
Lecture 12 - March 17 2021

MAT303: Calc IV with applications
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Recently: 
• linear differential equations (Ch 3.1,3.2,3.3)


• Homogeneous equations

• Principle of superposition

• Special case: constant coefficients


• Different cases depending on number of real roots

• Existence and uniqueness

• Linear independence, and general solutions


• Tools:

• Linear Differential Operators


• Spend some more time on Euler’s identity eix = cos(x) + i sin(x)

Today

Today:  
• Physical interpretation in terms of mass-spring systems 

fCf
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Trigonometric identities

If ,  

then , where  

• 


•  satisfies .

y = A cos(ω0t) + B sin(ω0t)
y = C cos(ω0t − α)

C = A2 + B2

α cos α = A
C ,  and  sin α = B

C

Terminology:

•  is the circular frequency

•  is the phase angle

•  is the amplitude

Also:


•  is the period 


•  is the frequency


•  is the time lag.

ω0
α
C

T = 2π
ω0

ν = 1
T

δ = α
ω0

Proof

1mW us
tan

Wh
fo wot a

Proof based on DEs

if yz coscwot x

gz Wo ya
But this is the equation satisfied
by coscwot and sincwot too
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Mechanical vibrations: where does the second order constant coefficient equation arise

spring T

numb 0 ex guitarstring

Assumptions

Total force has 3 parts Thea mi Fs e Frat FE

Fs springrestoring force 2 displacement Kx c Fcf
fromequilibrium

Fp resistance in velocity
So m a ex Kx Fct

FE external force Fct
or m H cx e Kx Flt

Fema
erivation Let xlt displacement from Note x and I may haveequilibrium at time t

different signs
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Example (undamped motion)

Note: the frequency does not depend on initial conditions!!

Of General solution is

y ft cos lot t B sea cot

Hooke's Law i.e y Ceos lot L

hurrnDm I Kd y locsinccot D
initial conditionsHeueiook2 5

IE szYIozc sscn i.ccotsTmxCX e K X F t S cocaine D cocsina sL
C O FEO on Iz k 50 So iotauca 5 so faux

a arcfaucts 1
So C coscarctanfk F

E
Z

X t 50 x o
a

Solution Characteristic gu
Amplitude Period

pre o Frequency IT 2 y Cascio

p
2 106 Time Lag go arctao.EE

r _I10 ie Frequency is always JET
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Example: damped motion

Suppose you use a dashpot to stop a door from slamming shut. What is the best  
resistance for the dashpot?

A e tcostgetftBetsidate

x x't O X e Aces Taat t Bsi Tacet

x Cet cosscFaat x

Xc 2 1 100 x O First fourpassages
solve Cet cosscFaat a7 0

characteristic egh so cossctaat 7 0

r2t2r coo o so feat a tea µVso C L I T

r Z 154 400 Tea
can find fest four Tiz

2 too

I EJEFE Frequency Tag

general solution is
Pseudoperiod 2

q a a

A e tcostgetftBetsidate
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The effect of the damping coefficient

mx′ ′ + cx′ + kx = 0
Let’s write down the solution to

for arbitrary . 
Convenient to use:

m, c, k

x′ ′ + 2px′ + ω2
0 x = 0

We know how to find all solutions using Ch 3.2, 3.3.

if pZ woZ

o
Catching

Criticallydamped

we general solution is xCf AeTtBteP

characteristic equ if p2 woz Underclaouped
rzezprewe D CZ 4km

Roofs

r p11

3 cases large resistance RI p111
r p J piif p2 worse overdamped
general solution is

GET ka r rz real
negative yet e Pt Acos twopartTBsin EPTof 4km I

general solution is xctj Ae.ttBerat
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The effect of the damping coefficient

xcty Ae.ttBert r p11

Largest r controls rate of
decay
Largest coeff is ptsp.ws

e Pt Acos sTpt Bsin Twist

p Zun
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Ch 3.5: Nonhomogeneous equations

Roughly speaking:

• All solutions are of the form  

 where  is a solution to the homogeneous version of the equation.

Y(x) = yh + yp

yh

Recall (lecture 11)

How do we deal with external force, e.g. 
 

 ?y′ ′ − 4y = 2e3x

Solution:
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Ch 3.5: Nonhomogeneous equations

Roughly speaking:

• All solutions are of the form  

 where  is a solution to the homogeneous version of the equation.

Y(x) = yh + yp

yh

Recall (lecture 11)

How do we deal with external force, e.g. 
 

?y′ ′ + 3y′ + 4y = 3x + 2

Solution:
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Summary

Today: 

• A simple example of how a higher order constant coefficient equation  

can arise from “the real world”.

• Terminology associated with simple harmonic motion

• The frequency of the solution does not depend on initial conditions!!

• The effect of the damping coefficient 

• Started solutions of nonhomogeneous equations (Ch 3.5)


