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Plan

Recently: 


• Modular arithmetic  (Ch 19)

• Applications of modular arithmetic multiplication and addition

• Division in modular arithmetic

Today: some applications of division in modular arithmetic

• Fermat’s little theorem (1640)

• Wilson’s theorem (1871)

Proposition 19.3.2: Suppose gcd(a, m) =1.  
Then ab1 ≡ ab2 mod m ⟹ b1 ≡ b2 mod m .

Theorem 20.1.5. Suppose . Then  has a  
unique (modulo m) solution.

gcd(a, m) = 1 ax ≡ b mod m
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Fermat’s little theorem

Theorem: Suppose  is prime. If  and , then  is divisible by p a ∈ ℤ p ∤ a ap−1 − 1 p .

Proposition 19.3.2: Suppose gcd(a, m) =1.  
Then ab1 ≡ ab2 mod m ⟹ b1 ≡ b2 mod m .
Theorem 20.1.5. Suppose . Then  has a  
unique (modulo m) solution.

gcd(a, m) = 1 ax ≡ b mod m

Need:

Example
p 7a is not amultiple f p a 2
1 1 1 63
Indeed 7163

Example
Proof Suppose p prime and Pta a 7

Let then
7 t i p clearly notdivisible

f 0,1 p I 3 0,1 sp 15 by 7 remainder is 6
77 i i 76 7 6

f x The unique ax b mod p Example

be so p iz
s't

ra
Example p 7 371 36 mod7

a Z Now 32 2 mod 7
z 33 6 mod7

f 6 1 34 18 4 mod 7d 12
f 6 The unique 12 b mod tf 35 12 5 mod F

be so 6.3
st

36 15 I mod 7
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Fermat’s little theorem

Proposition 19.3.2: Suppose gcd(a, m) =1.  
Then ab1 ≡ ab2 mod m ⟹ b1 ≡ b2 mod m .
Theorem 20.1.5. Suppose . Then  has a  
unique (modulo m) solution.

gcd(a, m) = 1 ax ≡ b mod m

Need:

Theorem: Suppose  is prime. If  and , then  is divisible by p a ∈ ℤ p ∤ a ap−1 − 1 p .

Theorem 17.3 2 if gcdlap 1 plab p b

claim
f is a bijection
proof
injective

bydefinition a fixmode
Supposefc qy

fGmodp
so ax ay modpso placxup
since pxa pixyso x y mode

Proof Suppose p prime and Pta so x y
Let surjective

f 0,1 p I 3 0,1 sp 13 Suppose b e Eo p 13

f x The unique ax b mod p By Thur 20 1.5 there exists
be so p B

s't
such that

Example p 7 ax E b mod pa Z
flo

R
f b The unique iz b modtf So f x be QED

beso az
st slight mistakelgap here too
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Fermat’s little theorem

Proposition 19.3.2: Suppose gcd(a, m) =1.  
Then ab1 ≡ ab2 mod m ⟹ b1 ≡ b2 mod m .
Theorem 20.1.5. Suppose . Then  has a  
unique (modulo m) solution.

gcd(a, m) = 1 ax ≡ b mod m

Need:

Theorem: Suppose  is prime. If  and , then  is divisible by p a ∈ ℤ p ∤ a ap−1 − 1 p .

Theorem 17.3 2 if gcdlap 1 plab p b

claim
f is a biaction

Example p 7 a _2
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f i 2
for 4
fts 6
f 4 To
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f 6 5Let
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Fermat’s little theorem

Proposition 19.3.2: Suppose gcd(a, m) =1.  
Then ab1 ≡ ab2 mod m ⟹ b1 ≡ b2 mod m .
Theorem 20.1.5. Suppose . Then  has a  
unique (modulo m) solution.

gcd(a, m) = 1 ax ≡ b mod m

Need:

Theorem: Suppose  is prime. If  and , then  is divisible by p a ∈ ℤ p ∤ a ap−1 − 1 p .

Theorem 17.3 2 if gcdlap 1 plab p b

Used in painality Therefore

fly ftp.D r.z Cp I mod p
So
ca CapeD p D modp

Proof Suppose p prime and pKa So
at p D Cp D modpLet

f oil p i 3 0,1 sp 13 gcdcCp D p L so

THE.gg fupe.gs.t.ax bmodpaP II mod p

Claim So plap l
f is a bijection and f o 0
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Wilson’s theorem

Theorem (Wilson): Let  be prime. Then  is divisible by  p (p − 1)! + 1 p .

Proposition 19.3.2: Suppose gcd(a, m) =1.  
Then ab1 ≡ ab2 mod m ⟹ b1 ≡ b2 mod m .
Theorem 20.1.5. Suppose . Then  has a  
unique (modulo m) solution.

gcd(a, m) = 1 ax ≡ b mod m

Need:

I

1871
Example

p 5 Cpd ee3.2 1 24

24 1 is divisible by S
Example

Relating Than 201.5 to example pdo
9 is painedwith 5 because ooo coxcax5 6 73 6 access

9 5 1 mod y 2 ip EC1 x i x x i x mod11
To find the 5 solved

g lo I I m d 119xEl mod II at

of Define f.cz p25sE2g iP25 a Ico I

fCs theunique suchthat
ax4 mod pThen This worked because we could

CpD CpD Cp27 2 mod p
I C1 ocp 2 2 modp pair up 1 p 23

because f pairs up all
the elements in such that product of pair

the domain
I CD modp is equivalent to 7

Sopl p Dl t I i
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Wilson’s theorem

Theorem (Wilson): Let  be prime. Then  is divisible by  p (p − 1)! + 1 p .

Proposition 19.3.2: Suppose gcd(a, m) =1.  
Then ab1 ≡ ab2 mod m ⟹ b1 ≡ b2 mod m .
Theorem 20.1.5. Suppose . Then  has a  
unique (modulo m) solution.

gcd(a, m) = 1 ax ≡ b mod m

Need:

Theorem 17.3.2. If  is prime, .p p |ab ⟹ p |a or p |b

2e i p 23 p IN

2 19 5

3 4

i i c.ie ia ai i i
Suppose a fCa then bf a l
aka modp so a b maddp
Then EEZ l O nod p

Ca 1 Cat O mod p

pl ca Deats plan or plan
AEI or a p I modp
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Converse to Wilson’s theorem

Theorem: Let  be not prime. Then  is not divisible by  p (p − 1)! + 1 p .


