MAT 303 Spring 2013 Calculus IV with Applications

Solutions to Midterm #1 Practice Problems

1. Solve the following initial value problems:

@@ xy' =y+x%,y(1) =0
Solution: Writing the DE as xy/ —y = «x
we have y' — 1y = x, so the integrating factor is p(x) = el 5% =

Multiplying the normalized DE by this factor, we obtain

1\ 1, 1
-y ==y —=sy=1
( Y ) T2
Integrating, 1y = x + C, so y = x% + Cx is the general solution. We apply the initial
condition: y(1) = 1+ C = 0,s0 C = —1, and the particular solution is y = x> — x.

2, we recognize it as linear. Normalizing,

“infx 1
L

(b) y' = 6e*¥,y(0) =0
Solution: Rewriting the exponential, the DE becomes i’ = 6¢>*e~¥, which is separable.
Separating, eVy’ = 6¢>*, which we integrate to obtain ¢V = 3¢?* + C. Applying the
initial condition, ¢® = 3¢ +C,s01 = 3+ C, and C = —2. Hence, ¢/ = 3¢** — 2, so
y = In(3e*¥ — 2).

@y =—3y+52y(1) =2

Solution: We observe that this equation is already linear and normalized: y' + %y =
2,50 (x%y) = x%y +2xy = 1.
Integrating, x>y = x+C,s0y = >+ x% Applying the initial condition, y(1) =
1+C=2,50C=1.Theny = %-I—%

xl—z. The integrating factor is then u(x) = e/ PO =

(d) (T+x)y =4y,y(0) =1
1,/

Solution: This DE is separable, and we can rewrite it as WY = %. Integrating,

Inly| =4In|1+x|+C=In(1+x)*+C

and, redefining C, y = C(1+ x)%, Applying the initial condition, 1 = C(1)%,s0oC=1,
and y = (1+x)~.
(e) v —lv=1x0%0(1) =1

Solution: Since this equation is linear except for the xv® term, we recognize it as a
1-n =5

Bernoulli equation, with n = 6. We therefore make the substitution u = v* ™" = v
Thenv = u1/5, 500 = —%u’6/5u’, and the DE becomes
1 1
—ZuOy — 2y TS = x5,
5 X
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(f)

Multiplying by —5u®/5, this equation normalizes to u’ + gu = —b5x, with is linear
in u(x). The integrating factor is x°, so we have (x’u)’ = —5x°, which integrates to
x5u = —32x7 + C. Dividing by x°,

v =u= E — %
x> 7
We apply the initial condition, so 1 = C — ;, and C = % Then v=° = % - 5_’752 =
127—xgx7, S0
0 — 5 7x5
12 — 5x7°

2xyy’ = x* +2y%,y(1) =2

Solution: We try normalizing this DE, dividing by 2xy to obtain ' = ﬁ + L. We
observe that i’ is expressed entirely in terms of y/x, so we let v = y/x. Then y = xv
and iy’ = xv' + v, so this DE becomes

, 1
X0 +0v=—+40.
20

Hence, xv' = %, which is separated, so 200" = % Integrating, 2 = In |x| + C, so
v==4+/In|x|+C,and y = +x/In|x| + C.

Applying the initial condition, 2 = +11/C, so we must take the positive branch of the
square root, and C = 22 = 4. Then the solution to the IVP is

y=xVinx+4,

and is valid for x > 0.

2. Find the (complete) general solution to each of the following differential equations:

(a)

(b)

¥ +2xy+6x =0
Solution: We observe that this DE is linear, with integrating factor u(x)
¢*’. Then the DE becomes

_ efodx _

2

) .
(ex2y> = —6xe" i> ety = 37 +C = y= Ce ™ —3.

(3x? +2y?) dx + (4xy + 6y?) dy = 0
Solution: Given the format of the DE, we check whether the coefficient functions
M(x,y) = 3x*>+2y* and N(x,y) = 4xy + 6y* make it exact. Since M, = 4y and

2



MAT 303 Spring 2013 Calculus IV with Applications

(©)

(d)

N, = 4y, it is. We can then integrate M with respect to x to find a function F(x,y)
such that this DE is dF = 0, up to pure y-indeterminacy in F:

F(x,y) = /3x2 +2y% dx = 2% + 2xy* + g(y).

Then F, = 4xy + ¢'(y), but this is also N = 4xy + 6y?, so ¢’(y) = 6y*. Then g(y) =
23 + C, so one value for F is x® + 2xy? + 2y°. Finally, solutions to the DE are the level
sets

4 2xy* +2y° = C,

which cannot easily be solved explicitly for y.

xy” +y' = 12x2

Solution: Since y is not present in this DE, we recognize it as being a reducible second-
order equation. We take p(x) = y/, so y” = p’. Thus, we obtain the linear DE xp’ +
p = 12x2. Since the left-hand side is already (xp)’, we integrate to get xp = 4x> + C,
soy’ = p = 4x% + €. Integrating again, y = 2x°> + Clnx + D.

9y' = xy? + 5xy — 14x
Solution: Factoring an x out of the terms on the right-hand side, 9y’ = x(y* + 5y — 14),
which reveals that the DE is separable. Hence, we separate this to

9 Iy
V2 +5y—147 ~ "
which excludes the constant solutions y = 2 and y = —7. We use partial fractions to

decompose the fraction on the left-hand side. Since y> + 5y — 14 = (y +7)(y — 2), we

have
A B 9

2 Y17 P t5y—14
Plugginginy = —7 and y = 2, we see that A = 1 and B = —1. Then integrating,

= A(y+7)+B(y—2)=09.

1 1 _ _ 1,
/ﬁ—mdy—/xdx = ln\y—2|—ln\y+7|—2x +C

x2/2

Combining the difference of the logs and exponentiating, 5—;3 = Ce*/“. Solving for y,

9

Y=1"cern "

Setting C = 0 recovers the solution y = 2, but no value of C gives y = —7, so we
record this as a singular solution not incorporated into the general solution.
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© ¥ +4y+3y 2=

Solution: We recognize this as a Bernoulli equatlon with n = —2, so we make the
substitution v = y! =" = 1% Theny = v1/3, s0 y’ = Jv=2/3¢. Thus, the DE becomes

L v 23 + = 2 013 4+30723 =0 = z/—|—%v= -9.

3" 3x x
This DE is linear in v with integrating factor u(x) = x2, so (x?v)’ = —9x2. Integrating,
x?v = —3x3+C,s0v = —3x + C/x% Sincey = v'/3,

C
3
y = ; — 3x.

) v+ ycotx = cosx
COos X
sinx’

its integrating factor is u(x) = el cotxdx — enfsinz| — giny  Multiplying by this
integrating factor, we get

Solution: We see that this equation is already linear, with p(x) = cotx = SO

(ysinx) = sinxcos X,

1
so integrating gives ysinx = 5 sin®x + C, and y= 2 sinx + 4= x

(g) ny/ 4+ %y?) — 2]/2
Solution: We start by normalizing the DE: y’ + Z—i = Zz—; Then the entire DE can be

written in terms of ' and y/x, so it is homogeneous. Making the standard substitu-
tionv = y/x, vy = xv’' 4+ v, we have

x0' + v+ 0° =207,

1

— 3 2 — 2 - : 1 —
so xv' = —v° +2v* — v = —v(v — 1)*. Separating variables, we have —mv’ =1

By partial fraction theory, we expect to be able to decompose this fraction as

v(v—-12 v v—-1 (v-1)%

Then —1 = A(v —1)?2 4+ Bu(v — 1) + Cov, so we set v = 0 and v = 1 to determine
A= —-land C = —1. Then -1 = —(v —1)? — v+ Bo(v — 1), so expanding and
cancelling terms we have that B = 1. Thus, we integrate:

1 1 1 1 1

Exponentiating and using v = y/x, we obtain the implicit solution

(1— f) ey%x = Cx.
y
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(h) (xy +y?)dx+x*dy =0
Solution: We check whether this DE is exact: letting M(x,y) = xy +y? and N(x,y) =
x2, we compute My = x + 2y and Ny = 2x. Since these are not equal, the DE is not
exact!

2
We instead divide by x?dx to obtain £ + % + Z—Z = 0, which is homogeneous. Then

letting v = y/x, we have v + 0>+ xv' +v = 0, s0 x0' = —2v — 0> = —v(v + 2).
Separating variables, _W = %, and by partial fractions, v(vl+2) = %(% — Ulﬁ)
Therefore, (515 — 1)v' = 2, so integrating gives

Injv+2| —Injv| = C+2In|x|.

Exponentiating, Z’T*z = Cx?, so % = Cx>*—1,and v = ﬁ We also potentially
omitted the solutions v = 0 and v = —2 when we divided above, but the case C = 0
recovers v = —2. Finally, we recover y, as
~yp— 2x
A
ory =0.
@)y =G+1y
Solution: This equation is separable, so we separate variables to get %y’ = % + 1

Integrating, In |y| = Inx* + x + C, so y = Cx*¢*. Dividing by y above excludes the
solution y = 0, but we recover it when C = 0.

G (2x—12—2y)dx+xiydy20

Solution: We check for exactness: M(x,y) = 2x — 12_2y and N(x,y) = xly, so My = 7

and N, = —x%y. Hence, the DE is exact.
We integrate M with respect to x:

In In
F(x,y) = /2x— x—zydy = x2+7y + g(y).

Then F, = xly +4¢(y)=N= xl—y, so ¢'(y) = 0, and g(y) is constant. Hence, one choice

for F(x,y) is x> + IHTy, and the solutions are level sets

Solving for y, Iny = Cx — x%,s0y = eCx =
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3. Consider the differential equation Z—Z = xfz 1
(a) Find all values a and b such that this equation with the initial condition y(a) = b is

guaranteed to have a unique solution.
Solution: We let f(x,y) = —2, so that this DE is ¥ = f(x,y). Then both f and its

24’
derivative f,(x,y) = ﬁ are continuous for x # 2 and x # —2. Hence, for all 2 not
equal to 2 or —2 and all b, the DE with the initial condition y(a) = b has a unique
solution.

(b) Find the general solution to the differential equation.
Solution: We note that this equation is separable, so we separate it into

1 4 1 1

y'= = -
y x2—4 x-2 x+2

which excludes y = 0 as a solution. Integrating, In |y| = In|x —2| —In|x 4+ 2| + C.

Exponentiating,
x—2 4
=C =C(1- ,
YT 2 ( X+ 2)

with the case C = 0 corresponding to the solution y = 0 that we would otherwise
have missed. These are hyperbolas along the axes x = =2 and y = C.

(c) Sketch a slope field for this equation, along with several representative solutions. Are
there any points where solutions exist but are not unique?

Solution: Below is a slope field with several solutions:

ar / /
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We see that all of the parabolas to the right of x = —2 intersect at the point (2,0), so
this is a point where uniqueness fails but existence does not.

4. A cold drink at 36°F is placed in a sweltering conference room at 90°F. After 15 minutes,

its temperature is 54°F.

(a) Find the temperature T(t) of the drink after f minutes, assuming it obeys Newton's
law of cooling.
Solution: The DE governing the temperature T(t) is T' = —k(T — A), where A =
90. Writing this as a normalized linear DE, then, it becomes T’ + kT = 90k, so the
integrating factor is eX. Hence, (e T)" = 90ke", so integrating yields e T = 90k + C,
or T = 90 + Ce~*. Finally, applying the initial condition T(0) = 36 gives that C =
36 — 90 = —54. Hence, the temperature is given by

T(t) = 90 — 54e X,

NI

We now determine k: T(15) = 90 — 54¢ 15 = 54, s0 ¢ 715% = =38 =
Therefore,

,andkzll—51n

WIN

G~

T(t) =90 — 54¢~15"3 = 90 — 54 (%)

(b) How long does it take for the drink to reach 74°F?
+ +

Solution: We set T = 74 and solve for t: 90 — 54 (3)® = 74,s0 ()" = =%
(3)%. Then t/15 = 3, so t = 45 min.

o)

|
e

5. A tank with capacity 500 liters originally contains 200 1 of water with 100 kg of salt
in solution. Water containing 1 kg salt per liter is entering at a rate of 3 1/min, and the
mixture is allowed to flow out of the tank at a rate of 2 1/min.

(a) Find the amount of salt in the tank at any time ¢ before it starts to overflow.
Solution: We set up a differential equation for the amount x(t) of salt in the tank at
time t. The volume of solution in the tank is V() = 200 + (3 — 2)t = 200 + ¢, so ¥ is
given by
dx x(t 2
ar = TinCin — ToutCout = (3)(1) — 2200(-1)—)5 =3- 200 & ¢

X.

Then x’ + 553—x = 3, which is linear, with integrating factor u(t) = ol oz dt —

e2In[200+t] — (200 + #)2. Then ((200 + t)?x)" = 3(200 + t)?, so integrating gives

(200 +t)%x = (200 +t)> +C = x(t) =200+t + 200 112
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At time t = 0, x(¢t) = 100, so 100 = 200 +
Thus,

sz and C = —100(200)? = —4 x 10°.

4,000,000

£) =200 4+t — LR
x(t) T 00112

(b) Find the concentration (in kg/1) of salt in the tank at the time when the tank overflows.
Solution: The concentration in the tank is given by

() = XUy _ 000,000
IR0 (200 +¢)3
The tank overflows when V (t) = 500, so at this time
4,000,000 4
c e — 25z = 1-0.082 = 0.968 kg/1.

(c) If the tank has infinite volume, what is the limiting concentration in the tank?
Solution: We have that
4,000,000

fime(t) = im 1= o501 ps — Lke/L

6. Suppose that at time t = 0, half of a “logistic” population of 100,000 persons have
heard a certain rumor, and that the number of those who have heard it is then increasing
at the rate of 1000 persons per day. How long will it take for this rumor to spread to 80%
of the population?
Solution: Let P(t) be the number of persons in the population who have heard the rumor.
Then P(0) = Py = 50,000, and P’ = kP(M — P), with M = 100,000. Furthermore,
P’(0) = 1000, so
1000 = k(50,000) (100,000 — 50,000) = k(50,000)> = (2.5 x 10°)k,

and k = 5=l = 4 x 10~7. Thus, kM = (4 x 10~7)(100,000) = 4 x 102 = 1/25.

Recalling that P(t) is given by

P(t) =

we solve P(t) = 80,000 for t. Then

(100,000)(50,000) 4 1 s
= = = B =
50,000 + (50,000)¢—/25 5 14e /25

Then —#/25=In} = —2In2,s0 t = 50In2 ~ 34.7 days.

MP,
Py + (M — Po)e_kMt’

-1

| =

=1 Q1

80,000 =
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7. Consider the differential equation i’ 4 tany = 0.

(a)

(b)

Find all equilibrium solutions to this equation, and characterize their stability, with
justification.

Solution: Since the DE is y = f(y), with f(y) = —tany, we look for solutions to
—tany = 0. This occurs when siny = 0, or when y = n7 for any integer n. Hence,
we expect equilibria at these y values. Furthermore, for nm — 5 <y < nm, —tany is
positive, and for n7t < y < nm + %, —tany is negative, so each equilibrium y = nm
is stable.

Alternately, since f(y) = — tany is differentiable at each n7, we examine f'(y) =

—sec’y = — there: cosnrt = £1, so f(nrr) = —1 = —1. Thus, the derivative is

cos? y
negative, so f(y) is decreasing across this equilibrium, and it is therefore stable.

Find the general solution to the differential equation, and sketch a few representative
solutions.

Solution: We note that this DE is separable, since it is autonomous, and we separate it

into —ﬁy’ = —%y’ = 1. Integrating, and using u-substitution with u = siny,

—In|siny| = x+C.

Then siny = Ce™*, redefining C, and y = sin"!(Ce™). We note that there is some
ambiguity in sin~!: canonically, it takes values between —7/2 and 7r/2, but it may
be translated by 2n7, or translated by (2n + 1)7r with a sign reversal. In any case,
we obtain the following representative graphs for y for different choices of C and the
arcsine branch:

10 -
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8. Consider the differential equation y’ = y? — 4y — 4k* + 8k with parameter k.

(a)

(b)

Given k = 2, find the critical points of the differential equation, draw a phase diagram,
and determine the stability of the critical points.

Solution: When k = 2, the DEisy’ = y? — 4y — 16 + 16 = y*> — 4y = y(y — 4). Thus,
the equilibria are y = 0 and y = 4. Since y?> — 4y is a parabola opening upwards,
its values are negative between 0 and 4 and positive otherwise. Hence, we have the
following stability diagram:

+ 0 — 0 + y' sign
L L g y

Thus, the equilibrium y = 0 is stable, and the equilibrium y = 4 is unstable.

Draw the bifurcation diagram for this differential equation, and label the stability of
the equilibria.

Solution: We solve y?> — 4y — 4k? + 8k = 0 to find the equilibria for general k: using the
quadratic formula,

y_4i¢m+q&l—&k_4i4vﬂ—2k+1
B 2 B 2

=242(k+1).

Thus, the equilibria are y = 242k — 2 = 2k and 2 — 2k + 2 = 4 — 2k, which are straight
lines in the yk-plane. By the stability analysis above, the upper branch is unstable, and
the lower branch is stable. Finally, when the branches meet at k = 1 and y = 2, that
equilibrium is semistable. We illustrate this below (red is unstable, green is stable):

8~

4L

10
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9. A boat moving at 27 m/s suddenly loses power and starts to coast. The water re-
sistance slows the boat down with force proportional to the 4/3-power of its velocity.
Suppose the boat takes 20 seconds to slow down to 8 m/s. What is the total distance the
boat travels as it slows down to a stop?

Solution: The DE governing the velocity of the boat is v/ = —ko*/3, which is separable.
Then v=#/30' = —k, so integrating gives —3v~1/3 = C — kt. Hence, v1/3 = # =
C + Zkt. Aﬁ%lymg ’;he initial condltéon v(0) =9y =27=3,1=C+0,50C = 1.
Therefore v/C = il = %+ = 1+kt,and
27
= ——"
o) = G rp

We now determine k. Att = 20, v(t) = 8,s08 =

= . Then (1 +20k)? = %7 — (%)3’
SOl—i—ZOk:%,andk:%-zl_O:%.

27
(1-+20k)3

We determine x(t), the distance that the boat travels over time. Integrating v(t) =
27(1 + kt) =3 from 0 to ¢,

x(t)—xoz/ot27(1+kt) [27_%%(1“@) ];:;Z@_ﬁ)

Then limy o0 x(t) = lim oo = Z (1 - (HlT)z) — 2. With k = 1/40, this is 27(20) =
540 m.

11



