ifh"zr € R for n > 0.

*x Af bz € {*1,*%2}.

\

It follows immediately from the definitions that h : T — T is semiconjugate to the left
shift o : {L, R,x}> — {L, R, *}*, which maps o : upujug--- — ujus.... In other words

I*(hx) = o1*(z). We also have
LI°(z) = I°(Lz),  RI*(z)=I%(Rz), forz e T\{a}. (3.3)

The itinerary I*(«) plays a special role and it is called the kneading sequence for a. When
a is combinatorially semihyperbolic (see Definition 3.2.5), I®(«) is not periodic. Since we are
only interested in combinatorially semihyperbolic parameters, we will assume that 7*(«) is
not periodic for the rest of this chapter (except possibly in Section 3.4). This also implies
that « is not periodic under iteration by h.

The dynamical a-equivalence =, is the smallest equivalence relation such that points with
the same itinerary are identified, where the * symbol is used as a wildcard when comparing
two itineraries.

Formally, this is described as follows. We say that an infinite word g € {L, R, x}*
is precritical if it can be written as ¢ = usI®(a) where u € {L, R}* is a finite word and
s € {L,R,x}. Note that by nonperiodicity of I*(«), such a decomposition, if it exists,

is unique. If g is precritical and g = usI®(«) as above, then define the infinite words
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g* = uLl%(a), gf = uRI*(a) and ¢g* = u % [*(a). Then =, is defined as follows:

I*(x) = 1*(y), or I*(x),1*(y) are precritical and
TRy Y = (3.4)

1) = 1*(y)*.

Note that I%(z)* = I*(y)* iff [*(x)F = [°(y)L iff [*(2)F = [*(y)Riff [°(y) € {I%(x)L, [*(2)R, [*(x)*}.
In particular, if 7%(z) is precritical and y € T, then z &, y iff I*(y) € {I*(z)", I*(x)®, I*(x)*}.
If I*(x) is not precritical then the only way that y can be &, equivalent to z is if I*(y) = I*(x)

From this we see that ~, as defined in (3.4) is an equivalence relation.

From (3.3) we see that ~,, is forward and backward invariant, in particular Lemma 3.2.1
applies to =, and therefore h'[z]~, = [h'z]~, for all z € T and t > 0.

If I%(x) is precritical then this is equivalent to saying that hfx € [x;] for some ¢ > 0. By
the above this is also equivalent to saying that h'[z] = [*].

We see that I®(«) is not precritical, because I*(«) is not periodic. As a consequence, ]
is not periodic, in other words h'[a] = [h'a] # [a] for t > 1.

This then implies that hf[x;] # [*;] for t > 1. We will use these observations repeatedly
throughout the rest of this chapter.

We will also need the following results.

Theorem 3.2.3 ([8, Proposition 6.2]). Suppose I*(«) is nonperiodic. Then all equivalence

classes of ~, are finite.

In our setting, the minimal equivalance ~, defined in the previous subsection is the same

as the dynamical equivalence ~,.
Theorem 3.2.4 ([8, Theorem 1]). Suppose I*(«) is nonperiodic. Then ~,=~,.

With the concept of itineraries, we can now state our definition of combinatorial semihy-
perbolicity. It is clearly inspired by Theorem 3.1.4 and the characterization of the topology
of T/ ~, (Proposition 3.2.7). See also the proof of Theorem 3.1.6.

Definition 3.2.5. We say that a € T is combinatorially semihyperbolic if there exists M, > 0
integer such that for ¢t > 1, I*(h'a)|p, # I%()|ar, -
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Clearly, if « is combinatorially semihyperbolic, then its kneading sequence [*(«) is

nonperiodic.

3.2.8 Convergence in T/ ==, in terms of itineraries

In this subsection we will develop a useful characterization (Proposition 3.2.7) of the convergent
sequences in T/ a2, in terms of itineraries of points in the sequence.

The idea is that nearby points should have itineraries that agree on long initial subwords.
However, the definition is a little complicated because * needs to be treated as a wildcard;
a good example to keep in mind is the points %; + ¢ and *; — € for € > 0 small. They are
close in T/ =, that is [¥; — €] and [*; + €] converge to the same point in T/ ~, as € — 0,
but their itineraries differ at the first letter.

Motivated by this example, we say that two length M words g1,9o € {L, R,x}™ are
M-close if there exists a finite word u € (Jp ' {L, R}’ of length at most M — 1 such that
g1 = usyv and g = us9v, where sy, sy € {L, R, x}, and v is a (possibly empty) initial subword
of I*(«) of length M — |u| — 1. In particular, if g; = ¢, then they are M-close.

We can extend this definition to words of length greater than M, including infinite words,
by saying that two such words are M-close if their restrictions to the first M letters are
M-close. We also say that two points z,y € T are M-close if their itineraries are M-close.
We use the notation = < y and [*(x) Y I*(y) to denote M-closeness.

For each z € T, we define the M-neighborhood Bj(z) around z to be the set of points in
T which are M-close to x.

First we prove that if y is sufficiently close to & with respect to the standard topology on

T, then y is M-close to z.

Lemma 3.2.6. For each M > 0 and x € T, there exists an open neighborhood Uy (x)
containing [x)~, such thaty € Uy (z) = = e y. If in addition I*(x) is not precritical, we

o

can strengthen the conclusion by replacing it with y € Uy (x) = I%(x)|m = 1*(y)|m-

Proof. Recall that I*(x) is not precritical if and only if hf[x] # [#1] for ¢ > 0. From this we
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see that I*(x) is not precritical if and only if h'[z] = [h'z] never intersects {xi, %o} for ¢ > 0.

First suppose that the sets h'[x] never intersect {1, %o} for ¢ > 0. For each 2’ € [z] we
can choose an open arc I/, containing 2/, small enough that h'I N {*, %5} is empty for
0 <t< M. Now, for 0 <t < M, we have that h'I,, and h'z’ lie in the same semicircle
(either L or R). Therefore any y € I, has the same itinerary as 2’ for the first M letters.
But every 2’ € [z] has the same itinerary as x for the first M letters because I%(x) is not

precritical. Therefore every y € Uy := | | I+ has the same itinerary as z for the first M

vel
letters. Moreover, the first M letters of the common itinerary all lie in {L, R}.

Now suppose hf[z] = [;] for some 0 < ¢ < M. This can happen for at most one value of
t because [#;] is not periodic.

Let T be the unique time such that h%[z] = [*;], then we can write I®(x)|y = usv where
uwe {L, R}, se{L, R %}, and v € {L, R}M~T-1 is an initial subword of I%(«). For each
2’ € [z], let I, be an open interval containing x’ and small enough such that k'l does not
intersect {*1,%o} for 0 <t <T —landT+1<t< M.

The same reasoning as in the previous case shows that if y € | I, then I*(y) = I*(x),

' €x]

except possibly at the index t = T. O

The converse to the previous lemma is also true; if x is M-close to y for large M then y is

close to [z]y, in T. This gives us the characterization of convergence we wanted.

~

Proposition 3.2.7. Suppose x,, is a sequence on T, and suppose x € T. Then [x,] — [z] in
the quotient topology of T/ =, iff for all integer M, there exists Ny such that n > Ny implies
I*(xy,) is M-close to I*(x).

Before proving this proposition, we need a few lemmas.

The next lemma is a sort of triangle inequality.

Lemma 3.2.8. For each M > 0 there exists K > 0 such that the following holds. If x MER

M+K M
and z =X y then x < z.
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M+K M+K
Proof. Suppose x 2% s and 2 X y. Then

I°(2)|prx = uav

I°(2)|mox = ubv (3.5)
I°(2) | myx = u'ad' (3.6)
I%(Y) | mrx = w0

where u,u’ € {L, R}* are finite words, a,b,a’,0’ € {L, R,*} and v,v" are initial subwords
of I*(a). Suppose first that |u| > M. If |u'| > M too then we are done, because I*(z)|y =
ulye = 1°(2) e = |ar = 1%(y) -

On the other hand if |u/| < M, we have I*(x)|y = u|pr = I*(2) |y = v/a’v” where v” is
an initial subword of v/, and hence v” is an initial subword of I%(a). Also I*(y)|y = w'b'v”,
so 1 = y.

The case where |u/| > M and |u| < M is then taken care of by the symmetric argument,
so now suppose |[v'| < M and |u| < M. This is the only case where we use the fact that
K is large and I%(«) is nonperiodic. Since I%(«) is nonperiodic, every shift ¢*I%(a) must
eventually disagree with I*(«) if we look deep enough into the sequence. We choose K to be
the largest index we need to observe to find this disagreement, when we restrict to shifts of
length less than M. That is,

K = sup inf{T : o' I%a)|r # I*(a)|r}.
0<i<M
It suffices to show that |u| = |u/| because then the two different ways of writing 1%(z)
forces u = ' and hence z % y. So suppose for contradiction that, say, |u| < |u/| and write
v = ucw for some ¢ € {L, R} and some (possibly empty) word w € {L, R}*. Note that
0<|w| < || < M.

Applying the shift o/“*! to (3.5) and (3.6) gives

oI (2) i) = 0

oI (2) iy ) = wa't!
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which shows o!*“*1y = v/. But recall that v and v’ are initial subwords of I%(a), and the
lengths of v and v’ are at least K, so this means that we actually have o+ 1%(a)|x = I*(a)|x-

This contradicts the definition of K. O]

The following lemma says that the topology induced by the B, is fine enough to distinguish

~, classes.

Lemma 3.2.9. For each x € T and M > 0 there ezists K > 0 such that By x(x) C By ().

Furthermore,

@]xe = () Bu(z) = () Bu(@).

Proof. We begin by proving the first equality. If z =, y, it follows from the definitions
that z 2 y for all M. On the other hand, suppose x Y y for all M. Let T be the smallest
number that I%(x)|r41 # I*(y)|r41, if T = oo then we are done so suppose T' < co. Let
u = I1*()|r = I*(y)|r. Then for each M > T we have z|y = usiv and y|y = usqv
where s1, 9 € {L, R,x} and v is an initial subword of I%(«). Letting M — oo shows that
x =us [*(«a) and y = useI*(«v), which means = ~, y.

Now we turn to the second equality. Fix M > 0 and x € T and suppose K > 0 is large.
Suppose y; € By () is a sequence converging in T to y € m

Lemma 3.2.6 implies that for sufficiently large i, we have y; MEE y. Taking z = y; in
Lemma 3.2.8 implies that z ¥ y. Thus Byx(x) C By(z), and this proves the second

equality in the statement of the lemma. O]
Proposition 3.2.7 now follows from the next lemma.

Lemma 3.2.10. Suppose x € T, and let U C T be an open set containing [x]. For sufficiently
large M, we have By(x) C U.

Proof. To prove the claim, suppose for contradiction that there is a sequence y; € T\U
and M; € R such that y; € By, (x) and M; — oco. By compactness we can assume that

y; — y € T\U. We have from Lemma 3.2.9 that for each M, the tail of the sequence (y;) is
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contained in By (z). Therefore y € (,; Bu(z) and by Lemma 3.2.9 we get y € [z], which
contradicts the fact that U contains [z]. O

Proof of Proposition 3.2.7. Assume [z,| — [z] in T/ ~,. Let M > 0 be arbitrary. By Lemma
3.2.6 there exists an open neighborhood U of [z] in T such that y € U = y Y 2 For
sufficiently large n we must have x,, € U, hence z, ¥ 2. Since M was arbitrary, this proves
the ‘only if” direction.

For the other direction, let W be an arbitrary open neighborhood of [z] in T/ =, and let
U be its preimage under the quotient map = ~ [z]. Then U is an open set containing [z] C T.
By Lemma 3.2.10, we have for sufficiently large M that By, (x) C U, and this completes the
proof. O

3.2.4  Cylinder Sets and Boundary Leaves

The material in this section can also be found in [8, Section 4], but it is a crucial part of the
proof, so we provide a self-contained presentation here.

If g € {L, R}* a finite word, define the (open) cylinder C(g) C T to be the set of points
whose initial itinerary is equal g, that is C(g) = {z € T : I*(x)|,y) = g}. These sets are
closely related to the M-neighborhoods introduced in the previous section, indeed every
M-neighborhood is (up to a finite boundary set) equal to a union of finitely many cylinder
sets.

One important part of our proof of Theorem 3.1.5 is in finding leaves in the relation ~
which have one endpoint close to a given point x. We use this idea twice, in Lemma 3.3.2

and also in the Lemma 3.3.7. We do this by considering cylinder sets containing x.

1. By the results of the previous section, in particular Lemma 3.2.9, we see that C'(1%(z)|,)
converges to [z] as n — oo. Actually this only makes sense for = that are not precritical,
since we have not defined the cylinder sets for words that contain the symbol x.

Proposition 3.2.11 deals with this issue.
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2. On the other hand, every boundary chord of a cylinder C(g) is actually a leaf of the

lamination (Proposition 3.2.12).

The combination of these results allows us to construct the desired approximations for every
x. The rest of this section contains the proofs of these two statements, and the approximation
result is summarized in Proposition 3.2.13.

Recall from Section 3.2.2 that an itinerary g € {L, R, x}* is said to be precritical if it can
be written in the form g = usI®(«) where u € {L, R}* and s € {L, R, x}. If g is precritical,
g* = uLI%(a) and ¢ = uRI%(a) are the words obtained from g by replacing the symbol x
with L and R respectively.

Proposition 3.2.11. Suppose z € T and let g = [*(z) € {L, R, *}*. First suppose g is not

precritical. Then

@]~ = ﬂ Clgln) = ﬂ C(gln)-

n>1 >1

3

On the other hand, if g is precritical, then

(]~ = () Clg*1a) U ) CloPl)- (3.7)

n>1 n>1

Moreover, in this case,

(M ) N () CloFT) = T, %2,

n>1 n>1

where u € {L, R}* is defined implicitly via g* = usI®(«) for some s € {L, R, x}.

Proof. Consider first the case where g is not precritical. It is clear that C(g|,) C By(x). So

by Lemma 3.2.9, the intersection [1,., C(g|,) is contained inside [z]~, On the other hand,
if y € [7]~,, this means that I*(y) = I%(x). So y € C(g|,) for all n. We have shown that

Ny>1 C(gln) C [2]~. € Nyz1 Cgln), so we are done.

Now consider the case where g is precritical and write g = us/®(a). Again we have for all
n > 1 that C(g"],) C By(z) and C(g"|,) C B (), therefore (5, C(g%]n) UN,s1 C(g%]n) C
[‘/L‘]za'

For the other direction, suppose y € [z]~,. There are three cases to consider.
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o If I%(y) = uLI*(a) = g* then y € C(g*|yr) for all M.
o If I%(y) = uRI%(a) = g" then y € C(g%|y) for all M.

e It remains to check the case I*(y) = ux I[*(«). If this is the case, then y € {uwxy, uxs}.
Assume that y = uxq, the other case y = u*, is similar. We claim that y = ux; €
C’(T\M) for all M. To see this, observe that *; 4+ € is in L, for all small ¢ > 0. Also
h(x14¢) is close to «, so for sufficiently small € we have that 1% (%1 +¢€)|yy = LI*(a)|yr, see
Lemma 3.2.6. Therefore we have by the conjugacy (3.3) that u(x;+¢€) € C(u(LI*(a)|nm)),
and lim,_,o u(*; + €) = ux; = y. Here we have that u is continuous at *; because *; is
not in the postcritical set P, (see (3.2) and the surrounding discussion). This proves

the claim, and completes the proof of (3.7).

Now we turn to the proof of the last statement. In the last item above we showed that
uxy, uxg € C(g*|p) for all M. Similar arguments show that wky, uxy € C(g®|yr) for all M,
and this proves that

() Clg"1n) N () Clg]n) D a{x1, %2}

n>1 n>1

For the reverse inclusion, suppose y € (5, C(gEn) N My>1 C(g%]n). Then y € C(g ) ju1) =
C(uL), therefore hl*ly € hluIC(uL) = C(L) = L by continuity and closedness of k. Similarly
hlly € R. This shows that hlYly € LN R = {*,, %5}

On the other hand y € C(gt|jy) = C(u), so y € u{*y,*2} as desired. O

By (3.3), the cylinder C'(g) can also be described as the image of T\ A, under g (recall the
definition of A, in (3.2)), that is C(g) = g(T\A,). Since g is continuous on each component
of T\ A,, this shows that C(g) is a finite union of disjoint open intervals. Induction on the
length of g shows that the closure of these intervals is disjoint too (nonperiodicity of « is
needed here).

By keeping track of when a cylinder contains «, one sees that boundary chords of cylinders

are always leaves in the minimal equivalence (see Proposition 3.2.2).
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16

25
32

(a) The left and right halves L and R of S*. Here (b) The collection of cylinders C(g) for g €

a=1/4and so [“(a) = LLRRR.... {L, R}3 partitions T up to a finite set. The
boundary leaves of C(LLL) are {*; = 1/8,%3 =
5/8}, L{x1, %2} = {5/16,9/16} and LL{*y,x;} =
{5/32,9/32}, as we expect from Proposition
3.2.12.

Proposition 3.2.12. Suppose g € {L, R} is a finite word of length N. Then the boundary
chords of C(g) are all of the form ;\;{*1, %o} where 0 <t < N — 1. Moreover, E]\|;{*1, ko) iS @

boundary chord iff o' g is an initial subword of I*(c).

Proof. We proceed by induction on N = |g|. For N = 1, the result is clear because {, %3}
is the boundary chord of C(L) and of C'(R). Now suppose sg € {L, R} where s € {L, R}
and g € {L, R}". By the induction hypothesis, the boundary chords of C(g) are precisely
the leaves of the form E]E{*l, %5} where 0 < ¢t < N — 1 is an integer such that ¢/*1g is an
initial subword of I%(«).

The images of the boundary chords of C(g) under s are always boundary chords of
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35(C(g)) = C(sg). By the induction hypothesis, all leaves arising in this way are of the form

So ;]E{*l, %3} where 0 <t < N — 1 is an integer such that o*'g = I“(a)|y_s_;. Note that

1 <t+1<N, that 50 g|; = (5¢)]s1, and o+D*1sg is an initial subword of 1°(a).
If a ¢ C(g) then these are the only boundary chords of C'(sg). On the other hand if
a € C(g) then {x1,*,} is a new boundary chord of C(sg) = 5(C(g)). This new boundary

0tl(sg) = g is an initial subword of I%(«)

chord is equal to {x,*s} = s/g\|/0{>x<1, %o}, and o
because o € C(g) means that I%(a)|, = g.

This completes the induction. O

As promised, combining the previous two propositions shows that every equivalence class

in ~, can be approximated by boundary leaves.

Proposition 3.2.13. Let g € {L, R}*> be an infinite word. Then C(g) = (), C(g|n) =
{z1,..., 2y} is finite. Assume the xy,...,x, are arranged in a counterclockwise order. Then

for each i, and each € > 0 there is an integer n such that g|,{*1, %2} is e-close to {x;, x;11}

in the Hausdorff sense.

Proof. By Proposition 3.2.11, all the points of (), C(g|,) belong to the same ~,, class, so by

Theorem 3.2.3, ), C(gl,) is finite, and we can write (), C(g|n) = {x1, ..., zn}.
Let U = U;(z; — €,x; + €) be the union of e-balls around each point in C'(g). Assume

€ is small enough that these balls are disjoint. By Lemmas 3.2.10 and 3.2.9, we have for

sufficiently large M that U D By(x) D C(g|m) D {x1,. .-, Tm}-

Fix M sufficiently large as above, and let (a,b) be a component of T\{z1,...,z,}. Let z
be a point of T\U inside (a,b), and let I be the component of T\C(g[y;) containing z. By
construction, the endpoints of I are within distance € of z; and x;,1, and by Proposition

3.2.12, the endpoints of I are of the form {wx;, u*,} where u is an initial subword of g|y,. O

In fact, in Lemma 3.3.2, we will need to construct several distinct approximations to
the equivalence class [~,], so it is important our approximations can be chosen to be strict

approximations.
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Lemma 3.2.14. Let g = LI, (a) or g = RI,(a) so that C(g) = [*1]NL or C(g) = [*2] N R
respectively.

Let x;,x;11 be adjacent elements of C(g). If either of the following conditions hold, the
approximations in the conclusion of Proposition 3.2.13 may be taken to be strict in the sense

that gl,*1 and g|,*e are not equal to any of the elements in C(g).
o At least one of the x;, ;11 is not in {*1,*s}.

o {2, w1} = {*x1,%0}, and [x1] = {1, %2 }.

In the case not covered by this lemma, where {z;, 11} = {*1, %2} and |[x]| > 2, it is

impossible to find strict approximations, as this would violate flatness of =,,.

Proof. Let x;,z;41 € C(g) be the chord that we wish to approximate.

Suppose first that one of the x;, x;11 is not in {*q, %o }. Let {u*y, Ux3} be the approximating
leaf of {x;,x;11} guaranteed by Lemma 3.2.13. Assume for contradiction that {wx;,u*,}
intersects [x;]. Then w#; ~q *;. Applying hl“I*! to both sides yields [a] = hl*/[a], so since [a]
is nonperiodic we must have |u| = 0. If € is sufficiently small, this contradicts the fact that
{uxq, uxa} approximates {z;, ;11 }, because {ux1, uxo} = {*1, %2} is not equal to {x;, x;11},
since we assumed that x; 1 & {*;,%a}.

Now we consider the case where z; and x;; are both in {x, %}, and [¥1] = {*1,%2}.
Assume first that ¢ = LI%(«), the other case is similar.

We will go through the construction of Proposition 2.4.4 again, making a small modification.
Fix M large enough that C(g|y) is contained in an e-neighborhood of {;,%,}. Assume that
€ is small enough that this neighborhood does not contain «.

Let I be the component of T\C(g|s;) that contains . Then I is contained inside
L = (%1, %9).

Consider the boundary chord [ joining the endpoints of I, which by Proposition 3.2.12

is of the form u{#;, x2} where u is an initial subword of g|y;. Note that I is not equal to L

because C'(g|ar) N L = C(g|ar) has positive total length, so @ is not the identity and u is not
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the empty word. In particular, the boundary chord [ = u{x,*,} is a strict approximation

(close, but not equal) of {*j,*s}. O
3.3 All scales are good

In this section we prove Theorem 3.1.5, that is for a combinatorially semihyperbolic, we show
that the equivalence relation ~, is gs-good at all scales. It suffices to consider dyadic scales
r=2N,

The construction is sketched in Figure 3.2 and 3.3. The idea is to first show that ~ is
gs-thick across intervals around *; and %, at scale N = 1, this is Proposition 3.3.3. To get
the (uniformly perfect) Cantor set A for the gluing between x; and %5, we will use periodic
leaves near *; and %, to generate a linear iterated function system. The existence of such
periodic leaves is shown in Lemma 3.3.2. See Figure 3.2a. After this gluing at the large
scale is constructed, we use backwards iteration to get the Cantor set around any point at
any scale. This existence of backwards iterates that transport the gluing at large scale to a
gluing at an arbitrary point € T and arbitrary scale r = 27 is given by the construction
of circular chains, see Definition 3.3.5 and Lemma 3.3.7.

The construction will rely on the following fact that the class of the critical point [*]
is contained in the union of exactly two components I’ and I” of T\P,, where we recall
that P, = {hla : t > 0}. In particular this means that all compositions § of Ls and Rs are
well defined on I” and I” (see (3.2)), and hence the images g(I’) and g(I”) are connected
intervals. See Figure 3.2a. This guarantees that if we can construct the good gluing across
the neighborhoods I’,1”, then we can pull them back to different scales and locations via the

inverse branches of h".

Proposition 3.3.1. Let I' and I” be the components of T' := T\ P, containing *, and *,

respectively. Then I' and 1" are distinct, and [%;] C I' U1".

Note that the combinatorial semihyperbolicity (Definition 3.2.5) assumption on «, to-

gether with Lemma 3.2.6, implies that *;, %, ¢ P,. To see this, suppose for contradiction
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©

(a) The postcritical set P, is marked (green) (b) Periodic leaves (dashed) with endpoints
on T. The diameter D = {x1,*2} is in blue. in I’ and I” are constructed (Lemma 3.3.2).
The hyperbolic geodesics denote leaves in ~,. Here we only show two leaves; the actual con-
Here a« = 9/56, I' = [9/14,1/7]) and 1" = struction requires two pairs of such leaves.

[4/7,9/14]. Notice that [¥;] C I’ UI".

Figure 3.2: The steps involved in the proof of Theorem 3.1.5, in the case a = 9/56. Continued
in Figure 3.3.
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) We use the periodic leaves near to the
diameter to construct an IFS, resulting in
a gluing between the intervals I; and Iy
and between I and I3. (Proposition 3.3.3).
The gluing is resprented by the thick black
family of geodesics, but in actuality the
gluing is only supported on a linear Cantor

set.

(c) ...s0, as long as t; is not too small, ;|\;Il and
Z]\TJ.L; (and ;}\TJIQ and ;EI;; ) have diameter
comparable to 27V, Note that even though
the figure shows gluings inside the cylinder, we
do not use them in this construction - we only

use the gluings on the exterior of the cylinder.

o8

(4

(b) We construct the gluing at * € T and
scale 27 by pulling back the gluing from
the previous step. The cylinder of depth N
containing z is bounded by leaves of the form
;];{*1,*2} for some integers t; < N, where

g=1%x)...

AL

(d) Sometimes one of the boundary leaves (the
red one) is of the form gV ~t{x1,*2} where t
is too large, so that pulling back the gluing
from Iy to I4 and Iy and I3 results in a gluing
at too large a scale. In this case we use the

leaves of the gap ¢T instead of the red leaf.

Figure 3.3: The steps involved in the proof of Theorem 3.1.5, in the case o = 9/56. Continued

from Figure 3.2.
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that hf(a) — x; for some sequence t, — oco. From Lemma 3.2.6 this implies for suffi-
ciently large n that o' I*(a) = I*(h'"«) Mot I*(*;) = *I*(«), where M, is the combi-
natorial semihyperbolicity constant. Therefore o'»™11%(q) Yoy “(a) and this contradicts
combinatorial semihyperbolicity.

In particular, the components I’ and I” do exist.

Proof. Since the kneading sequence 1*(«) is not periodic, it is not LLL. ... Therefore there
exists a postcritical point hfa € R. Then « and hfa are in different components of T\ {x1, %o},
which means that *; and %, are in different components of T\{«, h'a}, which means %; and
9 are in different components of T\ P,. Thus I’ and I” are distinct.

Now we turn to the second statement, which is equivalent to saying that all the postcritical
points P, lie in two components of T\ [*].

The idea is that if a postcritical point h'x; lies in a given component of T\[*;], then by
flatness the whole class h'[*;] of that point must lie in that same component. But since h
is expanding on T, any component of T\ [*;] that contains an iterate h'[x;] of the critical
class must necessarily be ‘large’. The desired result follows if we can show that only two
components are ‘large’.

More precisely, we will now show that if J is a component of T\[*;] and J contains a
postcritical point hfa, t > 1, then the length of J satisfies |J| > 1/4.

For z,y € T=R/Z let |x —y| € [0,1/2] be the distance between x and y on T, which is
the (normalized) length of the shortest arc joining = to y. Then the distance between any
pair of points z,y € T changes under the action of h according to the tent mapping:

he — hy| = 2lz —y| if |z —y[ < 1/4 (35)

1 =2z —y| if|z—y|>1/4
Let %' and *” be adjacent points of [+;], bounding some component J of T\[;]. Let
d=|*—«"| =1J|, and suppose d < 1/4. Then we have |h*' —h*"| = 2d. By (3.8), iterating

h on the leaf {+' "} will yield longer and longer leaves until the length is greater than 1/4.
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(The length of a leaf is defined to be the distance between its endpoints). After that point
the length of the leaf may shrink.

However, the longest leaf in the lamination has length at most 1/2 — d. This is because,
by flatness, any leaf in the lamination must have both endpoints in the same component of
T\[*1]. The points *" ~, *” =, * + 1/2 ~, *” + 1/2 are all in [*;] (the easiest way to see
this is by considering itineraries), and the largest component of T\{«", " " 4+ 1/2, %" + 1/2}
has length 1/2 — d, so the largest component of T\[*;] has length at most 1/2 — d.

So from (3.8), the iterates h'{’, "} of the leaf never get shorter than 2d = 2|.J|. In
particular, for t > 1, '+’ and h'+” can never both be in J. Thus, by flatness, h'[¥'] = h[x]
is never contained in J.

We have shown that if a component of T\[#;] is shorter than 1/4, then it contains no
posteritical points. Now let us use this fact to derive the desired result. Let J be the largest
component of T\[*;]. Then |J| > 1/4. Since [*;] = [*1]~, Is invariant under x — = + 1/2
(again, by considering itineraries), the interval J + 1/2 is a component of T\ [#;] and also has
length equal to |J| > 1/4. This shows that components of length greater than 1/4 occur in
pairs. Since (|J|+ |J +1/2|) + (1/44 1/4) > 1, there can only be one pair of components of
T\[#1] with length greater 1/4, namely J and J + 1/2. Therefore the postcritical points all
lie in the two components J and (J + 1/2), and the result follows. O

A periodic leaf is a leaf such that both endpoints have periodic itineraries. We now show
that we can find a pair of periodic leaves spanning the intervals I’ and I”. These leaves will

be used to generate an iterated function system, giving many leaves between I’ and I”.

Lemma 3.3.2 (Existence of periodic leaves near the main leaf (%1, %2)). There exist infinitely
many distinct periodic leaves I with both endpoints in L with one endpoint in I' and the other

endpoint in I". The same statement holds for R in place of L.

Proof. We will only construct such leaves in L, the argument for getting leaves in R is exactly
the same. First we prove that we can find a leaf [ in L with one endpoint in I’ and the

other endpoint in [”. This leaf will be of the form u{#;, %2} for some v € {L, R}*. If u is
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sufficiently contracting then this tells us that @2 maps I’ into I’ and I” into I”. We then
use the contraction principle to find fixed points @, a” of 4% in I’ and I” respectively. By
definition, o’ and a” will be periodic with periodic itinerary equal to «*. In particular

a' ~, a”. Now we provide the details.
1. Let g = I*(%;) = x[*(«). By Proposition 3.2.11, we have

(1] = () ClF1) U CgF]a) = [ C(LI* (@) U\ C(RI(a)).

Since, by definition, C(L---) and C(R---) are contained in L and R respectively,

we conclude that [x] N L C (), C(g*|,). Taking the closure of both sides yields

[x1]NL c ), C(g%],). But the reverse inclusion holds too, so we get
] N = (ClgHn). (3.9)

Let [*1]NL = {y1,...,ym} where the y; are assumed to be indexed in counterclockwise
order with y; = *; and y,, = *3. Let ¢ be the maximal index such that y; € I’. Then

Yir1 € I"” by Proposition 3.3.1.

By Theorem 3.2.13, the leaf {y;, y;+1} is the limit of leaves of the form {g,*i, gn*2} for
a sequence of finite words ¢, € {L, R}*. All these words are initial subwords of the

word g* = LI*(a), and by Lemma 3.2.14 we can assume that lim|g,| = oco.

2. Since {gn*1, gn*2} converges to a leaf with endpoints in I’ and I”, we have for sufficiently
large n that g, maps 1 into I” and %5 into I”, or *; into I” and %, into I’. By replacing
gn With g,¢g, we can assume that the former occurs.

Since lim,, |g,| = 0o, we have lim,, 27197/ = lim,, |¢,| = 0, so for sufficiently large n we

have that g, maps I’ into I’ and I” into I”.

Also, g, has constant derivative 2719l < 1, so by the contraction principle gy|; and

Gn|r have fixed points a’,a” in I’, I"” respectively. Using (3.3) we see that

[%(a’) = I%(gnd’) = gnl®(a’),
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and hence o’ has periodic itinerary 1*(a’) = I*(a”) = ¢2° € {L,R}*°. The same
argument shows that [%(a”) = ¢2° too. Thus {d’,a"} is a periodic leaf with one

endpoint in I’ and the other endpoint in I”, and {a’,a"} C L.

Step 2) shows that every sufficiently large n yields a periodic leaf with endpoints in I” and
I”. For our construction below we will need two different periodic leaves, to form an iterated
function system. We will now show that we can choose n’ # n such that the applying the
construction in Step 2) to g, and g, yields different periodic leaves. We do this by choosing
n' and n so that g3° # ¢°. Then the periodic leaves that result from applying step 3) to
gn and g, will be different because they will have different itineraries and hence will not
intersect.

We need to consider two cases.

Suppose first that g := LI®(«) is eventually periodic (recall that g cannot be actually
periodic), which means there exists some preperiod ¢ > 1 such that I*(h'a) is periodic of
some period K > 1. Choose M large enough that M is greater than the preperiod ¢ of I*(«),
and large enough that the first M letters of LI*(«) are enough to ‘certify’ that g = L1*(«)

is not periodic of period K. That is, choose M > t large enough that
LI%(a)|as is not of the form w™|y, for any w € {L, R, *}*.

Let n be large enough that |g,| > M, and let n’ be large enough that |g,/| — |g.| > M.
Write g, = gnu where |u| = |gn| — |gn| > M (recall that g, and g, are both initial subwords
of g = LI*(a)). Suppose for contradiction that g2 = ¢, then applying the shift ol9! to
both sides yields g;° = ug;s.

Since g, is an initial subword of g of length at least M, and u has length at least M, the
equality ¢0° = ugry implies g|y = ufy. However, u is an initial subword of something that
is periodic of period K (namely, o197lg), so this contradicts the definition of M. Therefore
9’ F G-

Now we consider the case where g = LI*(«) is not eventually periodic. Fix n, and choose

M large enough that the first M letters of ol9"lg are enough to ‘certify’ that ol9»lg is not
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periodic of period |g,|. That is, choose M large enough that
(c1971g)|ar is not of the form w™|y; for any w € {L, R, +}!9"!.

Then choose n' large enough that |g,/|—|g.| > M. Write g, = g,u where |u| = |g/|—|gn| > M
(recall that g, and g,» are both initial subwords of g = LI%(«)). Suppose for contradiction
that ¢g;° = g5y, then applying the shift olonl to both sides yields 9,0 = ugy;.

Restricting to the first M letters yields ¢°|a = u|p. Now, w is an initial subword of

ool g, so we get go° = (0192)g|5s, which contradicts the definition of M. O

The points *; and x5 cut I’ and I” respectively into two open subintervals each, giving
a total of four intervals J;, J; , J5", J;~ (assumed to be in counterclockwise order). Here we
choose the indexing on the {J;} such that *; is the counterclockwise endpoint J; and the
clockwise endpoint of J, , and x5 is the counterclockwise endpoint of J;~ and the clockwise
endpoint of J. Thus J; UJ, =I' and J U JS = 1" and J; UJ;” C R while J;, U J) C L.

Let [ be a periodic leaf in ~, of period p, where the period is defined as the smallest
integer p such that h? fixes both endpoints of . Observe that the iterates of each endpoint
never lie in [#;], as this would contradict nonperiodicity of [*;]. In other words neither
itinerary is precritical, therefore by (3.4) , the itineraries of both points are equal, and we
will use 1*(I) to denote this common itinerary.

The common itinerary of both points is periodic of period p, so we can write [%(l) = w™
where w = I%(l)|,. Observe that w is a contraction that fixes the endpoints of [, indeed w is
just the inverse branch of h? that fixes the endpoints of [. If we let w = I%(l)|y, then w is
orientation preserving and still fixes the endpoints of [, and we will assume this.

The contractions arising from the periodic leaves we constructed in Lemma 3.3.2 generate
an iterated function system, giving us a Cantor set on which a gluing between I’ and I” is

supported (Recall the definitions of Section 2.5).

Proposition 3.3.3 (Existence of Cantor set around main leaf). J; is gs-glued to J;* and

Jy is qs-glued to J . In other words, r = 1 is a gs-good scale of degree 2 at *, (and *j).
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Proof. First we show that J; is glued to J;". From Lemma 3.3.2 we get a pair of distinct
periodic leaves [, 1" each with one endpoint in J; and the other endpoint in J;". Let a=,a™* be
the endpoints of [ in J; and J;" respectively, and let a’~, a’" be the endpoints of I’ in J;” and
Ji respectively. Let H; be the closed subinterval of J; with endpoints {a~,a’~} and H; be
the closed subinterval of J;~ with endpoints {a’*,a*}. Let ¢ : H; — H; be the linear (w.r.t.
arclength) map that takes a~ to a™ and o'~ to a'*.

As in the above discussion, let w = I%(l)|y, and w’ = [*(I')|oy where p and p’ are the
periods of [ and " respectively. Recall that w fixes ¢~ and a™ while w' fixes @~ and 't and
@ and w' are orientation preserving.

Consider the restrictions w|y— and w|y+ of w to Hy and H{ respectively. They are

conjugate:
{17|H1+090:<PO75|H1—- (3.10)

To see this, note that both sides of the equation are linear mappings with the same derivative,
and they are equal when evaluated at a~, and they are both of the same orientation class.

Similarly, w' | HFop=o w' | HY holds for the linear maps induced by the other periodic
leaf, I'.

Consider the linear iterated function systems generated by the contractions w and w' on
each of the intervals H; and H;". Let A] and Al be the respective limit sets. That is, A} is
the closure of the orbit of the two endpoints 0H; = {a~,a’"} of H; under arbitrary finite
compositions of w| mr and w'| ;> and similarly for AF. Since @, w' are linear contractions on
an interval, the limit set is a Cantor set and it is an easy exercise to show that the limit sets
are uniformly perfect.

We claim that x ~ ¢(x) for all x € A]. This is true by definition when x = a~ or z = da'~.

On the other hand, backwards invariance of ~ and the conjugacy (3.10) yields, for z € Hy :
r~ () = { @z~ dpa)=e@z) and war~we(x)=pwz) }.

By induction, we get x ~ (z) for all images of = and a™ under arbitrary finite compositions

of @ and w'. By topological closedness of ~ we get x ~ p(x) for all x € AT .



65

Thus we have constructed a gluing between J; and J;" where ¢ is not only quasisymmetric
but linear, and Ay, A] are not only uniformly perfect, but are linear Cantor sets. A similar
argument shows that J, and J are glued together on some Cantor sets A, and A3 . Thus,

r = 11is a good scale at *; (and *3), O

To get the gluing at scale r = 27" and z € T, we will pullback the gluing we just

constructed. For certain x at certain scales, this can be done fairly directly.

Lemma 3.3.4. Fiz N > 0 integer. Suppose x € T and let g = 1*(x). If g|n = u*I¥(a)|n
where N — My, < |u| < N, then r = 27V is a L-qs-good scale for x, where L only depends on

M, (the combinatorial semihyperbolicity parameter)

Proof. We see that u maps %; or %5 to x. By backwards invariance of ~ and linearity of
u, we can use u to pullback the gluing chain constructed in Proposition 3.3.3 to a chain of
degree two around z. Since N — M, < |u| < N, the backwards iterate u maps I’ and I” onto

intervals of size comparable to 27V, See the proof of Theorem 3.1.5 below for details. O

For general x and N, the construction is more complicated. For instance we will need
to use gluing chains of degree higher than 2. For this purpose it is useful to introduce the

notion of a circular chain.

Definition 3.3.5 (Circular chain). For m > 2, if [1,...,l,, are mutually non-intersecting
chords in the lamination ~, let Gap(l) be the component of D\ U; /; that contains the convex

hull of the 2m endpoints of the ;. We say that [y, ...,l,, form an e-circular chain around

xeTif
e All the chords 1y, ..., lie on the boundary of Gap(l).
e All the components of Gap(l) N'T have length bounded above by e.

e The interior of the circular chain, Gap(l/) N T, contains z.
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For m = 1, we say that [; forms a e-circular chain around z if both endpoints of {; are within
e of x, and if x is contained in the interior of the circular chain. In this case (m = 1), the

interior is the smallest component of D\{/;}.

Recall that M, is the quantitative parameter in the definition of combinatorial semihy-
perbolicity.

For each = € T and each scale 7 = 27V, we will construct a =< 2~"-circular chain around
x by using boundary leaves of cylinder sets. By Proposition 3.2.12, these boundary leaves are
all pullbacks of the main leaf (1, *3) under the doubling map h.

Thus for each leaf [; of the circular chain, we can pullback the gluing around the main
leaf (Proposition 3.3.3) to a gluing around ;.

To make this work we need to ensure that we can construct the desired circular chain

with a bounded number of boundary leaves.

Lemma 3.3.6 (Bound on the number of boundary leaves). Suppose g € {L, R} is a finite
word of length N. There can be at most one integer t < N — M, such that EJE{*D ko) 1S @
boundary leaf of C(g). In particular the number of boundary leaves of C(g) is bounded by
M, + 1.

Proof. Suppose for contradiction ¢,t’ < N — M, — 1 are distinct integers such that ;|;{>x<1, %o }
and gA‘;{*l, 9} are boundary leaves of C'(g), and assume without loss of generality that ¢ < t'.
By Proposition 3.2.12; we have g = g|;sv = g|ps'v" where s, s € {L, R, *} and v, v are initial
subwords of I*(a). Applying the shift o'*! yields v = (¢*1g|y)s'v’. This shows that oTv = v/
where 7" > 0. Since ¢’ < N — M,, — 1, we have that |v'| > M,, so the last equality contradicts

combinatorial semihyperbolicity. O
With this lemma, we can now prove the existence of circular chains around .

Lemma 3.3.7 (Existence of chains around x). There exists C' > 0 such that the following
holds. For each x € T and each N > 0, either the hypotheses of Lemma 3.3.4 are satisfied,

or, there exists m finite words u(1),...,u(m) € {L, R}* such that
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o m < 2M,

e The lengths of the words satisfy N — M, < |u(i)| < N

o The leaves l; := u(i){*1, %2} form a C2~N-circular chain around x in the sense of

Definition 3.3.5.

Proof. Suppose x € T and N > 0. Let g = [*(x) be the itinerary of x. There are four cases

to consider.
1. g =uxI*(«a) for some finite word u € {L, R}*, and |u| > N — M,

2. The symbol x does not occur in g, and if w is a word such that |u| < N — 1 and

gly = usl®*(a)|n for some s € {L, R}, then |u| > N — M,,.

3. The symbol x does not occur in g|y, and there exists a word u such that g|y = usI®(a)|y

for some s € {L, R}, and |u| < N — M,,.
4. g =u*I*(«) for some finite word u € {L, R}*, and |u| < N — M,,.

In case 1), the hypothesis of Lemma 3.3.4 are satisfied, so there is nothing to prove. Now we
turn to the second case. The desired leaves will be the boundary leaves of a certain cylinder
containing x. Let g|y € {L, R}> be the first N letters in the itinerary of x. The cylinder
C(g|n) is a union of open intervals with disjoint closure, with total length 27V, that contains
x. By Proposition 3.2.12, the boundary leaves of the cylinder are of the form 1:(7){*1, %o},
where (i) are words such that g|y = u(i)sI*(«)|ny. These boundary leaves clearly form a
circular chain around z. It remains to verify that these boundary leaves satisfy the first
conclusion of Lemma. Let m be the number of boundary leaves of the cylinder C(g|y). By
Lemma 3.3.6, m < M, + 1.

The idea for case 3) is similar. We would like to use the boundary leaves of C(g|x), but

the problem is that not all the boundary leaves are deep enough: if (u;) denotes the initial



68

subwords of g for which g = u;sI*(«), there exists j’ such that |u;| < N — M,. See Figure
3.3d. However, Lemma 3.3.6 guarantees that there can only be one j for which this holds. It
suffices to find another cylinder C'(g|x) such that C'(g|n) and C(g|x) share the troublesome

shallow boundary leaf w; {*;, *2}. The boundary leaves of the closed union C(g|y) U C(g|n)
will all be deep since the shallow leaf is in the interior and is no longer on the boundary, and
we can use these boundary leaves as the leaves in our circular chain.

If gy = upsI®(a)|n, let § = uysI%(a)|y where § = L if s = R and vice versa. Then
C(g) is a cylinder that also has wj {*;,*2} as a boundary leaf. This completes the proof for
case 3).

For case 4), we consider the modified itinerary g’ which is equal to g = I%(z) except that
the symbol * is replaced by the symbol L. The modified itinerary g% = uLI*(a) satisfies the
hypotheses of case 3) with t = |u|, and C(¢%|y) contains z by Proposition 3.2.11, so we can

apply the construction of case 3) to g~ to obtained the desired circular chain. O

The existence of these circular chains allows us to pullback the gluings around the main

leaf to create gluings on all scales.

Proof of Theorem 3.1.5. Suppose x € T and N > 0. Let g = [*(z) be the itinerary of z. If
the hypotheses of Lemma 3.3.4 are satisfied, we are done. Otherwise, let u(1),...,u(m) be
the finite words provided by Lemma 3.3.7, so that the leaves [; := 1;(7){*1, o} form a circular

chain around z. Let U be the interior of this chain (see Definition 3.3.5).
For each j =1,...,m, the mapping 2;(\;) maps the two intervals I’, I” (containing 1, 5)

to a pair of neighborhoods w(j)I’ and u(j)I"”. Here it is crucial that I’ and I” do not contain
any postcritical points.

By backward invariance of ~ and linearity of the w, the pair of good gluings between the
intervals I;” and I;r constructed in Proposition 3.3.3 are mapped via 7;(\]/) to a pair of good

—_— —

gluings adjacent to u(j)*; and u(j)*o. One of the gluings will be in the interior U and the
other one will lie in the exterior T\U. We will use the gluing that lies in the exterior. The

derivative of u(j) is between 27~ and 27V*Me 50 the gluing is at scale 27V,
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The collection of these gluings for j = 1,..., m show that r = 27 is a L-qs-good scale at

x, where the constant L does not depend on x and N. O
3.4 Combinatorial semihyperbolicity and concrete semihyperbolicity

So far in this chapter we have worked only with ‘abstract’ or ‘combinatorial’ laminations. In
this section we relate our work to concrete Julia sets by proving Theorem 3.1.6.

For ¢ € C let p.(z) = 2% + c and let K. be its filled Julia set. If K, is connected there is a
unique Riemann map ¢, : D* — C\ K, that fixes oo and ¢'(c0) > 0. If, in addition, K, is
locally connected, then . extends continuously to the boundary 0D = T. Let v : T — J. be
the restriction of this extension to the boundary, where J. = 0K, is the Julia set of p.. We
call v the Carathéodory loop. The Carathéodory loop induces an equivalence relation ~. on
T = R/Z where points are identified if they have the same image under ~.

Recall the semiconjugacy of Proposition 3.1.2:

peoy=7oh. (3.11)

The semiconjugacy implies that ~. is closed and invariant in the sense of Section 3.2.1.
Now suppose there exists « € T that satisifies v(«) = ¢, then *; ~. 5. We immediately get
that ~,. contains the minimal a-equivalence ~,,.

Recall from Section 3.1 that ¢ € C is a semihyperbolic parameter if p. has no parabolic
periodic points and if ¢ is not in the closure of its forward orbit.

Our characterization of the topology of T/ =, in terms of itineraries shows that our
notion of combinatorial semihyperbolicity (Definition 3.2.5) is equivalent to the notion of

semihyperbolicity described above.

Proof of Theorem 3.1.6. For the first direction, suppose ¢ is semihyperbolic and let o € T be
a landing angle for ¢ so that y(a) = ¢. If h'a = a, then by the semiconjugacy (3.11) we have
that pf o y(a) = v(«). Since ¢ is not periodic, we conclude that « is not periodic.

From [8, Theorem 1] we get that ~,==, and that T/ =, is homeomorphic to J, via the

map 7 : T — J.. Since c is semihyperbolic we have ¢ ¢ (.-, pi(c) in T/ =, (Theorem 3.1.4).
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The semiconjugacy (3.11) implies that [a] & (5, h*([e]). Tt follows from the characterization
of the topology of T/ =, in Proposition 3.2.7 that « is combinatorially semihyperbolic.

For the other direction, if a is combinatorially semihyperbolic, then our construction
Theorem 3.1.5 together with Theorem 2.5.3 implies that there exists a conformally removable
compact set J C C such that conformal map ¢ : (@\]D — @\J solves the welding problem
Rq, meaning p(e?™?)) = p(e?™)) <= x =, y. Suppose we chosen J so that ¢ satisfies
the normalizations ¢(e?™*1) = 0, p(00) = oo, and ¢(2) = z + O(1) as z — oo. The x +— —z
symmetry of a2, implies that ¢ is odd, so actually ¢(z) = z + o(1).

We will show that J is the Julia set of z — 22 + ¢, where ¢ = @(e*™?).

Let iL(z) = 22 be the extension of the angle doubling map to the exterior of the unit disk,
h:C\D — C\D, and let p = @ o h o ! be its conjugate on C\J. Then p is holomorphic
on @\J , and backward invariance of =, implies that p extends continuously to C to a
topological degree two branched cover with two critical values, at co and at ¢ = (™).
The normalization of ¢ implies that p(z) = 22 + O(1) as z — .

We would like to conclude from removability of J that p is holomorphic on C and is hence
a polynomial. However, p is not a homeomorphism so we cannot apply conformal removability
directly. Instead, we will consider a lift of p.

Consider the map p.(z) = 2% 4+ ¢ where ¢ = p(e*™*). It is a double sheeted cover of
C\{c} by C\{0}. On the other hand, p : C\{0} — C\{c} is also a double sheeted cover.
Let m be a homeomorphism 7 : C\{0} — C\{0} such that p = p. o 7. Note that if B C C
is a ball around 0, then p_!(p(B)) is also a ball around 0. Therefore we can extend 7 to a
homeomorphism C — C by defining 7(0) = 0. Since p(z) = 2% + O(1) and p.(z) = 22 + O(1)
as z — 00, it follows that 7(z) = z + o(1) as z — oc.

On the other hand, the holomorphicity of p on C\J, and the holomorphicity of p,., implies
that 7 is holomorphic on C\J. By removability of J we conclude that 7 : C — C is the
identity.

We have thus shown that p. = p and it is clear that J is the filled Julia set of p. We have

found a polynomial p. for which T/ ~,= J.. It remains to show that ¢ is semihyperbolic.
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Since (we have just shown that) 7 is a homeomorphism between (T/ ~,, h) and (J., p.),
it suffices to show that [a] ¢ m. By Proposition 3.2.7, we need to show that for all
t > 1, o'I*(«) is not (2M,+1)-close to I%(«r). Suppose I,(h'a) and I,,(«) are 2M,+1 close for
some t, then we can write I,(a)|anr, +1 = usly(@)|onr,+1 and Iy (h'a)|ans, 11 = us'In(a)|ong, +1
for some finite word u € {L, R}* and some s,s" € {L, R}. If |u| > M, then this shows that
I(a)|am, = ular, = ka(ha)|pr,, and this violates combinatorial semihyperbolicity of a. On
the other hand if |u| < M,, then by applying the shift ¢/“*! to the equality I, ()|oa,+1 =
usly()|anr,+1 shows that I, (h“1a)|anr, —ju) = To(@)|2ar,—ju- Since 2M, — |u| > M,, this

again violates combinatorial semihyperbolicity. O]
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Chapter 4

CONFORMAL WELDING OF THE CRT

In this chapter, we prove Theorems 1.3.1 and 1.3.2 on the welding of the Brownian
lamination and the scaling limit of large Shabat trees. Figure 1.4 shows the solution to the
welding problem for the lamination corresponding a regular tree of depth n = 11, where each
(half)-edge has the same harmonic measure with respect to infinity. It can be shown that
as n — 00, the diameter of the middle edges stays bounded below. This implies that the
associated conformal welding maps f,, cannot converge uniformly on D, as each edge is the
image of an arc of size %(3 2" — 3)~! under f,. However, along subsequences, the f, do
converge locally uniformly to a conformal limit (we believe that the limit exists and that the
limit is a conformal map onto a Jordan domain). An easier example of the same phenomenon

/7 onto the complement of a star with n edges:

is the conformal map z — (2" + 27" + 2)
these map clearly do not converge uniformly on D, however they converge locally uniformly

to the identity on D*.

These examples illustrate the main difficulty in the proof of 1.3.2. To deal with this, we
will show that the Brownian lamination satisfies the good scales condition of Theorem 2.5.3

(although it does not satisfy the gs-good scale condition).

The strategy is to construct candidate annuli A; (for [ = 1,2,...) in terms of w;, where,
roughly speaking, w; is the part of the excursion S lying between height A and AX*!. The
conditions of Theorem 2.5.1 that ensure the nondegeneracy of A; translate into five simple
conditions Good; 2345 on wy, see Section 4.1.2, and its discrete counterpart, Section 4.2.3.
We will define w; in such a way (see Sections 4.1.2 and 4.3.1) that (w;);>; is a Markov chain.
This allows us to use the standard large deviations framework (Theorem B.0.3) to show that,

with very high probability, the density of the set of indices ! for which w; € Good 2345 is
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1

greater than 5

The crux of the proof is a long computation (Lemma 4.3.4) showing that a certain function
on the state space decreases sharply in expectation when the Markov chain transitions from
a state that is not in Good; 234 5.

Section 4.1 contains a sketch of a proof of Theorem 1.3.1 along these lines. However,
we will not give all the details because the same strategy also gives a proof of the stronger
Theorem 1.3.2, which we prove in detail in Section 4.2. For the convenience of the reader, we
give a self-contained presentation of the large deviations estimate that we need in Appendix
B. Some technical estimates for discrete random walks needed for Section 4.2 are collected in

Appendix A.

4.1 Proof sketch for Theorem 1.3.1

Fix a standard Brownian excursion e : [0,1] — [0,00). We would like to employ Theorem
2.5.3 and show that almost surely, for every z € T and every n > 1, at least half of the scales
271,272 . 27" are good scales. By rotation invariance of the CRT, it suffices to consider
x = 0 and show that the probability of not having n/2 good scales decays exponentially faster
than 27"

4.1.1  Decomposition of Brownian excursion

The good chains at each scale will be obtained by considering a decomposition of e into
excursions away from H; that reach height H; , where essentially H; = A\~ for some fixed
A>1and 1 <[ <n. For ease of notation, we fix 7 and write h; = H;, hs = H;;, and so on
in our description of the decomposition below, see Figure 4.1.

Let X = {t: e(t) = h1}. Consider those connected components U of [0, 1]\X on which e
is an excursion that reaches level hy, that is |y > hy and sup e|y > he. Suppose there are k
such components Uy, ..., Uy (by continuity there are finitely many of these intervals). Then

there are k + 1 components U1, ..., Usg11 of the complement [0, 1] \ Uj U;. Notice that
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Figure 4.1: The decomposition of a Brownian excursion with respect to heights h; and h..
Here, there are k = 2 excursions from height h; to height hs, over the intervals U; and Us,.
The lengths of the intervals in this decomposition are given by the a;. The indexing is always
chosen so that a; and as are the lengths of the intervals on the end, then as, ..., a1 are the
lengths of the intervals in between the excursion intervals, and finally ag.o, ..., a1 are the

lengths of the excursion intervals themselves.

e Conditioned on the leftmost interval, the law of @ on that interval is that of a Brownian
meander conditioned on ending at h; and staying below hs. Similarly, the conditional
law of e on the rightmost interval is that of a time-reversal of such a meander. (A

Brownian meander is a Brownian motion starting at 0 conditioned to be positive).

e On the U; with 1 < j < k, the conditional law of @ — h; is that of an excursion

conditioned to reach height hy — hy.

e On the remaining Uj, the conditional law of e is that of a Brownian bridge from h; to

hy, conditioned to stay between 0 and hs.

If & > 1, the lengths of the intervals U; can be viewed as a (2k + 1)— dimensional vector

a = (ay,...,a1). Re-label the indices so that

e a; and ay denote the lengths of the left- and rightmost interval.

® a3, ...,ap+1 denotes the lengths of the £ — 1 bridges, in left to right order.
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® Qjyio,...,a9+1 denotes the lengths of the k excursions, in left to right order.

It is possible to write down an explicit expression for the density of the random variable a,

see Proposition 4.2.2 below for the analog in the discrete setting.

Remark 4.1.1. Here are some intuitive statements about a. By Brownian scaling we may
assume h; = 1 and hy = Ahy for some fixed A > 0. Let W > 0 be the length of the excursion

after this rescaling.

If W is very small, then k£ = 0 with high probability.

k has exponential tails, uniformly as W — oo.

It is very unlikely for a Brownian bridge to stay in an interval of size h; over a time
period much longer than h?. Tt follows that it is very unlikely for the lengths as, . .., ap;1

to be much longer than h?.

For W/h? > 1, it is likely that most of the mass of the interval [0, W] goes to a single
a;: For example, it is much more likely that there is an a; with a; ~ W; than it is to
have a; and a; with a; ~ a; = W/2.

4.1.2  Constructing chains for the Brownian excursion

We now explain how the decomposition defined in the previous section can be used to
construct good chains (see Section 2.5 for definitions).

Fix N large and for [ =0,1,2,... consider the geometric sequence of scales Hy = 0 and
Hyp = H + AV

so that
Hipo — Hipy = MHip — Hy).

Let e : [0,1] — [0,00) be an excursion.
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Fix a ‘scale’ hg = H;, hy = Hyy1,ho = Hy1o and denote H;, 5 = hy 5 the point in between

hi and hy satisfying
hy — hys
2 S A
his — hy

where A is a large parameter that is determined later. Fix an excursion interval U; C T,
1 < j <k, so that by our definition infe|y, = hy and supe|y, > hy. Let 7 = 7; = inf{t €
Uj :ely,(t) = ho} and 7 = sup{t € U; : e|y,(t) = he} be the first and last times respectively
that e[y, visits hy. Let 77 = sup{t € U; : t < 7,e(t) = h15} be the last time that e[y, visits
his before visiting hy. Let 77 = inf{t € U; : t > 7,e(t) = hi5} be the first time that e|y,
visits hy 5 after visiting hs for the last time, see Figure 4.4 below.

The endpoints of U;, call them 6~ and 0%, are equivalent, so if 7~ and 77 are equivalent,
the pair of intervals C%) := ([0~, 77|, [r",6F]) form a chain link. Define the chain C%) as the
sequence of chain links C9) for j = 1,.. ., k, see Figure 4.2.

The following conditions Good;, Goods, ..., Goods are translations of the conditions of
Section 2.5, and they guarantee the desired lower bound on mod(I'(C®)). They all involve
the parameter L > 0, where larger L corresponds to less restrictive conditions. See Section
4.2.3 for the detailed definitions on these conditions in the discrete setting.

We say that S|y, € good,(hi, ho) if the restriction of the jth excursion to [7~,7%] does
not dip below height hq 5, so that 7~ and 77 are identified via ~ (Figure 4.2), and we say
that S € Goodi(hy, he) if S|y, € good, (hy, hy) holds for all 1 < j < k.

If Good; holds then by the discussion above, we get a well defined chain link C®).

The remaining conditions Goods 345 ensure that this chain link satisfies the conditions of

Theorem 2.5.1.

e We say that S|y, € goody(hy, hy) if the diameters of the two intervals in the chain link
C"9) are comparable to hy?, and we say that S € Goods if S|y, € Good;(hy, hy) for
all j=1,... k.

e We say that S|y, € goods(hi, ho) if the excursion is Hélder on the chain link intervals
of CU). This corresponds to Condition 2 in Section 2.5.
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e We say that S € Goods(hy, hy) if S|y, € goods(hy, ho) for all j =1,... k.

e The Good, condition is satisfied if the total length of the non-excursion intervals is
comparable to hy . This, together with the Good; condition, corresponds to Condition

1 in Section 2.5.

e The Goods condition is satisfied if the number of excursion intervals is bounded by L,

that is k& < L. This corresponds to Condition 3 in Section 2.5.

WA AN AT |

4 i

0“

Figure 4.2: Left: we have a Brownian excursion which has k = 3 excursions from h; = Ah
to hy = NH1h. The rest of the excursion is irrelevant and not shown here. The conditions
Good, (I, j) are satisfied for j = 1,2, 3, and the resulting chain links are highlighted on the

T-axis.

Every scale that satisfies the Good conditions gives rise to a good chain in Theorem 2.5.3.
Thus the proof of Theorem 1.3.1 reduces to showing that the Good conditions hold at many
scales [. If the scales were independent, it would suffice to estimate the probability that a
given scale satisfies the Good conditions. Since the scales are not independent, we have to
work a little harder. We analyze them via a discrete time Markov exploration process wy,

where w; consists of the following information:

e The excursion intervals U; of e from H; to H;+y (described in Section 4.1.1).
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e The excursion intervals V; from H;,; to Hj,o

e The restriction of e to the U;, modulo the restriction onto the V;. In other words, we

keep track of what happens on the Uj;, but we ‘forget” what happens on the V; intervals.

If e is distributed as a Brownian excursion, then the sequence (I, w;);>o is a Markov chain.
Some aspects of this Markov chain can be computed explicitly. For example, let a(w;) denote
the sequence of lengths of the excursion intervals V; above. This is also a Markov chain and
its transition probabilities can be computed explicitly. These transition probabilities will
respect the Brownian scaling. See the next section for the details in the discrete setting.

Each of the Good; conditions can be identified with a certain subset of the state space of
this Markov chain, and the following large deviation estimate (proved in Appendix B) can be

applied.

Theorem 4.1.2. Let w; be a Markov chain on state space Q) with transition densities 7(x, dy).

Let A C Q and suppose u : Q2 — [1,00) is a function with

e ( ul)
M) = log (fu<y>w<x,dy>> =0 (4.1

Then for each € > 0,

P (% |{k  wp € A}| > e) < Eu(w) exp (—neigg ;\u(w)) | (4.2)

It remains to construct a test function u such that (4.1) is satisfied and such that
inf,¢cood S\U(w) is large. For the sake of exposition, we first describe how to create a test
function that gives us a bound for the Goods condition.

In our exploration process, each excursion interval splits into multiple excursion intervals,
independently of the other excursion intervals. Generically, there will be one large excursion
interval which is sustained from level to level, and occasionally this excursion interval will
have a few child intervals of short length. These shorter excursion intervals will tend to not

have too many children (see Proposition 4.3.2), and so it is plausible that at most levels,
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the Goods condition is satisfied. To understand the choice of test function, it is helpful to
use subcritical Galton-Watson branching with immigration as a simplified toy model of the

process. This is the sequence of random variables Zy, Z1, Zs, ... where Zy = 0 and

Zn,
Zn+1 =1 + E Eiu
=1

and the Z; are i.i.d. random variables of mean strictly less than 1, supported on the
nonnegative integers. The immigrant (the 1+ term) plays the role of the large excursion
interval. The (Z;) form a Markov chain on the state space {0,1,2,...}. In this case, the test
function u(w) := ¢“ for some appropriately chosen constant ¢ > 1 can be used in Theorem
4.1.2 to get large deviations upper bounds on the density of generations for which Z,, is large.
Indeed, the fact that each node has its children independently allows the exponent in the
right hand side of (4.2) to be bounded.

One aspect in which the Markov chain on Brownian excursions differs from the simplified
toy model is that the ‘nodes’ in the Brownian excursion exploration process are themselves
Brownian excursions. In particular, they have different lengths, which affects their offspring
distribution.

This can be modeled by a multi-type Galton-Watson process: each ‘type’ has its own
offspring distribution (which not only contains information about the number of offspring,
but also the type of offspring). In this setting, the test function has to take into account the
different types: u(Z,) = HZZ:"1 (Type(Z;)) where ( is now a real valued function of types.

For the exploration process of excursion intervals, the ‘type’ of the excursion interval is
the (Brownian scaled) length 8 > 0 of the excursion interval, and it turns out (c.f. Lemma
4.3.5) that ¢(8) = 2 + B'/* works.

That is, if A > 1 is sufficiently large, then it can be shown that the following test function
u =V satisfies (4.1)

2k+1

Vtw) = [] @+ (ag "),

i=k+2
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where g; = H;, o — H;1 and the a; are the lengths of the excursion intervals from H; i to Hj,o.
Note that the state space of our markov chain is the space of pairs ({,w). Furthermore, if
A = {w : w has more than L excursion intervals} (i.e. the complement of the Goods states),
then by choosing L sufficiently large, we can make inf ¢4 S\U(w) arbitrarily large.

Now we write down the more complicated test function that can be used to get large
deviations for all the Good; 2345 conditions. Calculation shows that for suitable parameters

q, A > 1 large, and s > 1, Wy > 0 small, the following function has the desired properties:

ki ki1
V(l w) = 391_2_2211 o H qﬂ(ai§W0)<2 + aAl/4>1/2 H qﬂ(s‘Uj¢g00d1,2,3(Hlle+1) (43)
i=1 j=1
where fori = 1,..., k, the a; = a(w;);1 1119, > are the scaled lengths of the excursions intervals

from H;.1 to Hyys.
This definition depends on several different parameters, some of which have already been
introduced. We summarize them here for the reader’s convenience. All these constants except

for s and W, will be taken to be ‘large’.

1. ¢ > 1is a penalty factor for violating the good, , 3 condition and also a penalty for any

excursion intervals that are too short. It will turn out that we need to take g =< \?°.
2. L > 1 is a parameter that determines how restrictive the Good,; 2345 conditions are.

3. Wy > 0 is a parameter that determines what constitutes a ‘short” excursion interval. We
need to penalize short excursion intervals so that we can ensure the good, , 3 conditions

are satisfied (see the hypotheses of Proposition 4.3.3).
4. s > 11is a penalty factor for violating the Good, condition.
5. A > 2 is the step size for the Markov exploration process.

6. A > 2 determines the relative distances between H;, H;, o5, and H;,;. Changing this

parameter affects the definition of the good, , ;3 conditions.
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In (4.3), the factor s% XL e penalizes states for which much of the interval [0, 1] is
taken up by non-excursion-intervals. Whenever the Good, condition is violated, this factor is
large. However, this tends to decrease under iteration of the Markov chain due to the extra
factor of A=2 from rescaling.

Using the explicit equations for the transition probabilities of the Markov chain, it can
be shown that the test function (4.3) has the desired properties. We will not present the
proof here. Instead, we will prove the analogous result (Lemma 4.3.4) for the discrete

approximations to the Brownian excursion.

4.2 The exploration process for large finite trees

In this section we present the details of the proof of Theorem 1.3.2, following the strategy
of the proof of Theorem 1.3.1 outlined in the previous section. As Theorem 1.3.2 implies
Theorem 1.3.1, this also concludes a detailed proof of Theorem 1.3.1. Before adopting the
decomposition described in Section 4.1.1 to the setting of random walks, we collect some

notation and terminology.

4.2.1 Notation and terminology

A (Bernoulli) walk of length n is a map S : {0,...,n} — Z such that S;.; — S; € {—1,1} for
1 > 1. For the rest of this paper we will assume that Bernoulli walks are defined on the whole
interval [0, n] by requiring that the walk is linear of slope 1 in between the integer points.
For a € Z denote W, (a) denote the collection of walks of length n with Sy = a. Let
W, (a — b) C W, (a) denote the set of walks S with S,, = b, so that |[W,(a)| = 2" and

IW,(a — b)| = (n/Q - (7; - a)/2>. (4.4)

For this formula to be true when n is odd, we abide by the convention that binomial coefficients
with noninteger arguments are equal to zero.
Let E,(a) C W,(a — a) denote the collection of excursions away from a of length n,

namely walks with Sy = S,, = a, and S; > a for all i. Note that E,(0) is the collection of
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Dyck paths of length n, and recall that |E,(0)| is given by the Catalan number ﬁ(n%)
(this can be deduced by taking a =n + 1 and g = 1 in Corollary A.0.2).

Fix an excursion S from 0. As in the previous section, we will consider the excursions of
S away from h; that exceed level ho, where 0 = hg < hy < hy. As before, this naturally leads

us to consider the partition of [0, n] into disjoint (except for their endpoints) closed intervals,

where the restriction of S onto each part corresponds to one of the following three types:

e Forn > 2, let W!(a — b) C W,(a — b) denote the walks which ‘approach a and b

from below’, that is
Wla—=b)={ScW,(a—=0b):S =a—1and S, ; =b—1}.

This definition is needed to guarantee uniqueness of the decomposition, Proposition

4.2.2.

Note the natural bijection W (a — b) = W,,_s(a—1 — b—1) which together with (4.4)

yields [W'(a — b)| = (n/2—1n:(12;—a)/2)' For ¢ < d, let W!(a — b;c < min < max < d)

be the set of walks S in W (a — b) for which ¢ < S < d.
o Let Z,(aTb) C W,(a — b) denote the walks that stay above the left endpoint a and
‘approach the right from below’; that is
Z,(aTb)={SeW,(a—b):S>aand S, 1 =b—1}.

Similarly, let Z,(a | b) C W, (a — b) denote the walks that stay above the right

endpoint and ‘approach the left from below’, that is
Z,(alb)={SeW,(a—b):S>band S; =a— 1}.

Notice that there is a natural bijection Z,,(a 1 b) = Z,(b | a) by time reversal. Corollary

A.0.2 shows that |Z,(a 1 b)] = =%(. %0 ).

b—a
2+ 2

e For b > a, let E,(a;max > b) be the collection of excursions in E,(a) with maximum

greater than or equal to b.
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We will often need to consider the uniform probability measure on these spaces of walks.
We will use a subscript to denote the probability measure in question, and the variable S to
denote the random variable; for instance Pw, 4—)(S € -) denotes the uniform probability
distribution on Wy, (a — b). Thus for A C W,,(a — b) we have Py, (45 (S € A) = %.

In what follows, we will frequently deal with walks and excursions that are defined on
intervals I = [u, v] instead of on [0,n]. Therefore it will be convenient to use the notation

W, E;, and so on, with the obvious meaning. If there is no subscript, the union over all

intervals (with integer endpoints) is taken. For example, W (a) = |J; W;(a).

4.2.2  Fxcursion decomposition of Dyck paths

We begin by illustrating the decomposition with an example. The description of the decom-
position in general follows later. Let n = 28, hy = 2 and hy = 4. Consider the walk
012345678910 1112 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28
01212321234 5 43 23 2 1232123432130
where S € Egg(0 — 0). For each column in the above table, the bottom entry is the value of
S at the time given in the top entry. See Figure 4.3.

We can write S as the following concatenation of walks:

S = BlAlBQAQBg

where
012345678 891011 12 13 14 15 16 16 17 18 19 20
B1: aAIZ 7B2:
012123212 234 5 4 3 2 3 2 21 2 3 2
22 23 24 25 26 26 27 28
AQZ 7B3:
2 3 4 3 2 2 1 0

The key point here is that B; € Z(0 1 hy, max .S < hy), By € WT(hy — hy,0 < min < max <
hy), and Ay, Ay € E(hy — hy,max > hy) and Bs € Z(hy | 0,max S < hs). The decomposi-

21 22
1 2

tion S = By A; By Ay Bs naturally induces the desired partition {[0, 8], [8, 16], [16, 22], [22, 26], [26, 28]}

of [0,28].
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Figure 4.3: An excursion in Eqg(0 — h;) and its decomposition into concatenations of 5
smaller excursions and bridge walks. Here hy = 2, hy = 4 and n = 28. The first and last
walks in this decomposition are walks of type Z(0 1 hy, max < hy) and Z(h; | 0, max < hsy)
respectively. The second and fourth walks are of type E(h; — hy, max > hy). The third walk

is of type W (hy — hy,0 < min < max < hy).

In general, fix integers hy > hy; > ho = 0 and suppose S € E,, (0, max > hy) is an excursion
that reaches level hy. Let k = k(S) > 1 be the number of excursions away from h; that reach

level hy. Then we can decompose S into a concatenation of walks
S =7Z1E1B1FEyBy - By 1EZs
where
o 71 € Z(0 1 hy,max < hy) and Zy € Z(h; | 0, max < hy)
e Fori=1,....,k—1, B; € Wl (hy = h;,0 < min < max < hy).
e Fori=1,...,k, E; € E(h;,max > hy).

Definition 4.2.1. We will refer to the walks in the decomposition as [0 T hy T he]-ends,
[0 T hy T ho]-bridges and [0 1 hy 1 ho]-excursions (which we often abbreviate as [hy T hal-
excursions), respectively, of S. We will also call the intervals in this decomposition the

[0 1 hy T hol-end intervals of S and so on. We denote a(S) = apn,14,)(S) = (a1, ..., a2p41) €
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ZQ;OH the vector of lengths of the intervals in this decomposition, and will always choose the

indexing of the a; as in Section 4.1.1:

e a; and ay are the lengths of the [0 1 hy T hol-end intervals.
® as,...,a.; are the lengths of the [0 1 hy 1 hol-bridge intervals, in left to right order.

® apia,...,a94+1 are the lengths of the [0 1 hy T hyl-excursion intervals, in left to right

order.

Similarly, we define the [Hy 1 Hy T Hj]-decomposition of a walk S by translation as the
01 Hy — Hy T H3 — Hy]-decomposition of S — H;, and we often abbreviate [Hy 1 Hy T Hsl-
excursion intervals to [Hs 1 Hj)-excursion intervals.

The indexing of the a; above is consistent with the notation in the following simple

consequence of the uniqueness of the above decomposition:

Proposition 4.2.2. Fiz integers ho > hy > a and n > 2. There is a bijection

E,.(0) = E,(0, max < hy)U (4.5)
Ul | | Zo, (01 hy,max < hy) X Zg,(hy | 0, max < hy)x
k=1 al+-+agg41=n
k1
X HW;(hl — h1,0 < min < max < hy)
i=3
2k+1
X H E,, (hi, max > hy),
i=k+2

where the second disjoint union is taken over positive integers a; > 0.

4.2.83  Chains and conditions for large modulus

In this section we show how the decomposition introduced in the previous Section 4.2.2

naturally leads to chains in the sense of Section 2.5. We then identify several conditions that
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the decomposition at a given level must satisfy for the corresponding chain to be good. In
the subsequent sections we will show that these conditions are satisfied at many scales.
Fix 0 < h; < hy integer. Let S € E, (0, max > hy) be an excursion that reaches height hs.
Let Uy, ..., Uy be the [0 1 hy T hs]-excursion intervals of S so that all S|y, € E(h;, max > hy).
We now describe these various conditions as subsets of E(h;), denoted by Good;(hy, hs)
where 1 < ¢ < 5. They involve a parameter L > 1 where larger choices of L make the

conditions less restrictive. In what follows, let A > 1 be an integer and let
his = hi+ [(ha — hi)/A].

The first three conditions are regularity conditions that each of the [h; 1 hg]-excursions
have to satisfy individually, S € Goodiz3s(hi,hs) if and only if for all j, S|y, — h1 €
goody 5 3(h15 — hi, hy — hy).

The good, 5 3(g', g) condition on excursions 7" from 0 that exceed g are defined below in
terms of their [0 1 ¢’ 1 g]-decomposition.

The first condition T' € good,(¢’, g) is that T" has only one [¢’ 1 g|-excursion. That is,
T only makes a single excursion away from ¢’ that reaches ¢g. If this condition holds then
we define a chain link (recall Section 2.5) as the pair of left and right [¢’ 1 g]-end intervals
Jo =1[07,7"] and J = [0, 77] of T. Notice that S|y, — hy € good,(h15 — hy,hy — h1)
implies 7= ~ 61, while 6~ ~ 71 always holds. See Figure 4.4.

If S € Good (h1, hs), then the corresponding collection of chain links {(J;, J;")}i, forms
a chain of degree k around 0. We call this the (hy, hy)-chain associated to S.

Next, we say that T € good, (¢, g) if a;g'~? € [L™Y, L] for i = 1,2, where ay,ay are the
lengths of the [0 1 ¢’ T g]-end intervals of T. This condition controls the diameters of the
chain link associated to 7'

We say that T' € good, (¢, g) if ez, and ey, are (L, 1/3)-Hdlder continuous on [0, 1]. Here
e, (t) = a; * Zi(a;t) (4.6)

are the Brownian rescalings of the [0 1 ¢’ 1 g]-end intervals of T'. This condition gives control

over the regularity of the welding on the chain link associated to T.
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ho

his

hy

Figure 4.4: Definition of the good,(hi5 — hy, ha — hy) condition. We have highlighted the
excursion S over its j—th excursion interval U;. 7 and 7 are the first and last hitting times
in U; of height hy. 77 is the last hitting time of ¢’ in U; before hitting ho, and 7" is the
first hitting time of ¢’ after 7. We say that good,(hi5 — h1, ho — h1) holds for S|y, — hy if
the portion of the excursion between 7 and 7 does not dip below height h;5 — hy, so that 7~
and 71 are identified via ~. If this holds, then the pair ([0, 77],[r",0%]) is a chain link as

defined in Section 2.5.
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The remaining conditions depends on all the excursion intervals (S |U].)§?:1 at a given scale,
simultaneously.

We say that Goody(hy, hs) holds for S if n —wy — -+ — wy, < Lh3, where wy, ..., wy are
the lengths of the [hy 1 hs]-excursion intervals, and Goods(hq, he) holds if the number & of
[h1 T ho]-excursion intervals of S is less than L. Finally we say that Goodg(hy, hy) holds if
Goods(hy, he) holds and there is at least one [hy T hg|-excursion interval.

This gives a bound on the degree on the (hy, he)-chain and also the sum (and hence
maximum) of the gaps between the chain links.

If all of the conditions are satisfied, we say that S € Good(hy, he). Summarizing the

discussion above:

Definition 4.2.3. Fix L, A > 1 and 0 < hy < hy integer, with ho — hy > A. Let S be an
excursion in E,(0) and let U; be the [0 T hy T hgl-excursion intervals of S. We say that
S belongs to Good(hy, h) if S|y, — h1 € good;(h1s — h1, hy — hy) for each 1 < j < k and
1 < <3, and if Goody(hy, he) and Goodz(hy, hy) holds.

Proposition 4.2.4. Suppose hy > 2hy. If an excursion S belongs to Good(hy, hy), then the
curve family I'(C) of the (hi, ha)-chain C associated to S satisfies

mod (I'(C)) > &g
where 6y > 0 depends only on L and A.

Proof. We would like to apply Theorem 2.5.1 and need to verify Conditions 1-3.

First, Good, implies |J;| =<.> |J; ;| and Goody implies |77, — 67| Spa |J)7] so that
(2.12) and therefore Condition 1 holds.

Second, Condition 2 follows from Goods and (the proof of) Lemma 2.4.6.

And third, the existence of the chain itself and the boundedness of the degree, Condition
3, is implied by Good; and Good;. O]
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4.3 The main estimate and setup: Positive density of good scales

We now formulate the main estimate for the probability that a fixed percentage of scales are
good. Fix A\, A > 2 integer and and consider the sequence of scales Hy = 0 and H;.; = H;+ \.
Let Hy 05 = H + LMJ, for sufficiently large [ this will be strictly between H; and H;;.

Consider an excursion S of length n, fix 0 < r < 1 small and consider the ball of radius r
centered at the root in the rescaled tree metric d = dg(,.)/n'/? (see (1.2)). We wish to show
that it can be separated from a circle of fixed radius by = log% annuli of modulus 2 1 with
probability 1 — O(r’0), where any Ty > 2 suffices for our purpose. More precisely, define p
such that H, | < ry/n < H, and define N > p such that Hy_; < r'/?y/n < Hy. Notice that

1 1 1 1
510&;—2§N—p<§log)\;+2. (4.7)

Then many of the associated (H;, H;41)-chains satisfy the Good conditions and therefore the

assumption of Proposition 4.2.4:

Proposition 4.3.1. There are integers A\, A, L > 1 and ry > 0 such that for all n for which

r <rg, we have

p(Him V2 & Gondognaall B 1 _1) g o
—p

where S is a uniformly random excursion in E,(0) and the constant C only depends on A.

Proposition 4.3.1 follows from a large deviations estimate applied to a Markov chain w;
and a suitable test function V' that we will define in the next section. In the remainder of this
section, we prove that each individual [H; 1 H1]—excursion satisfies the good, , 3 conditions
with probability arbitrarily close to 1 if the parameters are chosen appropriately. We begin
with a geometric upper bound on the number of large excursions inside a given excursion. It
immediately implies that, at a fixed scale, the Goods condition holds with high probability,

and later also provides us with control over the Markov chain exploration.
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Lemma 4.3.2. Let g > 1 and XA > 1 be integers. Let S be a uniformly random excursion
of type E,(0,max > g). Let k be the number of [g T Ag|-excursions of S. There exists
Prwg—2> Pawg—2 < 1 such that

P(k > m) < Py 'Pauwg-2

form > 1. Moreover, we can choose py g2 and py in such a way that

1. Prwg—2 S exp (—COW>

~ A— 2.2
2. Prwg-2 S €Xp (—CO$>

2

3. Dawg—2 — 0 uniformly in wg= as A — 0o.

Here ¢ is a universal constant and the first two statements are primarily useful when

wg~? is bounded.

Proof. Let 7~ and 7" be the first and last times respectively that S is at level g. Conditioned
on 77,7", the walk S|;;- -+] is, up to translation of the domain, a uniform walk of type
Wr(g — ¢g,min > 0), where T'= 7" — 7—. We have k > 1 if and only if this latter walk
reaches level A\g. By Lemma A.1.3, this probability is bounded by a quantity pj ;-2 which
has the desired properties.

This proves the statement of the lemma for m = 1. For the general case, it suffices to
prove the bound P(k > m + 1|k > m) < p, for m > 1 and use induction. Suppose S is
conditioned on k > m. Let U C [0,T] be the mth excursion interval, and let 7~ be the first
time that S hits Ag in U. Let 7 be the last time in [0,7] that S hits Ag. Conditioned
on 7,71, the walk S|,- ;+ is (up to translation of the domain) a uniform walk of type
W1 (Ag = Ag,min > 0) where T'= 7t — 7. We have k > m + 1 if and only if this latter
walk hits level g. Thus item 2) follows from Lemma A.1.3, and item 3) follows from Lemma

A1.2. O

Now we are ready to estimate the probability of the good, , 3— conditions of a single

excursion at a fixed level. Let g, L, A > 0 be integers and let ¢’ = |g/A].
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Proposition 4.3.3. For any Wy > 0,e > 0, there exists Ag > 0 such that the probability
that a uniformly random excursion from 0 of length w > Wyg? satisfies the good conditions

good, 5 3(g', 9) is bounded below by 1 — € when A > Ay and L > Lo(A).

Proof. Fix € > 0 and note that Lemma 4.3.2 implies P(S ¢ good,(¢’, g)) < € for sufficiently
large A. Next, recall the condition good,(¢’, ¢), which says that a;¢'~2 € [L™!, L], where a1, a,
are the lengths of the [¢' T g]-end intervals respectively. First we bound the probability p that
arg’~% ¢ [L71, L]. Notice that if S € E, (0, max > g), the part of S after its first [¢/ 1 g]-end
interval may be decomposed uniquely into the concatenation of a walk of type E(¢’, max > g)

and a walk of type Z(¢' | 0). So, by Corollary A.0.2 and Proposition A.1.1,

1
p= 20, (01 s max < g)] - |Ey(g/, max > g)] - |Zelg' | 0)
E, (0, max > g) al+;czw
a1g'~2¢[L~1,1]
1
< ——i— Z, (01 ¢ max < g)]2~*"
=TT Z 1Zay ( )|

a19'"2¢[L71 L)
| Ey (0, max > (A = 1)¢")[27" - |Z(¢" 4 0)[27.
Using the estimates from Proposition A.1.1, Lemma A.2.2, and Corollary A.0.2, we get

2 2 12 2
_3/9 9% _o% CepA=D%g _ 9=
P Swe w3/? E gaj e s e 0 L h3/ gm0 -g'c 82 %

a1+b+e=w
a19’2¢[L7 1 1)

for some universal constant c¢o. Now if a; + b+ ¢ = w then either a; > w/3, or b > w/3, or
¢ > w/3, so the sum above can be bounded by splitting the region of summation over those

three regions: we have

p < w1, + 1, + 1) (4.8)



where, for fixed € > 0 and sufficiently large L,

2 2 /2 12
—3/92 —9° _c4 _ _ . (A-1)“%g _ _g9°
I, = g g'a; 2eT8ar om0 L p3/2eme0 g3 e
a1+b+c=w
a19'"2¢[L7 1L
a1>w/3
2 2 /2 2
_ _9° %L A=D%g gz
< sup a 32 sa 02 g e e S e
a1>w/3 _
a19’~2¢[L71 1) a/lj_Zb—i_cj’llﬂ
, arg'?¢[L™1 L]
alzw/fﬂ
(A—1)2g/2 12
< (w/g)—3/2€ § : g/ . b_S/QG_COT . glc—3/26—%—c
b,c<w

—3/2 - _3/2 oA = —3/2 —L
< (w/3)"*=€- x e @ dx - x e s dr
1 1

< (U)/3)73/2 € Co.

Similarly, for fixed € > 0 and fixed A > 1, and sufficiently large L ,

12 2 12 2
Iy = g'a73/2e_g@716760% L h3/2ec0 e 9/073/267%
= E 1
a1 +b+c=w
a1g’2¢[L~1,L)
b>w/3
_3/9 oy A=D?" _3/2 —42 _3/9 _92
< sup b3 e E ga; e bae 0 . glc 32 %
b>w/3

ay,c<w
arg'"*¢[L~1 L)

12 o0
< (w3 | vt . [ e b
[L,oo)\[L~1,L] )
< (w/S)—3/2,/ x—3/26—2§€—<:ox-;Adx_/ 3202 dor
[Loo)\[L~1,L] )
< (w/3)73% . €. Cy.

A similar argument gives I, < (w/3)73/?

92

-€-Cp. Using these estimates in (4.8) gives, for fixed

e > 0 and fixed A > 1, and sufficiently large L, p < e. By the union bound, the probability

that good,(¢’, g) does not hold is bounded by 2p < 2e.

Finally, we have from Lemma A.0.4 that P(S € goods|S € good,) > 1 — € for sufficiently

large L. Hence P(S € good, Ngood;) > (1 — Ce) - (1 — €). By the union bound, we get (for
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fixed €, for sufficiently large A and L),
P(S € Bad) < PP(S ¢ good,) + P(S ¢ good, Ngoods;) < e

and the proposition follows. n

4.8.1 The Markov chain exploration

The key observation is that a uniformly random S € E,,(0) may be explored via a Markov
chain on a state space () consisting of finite tuples of quotient excursions. These are
equivalence classes of walks defined via the following equivalence relation on excursions
E,(H;,max > H;1): Declare two such excursions S,S” equivalent if they have the same
[Hi41 T Hyyol-excursion intervals and they are equal on the complement of these excursion
intervals. In particular, if S,.S” do not reach height H; - then they are equivalent if and only
if they are equal. Denote the equivalence class of S by [S].

Recall the excursion decomposition of Section 4.2.2 and in particular Definition 4.2.1.
Equivalence classes have well defined [H; T H;y1 T Hyyo]-ends and -bridges, and well defined
[H+1 1 Hjio)-excursion intervals. In particular, the conditions Good, 2 5(H;, H;11) are well
defined on quotient excursions.

If S € E,(0) and if Uy, ..., Uy are the [H; T H;41]-excursion-intervals of S, then set

Wy = ([S|U1]’ SRR [S|Uk])

so that (w;);>1 is a Markov chain. To get w1 from wy,

o Let Vi,...,V,, be the [Hiy1 1 Hyyol-excursion intervals of w; (this is the collection of

[H41 1 Hypyol-excursion intervals over the k quotient excursions in wy).
e Independently sample uniformly random excursions in EM‘(HZH, max > Hj.o).

e Take the equivalence classes of each of these random excursions.
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In particular, this shows that the distribution of w;;; given w; is entirely determined by
the lengths of the [H;y1 T H o]-excursion intervals of w;. The transition probabilities of this
Markov chain can therefore be deduced from (4.5).

We will use the notation b = b(w;) for the vector of the lengths of all the [H;1 1 Hj 1ol
excursion intervals, and denote k; = k(w;) the total number of these intervals. Note that,

with this indexing, w; consists of k;_; quotient excursions. We will also write
g1 =9(w) = Hipz — Hia
and
Gap(w) =n—Y B
where the sum is over the components f3; of b(w;). Note that Gap(w;_1) can also be determined

from wy, because w; contains the information about the [H; T H;1]-decomposition. Now we

define the test function for the large deviations estimate. Define V' : @ — R by

k‘l kl—l
V(wl) _ SGap(wz)gl—Q H q]l(ﬁigf2§Wo)(2 + (ﬁigf2)1/4)1/2 H qﬂ(SlUj *Hz¢g00d1,2,3(Hl+o‘5*Hz,Hz+er)).
i=1 j=1

(4.9)

For the rest of the paper, we will abbreviate this last term to ¢*1v5#8°°4123) See the end of
Section 4.1 for some heuristic remarks about the function V.

It will be useful to write the test function in the form

ki1
—2
V(wl) = SGap(wzq)gl H Vg1t (A+1)gi—1 (S U, — Hl)1/2q1(S‘Ui¢g00d1’2’3)- (4'10)
i=1
where v, tp, : E(0, max > hy) — R is defined by
2%-+1
Unyting (8) = 2T DT T (2 4 (azg72) V) gt 0s 5100, (4.11)
j=k+2
Here ay, ..., a1 is the vector of lengths in the [0 T hy 1 hs]-decomposition of S, and

g = hy — hy. Note that vp,p, is well defined on the quotient space of E(0, max > hy)

described at the beginning of this section.
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We need to show that V satisfies the assumptions of Theorem B.0.3. The proof of the

following crucial Lemma will occupy the next section.

Lemma 4.3.4. Set ¢ = \*°. For sufficiently large X > 1 and sufficiently small s > 1, the
following holds. For sufficiently large L, A > 1, sufficiently small Wy > 0, we have

E[V(wis1)|wr = ]
Viw)

<1 for all w € ). (4.12)

[fS §é G00d17273(H1,HH_1) or S g_ﬁ G00d475(Hl+1,Hl+2),

ElV (w1 |w = w]

7 (w) <A (4.13)
Finally, for 0 <r <1,
EV (w,) Sx % (4.14)
where p satisfies H,_y < ry/n < H,.
Proof. Recall that w;y is generated by the k; independent excursions 11, . .., T},, where T is

uniformly randomly chosen from Eg, (H;;1, max > H;.»). Using (4.9) for the denominator

and (4.10) for the numerator, we can write

—2
E[V (wii1)|w, = ] B sGap(w)g; Hkl [ngT il gz( Z)1/2 1(T;¢good, 5 3)}
-2

V(w)  gGap(w)g; H L qLBT2EW0) (2 4 (B, 2)1/4)1/2 sz 1 _1(S[u, #2ood, 5 5)

k
_ —Gap(w)(1-A"2)g; 2 (l—l[ E [%T(Hl)gz( i) H L(S|u; ¢good, » 3)
= S q

1/21(Tigtgood: )] ki1
q]l(/BingSWO)( (ﬁig )1/4) 1/2

i=1
where the expectations are with respect to independent, uniformly random 7; € Eg, (0, max >

9)-
By the Cauchy-Schwarz inequality, each term in the middle product is bounded above by

_ 1/2
Bvgtotne (Ti) V2 ‘ Eg?! (TifE0o0d12.) / (4.15)
2+ (Big, "M PG ) '
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Set A = \g + 1 where )\ is the constant of Lemma 4.3.5, and set ¢ = A?°, and W, to be

the constant of Lemma 4.3.5. Choose s < s, small enough that

- 1
SQQp_21 - exp (—COF) S 1. (416)
o

This last condition on s will only be used further below in the proof of (4.14).

For these parameters, we have from Lemma 4.3.5 that the first term in (4.15) is bounded

by (2)"7.

Now we turn to the second term of (4.15). By Proposition 4.3.3 with ¢ = 0.01¢™2 there is
a A > 0 such that for L > Ly(A) we have
]Eq2]1(Ti¢g00d1,2,3)

q21(ﬂig;2§Wo)

<1+ ¢P(T; ¢ g00d17273\6igl_2 > W) < 1.01.

It follows that the product (4.15) is bounded by 0.95. Thus we get

ki1

EV(wi)lwr = w] _ _Gap)1-a-2)g2 -
< ap(w)(1-A"%)g, ") g5k L(Slu; #goody 2,3) 417
Vi)  o° 11 (4.17)

j=1
This immediately implies (4.12). Now suppose S|y, ¢ good, , 3 for some j, or S ¢ Goodys(Hiy1, Hii2).
In the latter case this implies that k, > L or Gap(w;)g; ® > L. Then

BV (@) wr = o] < max (s_L(l_)‘z) 0.95¢ 1)
V(w) - 7 'q

and this last expression can be made to be smaller than A\=2° by taking L large. This proves
(4.13).
To prove the last inequality (4.14), we will show that

E[V (w,)] < Elvm,p,.. (9)]'Y? S 2+ (n/g51)V")!? < Car 4, (4.18)

where the last inequality is clear from the definition of p.

For the first inequality, let V'(w;) = V(w;) Hfl:’f g Bl #eeediza) and notice that V'(w)
is b(w;)-measurable. Recall that b(w;) is the vector of lengths of the [H; 1 T Hj42]-excursion
intervals. Thus

V(""p)

EV (w,) = E[E[V (w,)[b(w,-1)]] = E {E [m

blap-0)| V)| < BV (00
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where the inequality is from (4.17), using the fact that conditioning on w,_; is the same as
conditioning on b(w,_1), and the fact that s > 1. This last expectation is, by (4.9), equal to

2k+1
E[V’(wp_l)] =K S(al+"'+ak+1)g;31 H ql(aig;f1§WO)<2 + (aig;_21)1/4)1/2
i=k+2

= Evg,rm,,,(S)"? < Elogra,.. (S)])2

where S is a uniformly random element of E, (0) and the a4, ..., as 1 are the lengths in
the [0+ H, 1 H,11]-decomposition.

For the second inequality of (4.18), apply Lemma 4.3.5 with our choices of ¢ and W, and
= Hﬁ—;l — 1 € [Aog, Ao + 1] to obtain

7
Elvn, 1, ()| max S > Hyl < 2(2+ (ng, %)),

On the other hand, we have by Proposition A.1.1 that P(max.S < H,) < exp(—cozz), while

Elvw,a,., ()| max S < H)| = s219,"1 Thus by our choice of s, (4.16), we are done. O

Now that we have proved that our test function V satisfies the hypotheses of Theorem

B.0.3, we can apply the theorem and prove that most of the scales are good.

Proof of Proposition 4.3.1. Choose the constants L, A, s, A\, W, so that the conclusion of
Lemma 4.3.4 holds. Applying Theorem B.0.3 (with € = 1) to the Markov chain (w;);>, and

the test function u(w;) = V' (w;) yields

P (|{l =p0,... , N : S e G00d172,3(Hl,Hl+1) and S € G00d475(Hl+1,Hl+2)}| < §>
N —p 4

< T—1/4()\—5)(N—p+1) < r_1/4(/\_1r_1/2)_5 < A3p225,

Here we have used (4.7).
To improve the Good; above into Good:, we use the union bound together with the

following observation. If k; = 0 for some | < N then max S < Hyyo. Thus if max.S > Hy o
then Goods(H;, Hy,1) implies Goodz(H;, Hyy1). Now Hyyo < A71/2,/n, and by Proposition
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A1.1, Pg,(o)(maxS < Mrl/2 /n) < %exp (—coﬁ) which is bounded by %% for r sufficiently
small.

We have shown that the proportion of scales [ = p, ..., N that do not satisfy Good, 2 35(H;, H11)
is bounded by 1/4, and likewise the proportion of scales that do not satisfy Good, 5(H;, Hi1)
is bounded by 1/4 + 1/(N — p). The statement of the proposition follows. O

4.3.2  Proof of bound for v

Recall the definition of v in (4.11).

Lemma 4.3.5. There exists o such that for g, h integer with p:= h/g—1 > o, there ezists
Wo > 0 and s = s(u) such that for all 1 < s < s(p) and g < (p+ 1)*°, we have

Evgn(5)

— <
2+ (wg=2)V/4 —

0| 3

for all w > 0 even, and g > 1 integer. Here the expectation is with respect to S being a

uniformly random element of E, (0, max > g).

Proof. First we assume that wg=2 < 1. In this case, it is likely that £ = 0, and it suffices to
use the bounds (24 (wg=2)"/*) < 3 and (ay + - +azp1)g~2 < 1 and ¢"@ "<W0) < ¢ We get

]E(UQT(MH)g(ai)) < s R (3kq2k)
g I S

—2 o0
S ~k—1qok 2k
5 <1—|—p§ P 3% >

k=1

82#’2 3q2
= 1 I S
2 ( TP 315612)

IN

In the second inequality we have used Lemma 4.3.2, where p and p are the probabilities in
the conclusion of that lemma. Recall that they converge to 0 exponentially in (1 — 1)? as
p — oo (when wg~?2 is bounded). Thus for any s > 1, if ¢ is polynomial in g, this expression

is bounded by % as long as p is sufficiently large.



99

Now we turn to the case wg™2 > 1. By (4.5), we have

Evgr(ut1)g(S)  |Ey(0,max > g,max < (u + 1)g)| s29 1"

2+ (wg=?)1 |Eq, (0, max > g)| 2+ (wg=2)'/"

+1 (4.19)

where

1 1 >
I —
2+ (wg—2)V*|E, (0, max > g)| Z Z

k=1 a1+-+agk41=w

1Z.0, (01 g,max < (p+1)g)| - 8229 1| Z, (g 4 0, max < (u+1)g)|

52011972“72

k+1
x [T 1Wl(g 9,0 < min < max < (s + 1)g)
1=3

2%+1
a; -2 72_ _ — _
x T e <0, (g, max > (u+ 1)g)]| - (2+ (a9~ 207%)).
i=k+2
Multiplying each term in the sum by

1 k+1 2k+1
1= /,llik 270,1 270,2 gflzfai 27%#9,
gl 1L

we can write I = > | Ay where

_ k k

A, —
' (2+ (wg2)*)g[Eu (0, max > g)2
where
Fg(a) = s ""|Z,(0 1 g, max < (u+ 1)g)] -27° (4.20)
Fg(a) = ¢~ 's*9 *|[W!(0 = 0, —g < min < max < pug)| - 27
Fi(a) = pgg” "9 =" B, (0, max > pg)| - 2742 + (ag %)),
We bound A, using the following observation, valid for any positive functions Fy, ..., Fop1:
1 2%+1 | 241 2%+1
7 Z H Fi(a;) < 7 Z Z H Fi(a;)
a1+-Faggr1=w =1 j=1 a1+-+agg+1=w i=1
a; >w(2k+1)71
2k+1 2k+1 oo
Fj(a)
< sup 1 Fi(as).
; w(2k+1)"1<a<w Z 71:[ GZ:%
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Now Lemmas 4.3.6, 4.3.7 and 4.3.8 below show that, given e, if u > 1 is sufficiently large and

s > 1 is sufficiently small, then for all ¢ > 1 there exists L large and W}, small such that

A < 7" [20 Ca(2k + 1)YP8a05 'S + (k= 1) - Ow (2k + 1) 5550 S
+ k(2 + 1)22eng N T SE

< O TRk 4+ 1P (k + 1) + C**F p H 2k 4+ 1) ke, (4.21)

where in the last line we have absorbed all the constants C_, 3 into a single constant C'.

Therefore

I S Z 02k+1,l,b_k(2k’ + 1)3/2 + CQkM_k+1(2k3 + 1)5/2]{36.
k=1
Taking € small and p large gives I < 1/8. Turning back to the rest of (4.19), we have

2 2

2wy 2p~

2

|E, (0, max > g, max < (u+ 1)g)| S2wg 2
’Ew(o,max Z g)| 9

IN

P, (0)(max S < (1 + 1)g)

wg—2p—2

2

2
—cow(p+1)~2g72

IN

3
—e
2
Here we used Proposition A.1.1 for the second inequality. For sufficiently small s > 1, this is

bounded above by %.
Together with our bound I < 1/8, this proves the desired estimate when wg= > 1. [

6 inequalities

In this subsection we prove the inequalities needed in the proof of Lemma 4.3.5. For the

definitions of Fyz, Fg and Fg, see (4.20), and let
Z = g|Ey(0, max > ¢)|27% - (2 + (wg~2)V*).

Lemma 4.3.6. There exists Xg > 0 such that for u > 2 sufficiently large, all ¢ > 1, and

sufficiently small Wy we have
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uniformly in g. Furthermore, for every e > 0,

B
sup B(0)

< pu(2k +1)32¢ (4.23)
w>a>w(2k+1)~1 Z

iof p s large and Wy small enough.

Proof. (4.22) is equivalent to: For all u > 2 sufficiently large, for all ¢ > 1, for sufficiently
small Wy,

> " ngg" e =B, (0, max > pgl 27+ (24 (ag 2V < S,

The left hand side only depends on pug, so we may replace ug with g. We will split the
sum into two parts: ag=2 < Wy and ag~2 > W,. We have, by Stirling’s approximation and

Proposition A.1.1,

ag™? —a -
Z gq" 9 *<W0)|E, (0, max > 927" (2+ (ag )14y

a>g2Wy
% 2 % e
g —o\— _
£ 3 ge (el a2t a0 = 3 o () (a0 R+ (007
a=1 =
> 1
5/ %2 exp <—co—) (2 + z'/*)dz. (4.24)
0 x

On the other hand, a similar sequence of computations shows that
Wo 1
> aglBal0max > )2 2+ ag ) S [ ey (—Co—) (2 + /).
a<g?Wo 0 v
Combining this with (4.24) proves (4.22).

Now we turn to the second inequality of the lemma. Choose p; = 1 (€) large enough that

24 (gt
sup  — i <€ (4.25)
w>a>w(2k+1)"1 + (wg )

whenever wg=2 > u? and p > u;. By Proposition A.1.1 (parts a and c), there exists py > 1
such that if g > ps then

Pg, o) (max S > pg)

< —cop?g*/a) <€, wh <l 4.26
P, (max S = g) ~ exp (—cop’g?/a) < e, whenever ag—* < pj (4.26)
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Choose p > max(py, 12). The same proposition also shows that if 0 < Wy < Wy(u, q,€) is

sufficiently small, then

PE,(0)(max S > pug)

< *1, h -2 W o7
PE, (0 (maxS >g) ~— €q whenever ag ) ( )

By Stirling’s approximation and the monotonicity Lemma A.2.3,
|E, (0, max > pg)[27*  [Eq(0)[27 - P, (o) (max S > pg)

|E, (0, max > g)|2—v a |E(0)]27% - Pg, () (max S > g)

a\=3/2 Pg,o)(maxS > pug)
<G(=) .
w PEQ(an)(maXS > 9)

(4.28)

From this we see that to prove (4.23) it suffices to show that

sup qn(a/fzg‘QSWo) PEa(o)(maXS > Ng) . 2+ (ag—2’u—2)1/4 <.
w>azw(2k+1)"1 PEQ(O%O)<maXS >q) 2+ (wg=2)V/4 —

The case Wy < ag™? < p? follows from (4.26), whereas (4.27) takes care of the case
ag~? < W, and the case ag—? > pu? follows from (4.25) and (4.28). O

Lemma 4.3.7. There exist constants Yw, Cw < oo so that the following holds. For y > 2,

there exists s > 1 such that

> Fa(a) < Xw (4.29)

a=1

uniformly in g, and if wg=2 > 1, then for all k > 1,

F
sup B(a)

< Cw(2k +1)%2, (4.30)
w(2k+1)~1<a<w Z

Proof. Let p = IP’WZ(O%O)(—Q < min S < max S < pg). Then by (A.7),
p < PVHO0(—g < min §) < d(ag~?) 7
Using this together with Proposition A.1.1c¢) gives

p < min(3/2e 97 4q71g?).
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We have, by Stirling’s approximation (Lemma A.4)

W0~ 0, —g < min < mas < pg)] -2 = [W}(0 - 0)] -2
< Cstira_1/2 min(3/26—00/f2@9*27 4a‘1g2),

Now choose T' large enough and s small enough that Cpe—0r*zg2n7* < 84=1 for real numbers

x > T. By making s > 1 smaller if necessary, we can assume that s2 ™ < 2 for x € [0, T7.
Later in the proof we will also need to assume that T > 1.

By considering the cases 2ag=2 > T and 2ag~2 < T separately, we get
s W0 — 0, —g < min < max < pg)| - 2% < 8Cya*2g>. (4.31)

To prove (4.29), we split the sum into two parts and use (4.31) to bound the right sum:

Z FB (CL) S Z gil ’ Sag_zu_QCstirail/2 + Z 9718Cstira*3/2g2
a=1

a<g? a>g?

S Z g_l ' 2C’stir : a_1/2 + Z g - 8CStirCL_3/2,

a<g? a>g?
and both sums are bounded by a constant ¥y independent of g. This completes the proof of
(4.29).
For the other statement (4.30), we have from Proposition A.1.1b) and Stirling’s approxi-

mation (Lemma A.4) that there is a constant ¢ > 0 such that

|E, (0, max > g)|-27% > C;La™¥?¢  whenever wg™2 > 1. (4.32)

stir
Together with (4.31), this immediately implies (4.30). O

Lemma 4.3.8. There exist constants Yz, Cz < 00 such that the following holds. For > 2,

for sufficiently small s > 1

> Fyla) <3y (4.33)

a=1

uniformly in g, and if wg=2 > 1, then for all k > 1,

F
sup z(a) _ Cz(2k 4+ 1)%/2. (4.34)
w>a>w(2k+1)~1 Z
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Proof. We have by Lemma A.2.2 and Proposition A.1.1c),
P29 (max § < (u + 1)g) < 3/2¢ 0t Pag™ (4.35)

for some universal constant co > 0. Substituting (A.3) and (4.35) into the sum (4.33) gives

S Fala) < 37 2Cug*(a)g?) /2 - ¢ fae oot ) e n s
a=1

a=2

0 2
< 20 »_ g (a/g) e

a=2

~Y

< / 232 ey = Yy
0

where the second last inequality holds as long as s~ < e©®+D™  This proves the first
statement of the Lemma.

The second statement follows again from (A.3) and (4.32). O

4.4 Finishing the proof

4.4.1 The measures are tight

In this section, we combine the results of the previous sections to prove a Holder continuity
estimate for the welding solutions ¢,,.

To this end, we first note that Brownian scaled excursions eg := n~'/29(n-) are Holder
continuous with high probability: Indeed, the proof of Lemma A.0.4 can be adapted to show
that for every Holder exponent § < 1/2 there is a constant C' = C 5 such that

P(eg is (C,0)-Holder) > 1 — €

independently of n. See Lemma 1.5.1 of [9] for a different proof. Denoting (7, d,) the

associated tree and p : T — 7T, the quotient map, it follows that
P(p is (2C,9)-Holder) > 1 —e.

Fix n and denote A the set of excursions of length 2n for which p is (2C,§)-Holder. Let

I C T be an interval containing 0 and S € A. Then p(I) contains the root and has diameter
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< 2Cdiam(I)°. Denote J the ball of radius r = 2Cdiam(I)° centered at the root. By
Proposition 4.3.1 and Proposition 4.2.4, f(I) can be separated from a circle of fixed radius

by a family of curves of modulus M > g log,(1/r)/2 with probability
P>1—Cr*% =1— C'diam(I)**°,
By Lemma 2.3.2, we have
diam(f(I)) < exp(—2rM) < r™0/1eX — Cdiam(I)°™%/ 108 A

on this event. By the rotational invariance of the uniform arc pairing lamination, we get
the same estimate for all intervals I C T, not only those containing 0, if we restrict to the
excursions in A. Set

a = 0mdy/ log A

and consider dyadic intervals I} of size 27%. By the above estimate we can make
> P(diam(f(1)) > Cdiam(I)*) < e
(]7k)k2k0
by choosing kg large, provided that we have chosen 6 close enough to 1/2 that 2.256 > 1.
Since every interval I C T can be covered by two adjacent dyadic intervals of lesser size, we

have

P(diam(f(I)) > 2Cdiam(I)* for some I with diam() < 27%) < e.

By the Arzela-Ascoli theorem and Prokhorov’s theorem, this implies that the sequence of
measures [, are tight. Note that the Holder exponent « is universal and can in principle be

computed.

4.4.2  Uniqueness of subsequential limaits

We have proved that the law of the conformal welding solutions to the uniform random
arc pairing laminations converges along subsequences. All that remains is to show that the

limiting random maps do solve the Brownian lamination. The main steps in the proof of
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this fact are contained in Lemmas 4.4.1, 4.4.5 and Proposition 4.4.4. As a consequence of
our proof, we get a Holder continuous solution to the Brownian lamination. By a result of
Jones and Smirnov [36], this means that the welding to the Brownian lamination is unique.
It follows that the conformal welding solutions ¢, converge (not just along subsequences).
This last part of the argument is given at the end of this section, and completes the proof of
Theorem 1.3.2.

We topologize the space of laminations by considering it as a subset of the compact
subsets of T x T with the Hausdorff topology.

We first prove a continuity statement about the equivalence relation induced by an

excursion. The argument already appears in [9, Proposition 1.3.2].

Lemma 4.4.1. Let £ C C([0,1]) be the set of excursions e : [0,1] — RT. Let e € £ be an
excursion for which ~, has degree at most 3. If e,, € £ is a sequence converging to e with

respect to the sup norm, then ~, —~..

Proof. Let e be an excursion and suppose e, — € are excursions converging uniformly to e.
Let d,,d : T*> — [0,00) be the pseudometrics corresponding to e, and e respectively. Note
that the map taking an excursion to its pseudometric is continuous and in fact Lipschitz of
constant 4. In particular d,, converges uniformly to d. Let ~,= {(s,t) : d,(s,t) =0} C T x T
and ~= {(s,t) : d(s,t) = 0} be the equivalence relations induced by e, and e.

Let ny be a subsequence for which ~,, converges in (T x T), and let ~, denote the

k
subsequential limit.

The lemma will be proved if we can show that ~,=~. First we show that that ~,C~. If
(s,t) €~ this means that for each ny there exists (sy, , tn,) €~n, such that (s,,,t,,) — (s,t).
This means that d,, (sp,,ts,) = 0, and so d(s,t) = 0 because d,,, converges uniformly to d.
This proves the claim.

Before proving that ~., D~ let us make some definitions. Let I, J C [0, 1] be disjoint

closed intervals, and let A be the closure of the open interval in between [ and J. We say

that the pair I, J is simply glued by e if e*(A) — eH(I) > 0 and e*(A) — e*(J) > 0. Recall that
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if A is a compact set then et(A) is the minimum of e on A.

The terminology comes from the following two observations.

1. If I, J are simply glued then there are infinitely many pairs (z1,x9) € I X J such that
Ty ~ x3. To see this, let h € (e*(I),e*(A)) N (e*(J),et(A)) be an arbitrary point in the
intersection. Let z1 = max{z € [ : e(z) = h} and 3 = min{x € J : e(x) = h}, these
are well defined by the intermediate value theorem. Then x; ~ z5. Varying h gives the

desired infinite collection of pairs.

2. If an equivalence class [x] of ~ has 2 or 3 elements, then any pair of disjoint intervals
containing x; and x5 respectively are simply glued by ~. This can be seen by considering

the cases when |[z]| = 2 and |[z]| = 3 seperately.

The point is that ‘simple gluing’ is preserved under uniform limits of the excursion, and
we can now prove that ~.,D~. Suppose (z,y) €~, Let I and J be closed balls of radius
e centered at x and y respectively, then since the degree of ~ is bounded by 3, I and J
are simply glued by e. It is easy to see then that I and J are simply glued by e,,, for
sufficiently large ny. It follows that there exists x,,,yn, in I and J respectively such that
Tn

. ~ny Yng- By construction, |x — x,,| < € and |y — y,, | < €, and since € was arbitrary, we

get (z,Y) E~veo - O

As a consequence of this Lemma, we get that the laminations induced by the welding

map converge in law to the Brownian lamination.

Corollary 4.4.2. Let ,, : D* — C be the conformal welding map for a uniform random arc
pairing lamination with n edges. Let ~, be the associated lamination. Then ~,, converges

in law to the Brownian lamination.

Now we wish to show that the subsequential limits of the ¢,, solve the Brownian lamination.

First we need to know that continuous maps induce laminations.
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Lemma 4.4.3 ([57, Proposition 11.3.3]). Suppose f : D* — C is homeomorphism and

extends continuously to D*. Then ~; is a lamination. Here ~y is the equivalence relation

gy = flx) = fy).

It is an easy exercise to show that if ¢, converges uniformly to ¢ then any subsequential
limit ~, of the induced laminations ~, must contain the lamination of the limit ~,. The
reverse inclusion ~,,D~, is not true in general so we cannot say that ~,=~, and hence
~p—~,. The next two lemmas allow us to get around this issue. The first lemma shows
that, in our setting, the lamination of the limit, ~,, must have finite equivalence classes.
The second lemma shows that no chords can be added to the limit of the laminations, ~,

without creating an infinite equivalence class. Together with the aforementioned fact that

~ooC vy, this proves that ~=~,.

Proposition 4.4.4. Suppose f : D* — C\E is conformal and extends continuously to the
boundary. Suppose f is Holder continuous on T with exponent o. Then |f~1(p)| < 2/« for
all p € f(D). In particular if ~ is the lamination induced by f then ~ has finite equivalence

classes.

Note that the bound is sharp, as can be seen by considering the conformal maps to the

exterior of the ‘stars’ K, := {z: 2™ € [0, 1]}.

Proof. Let m be a finite integer such that m < |f~!(p)| (this is to circumvent any difficulties
that might occur if |f~!(p)| = oo). For sufficiently small r > 0, the preimage f~'(B,(p)) NT
consists of at least m disjoint arcs, each containing a point of f~!(p). Suppose f is (C,a)-
Holder continuous on T. Then the diameter of each arc is greater than (r/C)'*. Using the
Lebesgue measure in (2.2), it is a straightforward computation to show that the logarithmic
capacity of f~1(B,(p)) is bounded below by ¢;7'/(™®) for some constant ¢; that does not
depend on r. Let T be the family of paths in D* joining {z : |z| = 2} to f~'(B,.(p)) N T. By
Pfluger’s Theorem 2.3.6 and the preceding observation about the capacity, we have that the

extremal length of I' is (up to an additive constant) bounded above by %log(r_l/ (ma))
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On the other hand, we know by conformal invariance that the extremal length of I" is (up
to an additive constant) bounded below by % log (r~!). Taking r — 0 shows that m < % as

desired. O

Recall from the comment after Lemma 4.4.1 that if ¢, is the welding map for the uniform

random tree then ~, converges to the Brownian lamination.

n

Lemma 4.4.5. Let ~ be the Brownian lamination. Almost surely, it is ‘infinitely maximal’

in the following sense: every chord in T not in ~ crosses infinitely many chords in ~.

Proof. Suppose = ~ y, then d(z,y) > 0. Without loss of generality assume x < y. There
are three cases to consider. If e(z) > e(y), then for each e(y) < h < e(x) we can define
a1 = MaXicp(z) ©(1) = h and as = Minye(e(z)e(y)) €(t) = h, then a; ~ ay and this chord crosses
(x,y). Since h was arbitrary, this gives infinitely chords (ay, as) that cross (z,y).

The case e(z) < e(y) is similar.

On the other hand, suppose e(z) = e(y), then we must have m = e*([z,y]) < e(y). For
m < h < e(y), we can define a1 = maxyc(e(a)e(y) ©(t) = h and ay = mingeq) e(t) = h. Then
a; ~ ay and this chord crosses (x,y). Since h was arbitrary, this gives infinitely chords (aq, az)

that cross (z,y). O
Now we can show that ~, converges to the Brownian lamination.

Proof of Theorem 1.3.2. The space K(T?) is compact, and we have shown that pu, is tight
on C(T). Therefore fi, is tight on C(T?) x C(T), and there is a sequence fi,,, that converges
in distribution to a measure fi,, on K(T?) x C(T).

By the Skorohod representation theorem, there is a coupling of (~,, , ts, ) and (~u, ¢t) such
that (~,,tn,) = (~co,t) almost surely, Moreover, by Lemma 4.4.1, the distribution of ~
is that of a Brownian lamination. Furthermore, ~, must contain ~, because ¢,, converges
uniformly to ¢. But ~,, is maximal in the sense that if ~, has strictly more chords than ~
then ~, has an equivalence class with infinitely many points (Lemma 4.4.5). However, ~,

has finite equivalence classes by Proposition 4.4.4, so we have actually ~,=~.,. By the main



110

result of [36], there is only one measure on pairs (~u, ¢) such that ~,=~. It follows that

~n, Un) converges to (~o, t) in law. O
(~n, tn) ges to (~eo, 1)
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Appendix A
RANDOM WALK ESTIMATES

The estimates in this chapter are needed for Section 4. See in particular Section 4.2.1 for
explanations of the notation used here.

The following lemma will be used to convert probabilistic statements about the maximum
and modulus of continuity of bridge walks to corresponding statements about walks conditioned
to be positive. Note that the statement is meaningful only when w — ¢ is even and g > 1.
The g = 1 case is special because then the left hand side can be identified with {0,... w —
1} x Eyp-1(0).

Lemma A.0.1. There is a bijection
©:{0,...,w—=1} xZ,(0Tg) = {1,...,9} x W,(0 = g) (A.1)

Moreover, the mapping preserves the mazimum and modulus of continuity in the following

sense: if o(t,S) = (y,5), then
1. If eg is (L,1/3)-Hélder continuous the eg is (2L,1/3)-Hélder continuous.

2. tmax|S| < max|S| < 3max|S|.

1
3

Recall that eg : [0,1] — R is the Brownian rescaling of S, eg(t) = w™'/2S(wt).
The existence of the bijection is known as the Dvoretzky-Motzkin cycle lemma [23], but

the other two properties are usually not stated in the literature so we present the proof here.

Proof. First observe that there is a natural action of the cyclic group Z,, = {0,...,w — 1}

on W, (0 — g), defined by cyclically permuting the increments of the walks. More formally,
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if tog € Z,, and S € W, (0 — g), define

S(to+t) — S(t fo<t<w-—t
CS(t) = o +1) = 5(to) " (A.2)

S(t+ty—w)+g—Sty) fw—ty<t<uw.
Now we describe the map . Suppose (ty,S5) € {0,...,w — 1} x Z(0 1 g). Let yo =
g —min S|, . Since for S € Z(0 1 g), the last step is always going up from g — 1 to g, we
have min S|, .| < g — 1 and hence yo € {1,...,g}. Then ¢(to,S) = (yo,Cs,S) is the desired
mapping.

The inverse mapping is described as follows. Suppose (yo, S) € {1,...,9} x W, (0 — g).
Let hg = minS + yo. Let sy = max{s : S(s) = ho — 1} + 1. Then S(sy) = ho and
© (40, S) = (w — s9,Cs,S) is the desired inverse mapping, and the bijection is proved.

Statement 1) follows from the fact that if eg is (L, a)-Holder continuous then for any ¢,
¢, s 18 (2L, a)-Holder continuous. Statement 2) follows from the fact that the maximum
of any cyclic permutation of any walk S € W, (0 — ¢) is bounded by (¢ — min S) + max S
which is in turn bounded by 3 max |S]. O

We will need the following asymptotics for the number of Z walks in Lemma 4.3.8.

Corollary A.0.2. We have, for integers a,g > 0

(1)

1Za(0 1 g)| - 27 < Cyieg *(a/g?) > e 5 (A.3)

1Za(0 1 g)| =

SIS

IS

and

for some constant Cg,.

Proof. The equality follows immediately from (A.1). For the inequality, we use the simple

consequence of Stirling’s formula

Ca™/? < (;}’2)2—“) < Cirw ™/ (A4)
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and obtain

1Za(0 T g)]- 27" =

SIS
Q

()=
§+§ a

1
< Cawga™? ( —
= Gstirg@ 1_|_§

) —o (@/2)(a/2-1)---(a/2 —g/2+1)
(a/2+1)(a/2+2)---(a/2+ g/2)

9/ 2 2 2 92
) S C1stirg_ (a’/g )_3/ + €Xp (_5) P

where in the last equality we have used the fact that ylog(1 + z) > %xy when z € [0, 1] and
y > 0. ]

The next lemma allows us to convert probabilistic statements about walks to probabilistic

statements about bridges, and vice versa.

Lemma A.0.3 (Local absolute continuity of bridges and walks). Fiz 0 < u < w integer,
suppose |h| < cow'/?, and let A be a subset of W, (0). Suppose “ < 2. Then PW»O=M (S|, €
A) < CoPW=O) (S, € A), where the constant Cy only depends on cq.

If, in addition, there ezists ¢c; < 1 such that A only contains walks for which S(u) <
cr(w —u)?, then PW»O)(S] ., € A) < CoPW=(020(S) ., € A) where Cy only depends on c;.

Proof. The first statement is proved for h = 0 in [38, Lemma 3], and the statement for general
h follows from the obvious modifications. It suffices to consider the case when A has only
one element, A = {5’} and then the relevant probabilities can be written down explicitly in

terms of S’(u). The second statement follows from the same proof. O

For example, the previous lemma allows us to deduce the Holder continuity of the Brownian

rescaling (4.6) of Z-walks:

Lemma A.0.4. Fore >0, A, Ly > 1, there exists Ly > 0 large such that the following holds.
If g > A with g —w even and if ¢ = |g/A] satisfies wg'™2 € [Ly', L], then

P(eg is (L3, 1/3) — Hélder continuous ) > 1 — ¢

where S is a uniform random walk of type Z,,(0 T ¢’, max < g).
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Proof. The idea of the proof is to relate walks of this type to walks of type B using Lemma
A.0.1. This relationship essentially preserves the modulus of continuity of the walk. Then
we use the fact that walks of type B are locally absolutely continuous to the simple random
walk. The Holder continuity of the Z walks then follows from the Holder continuity of the
simple random walk. This sort of argument was used in [38] to get uniform bounds for the

maximum of a random walk excursion.

It suffices to prove the result when S is a uniform random walk of type Z,,(0 1 ¢’), because
the uniform measure on Z,(0 1 ¢’, max < ¢’) is absolutely continuous to the uniform measure
on Z,(0 T ¢'), indeed by Proposition A.1.1 we have Pz, o1y (maxS < g) > co for some

constant ¢g that only depends on A and Ls.

Lemma A.0.1 and its proof implies that we can sample a uniform random element of
Z.,(0 T ¢') by choosing a uniform random element of W,,(0 — ¢’), and then applying a certain
(random) cyclic permutation of the increments, and as observed in that lemma, this cyclic
permutation preserves the modulus of continuity. Therefore it suffices to prove the result for
uniform random walks of type W,,(0 — ¢'). Now observe from the triangle inequality that if
a function is (L /2, a)-Hélder continuous when restricted to [0,1/2] and [1/2, 1] respectively,
then it is (L, o)-Hélder continuous on [0, 1]. Therefore from symmetry and the union bound

it suffices to find L3 large enough that

Pw.,, (0-¢)(®s|[0,1/3 is not (Ls/2,1/3) — Holder continuous) < €/2.
By Lemma A.0.3 below, the law of S| /2] under Py, (0-¢is absolutely continuous to the
law of S |[07(w /21 under Py, oy with a constant Cy that only depends on L. So it suffices to
find L3 large enough that

Pw,(0)(®s][0,1/2) is not (L3/2,1/3) — Holder continuous) < €/(2C)).

This last statement follows from the proof of Kolmogorov’s continuity criterion. n
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A.1 Bounds on the extrema of a random walk

In this section we collect some bounds on the probability that a random walk of length w
exceeds, or does not exceed, a given height y. The analogous bounds for Brownian motion

are simpler to state and prove, but we need statements that are uniform in w and y.

Proposition A.1.1. a) We have, for some cq > 0,

2y2

IP)W (0) (maX |S| > y exp ?

\_/

Pe,(0-0)(max[S| = y) < exp

gl‘d

)

)
o)

b) For § > 0 there exists cs > 0 such that if w > dy?, then the conditional probabilities of

and

MSIQ

PWI, (0—0

Pw . (0-0) (max |S] > y) < exp (

y(max S| > y) < exp

a) are either zero or bounded below by c;,
P (max S > y) > cs.

c¢) Finally, there exists co > 0 such that the conditional probabilities of a) satisfy

P.(max|S] < y) < > w

.(max —exp | —co— | .
Y= 9 p on
Proof. By André’s reflection principle [25, page 72],
Pw,(0)(max S > y) = 2Pw,,0)(S(w) > y) + Pw,,0)(S(w) =y)

so that

QIP’WM(O)(S(U)) > y) S PWM(O)(maXS 2 y) S QPWM(O)(S(w) > y) (A5)

Now Pw,, (0)(S(w) > y) < exp(—2y*/w) by Hoeffding’s inequality [33, Theorem 2] and by the

union bound we have proved the first claim P, )(max |S| > y) < 4exp(—2y*/w).
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On the other hand, by the central limit theorem we have that
Pw,, 0)(S(w) > (5’1/211)1/2) — s> 0asw— 00 (A.6)

and claim b) for W,,(0) follows. Claim c) for W,,(0) now follows from the strong Markov
property by decomposing the walk into subwalks of length proportional to y? and then using
the result of part b) on each of these walks: if any subwalk varies more than 2y from its initial
point, then the maximum absolute value of the walk must exceed y. This shows that the
probability that the maximum is bounded by y is less than Cjexp (—co %) The constant
Cy may be taken to be % by taking ¢y smaller if necessary.

A coupling argument similar to the proof of Lemma A.2.1 below shows that the absolute
maximum of a bridge is stochastically dominated by the absolute maximum of a Bernoulli
walk, so this proves a) for bridges W,,(0 — 0). The exact same proof works for W1 (0 — 0)
and W, (0 — 1).

This latter statement can be used together with the cycle lemma, Lemma A.0.1, to prove
part a) for Pg, (o).

Part b) for bridges and excursions is proved similarly to part b) for walks, and follows
from the fact that the measures converge to the Brownian bridge and Brownian excursion
respectively.

Part c¢) for bridges follows from part ¢) for walks together with Lemma A.0.3 above, which
says that the initial part of a random bridge is almost indistinguishable from the initial part

of a random walk. Part c¢) for excursions then follows from the cycle lemma. O

The following bounds are useful when wg~2 is large. In particular, the second bound does

not degenerate even when wg=2 — oo.
Lemma A.1.2. For integers w, g > 0,

P min S > —g) < 4w 'g* (A.7)

W1, (0—0) (

For e > 0, we have for sufficiently large p that, for all w, g,

Pw,, (ug—spug)(in S > glmin S > 0) > 1 —e.
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Proof. We begin with the first inequality. The statement is vacuously true for w='g* > 1/4,
so in what follows we can assume in particular that %5 < 1/2.

Recall that W (0 — 0) maps bijectively onto Ww_Q(O — 0), and this map can be realized
by forgetting the first and last steps of the walk and translating the whole walk up one unit.

Therefore

P min S > 0) =P min S > —g) = Pw, ,0-0(minS > —-g+1). (A.8)

wzj(geg)( wL(ow)(

We have |W,_»(0 — 0)] = (%), and by André’s reflection principle, |W,_»(0 —

w/2—1
O,minS < —g+1)| = |W,_2(0 = —2¢g)| = (w/2+g .)- Therefore

<y () () (L

=(-3)

> ¢4/ (A.9)

>1—4g° /w

where in the last two inequalities we have used the facts that 1 —x > e™* for z € [0,1/2],
and e™* > 1 — z.

Together with (A.8), this proves the first inequality of the lemma.

Notice that the derivation leading up to (A.9) actually shows that for > 0 there exists
M > 0 such that

2 2
]wafz([)—)())(mins >—g+1)> 67(2?5] whenever ——— w/2 =T (A.10)

because for § > 0 there exists M > 0 such that 1 —z > e~ 149 for x € [0,2/(M + 1)].

We also have the upper bound

s <y (4250) (B4 ()

g
(1.9
_< w/2+g—1)

2

< e wER, (A.11)




For the second inequality, fix 6 > 0 small and M > 1 large such that ; + L

246 " 124 (M+1) 1
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1 —¢/2 and such that (A.9) holds. First consider the case w™'¢®> > 57—. Then by Proposition

A.1.1, we have for sufficiently large u,

Pw, (ug—sug) (in S > g) = Pw,, (00 (min S > —(u — 1)g)
( )2 2 —-1) 2

>1—4de” “ >1—4de” Yt >1—e

Now suppose w™'¢® < 577 so that in particular 2% < 1/M and so 4= < 2/(M +1).

/2+1

have

Pw., (ug—sug) (min S > g)
wa(ugﬁw)(mins Z 0)

_ Pw,0-0(minS > —(u—1)g)
~ Pw,0-0(minS > —pug)

Pw ., (ug—spg)(min S > gl min S > 0) =

Now, (A.10) implies that
Pw,, (0—0)(min S > —pug) = Pw 12 _2(0-50) (minS > —(ug+1)+1)<1—e"
On the other hand, (A.11) gives

Pw,0-0)(minS > —(u—1)g) =1 —Pw,, ., ,0-0)(mnsS < —((p—1)g—1)+1)
_ _((n=1)g-1)?
Z 1 — e w/2+(p—-1)g-1
and we get

__((p=1g-1)?
1 — e w/2+(m—1g-1

P minS > ¢g/min S > 0) >
Ww(ugaug)( 9| = ) = | 2+0) (“fuilz>2

(=g -12 1 w+2
(ng +1)? 240 w/2+(u—1)g—1
(u=1g-12 1 w+ 2

We

(pg+1)?
(2“’)%,

(ng+12 2460 w/2+ (w+2)(M+1)!

2 1 1
T (w412 2460 1/24+ (M +1)1
12
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e~

where in the second inequality we have used the fact that t > % when z < y, which in
turn follows from the fact that x — % is decreasing. In the third inequality we have used

the fact that (“J/g)le < 2(M +1)7%. The fourth inequality is true for ¢ > 1 and can be seen

be differentiating both sides with respect to g.

For sufficiently large p, this last expression is greater than 1 — €, as desired. ]

Finally, the next lemma says that the bounds of Proposition A.1.1 still hold even when

we condition on certain events.

Lemma A.1.3. Let S be a uniformly random walk of type W, (9 — g, min > 0). Then
P(max S > pug) < e colb=1%*/w,

Similarly, Pw, (ug—pg)(min S < glminS > 0) S e—co(p—1)%g%/w_
Proof. By translation invariance, Lemma A.2.4 below, and Proposition A.1.1,

Pw,, (g (max S > pg|min S > 0) = Pw, (0-0)(max.S > (u — 1)g|min S > —g)
-1 2.2
< IP’EUJ(0—>0)(m@tXS > (,u - 1)9) f, €xp (—Cow>
and this proves the first statement.

The second statement follows from a similar argument, using Lemma A.2.5 below and

Proposition A.1.1. ]
A.2 DMonotonicity properties of conditioned random walks

The next few lemmas make precise some intuitively clear monotonicity relations between

various types of walks.

Lemma A.2.1 (Strong Monotonicity). Suppose w > 0 is even and fix a partition of [0, w]
into almost disjoint closed intervals Ay, ..., A, with endpoints that are even integers. Let
S be a uniformly random walk of type E,,(0 — 0). Fori=1,...,m let S; be a uniformly
random element of E4 (0 — 0). Let S be the concatenation of the S;, so that S € E,(0).

Then max S = max S = maxgl v---VmaXS'm.
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Proof. Fori=1,...,m,let I, = [r;,7;'] where 7, ,7;" is the first and last time respectively

that S intersects S;. In the case that these times do not exist, let I; = ().

Conditioned on {I;}!", and the values of S at the endpoints of the ;, the collection of walks
{S|1,}: has the distribution of m + 1 independent bridges (conditioned to be nonnegative).
Likewise, {S|;, }; has the same distribution.

Thus if we define S” to be the excursion obtained by replacing the part of S on each I;
with the corresponding part of S, then S’ has uniform distribution on E,, (0). On the other
hand, S|a,z, > S|z, pointwise, due to the boundary conditions of S|4,. It follows that

S’ > S pointwise, and so (S, g) is a coupling which proves the desired result. O

Lemma A.2.2. Let S be a uniform random element of E,(0) and let S be a uniform random

element of Z,11(0 1 g), where g > 1. Then max S > max S.
Proof. The proof is the similar to the proof of Lemma A.2.1. O

Lemma A.2.3 (Monotonicity). For all integer g > 0 and wy > wy even,

IEDsz((HO) (max > g) > IP)Ewl((Ho)(mf:Lx > 9).
Proof. Take I} = [0,w;] and Iy = [wy, ws] in Lemma A.2.1. -

Lemma A.2.4. Fiz g > 0. Let S be a uniformly random element of E,(0) and let S be a

uniformly random element of W,,(0 — 0,min > —g). Then max S > max S.

Proof. Let A C [0,w)] be the set of times for which (the linear interpolation of) S is strictly
negative. Conditioned on A, the distribution of S | 0.0)\7 18 that of independent excursions

over each component of [0, w]\A. It follows from Lemma A.2.1 that max .S > max S. O

Lemma A.2.5. Fix w > 0 even, g < 0 and h > g. Let S be a uniform random walk in
W (h — 0) and let S be the same object but conditioned on min S > g. Then S > S.

Proof. We have

P(minS > ¢|S(1) =h+1) > P(min S > g).
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First notice that
Pw, (h—0)(min S > ¢|S(1) = h 4+ 1) > Pw, (h—0)(min S > g). (A.12)

This statement can be proved by a coupling argument. We can couple the two types of walks
by running them independently until they meet, then making them equal to each each other.
In this coupling, the walk satisfying S(1) = h + 1 will always dominate the other walk, and
this proves the statement.

On the other hand, using the statement with Bayes’ rule gives
Pw,(h—0)(S(1) = h+1|min S > g) > Pw, -0 (S(1) = h+1). (A.13)

Using this, we get a coupling of S and S for which S > S: We ensure that S(1) > S(1) using
(A.13), then we let the walks evolve independently until they meet again, and then we use

(A.13) again, and so on. O
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Appendix B
LARGE DEVIATIONS FOR MARKOV CHAINS

The results of this section can be found in [20]. For the reader’s convenience, we give a
self contained presentation.
Let wy, ws, ... be a Markov chain on a state space Q with transition kernels 7(z, dy). Let

u: 2 — R be a function. For each z,y € Q x Q, let f(x,y) = M:)+y()x¢u)'

Lemma B.0.1. For each n > 1 and any choice of wy, we have
E (f (w1, w2) f (w2, ws) -+ fwn-1,wp)) = 1.
Proof. We have, by the tower property and the Markov property,
E (f (w1, w2) f (w2, w3) -+ fwn-1,wn)) = E[E[f (w1, w2) f (w2, ws) - - - f (wn—1, wn)| (w1, w2)]]
= E[f (w1, wa)E[f (w2, w3) - - - f(wn—1, wn)|ws]]

= E[f(wh w2)]

=1
where the second last equality is by induction on n. O

Now let I" be a set of probability measures on §2. For u :  — (0,00), let A, : 2 — R be

the function

Hulz) = log (f U(;;E::()% dy)) '

For x € ), let 6, denote the Dirac mass at x.

Theorem B.0.2. For any u: Q — (0,00), we have

1< Eu(wr) ,
— < — . .
]P’(nZ(Lk EF) < fa exp< n/irelﬁ/)\udu) (B.1)
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Proof. Observe that

1 1<
1 - 5w r < - U —1i U
{nz . € }_exp(nZA(wk) ;Iellﬁ Adu)
k=1 k=1
because the term in the parentheses is positive whenever the expression on the left is

equal to 1. Taking expectations of the n—th power of both sides yields

1 n . n
P (ﬁ ;5% € F) < exp (—nirel%/)\udu> E exp (; )\u(wk)) . (B.2)

We have
ex Y w = - U(wk>
p(;“ ’“>> o
_ u(ws) T ulwen)
- Juy)r(wn, dy) ,Hl Juy)m(w, dy)
Thus

n n—1
u(ws) u(wr+1)
E Au < E- E .
exXp (Z (Wk)> = inf u g fu(y)ﬂ'(wk,dy)
The expectation of the product is equal to 1, by Lemma B.0.1. Substituting this into (B.2)
yields the result. O]

Theorem B.0.3. Let A C Q be a subset. Suppose u: Q — [1,00) is a function with A, > 0.
Then for each € > 0,

P (% (k- wp € A}| > e) < Eu(w) exp (—neigg /\u(w)) | (B.3)

Proof. We apply Theorem B.0.2 with I' = {u : p(A) > €}. We have inf,er [N dp >
infer [ Audpe > p(A) infeq Ay(w) > €infeq Ay(w) because A, > 0. ]
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