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MAT303: Calc IV with applications
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Today

Recently started looking at: 
• Systems of differential equations (analogous to systems of algebraic equations)

Today:  
• Seeing how matrix notation helps us represent systems more compactly

• Basic application of row reduction to solve for coefficients in initial value problems
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Goal

The goal of today is to understand why… …can be written as:

vector
matrix

n

w

vector

system of a equations with
a unknown functions

Xi Xa Xz Ya Xn

Last few lectures have been n 27
4 4

y
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Matrices

At its core, a  matrix is a “table of numbers”:n × m

E g A 132 on columns

Usually we use uppercase or

uppercase bold to remind reader
that it's a matrix and of

house
aus

roof
a scalar scalar

Aaj entry in
the i'throw
j th column
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Adding Matrices

Adding and subtracting matrices is natural: You can only do this if the dimensions match:12
1 matrix o week

A 33 B a c fo

ATB III I I f A c doesn't make sense

Multiplying by scalars is alsoA B I I natural

sa E 453 L
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Multiplying Matrices

If you haven’t taken linear algebra, matrix multiplication is strange: You can only multiply matrices if their dimensions match:

Bines

433 B a C Fo TiffO doesnt make
sense

Aisa 3 I I row left matrix must

92 be same length as

rows o rightmatrix

7
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Basic properties of addition and multiplication

In many respects, matrices behave like numbers. However, multiplication is not commutative.

                distributivityA(B + C) = AB + AC

3 5 5.3

A 53 B I

B IE 3

BA for
5

4 cc



Matrices and linear systems
Consider the system of equations

We can rewrite this as 

We’ve achieved our initial goal: we’ve rewritten our system as a matrix equation.

Explanation:

Example usage of matrices and vectors:

 is a solution to x = [3e2t

2e2t] dx
dt

= Px .

 is another solution to x = [ e−5t

3e−5t] dx
dt

= Px .
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dd Px

I
B d

w
where XI is
a zedo.me E fE E5EEEf fYIIEEEf EaEEf

L s TEI Iii
Writing the same thing withoutmatri

R 14g If 4 3 2 x 3e2t xz Ze2t is a

w 641 7 2 solution to the system
so daffe R Xi 4x 3 2

means x 4 3 2 Xi 6 7 2

Cox 7 2



Principle of superposition

Notice how it is conceptually much cleaner,  
because we don’t have to wrote out the whole matrices and vectors  
We’re just using these properties, which say that we can treat  
the matrices and vectors as one “unit”.

                distributivityA(B + C) = AB + AC

If I f g daff e datg

roof
Let t C ft t t Cn ft

hen O
daE dat c ft t onft

dat a dat ft

C ft t e cn f

It RING ft t Cnhtt
GI ft t cuRHl

So dat RIH coloredteams areequalfibewearkesolas



Comparison between non-matrix notation and matrix notation 
Consider the system of equations

  and x = [3e2t

2e2t]
x̃ = [ e−5t

3e−5t]

Two solutions: Two solutions:

               andx1 = 3e2t, x2 = 2e2t

              x̃1 = e−5t, x̃2 = 3e−5t

Example usage of superposition

By principle
E c 13 ecz ez It

f
3 c eZf t Cze St

2ciezt 3 cz e
St

is another solution



Row reduction



Row reduction

For the uninitiated it can be daunting to solve a system of equations such as this:

However, we can all agree that it is easy to solve systems that look like this:

But it’s actually easy to convert the top form to the bottom form.

Example:

Just be systematic about eliminating the leftmost variables.

Search “gaussian elimination” for more examples.

algebraic Sofa
rcoefficients

q
I I37Of 0 sitter c in

Zc c zczxzc.rs o
O 2oz 4 3 2 2

0 2oz to G 37
Teayin amnxi.ba a Subtract car from Csc

47 2C c 2oz Zc o

Solve for Xu Then sub into z andsolve 0 2oz 4oz 2

forXu l O t O t 4oz 4
Solve backsubstitute

3 1 2oz 4 2 3 3 24 6 2 0
c _2



Row reduction

Example:
Notice that the variables  don’t actually contain any information.  
We can write the computation on the left like this:

c1, c2, c3 .

K pSubtract c fromCay 3
subtract ten from137

Subtract i from z
zci zcz 2cz 0 Subtract ten from137
O 2oz 4 3 2 Cz
o 2oz to 6 7 02 224 8

O Z o 6Subtract ca from Csc
2 c c 2oz Ze o Subtract ca from Csc0 2oz 4cg Z

O 1 O t 4oz 4 Edue backsubstitute

3 1 2oz 4 2 3 2.4 6 2 0
c _2



Example: Putting it all together

Now we can understand the following problem:

• We can use row reduction to solve this:

Use these solutions to solve the initial value problem 

Solution:

• By the principle of superposition, any linear combination of the  
given solutions is another solution.


• The initial conditions become:

Co C f Cz Cz D

xy
a taffies p

c H iH e is
quiet 3 1 3et

w

I t 3
So we are looking for a

Done in previous Solide

solution of the foam SO a L ft 3 43 2 ft on
Ct C ft icz Czft

yet
Best14

Zet 4est
et 3e3ffest



Without matrix notation vs with matrix notation

Using matrices: Without using matrices:

Three solutions
x 2et y 2et

wi9yZest zest est

system
X 3 2
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Summary

Recently started looking at: 
• Systems of differential equations (analogous to systems of algebraic equations)

Today:  
• Understanding matrices and especially matrix multiplication allows us to represent equations in a more compact form

• Row reduction is a good way so systematically solve linear algebraic systems


