
Lecture 14 - March 24 2021

MAT200: Logic Language and Proof
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Recall

Last Time:

• Counting


Today: Using the pigeonhole principle
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Pigeonhole principle

Theorem (PHP):  
Let X and Y be finite sets. If  then there are no  
injective functions 

|X | > |Y |
f : X → Y .
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Example 1: Socks in drawers

Suppose you 13 blue socks and 13 red socks in a drawer.

If you pick out 3 socks, you are guaranteed to have a matching pair.

Proof idea: 

Proof using PHP: Let A B be finite sets
Let f A B
if IAI 1131 then f is
not injective

1 Let A 42,33
2 Let B blue red
3 Let f A43 f a the color of

z 3 the a'Eksock
4 By PHD f is notinjective

Fa az such that
9 s blue a az f cap _fCard

the color of the color of
f 2 red tha aah sock the a'Ehsodaa

fly red In other words a th sock
match the az'th sock

QED
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Example 2

Theorem If 6 distinct numbers are chosen from {1,2,3,4,5,6,7,8,9},  
then 2 of them sum to 10.

P f is not injective fi Tj
PHP Let A B be finite sets

Let f A B
roofidas if IAI 1131 then f is

1 q 2,8 3,7 4cg 5 not injective

I D D g Let a The set of G nombers chosen
z Let B Eli i82,83 93,73 Etc63 ES 3,13Quiz Howmanyelements in B g
je 3 Let f A43 f a The set in B

a 5 that contains ab 9
c co b 4 14131931150By PHP f is notinjective

Fa az such that

g f 3 I 3,43 a az eCais _flap
c So there exists a az S L

ThesefinBzhesefin
thief contains a thief contains a1 Zd art az a0 QED
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Using the PHP Template

You want to prove a statement, and you’ve decided  
that PHP would be suitable. 

Here is what you need to have a complete proof:


1. Pick an appropriate set A.

2. Pick an appropriate set B, such that |A|>|B|.

3. Pick a function f:A->B.

4. Use pigeonhole principle to deduce f is not injective.

5. Explain why f not being injective proves the statement.
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Example 3: Points in a quake

Theorem: If 5 points are chosen in a square of side length 2,

Then 2 of them are within  of each other.2

Proof idea:

Proof using PHP:

t
1 Let A The 5 points chosen

A 2 Let B Theft quareloaufs of the square
a 3 Let f A43 f a the quadrant containing a

q d b 4 By PHD f is notinjective
Fa az such that B 0.401 Coco

e
Effi I I iexam
g
b

4 the quadrant containing Az i
o l

g c 5 So 2 points Cx y xz y

f d ar same unit square
unit square d disf fx.TT yDEJitT IZ
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Example 4: Pairs of numbers divisible by n

Theorem: If  is a set of  integers, there exists two  
whose difference is divisible by .

A n + 1
n

Proof idea:

Proof using PHP:or

1 Let H X the net integers
z Let B E nk k 3 nktle.be 3gEnk2dkcTtQuestion

suppose a o coroisono 3 Ema.siai

which of these aae
nk B k 3 y Enk in i ke 3

in f 343 3 Let f A43 f a the set in B containing a
b It

neleFearsIdeas
c lot
d 37 4 By PHP f is notinjective

Fa az such that
Answer a az f cap _fCaz

f theset in B containing 34 q c nk j lec It 9 _nki j
gnk 4eeKc 3 azc fnk ijr ke.TL az nkztj
1424,34 44,54 3 9 92 nk e j kztj nfk 1oz

5 So a az is divisible by n
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Example 5: Maximal set of numbers with no divisibility relation

Theorem: If  is a set of  31 distinct integers in {1,2,…,60},

then there are two elements in , one of which divides the other.

A
A

Proof using PHP: 

Tx l Let A If
tf

z Let B El 3,5 e 59

Tre proof relies on
z Lef f A43 fca the unique oddFact I suck that a 20am

Every integer n may be 31does
3046ns

this is well defined by factwritten in uniquelyin the form n 25M
4 By PHD f is notinjectivewhere on is odd

E g 57 20.57
Fa az such that m
a az f cap _fCaz

36 22 9
So f 577 57 f 362 9 9 2J'm az 252 m
Proof Just keep dividing a divis by a o vice

versa IEby 2 a

Formally induction
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Summary

• Last lecture, I claimed that the ability to count  is import because it allows us 
to determine whether or not there are injective functions. 

• Pigeonhole principle: If |X|>|Y|, there are no injections  
• Today, we saw how many problems can be reduced to checking whether or 

not there is an injective function between certain sets.

• Applications of pigeonhole principle

• Template for proving things using the PHP.


Next time we will prove some shortcuts that are useful for counting.

f : X → Y

ant


