
Lecture 6 - February 22 2021

MAT303: Calc IV with applications
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Recall:

Last time: 


• Ch 1.6 Substitution methods:


• 


• 


•

dy
dx = F(ax + by + c)
dy
dx = F ( y

x )
dy
dx + P(x)y = Q(x)yn

Today:


• A few more substitutions (Reducible)


• Ch 2.1 (general) population models


• 


• Ch 2.2 Equilibrium solutions

dP
dt = (β − δ)P

By changing the functions  and  we can model  
a large variety of phenomena. 

β δ

V axtbyxt.sc

u Nx

v

Exact Equations
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Reducible second order equations

Example: Solve  for y.yy′ ′ = (y′ )2

p = y′ = dy
dx

, y′ ′ = dp
dx

= dp
dy

dy
dx

= p
dp
dy

Substitution:

This substitution works whenever you want to solve an equation of the form 

.F (y, y′ , y′ ′ ) = 0

no X
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Reducible second order equations

Example: Solve  for y.yy′ ′ = (y′ )2

p = y′ = dy
dx

, y′ ′ = dp
dx

= dp
dy

dy
dx

= p
dp
dy

Substitution:

This substitution works whenever you want to solve an equation of the form 

.F (y, y′ , y′ ′ ) = 0

There is another useful substitution when

., see textbook Ch1.6.F (x, y′ , y′ ′ ) = 0

no X

y Cy
So Cbgseparation of

variables

yy p2 y
dad ddt Y Decor For any Dcc

g E Verify
defy IdfP

ya capecy y Dce't
v

yp p2 So

fdp tydy gg czp2e2Cy g DEET

loglpl loglyl 1 C
works for any c Dso

If _e4y1
p Icy



2.1: Population models
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(General population model)

General population model:



dP
dt = (β − δ)P

bd

p sp tkfne p.defk.I.ftineddTI tzP

p birthrate number of P
births per unit of T
fine per unit of B
population These can depend

on population

S death rate number of Cmight not be constants

death per unit of
time per unit of
population
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Exponential Growth

General population model:



dP
dt = (β − δ)P

Assume 

• Death rate is 0 

• Birth rate is constant

t I

so

p coast
Then

p tzDP
af _EP

PH pfoge.pt

O T
t 2 I F o gE F K Ok O tTEI f o t

38 I F o
A of QQ F X ok O O I
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Finite-time explosion

General population model:



dP
dt = (β − δ)P

Assume 

• Death rate is 0 

• Birth rate is proportional to population

K a E I

p _I
c Kt

Sao if PG is initial pop

p KP pco Ic so c ptg

de so
df KP pco

separable PAS 1
ptg let 1 Plo kt

f dp k It Interesting

µ As C path

p KE TC 1
I1

p kt c PET of
pet
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Bounded population (logistic equation)

General population model:



dP
dt = (β − δ)P
Assume 

• Constant death rate

• Birth rate is linear and decreasing with respect to 

population.

Notice:

• No matter what initial condition, the limiting population is


  lim
t→∞

P(t) = 150.

Interactive Graph: https://www.desmos.com/calculator/iw4c9k5fv1

or a
Ex 2

s coast go Fp
IP It

p fo PrP Poppo logP a
og ai b P t C

ddIf Cpo p p 8 P pity 150 Pco

Pco e Apis

p P ESP I iso

pdp It
negative pc.gg

l dPdtapGbap
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Bounded population (logistic equation)

General population model:



dP
dt = (β − δ)P

Assume 

• Constant death rate

• Birth rate is linear and decreasing with respect to 

population.


dP
dt = kP(M − P)

Notice:

• No matter what initial condition, the limiting population exists


•  Limit population is lim
t→∞

P(t) = M .

P(t) = MP0

P0 + (M − P0)ekMt

Solution (next HW):
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Ways in which the logistic equation arises

1. Limited environment:  

• Suppose environment can only support up to  individuals. 

• Growth rate  is proportional to . 

• Then .


2. Competition situation:  
• Suppose birth rate constant, but  deaths result from chance encounters  
  between the members of the population. 

• Then  .


3. Suppose we are modeling disease spread in a constant size population . 

• This time,  represents the number of infected individuals.  

• Reasonable to assume that rate of new infections is proportional to  

• Thus  again.

M
β − δ M − P

dP
dt

= (β − δ)P = kP(M − P)

dP
dt

= (β − αP)P = kP(M − P)

M
P(t)

P(M − P) .
dP
dt

= kP(M − P)

The same equation can have multiple interpretations.

Different models can give rise to the same equation.

or Dii
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Doomsday vs  Extinction

General population model:



dP
dt = (β − δ)P

Assume 

• Death rate is constant 

• Birth rate is proportional to time

Sometimes useful for modeling certain endangered species.

kf glp I logIP Te 0kt 1C
8 coast
population logIpl loglp St T C

p KP
P K

ftp.syp p Ce St pc si

KP P E plugginginto c o

P Kp Cp Sz p Ce Stp Ence St e

PCI Ce St Ice
St

ftp.zgdP k
p ittE ai

tgf Esa dE kilt too
So


