
Lecture 20 - April 19 2021

MAT200: Logic Language and Proof
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Recap

Last time:

• Proof of irrationality of  

• Could not extend proof to irrationality of  for  prime


• (Could not prove the following fact: if  divides  then  divides )

2
d d

a d2 a d .

Remainder of class:


   • Divisibility, primes, etc.
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2
d d

a d2 a d .

Remainder of class:


   • Divisibility, primes, etc.

Last time we used the following proof:

Theorem (needed for previous proof): 
For integer , if  is divisible by , then  is divisible by n n2 5 n 5.

Proof: 

• Suppose  is not divisible by 5, then  where  


• Then .


• Therefore the remainder of  on division by  is the same as the remainder of 


• There are only 4 possibilities: 


• In all four possibilities,  not divisible by 5.

n n = 5q + r 1 ≤ r ≤ 4.
n2 = 25q2 + 5qr + r2

n2 5 r2 .
r2 = 1,4,9,16.

r2

Howdo we know this

We're using Every integer u

can be written uniquely in the
foam n 5qtr where IE 2.3.43
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Irrationality of 2

Proof: 
Theorem: Let Then there exists unique  such that  
 and 

a ∈ ℤ, b ∈ ℕ . q, r ∈ ℤ,
0 ≤ r ≤ b a = bq + r .

Explanation:


00 suppose azo let

f O A ke k o andbkea3
Let
gmax't

g if I then of 3 r abq
re Then

so because bgeabecause rab because ifnot
abq rzb7 2.3 1 so abeam so
so bq eaThis the only cq.rs pair whichcontradictsche

that works factthat amaxa

7 2 qtr
so we've found q and n

g4 For uniqueness suppose
only q 3 rat works a bqier and a bq are

Running example a 7 5 2 and suppose q qz otherwise we could
x x x x switch labels

A 0 7 2 3 4,5 6,7 Oer a bq a bqz rz b

So A 0,4433 so Os bop Ca bq b
so of bCq a Sb

Soosqc qz a 1 so 9 qz O QE
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Another application of division theorem

Theorem: Let  be an integer and suppose   is a perfect square. 

Then there exists  such that  or .

n n
q ∈ ℤ n = 3q 3q + 1

Suppose u is a
Proofi perfectsquare then n a

p p p for some integer on
Examples aytheueare3eas.es

36 3 12 if a 3g n q2 9qza 33q
49 3.16 t I p

if E 3q 1 a 9g 6g 11
coo s sit a 3 ti

nz 39 2 impossible of a 3g 12 a 992 129 4
n 3Cq2t4q 1 I

5By division
To

theorem QED
we dont have to

worry about a 3g 17
a 39 8 etc
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Notation and language

•  means q divides a,  that is ( there exists  such that ).


•  means a does not divide b.


•  means .

q |a b ∈ ℤ a = qb

a ∤ b

a ≡ b mod m m | (a − b)

• Suppose . Then  is said to be the remainder when  is divided by .a = bq + r r a q Theorem: If  is the remainder of a divided by q, then r a ≡ r mod q .
where of rib

Proof Will be on the homework

Examples

Example a yes 7 2 t 1
whatis remainderwhen 7 divided 3 b No T remainder7 3.2 i g

3.3 12
remainder

i 7 El mod 3
y

Examples

3 7 mod 4 Check 7 I 6 316
3 4 and4143

3 103 mod a
Ctscod too and 41 wo

a o nod re means m.la
because a o_0
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Notation and language

•  means q divides a,  that is ( there exists  such that ).


•  means a does not divide b.


•  means .

q |a b ∈ ℤ a = qb

a ∤ b

a ≡ b mod m m | (a − b)

• Suppose . Then  is said to be the remainder when  is divided by .a = bq + r r a q

Suppose 


The greatest common divisor of  and  is the unique positive integer  such that


1)  is a common divisor:  and 


2)  is larger than any other divisor: If  and  then 

(a, b) ∈ ℤ2 − {(0,0)}

a b d

d d |b d |a

d c |a c |b c ≤ d

GCD

How to find gcd of 11033442 and 1102246? 

We use gcd(a,b) to denote the gcd of a and b.

Is gcd even well defined?

• What if there are no common divisors?


• What if there is no largest common divisor?

7 is alwaysa commondivisors

possible bad behaviour
7 is a common divisor of acb2 is a common divisor of Acbis a common divisor of Acb4 is a common divisor f actsThis caulf happen because a devisor

of a is always less than a
I

There's
common only

finitely
moneydivisors

Example gcd6,153 3
check 316 and 0115

z Divisors of 6 330,6 is 3
E ivisors of 15 5,15
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Useful facts about gcd

Lemma 16.1.1: If  then gcd(a,b)=bb |a

Lemma 16.1.2: For  if , then (a, b) ≠ (0,0), a = bq + r gcd(a, b) = gcd(b, r)

Example application:

gcd(72, 30)=

Example application:

gcd(72, 30)=

Finding the gcd in this way is called the Euclidean algorithm.

c

2
2

god 232,136 gcd 36196 232 1361 9
b
go.de 30,12 by CT gcd96,40

god 40,6god 1216 by ez

gcd 16,87
6 by LD c

8

Does this always wook
Do we always end up applying

4



10

Useful facts about gcd

Lemma 16.1.1: If  then gcd(a,b)=bb |a Lemma 16.1.2: For  if , then (a, b) ≠ (0,0), a = bq + r gcd(a, b) = gcd(b, r)

Proof Next timeb is a common divisor

blb and Ela

my
common divisor c of a and

must be a divisor of b

so c a b

So b is the largest
common divisor


