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Introduction

The problem of Plateau was to show the existence of a minimal surface given a boundary. In lower dimensions,
this problem can be studied with classical tools of differential geometry. However, these tools are insufficient in
extending the problem to arbitrary dimensions and co-dimensions.

Singularity formation is inevitable in higher dimensions. This has been the motivation for a new type of geometry.
In their landmark paper [FF60], Herbert Federer and Wendell Fleming established the area of Geometric Mea-
sure Theory. This theory extends differential geometry to account for singularities - to have n-surfaces where we
can talk about it being almost everywhere differentiable in a measure theoretic sense.

The Compactness Theorem is a fundamental theorem in Geometric Measure Theory. It is an elegant solution to
the extended problem of Plateau. However, the original proof [FF60] involved the use of the Structure Theorem.
This dictates that every set A € R™* (which can be written as a union of finite measure sets) can be decomposed
into A = RU P, where R s rectifiable (the surfaces of Geometric Measure Theory) and P purely unrectifiable
(contains only zero measure rectifiable sets). While this result maybe an interest in itself, it is a difficult fact to
swallow and makes the proof of compactness difficult to digest.

There have been other proofs of this theorem. Bruce Solomon provided a proof [Sol84] that circumvents this hard
fact. However, it uses multivalued functions which are difficult in themselves. The more elegant solution came
from Brian White in 1987, where he provides a direct, elegant argument - relying on density facts, deformations,
boundary rectifiability, and other more tangible features of Geometric Measure Theory.

Although White’s proof is simpler and more elegant than its previous counterparts, the argument in [Whi89] is
still terse and inaccessible to a reader who does not have a deep understanding of Geometric Measure Theory.
The purpose of this thesis has been to provide, to the extent possible, a self-contained exposition of these facts.
Geometric Measure Theory has deep ideas, and in many places it is extremely technical. This thesis aims
provides the sufficient background to shed light on the argument.

Other than results proved by White in [Whi89], only a few proofs provided here are taken from books. Most
arguments are constructed to justify the important facts of White’s proof which maybe lacking in detail. These
arguments use non-trivial facts from point-set topology, measure theory, functional analysis and differential ge-
ometry. The sources of any theorems used have always been referenced. For that reason, it is recommended
that the references are kept in close proximity. In particular, [SIm83], [Mat95], and [Mun96] are important. For
convenience, a table of notation has also been included.



Chapter 1

Preliminaries

In this chapter, we develop some preliminary constructs of Geometric Measure Theory. Many results in this
section are included for completeness and consequently, only relevant proofs are included.

1.1 Hausdorff Measure

The Hausdorff measure is the central tool of analysis in Geometric Measure Theory. The central motivation be-
hind the Hausdorff measure is to make sense of the measure of an n dimensional subset of an n+ k dimensional
space.

Definition 1.1.1 (Hausdorff Measure)  Letn e R*. Let A C R™. Then we define the Hausdorff 5-approximation
measure by:

2

HNA) = inf {i wn (w)n ‘AC O Ci.diam(Cy) < 5}
i=1 i=1

where w,, = Vol (B;) (volume of an n-ball of radius §) ifn € N.

Then, the Hausdorff measure is defined by:

AR = lim (A
The following properties of the Hausdorff measure illustrate some important facts:

Theorem 1.1.2 (Properties of Hausdorff measure)

1. 2" is Borel Regular

2. A =ZL"(A) for ACR", neN

3. Foreachm< n, Z/™(A) <o = #"(A)=0
4. Foreachm<n, #"(A) < 0o = H™(A) = =

The last two properties tell us that when the Hausdorff measure is positive, then it is non-zero for a unique
n € R*. This is often used as a motivation to develop a notion of Hausdorff dimension, which agrees with our
definition of dimension in the case where n € N.



1.2 Lipschitz Functions

Differentiable functions are the functions of differential geometry. Lipschitz functions are the key to the geometry
we develop in GMT. We begin with the following definition.

Definition 1.2.1 (Lipschitz Function) A function f : R" — R™ is Lipschitz if for all x,y € R",
() — FWII < MIIx =Vl

The least such constant M is denoted Lip (f).
Next, we quote the famous Rademacher’s theorem. The proofs of these results are found in [Sim83, 5.2, 5.3].

Theorem 1.2.2 (Rademacher's Theorem) Let f : R™K — R™ be Lipschitz. Then f is differentiable ¥"-a.e. x €
R".

We have the following important consequence:
Lemma 1.2.3 Let f : R" — R™ be a Lipschitz function. Then, ess sug|V f(x)|| < vn+ k(Lip (f)).

Proof Since f is Lipschitz, for h > 0, we have:

f(x+he) - f(x) _ [f(x+he) - f(I _ (Lip (f))Ix+he — X
h - h - h

So, by the definition of partial derivative [Spi65, p25], we have that

< wip(h)

foo
g <L ()

whenever the limit exists. It follows that:

n+k 2 n+k
IVEQl = JZ(S—;(@) < JZ(Lip(f»2 = V+k(Lip (f))
i=1

i=1

This implies that ess suglV f(X)|| < vn + k(Lip (f)). o
The next is an important C! approximation result for Lipschitz functions:

Theorem 1.2.4 (C! approximation theorem)  Let f : R" — R™ be a Lipschitz function. Then for every & > 0,
there exists a g € C*(R",R™) such that:

" ({x e R™K: f(x) # g(x)} U {x e R™K: Df(x) # Dg(x)}) <e

1.3 Rectifiability

We commence our discussion with the following definition.

Definition 1.3.1 (Countably n-Rectifiable) A set M is called countably n-Rectifiable if it can be written as:

M:MOU(OMi)

i=1
where 5#"(Mo) = 0 and for each i > 0, M; = f;(Q;) with each f; Lipschitz and each Q; C R".
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For convenience, we will usually call such sets n-rectifiable or simply rectifiable (when the dimension context is
clear).

Rectifiable sets are the surfaces of Geometric Measure Theory. Intuitively, such surfaces should be s#"-ae.
smooth (in light of the Rademacher’s Theorem, Theorem 1.2.2).

The set My is the singular set - it allows the surface to behave sufficiently “badly” up to a set of measure zero.
Since the properties of " guarantees that for all sets B € R" with dim(B) < n, s#"(B) = 0, the surface
can contain any lower dimensional sets with null contribution. Since each M; = fi(Q;) is s#"—ae. smooth,
subadditivity of measures ensures that the total set of singular points is a 2" null set.

The following theorem gives a rigorous formulation of our discussion.

Theorem 1.3.2 (Submanifold Embeddings of Rectifiable Sets) A set M C R™ js n-rectifiable if and only if:

MQNOU(OMJ

i=1

where #"(Np) = 0 and fori > 0, Nj is an n-dimensional C* embedded submanifold of R™X,

Corollary 1.3.3 (Rectifiable Decomposition Property) Let M be a rectifiable set. Then, we can write M =
Mo U (U2, Mi), where each M; C N; is s¢"-measurable, pairwise disjoint, and .7"(Mg) = 0.

Proof Let M C NoU (U2, Ni), with N; as guaranteed by Theorem 1.3.2. Now, define Mg = M\ [J;2; N;. Trivially,
J"(Mg) = 0. Now for i > 1, we define M; = (Ni \ '];11 Mi) N M. Measurability of M; is an easy exercise in
induction. O

This decomposition is indeed convenient and its usefulness will become apparent later. We define it formally for
convenience.

Definition 1.3.4 (Disjoint Decomposition) Let M C R™ be a rectifiable set. Then the decomposition promised
by Theorem 1.3.3 is called the Disjoint Decomposition of M.

Before we continue with a discussion of the properties of this geometry, we recall the following important measure
theoretic definition.

Definition 1.3.5 (Locally Summable)  Let X be a metric space, and u a measure on X. Let f : X —» R be a
p-measurable function. If for every W € U,
f [f] du < o0
w

then we say that f is locally summable.

An important property of submanifolds is that they have a tangent space at every point. The following definition
gives a generalisation of a tangent space in the rectifiable setting [FX02, 3.3.3, 3.3.4]. This definition is indeed
equivalent in the submanifold setting.

Definition 1.3.6 (Approximate Tangent Space) Let M € R™ be a 7" measurable subset, and let§ : M —
R*, locally #"-summable. Given an n-dimensional subspace P C R™X, we say that P is the approximate tangent
plane with respect to multiplicity 6(x) at x if

lim f Fy)AA() = 604 f Fy)dA()
A1-0 nX,/IM P
holds for all f € COR™X), with nxa(y) = 17(y — X). We write P = TyM.
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We make a remark that 6 is unique only up to a set of measure zero. That is, given a function § which satisfies
the above definition, then the tangent spaces TyM and TyM’ agree ##"-a.e. x € M [Sim83, 11.5].

The following important results allows us to characterise rectifiable sets in terms of its tangent properties. This
result is another confirmation that rectifiable sets are indeed a generalisation of submanifolds.

Theorem 1.3.7 (Existence of Tangent Planes) Let M € R™K be #" measurable. Then M is n-rectifiable if
and only if there exists a locally 7#"-summable 6 : M — R*, such that the tangent plane TxM exists with respect
to 6 for /"-ae. x € M.

Corollary 1.3.8 (Uniqueness of Tangent Planes)  Let M C R™ be n-rectifiable, and let M = Mg U (U2, Mi)
be the disjoint decomposition with M; C N;, with N; a C* submanifold. Then, for 7#"-ae. x € M, TyM = TN,
whenever x € M;.

It is worth noting here that if we indeed choose another decomposition N!, then whenever x € N]f NN # @, we
must have TyN; = TXN]f.

1.4 Gradients, Area, Co-area

Recall that for an n-submanifold N in R™K, with orthonormal tangent basis vi,...,v, we can define the N-
gradient of a differentiable function f : N — R by:

VN f(y) = zn:(DVi f)Vi
i=1

Then, we can make the following definition.

Definition 1.4.1 ( M-gradient) Let M C R™ n-rectifiable and let M = Mo U ({Ji2; M;) be the disjoint decomposi-
tion, with M; € N;, where N; is C* submanifold fori > 0. Let f : U — R, where M C U open in R™X. Then, we
define:

VM E(x) = VN (X)

for 7##"-ae. x e M whenever x € M;.

Such a gradient exists by Rademacher’s Theorem, since we are guaranteed that a Lipschitz f|y, is differentiable
s"-ae. x € N,. Also, we emphasise that VM f is independent of the particular decomposition up to a set of
measure zero.

We can now proceed to define the differential of Lipschitz functions:

Definition 1.4.2 ( M-Differential) Let M C R’ﬁ*" be an n-rectifiable set, and let f : U — R™, where M C U open
in R™X, be a function with each component f' locally Lipschitz. Then, we define d¥' f : T,M — R™ by:

A () = > (M), me
i=1

where g is the standard basis for R™, and {-,-) = -, -)gm the usual inner product in R™.

This machinery allows us to start talking about Jacobians.
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Definition 1.4.3 Suppose M and f are as given by Definition 1.4.2, with M an n-rectifiable set. Then, we define
the Jacobian and Co-Jacobian respectively for 5#"—ae. x € M by:

I f(x) = \/detDM f(X) o DmF(X),m> N

F,f(x) = \/detDM f(x) o D;, f(X) .m<n

where Dy, f(X) denotes the adjoint of Dy f(X).

By virtue of the preceding results and definitions, we know the Jacobian and Cojacobian exists /#"-ae. The
characterisation of these quantities allow us to talk about the Area and Co-area formula in the rectifiable setting.

Theorem 1.4.4 (Area and Coarea) Let M C R™K be n-rectifiable, and suppose f : U — R™ is Lipschitz with
M C U open in R™X. Further, let AC M be #"-measurable and suppose g : M — R* #"-measurable. Then

1. Ifm>nthen

f gdu f dsz" :f (f gd%o) ds?™(X) (Area)
M rm \J £-1(x)

2. Ifm<nthen

jA‘gJ*Mf d#" = j}; (f; o gd%”m) dZ™M(x) (Co-Area)
m ()N



Chapter 2

Currents, Varifolds, Densities and Slices

In this chapter, we present some theory and proofs which will be of later use.

2.1 Forms and p-Vectors

We will begin by introducing Einstein Summation Convention:
ae = Z de
i
That is exactly - whenever there is a raised and lowered index, there is always an implied summation unless
otherwise stated. This will prove to be a useful simplification later when we deal with large indices. In general,
the significance is the symbol itself, and not its index. That is, we will liberally raise and lower indices on the
symbol to assume Einstein Summation.

Let V be a vector space. We denote the p-vectors of V by A,V, and the p-forms of V by APV.

We define an inner product on APR".

Definition 2.1.1 (Productin  APR") Let w,n € APR". Then we write w = wj,.;,dX* A ... A dxXr and n =
Njp....jp X A LA dXP. We define:

,,,,,

(W, v = Wiy, i,,’]il """ fp
We now prove that this is indeed an inner product on APR".
Lemma 2.1.2 The product (-, -)r defined in Definition 2.1.1 is indeed an inner product on APR".

Proof Let w,n be written as in Definition 2.1.1. For simplicity, let (-,-) = (-, ).

Trivially we have (n,v) = (v,n).

,,,,,

= alw, v) + b(n, v)



Also, trivially, {w, w) > 0 and {w, w) = 0if and only if w = 0.

By [PG96, 4.1], (-, -)a» iS an inner product. O
We point out the following topological consequence.
Corollary 2.1.3  The inner product (-, -)xe induces the usual metric on APR".

Proof Trivially,

(W, ) = llwl?
where ||w|| is the usual norm on APR". O
This following result is fundamental in the theory we develop later. It gives an important representation of the
inner product in the space of forms.

Lemma 2.1.4 Letw,n € APR". Then there exists anij € ApR" such that

<(1), n>/\'J = <w7 ﬁ)

where {(w, 17) is the usual pairing of a form with a vector. And conversely.

.....

In light of this result, we can consider the usual paring of a form with a vector “to behave” as the inner product in
the space of forms. This notion will be assumed throughout this document.

2.2 Currents

Convergence is best talked in the language of functional analysis. Currents are a way of representing rectifiable
sets as linear functionals. In this section we will expose some aspects of the theory of currents.

Definition 2.2.1 ( n-Current) Let U open in R™*. Define:

2"U = {a) :U — A"R™ w smooth , sptw compact in U}
25U = 9"U*

We call 2,U the set of n-currents of U.

Naturally, 2"U = C(U, A"R™) is equipped with the standard norm [|w|| = maxy [lw(X)]l-

We now define an appropriate semi-norm on the space of n-Currents.

Definition 2.2.2 (Mass Norm) Let U openinR™ andletT € 2,U. LetW € U. The mass of T in W is defined
by:

Mw(T) = sup{T(w) : w € 2"U, sptw € W,||jw|| < 1}

and My(T) = M(T).



Definition 2.2.3 (Locally Finite Mass)  Let U open in R™, and let T € Z,U. If for every W € U, My(T) < o,
then we say that T has locally finite mass.

We introduce the following important notion.

Definition 2.2.4 (Measure Functional)  Let U open in R™, and let u be a Radon measure on U. Then, given
some n-vectorfield v : R™¥ — A R™X we define i A v by:

(4 A V)(w) = fu (@(x).v()) du(x)

where w € 2"U.

Theorem 2.2.5 Letu be a Radon measure onU open inR™, and letv : R™* — A,R™K be a locally u-summable
n-vectorfield. Then (u A v) € 2,U has locally finite mass.

.....

can apply the Cauchy-Schwartz Inequality [PG96, Prop. 1], and it follows that:

w099 dux < [ TV du)
w W
< fw IVl ()

(Since v is locally u-summable)

Since this holds for every such w, My(T) < oo. O
We quote the following important theorem. Its proof can be found in [Sim83, 4.1].

Theorem 2.2.6 (Simon’s Reisz Representation Theorem) Let X be locally compact and separable, and let H
be a Hilbert space. Let L : C.(X,H) — R be a linear functional such that for every K compact in X,

sup{L(f) : f € C2X, H),lIfll < L, sptf € K} < oo

Then there exists a Radon measure u on X and u-measurable v : X — H with ||v(X)|| = 1 u—ae. x € X and
L(F) = [ (100,709 ek
X

for all f € CI(X, H).

Now we prove this important Corollary to the previous theorem.

Corollary 2.2.7 Let u be the promised Radon measure, and further suppose that X is Hausdorff. Then for V
p-measurable,

p(V) = sup{L(f) : f € CAX.H).IIfll < 1,sptf c V}

9



Proof Fix f € CY(X, H) with ||f|| < 1 with sptf C V, V u-measurable. We apply the Cauchy-Schwartz Inequal-
ity [PG96, 4.1] and find [{f(x), v(X))| < [If]llvll < 1 for u—ae. xe X

It follows that,
L(f) = fx (F(0). V(X)) du(¥)
- fv (F00.v() ()
(since sptf Cc V)
< fv KE (9. ()] du(X)

< fv du(x)

= u(V)

It follows that sup{L(f) e COX H),|If|l < 1,sptf C V} < u(V).

Let K € V be compact in X. Since u is Radon, K is u-measurable, and further, u(K) < oo. Fix £ > 0. By Lusin’s
Theorem [Fed96, 2.3.5], there exists compact C, € K compact in X, with u(K \ C,) < & and v|c, continuous.
Now, by definition sptv|c, is closed in C. and by the Hausdorff hypothesis on X, we have that C, is Hausdorff,
and it follows that sptvlc, compact in C, [Mun96, 26.3]. By definition of subspace topology on C, this implies
that sptv|c, is compact in X.

So, we can compute:

L0e,) = fc e, (% vle, () du(x) = fc du(x) = u(C)

Since C, is u-measurable, u(K) = p(C.) + u(K \ C.), and so it follows that u(K) < L(vIc,) + €. This implies
u(K) = sup{L(f) : f € C.(X, H),|If|l < 1,sptf C K}. By [Sim83, 1.4], u(V) = sup{u(K) : K C V,K compact in X},
and the result follows immediately. O

This following corollary illustrates a way to represent currents as an integral against a Radon measure. This
result is of central importance and we shall use this representation frequently.

Theorem 2.2.8 Let U open in R™X. Let T € 2,U with locally finite mass. Then T = ut A £, where & : R™* —
AnR™X. 1t a Radon measure on U, and ut (W) = Mw(T).

Proof We apply Simon’s Reisz Representation Theorem (Theorem 2.2.6), with X = U € R™K H = APR™X, Triv-
ially, we have 2"U ¢ C9(U, A"R™K). Then, we have a radon measure ut on U, and in the light of Lemma 2.1.4,
an n-vectorfield ¢ : U — AnR™ such that for w € 2"U,

T(w) = fu (w().£09) dur (%)

Now, for any W € U ut-measurable, Corollary 2.2.7 gives us that

ur (W) = sup{T(w) : w € 2"U, |lw|| < 1, sptw € W} = My(T)

We shall always adhere to the convention that ur will represent the Radon measure associated with a locally
finite mass current T.

Now we consider representing rectifiable sets as currents. This will allow us to interchange between rectifiable
sets and currents under the appropriate conditions.

10



Definition 2.2.9 (Integral Representation)  Let M C R™ be an n-rectifiable set with M C U, with U open in
R™K. Let ¢ be an orientation n-vectorfield for M. Then, we define [M] € Z,U by:

M](w) = fM (@(X),£09) A (%)

for all w € 2"U.

Motivated by Stokes’ Theorem [Spi65, p122], we define the boundary of a current:

Definition 2.2.10 (Boundary of a Current)  Let U open inR™¥, and let T € 2,U. Then, we define dT € Z,_1U
0T (w) = T(dw)

for all w € 2" 1U.

2.3 Varifolds

Since we allow a set Mg of measure zero in our definition of a rectifiable set, we allow the possibility that many
distinct rectifiable sets may agree up to a set of measure zero. This motivates the notion of a varifold.

Definition 2.3.1 (Varifold) Let M € R™K be an n-rectifiable set, and 6 : R™* — R* be locally .7#"-summable
with 6(X) = 0 whenever x ¢ M. Let:

V(M,0) = {(M,8) : #"(M a ) =0,0 = #"-ae. |
where A is the symmetric set difference. Then V (M, 6) is called the Rectifiable n-Varifold associated with M. If

6 : R™K — Z*, then it is called an Integer Rectifiable n-Varifold.

We associate a special measure and notion of mass to varifolds. In light of our previous concepts of mass and
the abstract Radon measure associated with a current, a link will be made in our discussion to follow.

Definition 2.3.2 (Measure of a Varifold)  Let V (M, 8) be an n-varifold. Then, we define the measure on V as
My = JC"L6.

Definition 2.3.3 (Mass of a Varifold)  LetV (M, 8) be a varifold. Then, we define mass to be My (V) = uy(W).
This following measure theoretic result will be of use later.

Lemma 2.3.4 Let6: R™k — R* be a locally .7#"-summable function. Then, s#"L@ is a Radon measure.

Proof Let K C R™K be compact. Let € = {Up openinR™: [ 9d#" < co,peUyn K}. Such a collection
[

exists by our locally ##"-summable hypothesis. Now, trivially, 4 is an open covering of K. By the compactness
of K, we find a finite subcover .% C ¥. Let % = {F4,...,Fm}. Then,

m
%”L@(K):f@d%””sf 9d%”s2f9dﬁf”<oo
K UL Fi = JF

11



Definition 2.3.5 (Tangent Space of ) Let u be a Radon measure on R™* and 6 : R™K — R*. For A > 0, let
una(A) = 7lu(x + AA). Suppose that for u—ae. x € R™*, we have an n-dimensional subspace Py C R™ such
that:

im [ 109 du) =000 | 1) a0

for every f € CO(R™X). Then we say that Py is the tangent space of u at x with multiplicity 6(X).

Definition 2.3.6 (Varifold Tangent Space) LetV (M, 6) be a Varifold. If the tangent space Py of uy exists with
multiplicity 6, we define the tangent space TyV = Px.

The following result gives a justification to the way in which we defined mass and the measure associated to a
varifold.

Theorem 2.3.7 LetV (M, 8) be a Varifold. Then, if u is any other Radon measure forV (M, 6), then u = uy if and
only if 4 has an approximate tangent space Py with multiplicity 6 for u—a.e. x € R™K.

Proof Suppose that u has a tangent plane with multiplicity 6. Then by [Sim83, 11.8], u = uv, since by definition,
0(x) = Ofor x ¢ M. |

Now we consider the relationship between varifolds and currents. This important notion justifies us dealing
almost exclusively with currents.

Definition 2.3.8 (Integer Multiplicity Rectifiable Current) Let T € 2,U, for U open in R™. Suppose there
exists a countably n-rectifiable .##"-measurable set M C R™K a6 : R™K — Z* with §(x) = 0 for x ¢ M, a simple
n-vectorfield & : M — A R™X which can be written as £(X) = &(X)t1 A ... A Tn, With T1,. .., an orthonormal
basis for TyM, and for all w € 2"U, we can write:

T(w) = fM (). £(0)00) A"

Then, we say that T is an integer multiplicity rectifiable current (or simply rectifiable current), and we write
T =T(M,0,£). We call 6 the multiplicity, and & the orientation for T.

And now, we present the following important result, although trivial in proof.

Theorem 2.3.9 IfT(M,¥,¢) € 2,U is an integer multiplicity rectifiable current, then there is an associated integer
rectifiable varifold V (M, 6).

Proof Simply, we have that M is countable n-rectifiable. Then, by definition, we can construct the integer
rectifiable varifold V = V(M, 6). |

2.4 Slicing

Here, we consider the way in which we could naturally talk about (n — 1)-dimensional slices of an n-rectifiable
set. We begin with a few preliminary results.

We begin by quoting the following important fact. See [Sim83, 28.1].

12



Theorem 2.4.1 Let f : R™K — R be Lipschitz, and let M be countably n-rectifiable. Then for #*-ae.t € R,
M= fHt)n M

is countably (n — 1)-rectifiable.
Corollary 2.4.2 LetM, = {x eM: |[VMF(X)| > 0}. Then f=1(t) N M, is Z*-ae. t € R (n— 1)-rectifiable.
Proof M, is trivially n-rectifiable, and the result follows. m|

Since such sets f~1(t) N M, are countably (n — 1)-rectifiable, they have tangent properties. The following result
makes a useful connection to the tangent plane of M.

Theorem 2.4.3 Let M be n-rectifiable, f : R™* — R Lipschitz, and let My = f-1(t) " M,.. Then for £*—ae.te R
and #"1-ae x e M, TyM, TyM, exist with TyM; an (n — 1) dimensional subspace of TyM, and

TM = [y + AWV (%) 1y € T,M, A € R}

Proof Since by Theorem 2.4.1, My is (n — 1)-rectifiable, we write M = Mo U (U2, Mi) and My = Mj U (Ui"il MI‘)
with each {M;} and {Mf} pairwise disjoint.
Now, for each i > 0, we can find C! submanifolds N; n-dim and Nit (n—1)-dim respectively, with each M; € N; and
M! € N!. By [Sim83, 11.6] we have that that TyM; = TyN;, ##"-ae x € M and TxM! = T,N!, #"1-ae x € M;.
Now, for x € M{ N Mj # @ where T,M! exists, we consider € TyM!. So, there is a curve y : | — NI with
¥(0) = x,7(0) = 7. Now, we can restrict thisto y : I’ — N'n N;j. Trivially then, 7 € TyMj. This establishes that
TxMy is an (n — 1)-dimensional subspace of TxM.
Now, consider the original curve. Then, it follows that:

d of - of |

—_ = — 1 = — I =

Gilo(f oV = Z211(0) = Z2hal = (V0. 7)

By construction, f(x) =t for all x € M;. It then follows that (Vf(x),r) = 0.

Now, we can write VM f(x) = Vf(x) — XK (VT (X), V'), where v/ 1 TxM. Then, it follows that:

k k
(PME),7) = (VE) = Y (VEE), V)W, ) = (VE(),7) = > ¢, o)
i=1 i=1

and since we have established that TyM; C TxM, the result follows immediately. |
We now introduce the following important notion.

Definition 2.4.4 (Restriction of a p-vector) Let N be an n-manifold and letv € Ay N, w € TyN. Then, we define
VLW € Ap_1N by (VLw, @) = (V,W A ) for all @ € Ap_1N with (-, -) as the usual inner product in ApN.

Lemma 2.4.5 Let N be an n-manifold, and let ¢ : N — ApN be a simple, unit length p-vectorfield. Then for
w € TyN, L@ is a simple, unit length (p — 1)-vectorfield, where & = ”jj)—”

Proof Trivially, by definition, éLw is simple. To prove that it has unit length, consider:

(ELD, ELDY = (€, 0 NELDY = (£,€) =1

13



We now introduce the notion of an (n — 1)-dimensional “slice” of an n-dimensional current.

Definition 2.4.6 (Current Associated with Slice) Let U open in R™¥, and let f : R™* — R be Lipschitz. Fur-
ther, let T(M, 6, &) € 2,U be an integer multiplicity rectifiable current. Then, we define:

M, = f71(t) n M,
0 ifVMf(x) =0orx¢ M
() = 9 t
0(x) otherwise
VM £(x)

609 = LG oo

We define (T, f,t) € Z,_1U by:
(T, £,) = T(M, 6, &)

In the light of Lemma 2.4.5, & does indeed orient (T, f, t).

We now make a connection to the Co-Area formula.
Lemma 2.4.7 For M C R™ n-rectifiable, f : R™* — R Lipschitz and M, as defined previously, the following
equation holds:
f ( gd%”‘l) dt = f |VMf|g do"
—o0 M¢ M
for any g > 0 and #"-measurable.

Proof We note that J;, f = |VMf|, since f : R™K — R. So, we apply the Co-Area formula (Theorem 1.4.4), and
the result follows. O

Lemma 2.4.8 Let M € R™K pe n-rectifiable, f : R™™* — R Lipschitz. Define A, = {x e R™K: f(x) < t} fort € R.
Then,
t
f |V'V'f|gd<%””:f f gd"tds
MNA —oo J Mg
for g > 0 and ##"-measurable.
Proof We associate gya, With gin Lemma 2.4.7. Consider

00 t 00
f gya A"t ds= f Ora 7"t ds+ f gra d" 1t ds
—co JMg —o00 J Mg t Ms

Now, note that for X > t, ya (X) = 0. This implies that

f gra A"t ds=0
t Mg

and the result follows. m|

Lemma 2.4.9 Letu be a measure on X and let f : X — R be a u-measurable function. Then,

f f du < (ess supf)u(X)
X

14



Proof If u(X) = co or ess supf = oo, then the result is trivial. So, we assume p(X) < co and ess supf < co. For
every @ with f < @ p—ae., we define H, = {xe X: f(X) <a}. Let H, = X\ H,. By construction, u(H,) = 0.
Now, u(X) < p(He) + u(H,) = u(H,), and so it follows that u(X) = u(H,). Then,

ffdyﬁf fdy+f fdpﬁf a du = au(Hy,) = au(X)
X Ha H, Hq

Now, taking an inf over all @, we attain the desired result. O

We tally these results together to obtain the following important result.

Theorem 2.4.10 LetU openin Rk, T(M,0,¢) € 2,U, and W open in U. Then,

fw Mw((T, f, 1)) dt = f [VM |6 doe" < (ess supaw |[VM f)Mw(T)
- MnW

00

Proof We put 6,(X) = 6(X) whenever |VMf(x)| > 0, and 0,(xX) = 0 otherwise. By invoking Lemma 2.4.7, and
identifying 6, yw with g in the lemma, we find that

f (f &d%“‘l) dtzf [VM |6 doem
—co \JMnW MNW

The result follows by definition of My ((T, f,t)) (since (T, f,t) is integer rectifiable for #1-ae.t € R), and by
invoking Lemma 2.4.9. O

The following result illustrates an important algebraic expression for slices. The proof can be found in [Sim83,
28.5].

Theorem 2.4.11 (Slicing Formula) Let U be open in R™K, and let T(M,6,¢) € 2,U. Let f : R"K — R be
Lipschitz, and suppose Mw(T) + Mw(dT) < co. Then:

1. (T, f,t) = 3(TLR) — (AT)LR, where R= {x: f(x) <t}
2. T, f,ty = —T, 1, 1)

Motivated by this, we can now define slicing for a general current. We define the upper and lower slices:

Definition 2.4.12 (Slice of a Current)  LetU open inR™* and suppose T € Z,U with Mw(T)+Mw(dT) < oo, for
allW e U. Let f : R™K — R be Lipschitz. Fort e R, let S| = {x e R™k: f(x) < t}, and S, = {x e R™k: f(x) > t}.
Then, we define the upper and lower slices respectively by:

(T, f,t)_ = 4(TLS)) - (AT)LS,
(T, f,t), = —A(TLSy) + (AT)LS,

And we write (T, f,t) when we have (T, f,t)_ = (T, f, t),.

It is important to note that we have (T, f,t)_ = (T, f,t), for all but countably many values of t. So, indeed, we
can write (T, f.t), for #-ae. t € R. See [Sim83, p161].

2.5 Densities

We begin our discussion of measure theoretic densities by considering some facts about coverings.
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Definition 2.5.1 (Fine Covering) Let X be a metric space. Let ¢ be a covering of X with closed balls. Then, if
inf {diam(B) : B€ ¢} = 0, then % is called a fine covering of X.

The following two are important covering facts. Their proofs can be found in [Sim83, 3.3, 3.4].

Lemma 2.5.2 Let & a family of closed balls in a metric space X. Suppose R = sup{diam(B) : B € %} < .
Then there exists a pairwise disjoint subcollection ¢ C % such that

| Jzc| 5%

such that if B € A, there exists an C € ¢ such that BN C # @ and B C 5F.

Corollary 2.5.3 Suppose % covers A C X. For every such subcover € as given in Lemma 2.5.2, given a finite
subcollection {F1,...,Fn} C €, we have:

A\OFi c| 5@\ (Fy,.... Fa))
i=1

We now present the following important result.

Corollary 2.5.4 Let u be a Borel measure on X such that u(X) < co. Suppose that for each B € %, u(Xn B) > 0.
Then the disjoint subcollection ¢ is countable.

Proof Suppose % is uncountable. For each &£ > 0, we define:

6. ={Be¥:u(XnB)> ¢}

Now, we can find a 6 > 0 such that & is uncountable. Such a collection must exist, because otherwise, we can
consider | J 1 = ¥, a countable union of countable sets which is again countable.

Now, let {C1,Cy, ...} C s be a countably infinite subset. Since u is Borel and % pairwise disjoint, we have:

y(XﬂOCi) = i,u(XﬂCi) = o0
i=1 i=1

since each u(X N Cj) > § > 0. But, we have that:

u(XmOCi]su(XmU%)su(X)@o

i=1

which is a contradiction. m]

Now, we consider densities and some important facts about densities.

Definition 2.5.5 (Upper/Lower Density)  Letu be a Borel Regular measure on R™K. Let A € R™. For x € R™X,
we define

0" (u, A X) = I|Tféjp v
0"(u. A %) = liminf “ANB-X)
-0 wno-n

where wy, is the volume of an n-ball in X. We call ®"(u, A, X) the upper n-density of x in A, and ®%(u, A, X) the
lower n-density. Where these quantities agree, we simply call it the density ®"(u, A, X).
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We now illustrate some important density results.

Theorem 2.5.6 Let u a Borel Regular measure on R™X. Fixt > 0. Then, if Ay € Ao € R™*, and ©@*"(u, Az, X) >t
for all x € Aq, then t7" (A1) < u(Az).

Proof Our proof is essentially the same as [Sim83, 3.2].

Now, if u(Az) = oo or t = 0, there’s nothing to do. So, suppose u(A2) < oo, and t > 0. Now, fix co > £ > 0, and we
construct:

B, = {B(;(x) closed iNnR™*: xe A,0< 6 < g’“(AZ N Bs(X)) > twndn}

Now, trivially, 2, # @, since ®*"(u, A, X) > t. By construction, %, is a fine covering and
R = sup{diam(B) : B€ %} < & < .

We invoke Corollary 2.5.3 and Lemma 2.5.4 (since u(R™* n B) > 0, for B € ) to find a countable pairwise
disjoint subset ¥ = {C1,Co, ...} € & such that:

A C kiJ(:iLJ [jJ 5G;
i=1

i=n+1

Now, by the definition of the Hausdorff measure,

Hgo(Ar) < ) wn(W) +5" Z wn(—diarg(ci)) N an(diar’;(ci))

i i=n+1 i=1

under the limit as n — oo. By the construction of 4., we have

oo

H(Aa) < ) (m) S i (AN C) <ty [O Ao ci] < Uhp(Ao)
i=1 i=1

i=1
We let the limit ¢ — 0, and the result follows. m]
Theorem 2.5.7 Let A € R™K with s#"(A) < co. Then @ (", A, X) < 1 for #"—ae. x € A.

Proof This proof is similar to [Sim83, 3.6].

Fix €,t > 0. Define:
A= {xe A: 0" (", A X) >t}
By [Sim83, 1.3], we find an U, open in X with A; C U, with
HNANU) < A"(A) + &
By Theorem 2.5.6, with A; = A, A, = An U, we have that

t"(A) < A(ANU,) < (A) + e

Let {t;} be a decreasing sequence with t; — 1. Trivially, A; = ;2; A,. S0, we have the estimate:

A < (A) < HA(ANU) < (A + e
= H"(A) < H"(ANU,) < #"(A) + ¢

Now, as ¢ — 0, we have s#"(ANn U,) — 0, and it follows that 5#"(A;) = O. m]
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2.6 Lebesgue Points

We begin with the following definition.

Definition 2.6.1 (Lebesgue Point)  Let X be a metric space, and u a Radon measure on X. Let f : X —» R be
u-measurable. If for some x € X,

. 1
mm . 1f(y) = f(X)Il duly) =0

then x is called a Lebesgue point of f.

Our aim in this section is to introduce enough theory to prove an important fact about Lebesgue points of f in
Rn+k_

Definition 2.6.2 (Symmetric Vitali Property) Let X be a metric space and u a Radon measure on X. Let % be
a collection of closed balls in X, and let ¢ = {x € X : B.(X) € £} denote the centres of A. If whenever u(C) < co
we can find a countable subcollection 98’ covering u—a.e. X € C, then we say that X has the Symmetric Vitali
Property with respect to u.

Definition 2.6.3 (Absolutely Continous) Let u,v be measures on a set X. If whenever u(F) = 0 we have
v(F) = 0, then we say that v is absolutely continuous with respect to u. We write v < p.

Now we prove a series of necessary results.

Lemma 2.6.4 Let X be a metric space, and let u be a Borel Regular measure on X. Let f : X — R* be a
p-measurable function. Define:

v(B) = f f du, B Borel
B
v(A) = inf {v(B) : AC B, B Borel}

Thenv is:

1. Borel Regular measure and absolutely continuous w.r.t u

2. Radon if f is u-summable.
Proof Trivially, v(@) = 0, and if A C B, v(A) < v(B) since f > 0. Equally as trivially, we have wa A fdu<
i=1
Yot fA_ f du which illustrates that v is subadditive. These facts establish that v is indeed a measure.

We now show that v is Borel. Let A, B C X be such that d(A, B) = inf {o(X,y) : Xx€ A,y € B} > 0, where, p is the
metric on X. Since y is Borel Regular, we find A’, B’ C X Borel such that u(A) = u(A’) and u(B) = u(B').

Now, we can assume that A' N B' = @. This follows from the fact that d(A, B) = d(A, B) > 0 which implies
AN B =@, and since A, B are Borel, so are A’ " Aand B’ n B.

Now, since u is Borel, we have that A’, B’ are measurable and it follows that since A N B’ = @ and f is u-

measurable,
f fdu= f f du + f du
AUB ¢ B

Now, v(AU B) = inf { [, ¢, f du}, since if Ac C ¢ A'UB' with C Borel, then AC A'nC and B C B'NC, so under
infimum over such A’, B’, we have v(A U B) = v(A) + v(B). By application of Caratheodoré’s criterion [Fed96,
2.3.2], we establish that v is Borel.
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Next, we prove that v is Borel Regular. Let A C X. Define,

FA:{ffdy:AgB,BBorel}
B

If v(A) = inf Fo = oo, then we can simply take X as our Borel set and we're done. So, assume that v(A) =
inf Fa < c0. Now Fp C R bounded, and since inf F, is a limit point, by the fact that R is first countable we invoke
the Sequence Lemma [Mun96, 21.2] and find a sequence of Borel B; such that

f du — v(A)
Bi

By construction, fB f du > v(A) and since each B; is Borel, and the space of Borel sets is a ¢-algebra, B =

Miz4 Bi is Borel. It follows then that:
f f du fo du
; B

= _Iimf fd/.thfdu
|—00 B; B
= v(A) > f f du
B
From the fact that A C B, it follows that v(A) = v(B).
Now, suppose F C X Borel with u(F) = 0. Then trivially,
n
v(F) = f fdu= SUP{Z au(@ @) ¢ < f.¢ simple} =sup{0} =0
F i=1
which establishes the absolute continuity conclusion.

Lastly, if f is u-summable, v attains a finite measure on all sets, and it follows that v is Radon. O

Now we have the following result for positive locally summable functions.

Lemma 2.6.5 Let X be a second countable metric space, and u a measure on X having Symmetric Vitali Prop-
erty with respect to u. Let f : X — R* be locally u-summable. Then,

l f(y) du(y) = f
M B0 Js o (¥) duly) = f(x)

Proof Since X is second countable, let Z be a countable basis for X. By the locally summable hypothesis, for
each x € X, there exists a basis By € 4 such that f|g, is u-summable. Let,
€ = {Bx € A flg, is u-summable, x € X}

Trivially, € is a countable open covering of X.

Now define v(A) = inf {fo du:ACB,B Borel}. Then, for every B; € ¥, since fl|g is u-summable, we invoke
Lemma 2.6.4, to find vLB; Radon measure and vLB; <« u. By Radon-Nikodym Theorem [Sim83, 4.7], we find:

o v(Br(X)
DvLBi(X) = 'r'H}, u(Br(X)

vLBi(A):fD,leBi(x) du(x), A Borel
A

for u—a.e. x € B;. Since

@ = [ o= [im- L ( [ 10 du(v)) du(¥
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for every Borel A, it follows that

f(x) =lim

1
_ f d
M 2B 00) Js o ') H)

Now, for each B;, let C; be the largest set for which this equality does not hold. Since we are guaranteed that
equality holds for u—a.e. x € B;, it follows that 4(C;) = 0. By the fact that ¢ is an open covering of X, it follows
that equality fails on [ J;2; Ci and subadditivity of u ensures that this is a set of measure zero. Then, we have that
the required result holds for u—a.e. x € X. O

We now prove this important fact about Lebesgue points of locally summable functions in R™¥.

Theorem 2.6.6 (Lebesgue Points)  Letu be Radon inR™¥, and let f : R™* — R™ be locally i-summable. Then
u—ae. x € R™K js a Lebesgue point of f.

Proof Since u is Radon by hypothesis, by [Sim83, 4.6], we have that R™* has Symmetric Vitali Relation w.r.t. y.
Define g, : R — R by:
9z(9) = 1T (x) - 2l

for ze R. Now, g; is trivially locally u-summable. We apply Lemma 2.6.5 to g; to find that

1
X) = lim —— d
92(X) M 2B 09) oo 9(y) du(y)
1
= If(¥) -2 =lm —— 1f(y)-2d
) M 2B 00) o o v) lu(y)
for u—a.e. x e R™K. But z € R was arbitrary, and so we put z= f(X) and the result follows. |
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Chapter 3

Some Important Lemmas

3.1 The Slicing Lemma

We now continue to prove an important result regarding convergence in sequences of slices. Firstly, we present
two lemmas.

Lemma 3.1.1 LetU openinR™k andlet T € Z,U. Then My(T) > 0 for W € U.

Proof Assume that My(T) < 0. So, for every w € A"R™K with |lw|| < 1 and sptw € W, T(w) < 0. We note that
|| — wll = |lwll, and trivially, spt ~w) € W. By linearity of T, we have T(-w) = -T(w) > 0. But clearly, this is a
contradiction. ]

Lemma 3.1.2 LetU openinR™ < and T € 2,U. Further, assume My/(T) + Mw(dT) < co. Then for f : R™* - R
Lipschitz,

Mw((T, f,r)) < vn+ k(Lip (f))Mw(T)

Proof By Lemma 3.1.1 and by the lower semicontinuity of mass [Sim83, 26.13], for some & > 0,

r+&

Mw((T, f,r)) < f Mw((T, f,t)) dt

r-&
Now, for w € 2"U, and |lwl|| < 1 with sptw € W, with (w(X), £(X)) > 0, we have that:

TL{X:r—e< f(X)<r+e}(w) = f (w(X), (X)) dut

TN{xr—e<f(X)<r+e}
< [ (00,00 dur
=T(w)

So, it follows then that My(TL{x: 1 —& < f(X) < + &}) < Mw(T).

Now, since f is Lipschitz, we apply Lemma 1.2.3, to find ess supy||Vf(X)|| < vn+ k(Lip (f)). The result follows
by combining our previous estimates, in the light of [SIim83, 28.10]. O

Now we present the important Slicing Lemma:
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Theorem 3.1.3 (Slicing Lemma) Let U open in R™K and f : U — R be Lipschitz. Let {T;} € Z,U be a
sequence of currents such that for every W € U,

sup{Mw(Ti) + Mw(dT;) : i € N} < o (and)
Ti —_ T

Then, for £1-ae. r € R, there is a subsequence i’ such that:

(Ti, £,r) = (T, f,r) (and)
sup{Mw((Ti/, f,r)) + Mw(d(Ti, f,r)) ;1 e N} < o0

Further, if for some Wy € U limi_,.. (Mw,(Ti) + Mw,0Ti)) = O, then we can chose i’ such that

lim (M, ((Tir, £,1)) + My 0(Tir, f,1)) = 0
I”—00

Proof We firstly note that the convergence — is in the sense of pointwise convergence of measures u(f) =

fx f du.
Since T;, dT; are currents, we invoke Theorem 2.2.8, to find measures ur,, ugt,, and &,&’ respectively n and
(n — 1)-vectorfields such that we can represent T; and dT; as an integral. Now, by [Sim83, 4.4], we can find

a subsequence i’ such that yt, — pt and pgr, — por. Now, fix w € 2" U, and set f = (dw, &)yr and
g = (w, & )xr, Wwhere R= {x: f(X) < r}. Note from our construction that:

(D)= [ (0,£00) dar, = ATLRYe)
por (@ = [ (00,09 dhr, = @TLR@)

It follows then that:

im (Ti, £,1)() = lim (@(TiLR) - (T )LR) (w)

tim (per, () = paar, (9))

= p1(f) — par(9)
= 0(TLR)(w) — (0T)LR(w)
=(T, f,r)(w)

and (Ty, f,r) = (T, f,r) is established.
Fix W e U. Then by Lemma 3.1.2,

Mw((Tir, £.0) + Mw((@Ti, £.1)) < Y+ k(Lip () Mw(Ti) + Mw(@Ti, £.1)) < o0
and trivially follows that sup{Mw((Ti/, f,r) + Mwo(Ti, f,r) : i’ Ci} < .

Now suppose for some Wy € U, we have lim;_,., (Mw,(Ti) + Mw,dT;)) = 0. Then, we can choose a monotonically
decreasing subsequence i”” such that:

M, (Tir41) + My, (0Tiv11) < Mg (Tir) + Mgy (0Ti)

Then we apply our earlier construction to this sequence i”, and the conclusion follows. O

3.2 The Lower Density Lemma

We begin with an important result relating the mass of a current to its cone. A general treatment of cones can
be found [Sim83, 26.26]. Now we introduce the notion of a cone over a point.
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Definition 3.2.1 (Cone over a point)  Let U open in R™* with T € 2,U and Myw/(T) + Mw(dT) < . Letqe U,
then the cone centred at q is given by:

q><T =0x fﬁT

where f(X) = x—q.
Now we present the following important results.
Lemma 3.2.2 Letid : R" — R" be the identity function. Then, ||d(idy)|| = 1, for all x € R".

Proof We write d(idy) explicitly. Note, we have D(id)(x) = | for all x € R". It follows then that: d(idy) = 3, dx'.
It follows that:

lld(ida)ll = sup((d(idy), v) : Ml < L,v € ApR"} = 1

Lemma 3.2.3 LetU open in R™X, and let T € Z,U. Further suppose that Mw(T) + Mw(dT) < oo for all W € U.
Let B/ (q) be a ball of radius r > 0. Then,

M(a<TLB(g)) < rM(TLB:(a))

Proof Let f(X) = x—g. We firstly prove that M(f;T) < M(T). Fix W € f(U). We note that Df = I, and
ess sup-1w)lIDfll = 1. The conclusion follows by applying [Sim83, 26.25], since spt f is trivially proper [Sim83,
p137].

Now, define h : [0, 1] x U — R™K by h(t, X) = tx. We have k(x) = h(0, X) = 0 and g(x) = h(1, X) = x = idy, and by
definition:
O<TLB(q) = hy(I10, 1 x £ TLB(q)) = hy ([0, 1] x (£ T)LB,(0))

Now, we note that ||ddy|| = Oand ||dgx|| = 1forall x € U by Lemma 3.2.2. Also, sup{||(k— )X : x € spt (fuT)LBr(O)} <
r. Then:

M(a<TLB(0)) = M(0x<(f;T)LB;(0))
< supfli(k — g)(¥)Il : x € spt (f;T)LB;(0)} supflidksl + lidgyl : x € spt (f, T)LB, (0)} M(( f; T)LB;(0))
(By [Sim83, 26.23])
= rM((f;T)LB:(0))
< rM(TLB(q))

The following topological result is useful in the discussion to follow.

Lemma 3.2.4 Let X be a second countable, Hausdorff, locally compact space. Then,

X= Ovi
i=1

where each V; € X.

Proof Since X is Hausdorff and locally compact, we invoke [Mun96, 29.2] and for each x € X, we can find Vx
open in X and V compactin X. Let ¢ = {VX open in X : Vx compactin X, x € X}. Trivially, € is an open covering
for X.

Now, by the second countable hypothesis on X, we apply [Mun96, 30.3] to find that X is Lindel6f. So, there exists
a countable subcover ¢ = {V1, V>, ...} C %. By construction of %, the result follows. O
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Lemma 3.2.5 LetU open inR™X, and let T € 2,U. Suppose Mw(T) + Mw(dT) < o for all W € U. Then for
ur—ae xeu,

Axr)y
=0 (B (X))

where A(x,r) = inf {M(S) : S = d(TLB;(X)), S € Z,U}.

Proof Our proof is a detailed exposition of [Whi89, p210]. For contradiction, assume that for ut—ae. x e U,
iy _AD)
r=0 p7(By (X))

We firstly note that for any r > 0, u7(B;(X)) = Mg,(x(T) = M(TLB;(X)). Then, since

M(TLB (X)) € {M(S) : S = d(TLB(X)), S € Z,U}, we have A(x,r) < M(TLB (X)) = 1 (B (X)).

So, this implies that there exists X € U, with u7(X) > 0 such that for all x € X:

A(X,r
m L <1
r-0 pr(Br (X))
Take an g € (0,1 -1lim,_, ﬁ%)., and it follows that there exists an R > 0 such that whenever r < Rimplies:
AXD 1) e axr) < (1 M(TLB/ (X))
— -& , -
11 (Br(X) r

Now, we show that X can be chosen X C W for some W € U. Trivially, R™¥ is second countable, locally
compact, and Hausdorff. Since U open in R™X, it is also locally compact, second countable, and Hausdorff in
the subspace topology. So, by Lemma 3.2.4, we can write:

u=[Jv
i=1
with each V; € U. So,
pr(X) = pr(U N X) < ) e (VinX)
i=1
and since u1(X) > 0, there must exist a V; with ut (Vi N X) > 0. So, we can identify X with Vi n X C V; € U.
Now, let
B = {§r(x) ‘r<Rxe X}

Then, by the Besicovitch Covering Lemma [Sim83, 4.6], there exists a countable subcollection %4’ C 4, such
that | J %’ covers ur—ae. xe X.

We show that for each B, € %’ (note: i is an index and not a radius), the@ exists an S € Z,U such that
8Si = A(TLB;) with M(S;) < (1 — &)M(TLB;). Now, by construction, for all B € %, 2%8) < R and so by
previous argument,

inf {M(S) : dS = d(TLB;)}
M(TLB)

<(1-¢

By definition, for all § > 0, we have MS with M(S) < inf {M(S) : S = d(TLB;)} + 6. So, we choose ¢ € (0, (1 -
£)M(TLB;) — A(x,r)) and we have a S; such that M(S;) < (1 — &)M(TLB)).
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Now, let T =T — X2, TLBi(qf) + X2, Si- Then, for all w € 2"U,
(T = TR)w) = ) (TLBi(@) - Si)(w)
i=1

(A(ai<(TLBi(qi) — Si)))(w)

NgE

I
N

(By [Sim83, 26.26], since (TLB — S;) = 0)

e 1M

I
i

(@><(TLB;(ai) — Si))(dw)

< > M(@>(TLBi(a) - Si))supflldw]| : [lwll < 1}

_ <n diam(B (@)
i=1 2
(By Lemma 3.2.3)

M(TLBi(qi) — Si)supflidel| : llwll < 1}

<RY M(TLBi(q) - S)sup(lidw] : Il < 1)

i=1

< 2R M(TLBi(@))sup(lide] : flwll < 1)
i=1
(Since M(S) < (1 - &)M(TLB;))
< 2RMw(T)supflldwl| : llwll < 1}
(Since each B, B; disjoint)

So,asR— 0, TR—T.

By [Sim83, 26.13], we have that mass is lower semicontinuous with respect to weak convergence, and My/(T) <
liminfr_o Mw(TR). But by construction,

Mw(Tr) < Mw(T — Z TLB(q)) + Z Mw(Si)
i=1 i=1
< Mw(T) - i Mw(TLB) + (1 - &) i Mw(TLB))
i=1 i=1
< Mw(T) - SMw(T)
= Mw(T) — eur(X)

But this implies that My/(TR) + et (X) < Mw(T) with £ > 0 and ut(X) > 0, contradicting the lower semicontinuity
of mass. O

We now establish a few more auxiliary results.

Lemma 3.2.6 Let U open in R™*, and let My(T) + Mw(dT) < oo for all W € U. Let f : R™* — R be Lipschitz,
and let R(t) = {x e R™*: f(x) <t}. Then:

1. Mw(TLR(t)) is differentiable #*-ae.t € R

2. Mw((T, f,t)_) < (ess sugyID ) EMwTLR(t)

Proof 1. Fix W € U. Trivially, if t < s, then Mw(TLR(t)) < Mw(TLR(S), so Mw(TLR(t)) is monotone. Define
f:R —> R* by f(t) = Mw(TLR(t) — 0. So, f is the difference of two monotone functions, and by [Roy88, §5
(p103)], whenever a < b, f is of bounded variation on [a, b].
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Now, fix £ > 0. Then for each g € Q, f is bounded variation on [ — &, 0 + £]. Now, by [Roy88, 6 (p104)], f is
differentiable #*-ae. t € [ — &, g + &]. Since Q is a countable dense subset of R, we have | J[q —&,q; +&] = R.
Now, let F; C [qgi — &,q + €] be the the null set where f fails to be differentiable. It follows that f fails to be
differentiable on | J;2; Fi € R. The conclusion follows by the countable subadditivity of 7t

2. We note that by the translation t + t — h, the definition of differentiability becomes:

d, . f()-f(t-h)
g’ = im h

Now, since Mw(T) < oo, we have ut (W) = Mw(T). It follows that My (TLR(t)) = (W N R(t)), and it follows that
since f is ur-measurable,

ur(WNR(®Y) = pr(WNR(E) NR(t - h)) + ur(WNR(H) \ Rt - )
=utWNRt-h)+ur(Wni{x:t-h< f(x) <t})

which implies that Myw(TL{x:t — h < f(X) < t}) = Mw(TLR(t) - Mw(TLR(t — h)).
Since we've established that My (TLR(t)) is differentiable .#*—ae. t € R, for such a point t,

Mw(TL{x:t—h< f(X) <t}) m Mw(TL{x:t—h< f(X) <t})

liminf =i
h—0 h h—0 h
. Mw(TLR(t) - Mw(TLR(t - h))
= lim
h—0 h
= EM (TLR(1))
Ta W

The result follows by [Sim83, 28.9].

Lemma 3.2.7 Letx e R", and gy : R" — R" be defined by gy(y) = |IX—VYil. Then [Vax(y)| = 1 for £ "—ae.y € R™,

Proof Trivially, gy is Lipschitz, so Vgy(y) exists .#"-ae. y € R™ by Rademacher’s Theorem, Theorem 1.2.2.
Write x = (X, ..., x"), and y = (Y%, ...,y"). Then, for gy(y) # O,

d a |, :
39 = b [Z(xl - yl)z}

=1
o FEIU o
=5 ;(XJ —y')z} a_yi|y(X -y)

1 i
——m(x y)

It then follows that:

Vo) = g—gma . —gx—%y)(xi V)

1
= |Vox(Y)| = mgx(y) =1

We now present the important Theorem of this section. Our proof is a detailed description of [Whi89, p211].
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Theorem 3.2.8 (Lower Density Lemma) Let U open in R™¥, and Mw/(T) < o for all W € U. Further, suppose
that 0T = 0. Then if d(TLB;(x)) is rectifiable for every x € R™* and #-ae. r € R*, then there exists § > 0 such
that:

O ur,x) > 6

for ur—ae xe U.

Proof Recall from Lemma 3.2.5, A(x,r) = inf {MS : S = dTLB;(X)}. Now, let X be a point where:

lim — 2061

I MTLBM

Firstly, we claim that there exists an R > 0 such that for all r < R, M(TLB; (X)) < 24(X, r). Assume the converse.
That is, suppose that for all r > 0, M(TLB, (X)) > 24(x,r). Then,

22(%, 1)
= M(TLB, (%))
. A(X,r)
= 1= 2lm T B.w)

= 1>2

which is a contradiction.

Trivially, B,(X) = {y: [IXx—Vll <r}. Let g : R™* — R* be given by g(y) = [IX - yll. Now, since 4T = 0, we have
(T,9,t)- = d(TLB;(x)). By Lemma 3.2.7, we have ess supVg| = 1 for £"-ae. x € R", and by Lemma 3.2.6, we
have:

M(TLB (X)) < f'(r)

where f(r) = M(TLB,(X)).

Now, since d(TLB,(x)) is rectifiable .#1-ae. r € R*, we apply the Isoperimetric Inequality [Sim83, 30.1] to find a
constant ¢ = ¢(n, k) such that

M(R)® < cM(4(TLB(X)))
for R € 23U with R = 9(TLB;(x)). It follows that:

M(R) < [cM(A(TLB;(X)]) "
= A% 1) < [eM(A(TLB, (X)])7=
= A1) < cM(A(TLB (X))

for £1-ae r e R*.

Further note (by the chain rule):
d 101 14 d
af(r) _ﬁf(r) af(r)
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Now, we compute forr < R:

fr)<21(xr) %f(r) < A(Xr)

1-1

— [%f(r) <Ak )t

1, .0
= [Ef(r)] < cf(r)
2—1C < (A1)
i < %f(r)%-lf'(r)
1 _d

nc < ar (f(r)n

r 1
— < f(r)n
2nc — ")

r”(z—ic)n < f(r)

el

Now, f(r) = M(TLB(X)) = ur(B(X)). Now, set:

and by definition of lower density, the result follows. O

3.3 Constant Vectorfield Lemma

We begin with the following measure theoretic results.

Lemma 3.3.1 Let X be a metric space, and let u be a Radon measure on X. Let f : X — [-1,1] be a u-
measurable function. Then, uLf = uLf* — uLf~ with at least one of uLf* or uLf~ finite, and both measures
Radon.

Proof By [dBO0O, 8.1], uL f is a signed measure, and by [dB0O, 4 (p137)], we fine a unique uLf~, uL f* measures
mutually singular, which establishes that at least one is finite. In fact, uL f~ = uL(f~) and uLf* = ulL(f*).

Trivially, we have f*(x), f~(x) € [0, 1], and since u is Borel Regular, Lemma 2.6.4 gives us that each uL f* and
uLf~ is Borel Regular. Let K be compact in X. Then,

,uLer(K)sz+ dusf du = u(K) < o
K K

which establishes that uL f* is indeed Radon. Similarly for uL f~. O
We now introduce some notation from Mollification theory.

Definition 3.3.2 (Mollification of a Radon Measure) Let X be a metric space with a Radon measure u. Let f
be a u-measurable function. Then, we define:

(f + 1)(X) = fx F(x—y) du(y)
as the mollification of u by f.
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Definition 3.3.3 (Standard Symmetric Mollifier) For e > 0, define® : R" — R,

_1
() = c(e) exXp e X <&
0 X > e

We call n° the standard symmetric mollifier.

Now, we present some important facts about mollification of currents. The general theory is discussed at length
in [EG92, §4], and [Mat95, §1.25].

Theorem 3.3.4 (Current Mollification) Let U be open in R™k andlet T € 2,U with locally finite mass. Then,

where:

Now, for each multi-index iy, ..., in, by [Mat95, 1.26], we have:
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Trivially, by construction:

Tow) = fu ((X), 0,(%)) L™ (%)

..........

C2(R™X) which implies that 6" € CZ(R™). O

To(w) = T(" * w)

where  « w = (° * wi,

Proof

_ fu (rF * w(y). £0)) der (y)
= T(77‘9 * a))

We conclude this section by proving the following result, its proof taken from [Whi89, p213].

Theorem 3.3.6 (Constant Vectorfield Lemma)  Let T € 2,R™K with locally finite mass and with T = 0. Write
T = ut A&, and suppose for all x € R™X, we have £(X) = T € AWR™K. Let V C R™ be a subspace of vectors
such that T is invariant in the direction of v e V. Then t € ApV.

Proof As with the proof given by [Whi89], we assume V has a basis consisting of a sub collection of the standard
basis for R™¥, by an orthogonal basis transform.

Now, it suffices to show that if & ¢ V implies T has no g A g, ;, coefficients.

.....

Fix £ > 0. Suppose g ¢ V. Let f € CX(R™ ). For1 <l <n+kwithe Ae, : i €AnV, let7 denote the
coefficients of 7 of basis & A €;, ; ;. Now, by Corollary 3.3.5 and since dT = 0, we have 0 = dT = dT,. Let

30



¢. = n° * ut, it follows that:

0 = AT, (fdxie-iny
af | -1...,’-\ ..... -,-|
:Tg(ﬁdx A dxiz! J)
of

_ | k
= | g0k de™

- [500( [ e durt) az409
= [F250007 im0 d2™4

_ fflg_)‘;(x)w dZ™(x)

=- ff'%f d.2™X(x)

OX
(Integration by Parts, and by [Mat95, 1.26], ¢* € CZ)

Since f was chosen arbitrarily, this implies:

0p°
| _
T ™ =0

and so T, is invariant in the direction 7'q. Since this holds for all € > 0, by invoking Theorem 3.3.4, we can
conclude that T is invariant in the direction 7'q. It follows then that 7' = 0. O
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Chapter 4

Closure and Compactness

In this chapter, we give an exposition of Brian White’s proof of the Closure Theorem and the Compactness
Theorem.

4.1 Preliminary Results
For the convenience of the reader, we prove some parts of the theorem as the following general results.

Lemma 4.1.1 LetU be open in R™, T € Z,U with My(T) + Mw(dT) < oo for all W € U. Suppose E closed in
U and s#"(E) = 0. Then ut(E) = 0.

Proof We write £(X) = £'1+ing,

.....

where n° is the standard symmetric mollifier. Trivially, w® € 2,U. Since #"(E) = 0, we invoke [Sim83, 26.29,
26.30] and:

0= TLE(w) = fE (W& dur

Now, by [EG92, Theorem 1, §4.2], we have:

0= tim [ (. chr = [ Il dur = r(E)
&= E E

Corollary 4.1.2 We have further that ut < ™.

Proof Let A C R™ be an arbitrary set with .#”"(A) = 0. Since " is Borel Regular we find a Borel B such that
Ac Band s#"(B) = s"(A) = 0. If C C B closed, we have s#"(C) = 0, and by Lemma 4.1.1, we find u7(C) = 0.
By Borel Regularity of ut, B is ur-measurable, and by [Sim83, 1.3], we have

p7(B) = suplur(C) : C € B.C closed in R™} = 0

By construction, A C B which implies ur(A) = 0. O
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Lemma 4.1.3 LetT € Z,R™K 9T = 0 and M(T) < c. Suppose further that for every Lipschitz f : R™k — R,
(T, f,ry is (n — 1)-integer rectifiable for #*-ae.r € R. Then, there exists a & > 0 such that letting M =
{x e R ©0(ur, %) 2 6}, we have ur(R™<\ M) = 0, ur < H#"LM, and #"(M) < o.

Proof Put fy(X) = |ly — X| trivially Lipschitz, and we have (T, f,r) = d(TLB;(X)), since dT = 0. We can then
invoke the Lower Density Lemma (Theorem 3.2.8), to find a ¢ > 0 such that ®"(ut, X) > ¢ for ur—ae. x € R™,
Then, by construction of M, we have that ut (R™€\ M) = 0.

Now, note that @*"(ut, X) > ®"(ut,X) > 6 > 0 So, we can apply Theorem 2.5.6 with A; = Ay = M, #"(M) <
5 tur (M) = 67IM(T) < .

Now, since M(T) + M(8T) = M(T) < oo, we invoke Corollary 4.1.2, and since by construction gt (R™\ M) = 0,
we have that ur < J#"LM. O

Lemma 4.1.4 LetU be open in R™X, and let T € Z,U be locally finite mass. Further, suppose utr < LM,
for some M C R™_ If||&|| = 1, for u—ae. x e R™X, then

T =D senimp

is locally #"LM summable.

Proof Fix W e U. Then,

co > My(T) = prr (W) = f el Ay = f 1EID r it A#LM = f el dLM
w \W w

Lemma 4.1.5 Letu be a Radon measure on R™, and let M = {x € R™* : @"(u, ) > 0}, and u(M) > 0. Further,
suppose that "M is Radon, and u < 2"LM. Let f be such that||f|| = 1 u—ae., and v = fD_pn yu. Then
forae M a Lebesgue point of 7,

I7(@)(1®"(#", M, a) = ®"(u,a) > 0

Proof We firstly note that 7 is locally u-summable by Lemma 4.1.4. So, we can apply the Lebesgue points
formula Theorem 2.6.6 which trivially implies Lemma 2.6.5 since we are in R™X. So, we can write:

. 1 N ,U(Br(a))
Ix@)Il = !'LQ) (M NBi(@) s, @ Il dA™ = IlrrnJ(r;f (M N B (a))

since u < "M, and ||f|| = 1, u—ae. x € R™K,

Firstly, we show that 7(a) # 0. For contradiction, assume the converse. Our observation above implies that
u(B;(a)) = 0, which implies that ®7(u, a) = 0. But then, a ¢ M which is a contradiction.

Now, we compute:

n n _Aim i u(Br(a)) - A" (M N B(a))
(@00, M, ) = (limint m)(nmf T)

T u(B(a)  A#(MnNB(a))
= A MAB@) o
(Since t(a) # 0 and #"(M N B,(a)) # 0)
(B (@)
rI"I

= liminf ——=
r—0 [

=0](u,a)
>0

The result follows immediately. O
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Lemma 4.1.6 Let M C R™ and let 4 = A~X(x - a) for A > 0. Then,

H"(M1.aM N B (0)) = 72 (M N By (a))

Proof Fix A > 0. Define M, = {Xx—a: x € M}. Then, observe that:

(M, 0 B (0)) = n2aM N Br(0)
A My N By (0) + @) = 71 (M N By ()

By the translation invariance of the Hausdorff measure,

H(m2,.aM N B (0)) = %n(/l_l(M N Bar(a)))
= A7"2"(M N By (a))

Lemma 4.1.7 LetT € Z,.R™K such that T = #"LM A 7(X) where M C R™X. Further, let g a(X) = A7X(x — a),
and let A be a positive sequence converging to zero. Suppose that a € M is a Lebesgue Point of v, and
O (#",M,a) < 1. Then,

lalg\ M) (722 T — (#"LaM) A 7(8)) = 0

Proof We firstly make note of an important density estimate. Fix § > 0 and let:

{%”(M N B:(a))
Ly =42

wpl"

:0<r<6}

In light of this notation, we note that ®"(#", M, a) = lims_osupLs < 1. It follows then that for § < y, we have
supL; < supL,. So, it follows that there must exist a small § > Osuch thatforall0 < r < §, #"(MNB;(a)) < war".
So, we have:

wn 1 wn 1 f
A AR 2 n T o~ R X) — (@) d#" > = X) — r(a)|| ds#"
%”(M N B,(a)) rn %n(M N Br(a)) MAB: @) ||T( ) T( )|| rn MAB (@) ||T( ) T( )||

Now, fix 0 < R < o. For A > O such that 0 < AR < A, we associate r with AR, and it follows that:

Rwpq 1
_ ||TX—Ta||df%”n2—f lIT(X) = 7(a)|| ds#"
(M N Bir(A)) Jmner(@) 09 -*@ A" IMnB k() ) -7@

Fix R> 0. Now, we compute the mass:

MBR(O)(U/La.ﬁT - %nLT],LaM A T(a)) < MBR(O)(TM,aJiT - T],Laﬁ%nLM A T(a))
(Since 7(a) is a constant)
< (ess sufiDn.,al))"Mp @ (T — #"LM A 1(a))
(By [Sim83, 26.25])
< A "Mp (T — #"LM A 7(a))

< /l‘“f lIr(X) — 7(a)|] ds#"
MNB,r(a)

(Since T = #"LM A 1(X))
R'w,

e lr(x) — 7(a)l| d.#"
HN(M N Bir()) JMB ()
Since a € M is a Lebesgue point of ,

1
limM T - #"LnaM A 7(@)) < Rwplim ——M—— —7(@)||ds#" =0
im M) (2.2 MM A 7(8)) < Rlwn lim UL T lI=(x) — =@l

and the conclusion follows. |
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Lemma4.1.8 LetT € Z,R™X, and let dT = 0. If for every Lipschitz f : R™K » R, and £ -ae.r e R, (T, f,r)is
(n - 1)-integer rectifiable, then so is (n, T, f,1), where n,a = 171(x - a).

Proof Fix f Lipschitz, and letr € R be a point where (T, f,r) is (n— 1) integer rectifiable. Since T = 0, we note
that we can write the slice as: (T, f,r) = d(TLR) where R = {x e R™k: f(x) < r}. Now, by [Sim83, 26.21], we
have:

MaadT, f,r)= UA,aﬁa(TLR) = a(’h,anTLR) = Maa T, f,r)

Lemma4.1.9 LetT = u At € ZR™ with M(T) < oo, where T € AZR™K, with 8T = 0, and (T, f,r) integer
(n - 1)-rectifiable for £*—ae.r € R. Then T is translation invariant in exactly n directions

Proof LetV C R™k be the maximal vector subspace of R™¥ such that T is translation invariant. Since 4T = 0,
we invoke the Constant Vectorfield Lemma (Theorem 3.3.6) to find 7 € A,V. So T is invariant in at least n
directions.

Since our hypothesis satisfies Lemma 4.1.3, we invoke the lemma. So there exists a § > 0, with M
{x eR™K: O, X) > 6 > 0} and #"(M) < co. So, by Theorem 1.1.2, s#™K(M) = 0 for k > 0, and #"¥(M) =
oo, for k < n. Together with these facts, and since u < J#"LM, we can represent T as an J#"LM integral, i
follows that T is translation invariant in at most n directions. |

=3

Lemma 4.1.10 LetM € R™K, andn,a(x) = 171 (x—a). Suppose u = Y., @i #"LP;, 1 < p < oo where each P; is
a parallel n-plane. If for some ae€ M, #"Ln,sM — u, where A € A a positive sequence converging to zero, and
O"(u,X) > 6 > 0 foru—ae xe M and 3, a < ©"(#", M, a) < 1, then p < oo.

Proof Suppose p = co. We make a lower density observation. Let x € Pj such that § < ®(u, X). Then,

Yity @il"LPi(Bi (X)) iming 22 Pi(B Q) _
U,)nrn h r—0 (.L)nrn a

0<6<0ON(u,X) = Iimigf @;
r—

since {P;} are distinct and parallel, and P; N B;(X) yields an n-ball since P; is an n-plane. Now note that:
p
i=1

Now, since J#"Ln,aM — p, for some sequence A:
(B (0)) = lim 72"L7, aM(B:(0))

= lim supA™"#"(M N By (a))
AeAN

(By Lemma 4.1.6)
< wpr"@M (", M, a)

= wn"

Since we assume p = co, we can take r large enough so that for i > N (by rearranging index),

AUPBO) | 1
wpl" i

which implies that

iai<wﬁl

- n
— wpf
which contradicts our previous estimate. |
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Lemma 4.1.11 Let{T;} € 2,R™K, each with locally finite mass, dT; = 0, and T; — T, with 8T = 0. Suppose f is
Lipschitz with ess sugiDf|| < co. Let Ryp = {x eR™:a< f(x) < b} where a < b. Suppose further that:

I|m Mw(TiL&b) =0
|—00
for some W € R™. Then, there exists at € (a,b) and a subsequence i’ such that T;.LR — TLR,, and

lim Mw(A(TyLR)) = 0

where R, = {x e R™K: f(x) < t}

Proof Trivially, T; — T implies TiLR; — TLR;, by considering forms w with sptw C R, forany t € (a, b).
By the Slicing Lemma (Theorem 3.1.3), we can choose a subsequence i’ such that:

lim Mw/(3(TiLRap)) = 0
since dT; = 0.

Now, by [Sim83, 28.10], and since ||[Df|| < oo,

_Iimf Mw(TiLR) d.Z(t) < lim ess sugD f||[My(TiLRap) = _Iimf Mw(TiLR) d.Z(t) = 0
[a-b] I’—00 I’—>00 [a,b]

I”—00

Now, suppose for contradiction that for all t € (a, b), lim; _,., Mw(d(Ti-.LR;)) # 0. But then, by the lower semiconti-
nuity of mass [Sim83, 26.13], this would imply lim; f[ab] Mw(TiLR) dZ(t) # 0, which is a contradiction.

We observe that T{LR; — TLR; implies Ty LR, — TLR. O

Lemma 4.1.12 Let U be open, bounded and convex in R". Let T € Z,U, with Mw(T) + Mw(dT) < oo for all
W e U. Then, for W € U, there exists a 8 € R and a constant c > 0 such that:

Mw/(T - BIWI) < cMw(dT)

Proof For w € CZ(U), we note that we can write:

T(wdxt A ... AdX") = jL‘J wn dL"
where 17 € BV oc(R") by mollification of the measure and My(0T) = |Dn| (W) (see [Sim83, 26.28]).
Now, fix 6 € (0,1). Then, by [Sim83, 6.4], there exists a 8 € R and a ¢ > 0 such that
[ 1m=p1 a7 < cmuam)
Fix w € C(U), with [Jwl| < 1, with sptw € W. We note that:

(T = BIWI)(wdX: A ... A dX") = fu wn - B AL < fu 7 = Bl 2™ < cMw(aT)

The result follows by taking a sup over all such w. O

Lemma 4.1.13 LetM € R™K, andn,a(x) = 17} (x—a). Suppose u = 3.1, @i #"LP;, 1 < p < oo where each P; is
a parallel n-plane. If for some a € M, 5" "Ln, .M — p, for 2 € A, a positive sequence converging to zero, then:

p
ONA" M, a) < > o

i=1
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Proof Fix 0 <r < co. We observe that since J#"Li; M — g,
(B (0)) = lim (2 "L11.aM)(B:(0))
= liminf (57" (7,.aM N (B;(0))
AeAN
> wn"ON (", M, a)
(By applying Lemma 4.1.6)

Since each P; is parallel and distinct and since each P; n B, (0) is an n-ball, we can choose r sufficiently small
such that:

HLP(BO) _

wpl”

By definition of u, the result follows. O

4.2 The Closure Theorem

Theorem 4.2.1 (The Lesser Closure Theorem)  Let {Ti} € Z,R™ be a sequence of n-integer rectifiable cur-
rents with

Sup{M(T;) + M(dTj)} < >

Suppose Ti — T, and dT = 0. Then T is an n-integer rectifiable current.

Proof We proceed by induction. Note that the base case n = Ois trivial, since every 0 dimensional current is an
integer rectifiable current.

Now, assume that the theorem holds for the (n — 1) dimensional case. Firstly, we notice that for every Lipschitz
f :R™K > R, and for £1-ae.r e R, (T;, f,r) is (n— 1)-rectifiable by the definition of a slice for integer rectifiable
currents (Definition 2.4.6). By the Slicing Lemma (Theorem 3.1.3), we are guaranteed a subsequence i’ such
that

sup{M((Ti., f,r)) + M(o(Ty, f,r))} < oo

<Ti/, f7 r> - <T’ f’ r>
for #*-ae r € R. By the induction hypothesis, we have that (T, f,r) is indeed (n — 1)-integer rectifiable. Since
dT = 0, we note that (T, f,r) = A(TLR), where R = {x e R™*: f(x) <.

Now, we have that T € Z,R™, M(T) < oo since sup{M(T;) + M(dT;)} < oo, and that for every Lipschitz f,
and Z'-ae.r e R, (T, f,r) is (n — 1)-integer rectifiable. So we invoke Lemma 4.1.3 to find a 6 > 0, and for
M = {x € R™k: 0 (ut, X) > 6}, ur(R™K\ M) = 0. Further we are guaranteed that ut < #"LM and J#"(M) < co.
Note that this implies that 7#"LM is a Radon Measure.

Then, by Radon-Nikodym Theorem [Sim83, 4.7], by letting 8(X) = D szn_ mu(X), we can write

T(w) = fRM(w(x),g(x))e(x) ds"LM = fM<u)(X),T(X)> dsz"
where 1 = £6.

Since "(M) < oo, by invoking Theorem 2.5.7 we find that for #"-ae a€ M,
0", M,a) <1

Now, by Lemma 4.1.4, 7 is locally #"LM summable, and we find that .7#"—a.e. a € M is a Lebesgue Point of 7.
Explicitly, for s#"-ae ae M,
1

I ST A0 T TN 020
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Trivially, by the subadditivity of the measure, where both these statements fail is a null set. Fix a € M, a point
which satisfies both statements.

Now, note that by Lemma 4.1.5, by associating f with &, we find:

I7(@)I1©2(", M, a) = ©}(ut,8) > 0

We now establish some convergence results about our measures. Let 17;4(X) = A7}(x — a), and let A be a
sequence converging to zero. Note that for each 1 € A, each measure 5#"Ln M = A7"#"L(X— @)M and so it
is a Radon Measure. Fix 0 < r < co. Then,

lim sup(#"Li,.aM)(B:(0)) = lim supA~"#"(M n By (a))
AeA AeA
(By Lemma 4.1.6)
(M N By (a)

= wpr"limsup

QeA (Ar)"wn
< wpr"OMN (", M, a)
< 00

by our previous estimate on upper density. So, we can apply [Sim83, 4.4], to find that there exists a subsequence
A’ € A and a Radon measure u such that:

H"naM — (eN)
Since this is pointwise convergence, this implies:
H"ngaM A 7(@) — pu A 7(a) (Ae )
Let T, =n,xT. Since we fix 0 < r < oo, by Lemma 4.1.7,
Ta—p
pr, — llrallu

forde A.

Since we have that 4T = O, and (T, f,r) is (n — 1)-integer rectifiable, by Lemma 4.1.8 gives us that for each
Ae N, (T, f,ryis (n—1)-rectifiable for every Lipschitz f and #*—ae. r € R. Now, we have M(T;) +M(T,) < oo
since M(T) + M(dT) < co. Further, we have T, — u A 7(8). So, by invoking the Slicing Lemma (Theorem 3.1.3),
there exists a further subsequence A” C A’ such that:

Ty, .1y = uAat(a),f,r) (e N’)

for £1-ae r € R, and every Lipschitz f. Again, by our inductive hypothesis, (u A 7(a), f,r) is (n — 1)-rectifiable.
Furthermore, by the Lower Density Lemma (Theorem 3.2.8), we have a § > 0 such that

0
(@Il

O™(u, X) > >0

for uy—ae xe M.

Now, since T, = 0, and T, — u A 7(8), it follows that d(u A 7(a)) = 0. So, we apply Lemma 4.1.9 to find
that i A 7(a) is translation invariant in exactly n directions. Letting V C R™* denote the vector subspace of
vectors such that u A 7(a) is translation invariant, the Constant Vectorfield Lemma (Theorem 3.3.6) guarantees
that 7(a) € AnV. Coupling these facts imply that 7(a) is indeed a simple n-vector and dim(V) = n. So, we have
that 7(a) determines the n-plane V.

Now, let M,, = {x e M:ONu, xX) > 6||T(a)||‘1}. By our previous lower density estimate, 4(M \ M,) = 0. Define:

P = {P n-plane : 3x € M, with x € P, P parallel to V}

Fix P e &. Let x € PN M,, so we have O](u, x) > 0 and it follows that uLP(B;(x)) > 0. Since u is Radon,
ULP(Br(X)) < oo. But since P is parallel to V and g translation invariant in direction of v € V, we have 0 <
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HLP(B (X)) = uL(Br(y)) < oo fory € PN M,,. So, u is uniformly distributed Borel Regular for all x,y € M, N P, and
by [Mat95, 3.4 (p45)], we can write uLP = a.7#"LP for @ a constant. By the translation invariance, it follows that:

(u A 7(@)(w) = fM (w(X), 7(a)) du(x) = fM y)(w(x),f(a» du(x)

LU

Now, we argue that & is finite. Without loss of generality, we assume that & is countable and show that this
implies that & is finite. We write u = Zip:l @; "LP;, where a; > 0,and 1 < p < co. Since ©7(u, X) > d||r(@)||™* > 0
for u—a.e. x e M, we can apply Lemma 4.1.10 to find that p < co. (Note: our countable assumption does not lose
generality for the reason that in our proof of Lemma 4.1.10, a lower density argument is used. An uncountable
collection would only contribute a larger value used as a contradiction within the argument).

We now argue that p = 1 and a1 = 1. Suppose for contradiction that p > 1. For the simplicity of the argument,
we assume that P; is parallel to R" x {0} € R™K. (We can otherwise achieve this by rotation and since 7" is
invariant under rotations).

Fix 0 < r < co. Let W = BP(0) x R¥, where B'(0) denotes the n-ball of radius r. Note that we can consider W
as a product over RK of closed balls n-balls which are compact in R™. Then by the Tychonoff Theorem [Mun96,
37.3], W is compact.

Fix & > Osuch that 3e < min{dist(P;, P;) : P; # Pj}. Fix j. Let f(X) = dist(P}, X). Let S, = {x e R™*: & < (%) < 2z},
Now, note that if x € S, then & < dist(x, P;) < 2 which implies P; NS = @ and P;n SN'W = @. Furthermore,
ifi # j, then x € P; implies dist(x, P;) > 3¢, and it follows that P, NS N W = @. So, we have that (W N S) = 0.
Since ur, — [IT(@)ll,

lim Mw(T,LS,) < lI7@)l(W N S;) = 0
A
We note that Lip (f) = 1, and by Lemma 1.2.3, ess supDf|| < Vn+k < o, and along with the fact that W

is compact, we can invoke Lemma 4.1.11. We then have at € (g, 2¢), and a subsequence A” C A such that
T,LR — u A 1(Q)LR;, and:

A"ET Mw(d(TiLR)) =0
where R, = {x e R™K: f(x) < t}.

Now, note that we are guaranteed t € (g, 2¢). So, Ry N P; = @, provided P; # Pj. So, it follows that:

P
pAT@ = aA"P A1(d) = ajlt(@IIP;]

i=1

LetIT : R™* — R" be the orthogonal projection, and let T, =II(T,LRy). Since By(0) is open, convex and bounded
in R", and also since T, € 2nR", for each A we invoke Lemma 4.1.12 and find a 8, € R such that:

Meno)(T} = Ba[BY(0)]) < cMep(0)(9T»)
Note that:
lim Mep)(T; = B2l[BY(O)]) < ¢ lim Mep)(9T7)

= lim Mey)(T; - BllBY(O)]) = O
(Since Mw(dT,LR) — 0)

e lim (T, - AIBO)) = 0

= N A(@LR) - lim AIBYO)) = 0

= ojIr(@IBYON - (im £)IBYO)) = 0
(Since we've assumed that Pj parallel to R" x {0})

= |im = ai||r(a
lim 61 = ajlir(@)l
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Letting 8 = lim jcp~ B4, We have

JIETH MBp(o)(T/; —ﬂ[[BP(O)]]) =0

We note that £" is a Radon Measure, and since 5" (17,aM) = 17"7"(M) < oo, we have Z"(I1(71.aMNRY)) < .
So,

BLBON\TIaMR) =8 [ 1de"-p f 1dg"
BP(0) M(7,aMNRY)
< sup{(BIBY(O)] - T)(®) : llull <. w € "R}
= Mano)(T; - BIBF(O)])
Now, under the limit:
Alierp,,ﬂf "(BF(0)\ (7, aMNR)) =0
It follows then that:
Z"(Bf(0)) < A'pr Z"(BI(0)NI(n.aM N Ry)) + Jlrp Z"(BF(0) \ (72.aM N Ry))
<liminf " (W 7,aM N R)
n

<uWnR)
(Since ™" aM — )
= a;2"(B}(0))
(Sincet € (e, 2¢), #"(WN R N P;) = #"(BN0)))

This establishes that:
ZN(B(0) < aj " (B(0)) = a;.£"(B}(0))

which implies that 1 < a; foreach 1 < j < p.
We invoke Lemma 4.1.13 to establish that @7(s7", M,a) < Zi";lai. Since u = Zip:l i "LP; we have that
u < " and we can invoke Lemma 4.1.5. By combining the upper density estimate given by Lemma 4.1.10,

p

0<@(#", M, a) < Z ai <O (A", M,a) < 1

i=1

To avoid contradiction with our previous estimate that each aj > 1, we must have p=1and oy = 1.

We also note that P = P; passes through the origin since for every r > 0,

(B2r(0)) > lim inf (7#"Ly.aM)(B: (0)

Z U)nrn@i](llT, a)
>0
(By Lemma 4.1.5)

Also, P is independent of the subsequence A, since P is uniquely determined by the simple n-vector 7(a).

Now, fix f € C(R™). Then, observe that:

Iimf y f(x) d#"(x) = fR f(X) du(x) = j; f(X) do"(X)
Mia n+k

A—

since J#"Ln,a — p. By definition Definition 1.3.6, P is the approximate plane of M at a. Since this holds for all
Lebesgue points of 7, and by Theorem 2.6.6 s#"—ae. a € M are Lebesgue points of r, M has an approximate
tangent plane J#"-ae. a€ M By Theorem 1.3.7, M is n-rectifiable.
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Now, we need to establish that 6(a) is an integer. Note that:
wuAt@), f,ry=0uAt(@QLR)(w) = f (dw, 7(a)) d22Z"LP = f(dw, £(a))0(a) ds"LP
M M

is an (n — 1)-integer rectifiable current by the induction hypothesis. So, 6(a) € Z.

This establishes that T is indeed an n-integer rectifiable current, thereby completing the proof. O
Leading up to the general case of the Closure Theorem, we present the following key result.

Theorem 4.2.2 (Weaker Boundary Rectifiability Theorem) LetT € 2,R™ an integer rectifiable current. Sup-
pose that M(9T) < oo, Then dT € Z,_1U is an integer rectifiable current.

Proof We use the Weak Polyhedral Approximation Theorem [Sim83, 30.2] to find a polyhedral (and integer
rectifiable by Deformation Theorem [Sim83, 29.3]) sequence {dPy} C Zh-1R™ such that 9P, — 4T. Now,
trivially, 9(0Px) = 0, and since M(dPx) < M(dT), we can apply Theorem 4.2.1 to conclude that T is an (n — 1)-
integer rectifiable current. O

Theorem 4.2.3 (The Closure Theorem) Let U be open in R™¥, and let Let {T;} € Z,U be a sequence of n-
integer rectifiable currents with

SUp{M\N(Ti) + Mw(aTi)} < 00

Suppose Ti — T. Then T is an n-integer rectifiable current.

Proof We firstly illustrate how to relax the T = 0 hypothesis of Theorem 4.2.1. So, suppose still that U = R™¥,
We invoke the Weak Boundary Rectifiability Theorem (Theorem 4.2.2) to find that each dT; is (n — 1)-integer
rectifiable. Since 4(dT) = 0 and dT; — JT, we apply Theorem 4.2.1 to conclude that dT is (n — 1)-integer
rectifiable. By application of the Isoperimetric Inequality [Sim83, 30.1], we find an n-integer rectifiable R € Z,R™k
such that T = dR. This implies M(6R) = M(dT) < o. So, again by Theorem 4.2.2, dR is (n — 1)-integer
rectifiable.

Now, we have that Tj — R — T — R, and by construction (T — R) = 0. So, by applying Theorem 4.2.1, we find
(T — R) n-integer rectifiable which implies that T is n-integer rectifiable.

Now, we show how to relax the condition U = R™K, and the finite mass hypothesis. Fix W € U. Let ¢ =
{B/(X) : B;(X) € U}. be a cover for W. Such a collection must exist since W € U and U open in R™K. So, we
have simply reduced the problem to considering balls B;(x) € U.
Fix x € U, and let B;(X) € U.

sup{Mg,(x(Ti) + Mg, (x(dTi)} < 00 & SUP{M(TiLB (X)) + M((Ti)LB(X))} < o0

Now, by the Slicing Lemma (Theorem 3.1.3), we have a subsequence i’ C i such that:

Ti:LB(X) — TLB(X)
sup{(T, dist(x, .), r)} = sup{M(d(Ti-.LB (X)) — (3T LB (X))} < o0

By combining these, we have:
SUp{M(Ti-LB (X)) + M(A(Ti LB (X))} < o0

Now, by the first part of our argument, by putting we can put U = R™K T,LB;(X) — TLB(X). is a n-integer
rectifiable current. Since we chose X arbitrarily, we conclude T is n-integer rectifiable. O
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4.3 Compactness

Here, we present a proof of the compactness theorem. One difference in our discussion is that unlike [Fed96,
4.2.16], we talk about compactness in the usual Weak* sense. A better discussion on the Weak* Topology
can be found in [Pry, §6]. An important fact to note is that convergence in Weak* corresponds to pointwise
convergence [Pry, 6.2.4].

We introduce the following auxiliary results.

Lemma 4.3.1 Let (X,R) be a normed linear space over R, and X* the Dual of X. Fork € R, let Ly : X* — X* be
defined by Lx(X) = kx. Then Ly is continuous in the Weak* topology.

Proof By [Pry, 6.2.2], the basis elements of the Weak* topology are given by:

N(x & 1) ={v e X" 1 Iv(x) —&X)Il < r}
where x € X, and ¢ € X*. We note that L, = k™!x, and so it suffices to prove that Li(N(X, &, 1)) is open. But this
is trivially true since Lx(N(X, &,1)) = N(X, &, [K|r). m|

Corollary 4.3.2 For0 < r < o, the usual (metric) closed ball B;(0) C X* is compact in the Weak* topology.

Proof We know from Banach-Alaoglu Theorem [Pry, 6.3] that the unit ball By(0) is Weak* compact. Letr > O.
By Lemma 4.3.1 we have that L, = rx is continuous. We apply [Mun96, 26.5] to find that the image of a compact
domain under a continuous map is compact and conclude that L (B;(0)) = B;(0) is compact. m|

We make the following important definition.

Definition 4.3.3 (Integral Currents)  Let U be open in R™X. Define:
Gk =A{T € Z,U : T, dT integer rectifiable , M(T) < k, M(dT) < k}

We call .#, the n-integer currents with k normal mass.

Theorem 4.3.4 (Compactness Theorem for Integral Currents) Let U open inR™X. Let0 < k < co. Then k
is Weak* compact in Z,U.

Proof Firstly, we show that .#,x is Weak* closed in Z,U. Let {Ti} € Fnx, with T — T. Since

sup{M(T;) + M(dT;)} < 2k < oo, we apply of the Closure Theorem (Theorem 4.2.3) to find that T is integer
rectifiable. Also sup{M(T;)} < k and sup{M(dT;)} < k, which implies T € .%,x. By [Pry, 6.2.4], %« is Weak*
closed.

Now, by Corollary 4.3.2, B«(0) € Z,U is Weak* compact. Trivially, .%,x € Bk(0) and since by [Mun96, 26.2],
closed subsets of compact sets are compact, we conclude that .#,x is Weak* compact. O

The compactness result is often discussed in literature in terms of a topology called the flat-metric topology.
Our discussion in Weak* topology was for a matter of convenience. Our formulation is in fact equivalent to the
discussion in the flat-metric. A more detailed discussion can be found in [Sim83, 31.3].

Finally, note that although we have proceeded our discussion finite mass rather than locally finite mass, we have

not lost any generality. By considering compactness in the set Z,W for W € U, one can attain a similar result
for locally finite mass currents.
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Notation

ess sup Essential Supremum

C"(X,Y) r-differentiable (continuous if r = 0) functions from X to Y
CLXY) Compactly supported r-differentiable functions from Xto Y
C(XY) Same as Co(X,Y)

img ¢ Image of function ¢

D,f Directional derivative of f in the direction v

u—ae. u almost everywhere

AnV nVectors of vectorspace V

ATV nForms of vectorspace V

€iin Samease, A...A§,

dxiz-tn Same as dx'* A ... A dx

7 € AnV simple T=%6e,A... 8§, where {ej}?zl C {e)™K, the basis for V
oD Pairing of a form with a vector

(¢, Inner product of Hilbert Space H

Ssptw Support of w

WeU W open in U and W compact in U

HLR Measure u restricted to R

Vol (M) Volume of M

T, =T Ti(w) — T(w), pointwise convergence

B (X) Metric ball centred at x with radius r

Bl'(x) Metric n-ball centred at x with radius r

D.v Radon-Nikodym derivative of v w.r.t u

T Push forward of current T by f

BV oc(R") Locally bounded variation real-valued functions on R"

N Natural Numbers not including O

z* Positive Integers including O

R* Real Numbers including 0

A" Hausdorff n measure
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on
Lip (f)
vMf

d\ f

Iu f

I, f

2"U
2,U
Mw(T)
HAE
(M1

V (M, 6)
T(M,,6)
(T, f.r)
O%u, A, x
0", A, X
V<

n°*w

Lebesgue n measure

Lipschitz constant of a Lipschitz function f

M-Gradient of f

M-differential of f at x

Jacobian of f over M

Co-Jacobian of f over M

Compactly supported smooth n forms over open set U
Dual to 2"U

Mass of current T in W

Current defined by Radon measure p and n-vectorfield ¢
Current defined by Rectifiable set M

Varifold defined by M with multiplicity 6

Integer rectifiable current with orientation &, rectifiable set M and multiplicity 8
Slice of current T by Lipschitz f at f =r

Lower density of u at Xin A

Upper density of u at xin A

v absolutely continuous w.r.t u

Mollification of w by r®
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