
Lecture 5 - February 17 2021

MAT303: Calc IV with applications
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Recall:
Today: 


• Ch 1.6 Exact differential equations and 

     Substitution methods

• Changing variables is a common operation


• Can make the equation solvable/simpler


• Can give more insight into the DE


• Can demonstrate similarities between DEs.

From before
We know how to solve

dd f x

dd fix gC4 separable

day play q Linear



3

Recall: Partial derivatives

Consider a function  of two variables.f(x, y)

  means “differentiate with respect to y”
∂
∂x

  means “differentiate with respect to y”
∂
∂y

Example: f(x, y) = x2 + sin(x)

Then 
∂
∂y

f =

And 
∂
∂x

f =

More notation:

 means fx
∂
∂x

f

 means fy
∂
∂y

f

Higher order derivatives:


 
∂
∂x

∂
∂y

f =

 
∂
∂y

∂
∂x

f =

 
∂
∂x

∂
∂y

f =

 
∂
∂y

∂
∂y

f =

Notice:

fxy = fyx

This is true in general. It’s called Clairaut’s theorem.

a Yesb No

fay means I f
y

f means 3 7

flag
ft xzyesincx 2x 2 y sincx

x2 to 2x 0
W
2xyeco.sn

2xy4coSX
a



4

Recall: chain rule (multivariable)

If y = β(x, v)

dy
dx

= ∂β
∂x

+ ∂β
∂v

∂v
∂x

If y = g(w, z)

dy
dx

= gwwx + gzzx

Don’t try to memorize these exact formulas. Just remember the meaning and reasoning.

One variable:

If y = f(g)

dy
dt

= df
dg

dg
dt

If y = g(x, y, z)

dy
dt

= gxxt + gyyt + gzzt

Example:

d
dx

x sin(x)2 =

f(x, y) = xy, y = y(x) .

What is fx?

Example:

dfx.cl
y flgCtD Vex

Heine pcx.ir XV2 we Sir

I 8 By chain rule
3LF dd v2 cosx 2xV Sinhacosx2x sin x

Example Byproduct rule dqxscineg2 fsinxy x2 tr

Xosx7g
gCty2ddTf

2gCt7 gIct

LAHEY't
change in Hgh
change in glf
Xcrateof changeof f w r t g
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Substitution methods

dy
dx = (x + y + 3)2

Example: Solve

Using the substitution .v = x + y + 3

Transforming a differential equation like this is very common in applications.

This works whenever you have a differential equation of the form 

 
dy
dx

= F(ax + by + c) .

b off f17514 severable

du dx
arcfa.cn v

XtCddyv2NgeEdrtEe v faucets
ofg onLHS

we have Find y y faulate X 3

y v x 3 Verify
da 1 off c.si c l t EE sina.EE

s
So tankeddu let u axebyee
D 1 1 g IF Flux ad Fcu

dd today

So du
da Tt today again dd bFCu a
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Substitution: Homegenous equation.

For homogeneous equations like ,


the substitution

dy
dx

= F ( y
x )

v = y
x

is useful.

Example: Solve for :y

2xy
dy
dx

= 4x2 + 3y2

y x
d x c v enot u 4

2
2
CCH 4

dayx c v 3 Zu

I ID II 42 4 1
2

da I ED
du dED

teddy2ft 32 f Feudu dx

where

ftp 2p 3zp f pdv loglxle C
Let u dogteeth loght C
Then 4 7 if CIXI
d Zu 4T CH
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Bernoulli equation

For the Bernoulli equation:

dy
dx

+ P(x)y = Q(x)yn

You should take  which turns it into  v = y1−n

dv
dx

+ (1 − n)P(x)v = (1 − n)Q(x) .

Example:

2xyy′ = 4x2 + 3y2

non linear

4 linear
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Exact equations

Is the following DE exact or not?

Example:

2x + y2 + 2xyy′ = 0

Definition:  A DE   is exact if we can find  such that


 and .

M + N
dy
dx

= 0 f(x, y)
fx = M fy = N

Test for exactness: A DE  can only be exact if .M + N
dy
dx

= 0 My = Nx

Is the following DE exact or not?

dq y2x y2t2yy't
men dd f

Notice that

2xey2t2xyy d Cx2 y2x yt3xddf ddyfflx.gs
Claimants

The differential equation becomes fxy f
fxttyddfqdqlflx.ci

d x2 y2x D f y fy 3
multivariate

chain
Sola rule

X2xy2
C is

arbitrary

Want
ye 3 41
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Exact equations

Is the following DE exact or not?

Example:

2x + y2 + 2xyy′ = 0 Definition:  A DE   is exact if we can find  such that


 and .

M + N
dy
dx

= 0 f(x, y)
fx = M fy = N

Test for exactness: A DE  can only be exact if .M + N
dy
dx

= 0 My = Nx

Is the following DE exact or not?
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Exact equations

If we know an equation is exact, it is easy to figure out  
what  is.f

(6xy − y3) dx + (4y + 3x2 − 3xy2) dy = 0

Definition:  A DE   is exact if we can find  such that


 and .

M + N
dy
dx

= 0 f(x, y)
fx = M fy = NM N

Testfor exactnessmncoxgygtuysxzsxy.tl o
checkisitsexact exact cool if My II i
bno
Mg6 342
N Gx 342 1 e

want Td
fix4 I Me N d 3x2y xp 242F O

x they fydad a 3kg xy3b 32y xp12

iIaist i'Ma
c

o

fKay 3 2y xy3 gey t arbitraryfoneof y2nd constraint
fye3 2 3 42 t g 4g 3 2 342

gig 4y
gly 2y21 C

So fly g 3 2y xp 242 1C
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Summary

• Differential equations can often be transformed into different forms

• Useful to reduce one problem to another problem

• Useful when using a computer to solve the differential equation

• Exact equations are a nice application of Clairaut’s theorem.

M t Ndy 0
IT

Exact equations

Mdx c Ndy O

c check that its exact My Nx

2 Find f such that
df Mdx Ndy Cf M Fy N

3 Solution is

f lay
implicit solution


