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MAT303: Calc IV with applications
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Recently:

• Second order linear differential equations (Ch 3.1)


• Homogeneous equations

• Principle of superposition

• Special case: constant coefficients


• Different cases depending on number of real roots

• Existence and uniqueness

• Linear independence, and general solutions


Today

Last time:

• Higher order linear differential equations (Ch 3.2)

• Mostly the same as second order linear differential equations


• Difference: linear independence is more subtle

• Non-homogeneous equations

Today: 

• Constant coefficient higher order linear differential equations


• Similar to  case, but we will introduce some new tools:

• Linear Differential Operators


• Spend some more time on Euler’s identity 

n = 2

eix = cos(x) + i sin(x)
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Linear differential operators

Consider the constant coefficient linear equation 

We can  rewrite this as  
Ly = 0

where    is an operatorL = anDn + an−1Dn−1 + an−2Dn−2 + ⋯ + a0

 where  is the derivative operatorD = d
dx

Examples of operator notation:

Example: Find a solution of the differential equation (D2 + 5D + 6)y = 0.y c5g c6g O

y D we want 2 50 G y O
ie Dez Dez y o

I could solve this jestbya D soloing a3 y od ie ya3g O
i e y 3g

T opernaotfzmb.es
So y e 3 is a

solution
Iaaf a D b D a cb D ab

Example
y y ma
c o g xxx

why
oneEnuation

y x 3x
D a b f D a ffl b f ageometricseries

g Crib 203
cat 3 3

Dcf b elf bf 2 3 2 3 2
xz is.esf bf af abf

f lads f gabt verify y y's x215 5 2 5
Daf cb D f ab f xze3 I
DZ carbD ab f
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Fundamental Theorem of algebra

Let  be a polynomial of degree . Then  has exactly  roots  
 (possibly complex, possibly repeated).


Complex roots always appear in conjugate pairs  and 

p(x) n p n

a + ib a − ib

• It may be hard to find the roots (there is no “quadratic formula” for 

• But we know by the theorem that they do exist

n ≥ 5
Andreae Xu t c Ceo

Example

XZ11 0 roots are E
and O c

Consequence Every polynomial of
degree u can be written

pCx7 x r ex rn



5

Recall:  Complex numbers and Euler’s identity

eix = cos x + i sin(x)

Euler’s identity:

Let , so .i = −1 i2 = − 1

Recall power series:


• 


• 


•

ex =
∞

∑
k=0

xk

k! = 1 + x + x2

2! + x3

3! + x4

4! + x5

5! + x6

6! + x7

7! + ⋯

cos x =
∞

∑
k=0

(−1)k x2k

(2k)! = 1 − x2

2! + x4

4! − x6

6! + x8

8! − ⋯

sin(x) =
∞

∑
k=0

(−1)k x2k+1

(2k + 1)! = x − x3

3! + x5

5! − x7

7! + ⋯

I i
2 1
i3 e2 E i

4 iz f C1CD f

i5 icei I

E i

E.ge
EE'T cos I c is inCt

I o

ein it t t f t

It i5,7 i i 7 cos x is in ex
c e
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Simplest case: characteristic equation has distinct real roots

Let’s try to solve 

Use our only trick: guess .y = erx

If the  are distinct, the  are linearly independent.

(Can compute Wronskian by induction).  

So we have found  linearly independent solutions,  
so by the theory of last lecture, 
all solutions are of the form 


r1, …, rn er1x, …, ernx

n

y = c1er1x + ⋯ + cnernx

So we get solutions

g erin
y y eh x

Sub in y er y _rert y Mert
y _Mert

Get qrnerx aau.ir em 1 air er'tAoe o

factor at
ertfaarn au.ir t aar a o

facto polynomial

aner r r Cr Tn o
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Characteristic equation has repeated real roots

If the  not distinct, the  are dependent.


By the theory of last lecture, we are missing some solutions.  
We deduce the missing solutions by using linear differential operators.

r1, …, rn er1x, …, ernx

Suppose we have 2 distinct roots,  and , where  is repeated  times. r1 r2 r2 k

Notice that  

Productrule Dcfg fDg g Df
_We already know y eh is
a solar to Dead Tz ky O
Trey Solus of the form y uerz

Tforsimple.cig aIerisfic fond
eqa Notice

7
air au ist t air at a o D rz uerz D CuerzX

a r r r 2
k

O fDu f rz uerz

Original DE I Da erzxa urze.MX CuerzX

Therefore
Dudekx

Operator Formulation

and tan ID t a go y
ID r2 k aero Dkw erzx

I anCD r D Tz ky O

Just solve De Tz ky O
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Characteristic equation has repeated real roots

If the  not distinct, the  are dependent.


By the theory of last lecture, we are missing some solutions.  
We deduce the missing solutions by using linear differential operators.

r1, …, rn er1x, …, ernx

Suppose we have 2 distinct roots,  and , where  is repeated  times. r1 r2 r2 k

Notice that  

y

7

In other words we've found
k different solutions to

Just solve D a Tz ky O De Tz ky O which are all

Tng Solus of the form y uerz
solutions to anCD r CD ozyky o

11

Notice
CDrDuerz DCuerzx r era

DaerzxuDerz r era The K solutions are

payers ur era's rzuerz era xerzy XK em
Therefore

Dusekx

RD rzjkcuerzxj CD.hu erzx Wronskian linearly independent

So we want ku erz 0

Could take u Cote XtCzx2 ca axleY Cox

1 3
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Example

Example: Find a general solution of the fifth-order differential equation 


                                           9y(5) − 6y(4) + y(3) = 0

So

y em l is a solar

Subbing in y er y X I

y
2

1
Characteristic equation y e'S is anothersolar

9r5 Gr 4 53 0
y Xe'S is anotherSoh

r3 962 Gr t 1 0 Generates
83 3 r i

Z
O y c 16 4 2 1 Cae3 tcsxe'S

roofs 0,010 tz tz
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Characteristic equation has complex roots

If the  and  are complex conjugate roots, 


We get the two contributions  and  to the general solution.

We would prefer real solutions. We can get these by using Euler’s formula. 

r1 r2 r1, r2 = a ± ib,
er1x er2x

cost of coscySeal y sincy

Check ea'costs x
and eat sinlbx

are independent

We have 2 Solus

g elation greece ibn

g eaxeib ea cos He c sin xD f
yE eaxEibx ea4cosCbx1eisirCbxDRe

SoffyiyzJ eaEo.sbee is a realsolar

and Lily yj ea s.in bx anothersole
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Example

Example: Find a general solution of              y(4) + 4y = 0
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Example
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Summary

Today: 

• Constant coefficient higher order linear differential equations


• Characteristic equation arises from substituting 

• If roots of characteristic equation are distinct, general solution is  

                          


• For a repeated root  of order  the contribution to the general solution is                           

                         


• For a non-repeated conjugate pair of complex roots ,  
the contribution to the general solution is  

                               


• For repeated pairs of complex roots of order , the contribution is 


          


                     

y = erx

y = c1er1x + ⋯ + cnernx

r k,
y = (c1 + c2x + c3x2 + ⋯ + ckxk−1)erx

a ± bi

y = eax(c1 cos(bx) + c2 sin(bx))
k

y = (c1 + c2x + c3x2 + ⋯ + ckxk−1)eax cos(bx) + (d1 + d2x + d3x2 + ⋯ + dkxk−1)eax sin(bx)


