
Lecture 17 - April 5 2021

MAT200: Logic Language and Proof
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Introduction

• Continue talking about theory of counting for infinite sets

Highlights:


• Theorem:  is nonempty.


• Theorem:  is nonempty.  
Here 




• There are different infinities.

ℝ − ℚ

ℝ − $

$ = {x : there exists polynomial p with integer coefficients such that p(x) = 0.}
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Definition of |A|>|B| when A,B not necessarily finite

Let  be sets.A, B

We define  to mean that there is an injective function 




We define  to mean that there is a bijection between 




We define  to to mean that  and not ( )

|A | ≤ |B |
f : A → B .

|A | = |B |
f : A → B .

|A | < |B | |A | ≤ |B | |A | = |B |

Last time: Let  and . Then A = ℝ B = {x : 0 < x < 1} |A | = |B | .

Today we’ll do more examples

37

f IR 7 oil
f e arctan cIz

Tc
is a bijection
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|ℤ | = |ℕ |

Theorem: |ℕ | = |ℤ |

We define  to mean that there is a bijection between 
|A | = |B |
f : A → B .

UNI 1 1
To save time we will
define functions from IN X

IN i 213,4 3 by simply testingelementsof
o c i z 2 3 XP I

E g f INC 459,43DIII fans
farby fc 9

f
odd toss5

zx even fca 4
This is a bijection Will be written as1 vase is

2x 11 X Zo f a a 5 4
get zx x 0

Easy to check f og Id
fcc o
f 2 I

gof Idw fits
Rough idea fc 2

So f is a bijection D8 fled 2
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|ℕ | = |ℚ |

Theorem: |ℕ | = |ℚ |

We define  to mean that there is a bijection between 
|A | = |B |
f : A → B .

IN i 213,4 3 Attempted

Proofi Define

Q1 f N

off.EEedoefee taro Ii
fees

fcsf a IN 3 i

flu Iz a

fist 1 is it actuallyaf D o 2 bijection
Is it actually a fcs Nobecauseyou

f z f air everget
bijection fc 3

numbers ofthefan
or p

f 3 I No Because tC8 3 Missing Is
flags its

f 4 f x
fix 1 2 Alternatively

F's So not even surjective o T T E z Z 7 2T 4i if x ifix
o d x i
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|ℕ | = |ℚ |

Theorem: |ℕ | = |ℚ |

We define  to mean that there is a bijection between 
|A | = |B |
f : A → B .

IN i 2,3 4 3
is this a bijection

If it is surjective
to get pig just

Kofi Define no aIje Iti
th e we

9 and I appear

f a IN 3 twice
Butthiseasy to fix justdo.itlest therepeats
so fromthis I can get1
a bijection

E Streamlined Proof Idea describe f
Es Z by describingDefine f IN Q't by an algorithm
EEe Za Is I the following algorithm rpe Reedane

Listing all the forgfgyputing
rationalnumberswith
denominator less than I

Listingalltherationalnumberswith
2 denominator z and their reciprocals

C 9
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|ℕ | = |ℚ |

Theorem: |ℕ | = |ℚ |

We define  to mean that there is a bijection between 
|A | = |B |
f : A → B .

IN i 2 3,4 3
Streamlined Proof Idea describe f

by describingDefine f IN Q't by an algorithm
roof Define the following algorithm rpe ReedaneR

Listing all the for computingf IN Of rationalnumberswith it
O denominator less than I

IEEE.inIfszit.ha.eeheirreaipr.aals
Es Z F Skip numbers that have

I already been listed
E

it's surjective because
to get PG just wait until we

are testing the numbers
I
I

2 with denominator
9
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Product of countable sets is countable

We define  to mean that there is a bijection between 
|A | = |B |
f : A → B .

Theorem: If X and Y are countably infinite then  is countably infinite.X ∪ Y

Definition: If  then  is said to be countably infinite.|ℕ | = |X | X

I 2 3 4 5
9 2 3 Xy es Now foam the bijection

qfoamal.ly can h x y Fz yr 43yesmake a Coste

QED

roof X countably infinite
there is a bijection See HW for more formal

proof

f Xi Xz Xz
Theme is a small mistake
in thisproof

Y countably infinite Example 112 not countably

there is a bijection infinite Corot provedyet
I 2 3 T e Ti 52,4

g y i 42 43 c R 53 573

In this sense there are

different infinities
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Product of countable sets is countable

We define  to mean that there is a bijection between 
|A | = |B |
f : A → B .

Theorem: If  is an infinite sequence of sets then  is countable.X1, X2, … ∪i Xi

Definition: If  then  is said to be countably infinite.|ℕ | = |X | X

Definition: If  is an infinite sequence of sets then  is defined to be the set  X1, X2, … ∪i Xi
∪i Xi = {x : ∃i, x ∈ Xi}

Eg
xu rational numbers

with denom k

Then
µ Xe rational numbers

with anydenom

Consider this
T

countable
Takeaway e f IN 3 µ Kike
Ueag difficult to get uncountable Xcel Xss Xo XG.ax.es
gefs Xs Xp X 53 754 3

Proof Xi countable means X't 2 X4 Xia X

bijection c

fi XII Xi 2 7 03 Xi 4 5

a3

24
22 X zz X za Xzg

X pz Xing Xu x Ifor each i e 2 g QED
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Product of countable sets is countable

We define  to mean that there is a bijection between 
|A | = |B |
f : A → B .

Theorem: If X and Y are countably infinite then  is countably infinite.X × Y

Definition: If  then  is said to be countably infinite.|ℕ | = |X | X

E g
Itx x

E y is countable
is countable

because
roof very similar to previous
slide III.IE E

countable
There are lots of countable
sets

Power set of Si 2,33
is finite
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Suffices to find surjection  to show that  A is countableℕ → A

We define  to mean that there is a bijection between 
|A | = |B |
f : A → B .

Theorem: If there exists a surjection  then  is countable.f : ℕ → A, A

Definition: If  then  is said to be countably infinite.|ℕ | = |X | X

o finite
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What are some non-countable sets?

We have the following theorems:

•  is countable

•  is countable 

• Any product of countable sets is countable

• Any union of countable sets is countable 

• The set of all possible English/Chinese/Human language texts is countable

ℤ
ℚ

Can we even think of a set that’s not countably infinite?

Yes. 


 This explains the phrase “There are different infinities”.

for englishProof
List all featsof length1 ZG

The set of all hawkers describeable x list all featsof length 2 262
in english is countable

yu.se all featsof length 3 263
Consequence

427 some realnumbers cannot
IR be described

I
aiis.einf.si enjEaiIas



Is PCPN countable

recall PGN set of all subsets
of 1N

Attempted

Proof

0 IN s
213 IN EB

23 51,23 CN E 1,23 y

333 31,33 433 3421331 IN 94433 CN 52,33

43 no all subsets of 443143 c

all subsets of Eli k o 193
2923 c

c e

Is this a bijection
No The set of ads is not

in the fist

No Not surjective
because all the sets in my

cist are

finite Missing IN

PC A do sis 03 A

A EaB


