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MAT303: Calc IV with applications
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Recall:

Last time:


• Ch 1.4 Separable equations


• 


• Solving problems using separable equations. (Applications)


• Radioactive decay


• Water escaping from a tank

dy
dx

= f(x)g(y)

Today: 


• Ch 1.5 Integrating Factors for first order linear Des

Why it works
gutdy fCx dx Chain rule

See textbook

E
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What is a first order linear DE?

Types of DEs (these are not exclusive):


• First order: 


• First order Separable: 


• First order linear: 

dy
dt

= f(x, y)

dy
dt

= f(x)g(y)

dy
dx

+ p(x)y = q(x)

Classify:

y′ = xy

y′ = y2 + x

y′ ′ + 2y′ + 3y = 0

(4 + t2) dy
dt

+ 2ty = 4t

dy
dt

+ 2y = 4t

dy
dt

= 4t − 2y

fCx pet
997

P go Linea'FqH
1 Separable

Linear y y

DES Not separable
Not Linear Linear

First order
Nott t order 1 Its
dd tZ y 4

puts get
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Separation of variables does not work:

Last time:


• Ch 1.4 Separable equations


• 


• Solving problems using separable equations. (Applications)


• Radioactive decay


• Water escaping from a tank

dy
dx

= f(x)g(y)

Today: 


• Ch 1.5 Integrating Factors

(4 + t2) dy
dt

+ 2ty = 4t

Separation of variables does not work:

doff Gt zty
3
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1st ingredient: Product rule

Product rule:

d
dt

( fg) = f′ g + fg′ 

E.g:

d
dt

(t sin t) =

d
dt

(t2y) =

Sint t cost

2ty t2 daff
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2nd ingredient: integration

If , what is ?
dy
dt

= t2 y

If , what is ?
d
dt

(yt) = t3 y

If , what is ?
d
dt

((4 + t2)y) = t y

us y 13 C

yt tf e C

y e E

att 2 y Eg

y I
2 4 112
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Putting it together

Example: Solve (4 + t2) dy
dt

+ 2ty = 4t

d
dt

((4 + t2)y) = (4 + t2) dy
dt

+ 2ty

If , then 
d
dt

((4 + t2)y) = 4t y = 2t2

(4 + t2)

Key idea: writing LHS as 
d
dt

(…)

From previous slides:
a

3g product rule Creplace LEID
Productrule

dda Etty 4T

I

ef7y 2f2 T C

I

y I tE
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Separation of variables

Example 1: Find the solution to the DE 

dy
dt

− 2y = e5t

Want to use previous trick: LHS = ?
d
dt

(…)

How did we know to multiply by μ = e−2t?

Answer:  always works.μ = e ∫ pdt

pet
Solve for y

g Iz est t Ce
t

d is the general solution
DIC n

est
integrating VerifyImpossible rft zgest Zeekdeft thy 5zest zce.at

Multiply both sides by pi e to est

e 2tddff zesty est
Then
deff

2T
e yJ erst why it works

y pg q
Multiply espdty espdtpy of0 Integrate Etty test t C besotdt

eyespot q
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Integrating factors

How did we know to multiply by μ = e−2t?

Answer:  always works.μ = e ∫ pdt

Solving linear DEs this way is called the method of integrating factors.

y′ + py = q
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Integrating factors

Example: Solve t
dy
dt

+ 2y = 4t2 standard foam

Get into standard form y apg q
7pct

y y at

Multiply µ
ESP dt deaf

e210gal

f2y 2ty 4t3 t

C Write LHS as C 7 e

tray 41 3

Integrate

thy C4 c

Solve for y y CZt Ct
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How to discover the method

y′ + py = q

How to come up with

µ e'Pdt gpdt login
wish

µ es
Pdt

peg'tplug peg

I

pep y

yup dff
poet fedu
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Summary of integrating factors

1. Write DE in ‘standard form’


     


2. Multiply by integrating factor 


3. Rewrite LHS:


4. Integrate and solve for y

μ = e ∫ pdt

Solving linear differential DEs with integrating factors:

1. Wishful thinking:


     


2. Solve to find the correct expression for 
μ

Deriving the method:

y pg q

peg pepy gyu
cypej

qpl.grSgp
y p Iqa
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Applications: Water mixtures
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Applications: Water mixtures

f g 3C adf.se ien aEE.t fqfz 90
concentration in concegkationout

water in waterout C 904
3

y t amount in salt in tank Multiplybypref dt.eso8lt
901 Makes sense

9033

af fine E ctiaopyi 3ltao5 sct

aoBCCEao5cz sectc a 3

Goal
y
30 aoPy 24 905 t C

ye 211 90 t
c
Et9033

initial glory go so 2 got q
90

condition
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Y'a flap

lecture recording will be

up soon

Answering questions until
7 25


