MAT200: Logic Language and Proof

Lecture 4 - February 15 2021
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Recall:

Lecture 3:

Example 1: For positive real numbers a, b,

a<bh = a*><b?
Example 4: < ?T@% % e %&-%6 gt &EQQ -
(-1)-3=-3 D

Example:
Forany areal,a -0 = 0.
If ais areal number,then a-0=0

Example 6:
Prove:
if a and b are even, then a - b is even.




Recall:

Example 7:
Prove:

if @ and b are even, then a + b is even.

Written up proof:

1.
2.

Suppose a and b are numbers.
a+b
Thena+b =2 > .

. Thus we have shown that a + b is of the form

2g where g is integer.

Where is the mistake?

Lesson:

1. The correctness of a proof is independent of the
correctness of the statement.

2. When pinpointing an error, be precise. Stick to things
that are actually logically wrong.




Proof by cases

Example 2: Ifa = 1 ora = 2 then a®> —3a + 2 = 0.
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cases-
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1. Is it true?
1. Make sure you actually understand the statement. 2' w 0\-"\/% S \D \ E S ’V\OST Q-Q'Q_ U\ -

1. Formal understanding
2. Informal understanding
2. Look up all relevant definitions é"
3. Try some examples.
2. Why is it true? (Rough idea). é/’
3. Translate your idea a nicely written proof.
1. Try to make your proof sound proofs
you read from the textbook(s).
1. If it sounds awkward, re-write it. —
2. Your proof should consist of grammatically correct English sentences.

2. Make sure every leap of logic can be explained.
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We need to prove that 101 is not even.
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That is, we need to show that
If q is integer, 2qg # 101.
Let g be an integer.
By trichotomy, either ¢ < 50 or g > 51.
- If g < 50, then2g <100 < 101.
e Ifg > 51, then2¢g > 102 > 101.
In either case, 2g # 101.
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Summary

1. Isit true?
1. Make sure you actually understand the statement.
1. Formal understanding
2. Informal understanding
2. Look up all relevant definitions
3. Try some examples.
2. Why is it true? (Rough idea).
3. Translate your idea a nicely written proof.
1. Try to make your proof sound proofs
you read from the textbook(s).

1. If it sounds awkward, re-write it.

2. Your proof should consist of grammatically correct English sentences.

2. Make sure every leap of logic can be explained.

Flroe Definitions
Ideas
Written Axioms
proof



Example:

There do not exist integers m and n such that
14m + 20n = 101.

Proof by contradiction

1. Isittrue?
1. Make sure you actually understand the statement.
1. Formal understanding
2. Informal understanding
2. Look up all relevant definitions
3. Try some examples.
2. Why is it true? (Rough idea).
3. Translate your idea a nicely written proof.
1. Try to make your proof sound proofs
you read from the textbook(s).
1. If it sounds awkward, re-write it.
2. Your proof should consist of grammatically correct English sentences.

2. Make sure every leap of logic can be explained.
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+ Suppose for contradiction that m, n are integers such that 14m + 20n = 101.
« Then 2(7m + 10n) = 101. (O“

» Thus 101 = 2¢ for some integer g, so 101 is even. NS © J-
* This contradicts the fact that 101 is odd.
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\(c: L s\,e*&& Uee %CLQLS @\,\Q/L Proof by contradiction

C
Example: 166 (RN = 'Fﬂ“o S€e <
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Recall:
P — (Q isequivalent to -Q = -P

This can used to transform statements into something easier to
prove.

5( esO™M
Example: O™

ac <bc = ¢<0

1. Isittrue?
1. Make sure you actually understand the statement.
1. Formal understanding
2. Informal understanding
2. Look up all relevant definitions
3. Try some examples.
2. Why is it true? (Rough idea). é— .
3. Translate your idea a nicely written proof.
1. Try to make your proof sound proofs
you read from the textbook(s).
1. If it sounds awkward, re-write it.
2. Your proof should consist of grammatically correct English sentences.

2. Make sure every leap of logic can be explained.
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Proof by contrapositive

Axioms 3.1.2
(i) Trichotomy law. For each pair of real numbers a and b, one and only one of the thret
possibilitiesa < b,a = b, a > b is true.
(ii) Addition law. For real numbers a, band c,

a<beate<bte

(iii) Multiplication law. For real numbers a, band_c,

a<b & ac>bc ifc<0.
(iv) Transitive law. For real numbers a, band c,

a<bandb<ec=a<c
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We prove the contrapositive: if ¢ > 0 then ac > bc.

This is axiom 3.1.2 i) in the textbook.
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Recall:

P = 0O is equivalent to il

This can used to transform statements into Jomething easier to
prove.

Example:

If n% is odd then 7 is odd.
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We prove the contrapositive: if n is even then n?is even.

Suppose n is even, then n=2q where q is an integer.
Then n? = 4¢* = 2(24¢°), so we have shown that n? is even.
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Example:

ab=0 = a=00rb=0
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(vii) Division. If a # 0, then equation ax = b has the unique solution x = b/a = ba’! . (This means that
we can cancel: ax; = ax, = X; = X, so long as a # 0.)

It suffices to prove that

ab =0and a # 0 = b=0.

Suppose a, b are real numbers such that ab = (), and suppose a # 0.
divisten amtews, «'.a=l.

g
MJﬁipIying both sides by @~ yields@b =a'.0.
G
The left hand side is equal to b,, ‘408 \;wiLbr
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The right hand side is equal to 0, bec aure

So b=0 as desired. Q{:




Summary

« Proof by contradiction
* Proof by cases
* Proof by contrapositive

* Proving an ‘or’ statement.

Warning: many proofs do not fit neatly into one of these
categories.

Especially try to avoid proof by contradiction (usually proof
by contrapositive is better).




