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Part I. The de Rham - Federer Theory.

Differential characters
arise in many analytic settings.

e Poincaré-Lelong Formulas
e Dirac Monopoles

e Chern-Weil Transgressions
e Morse Theory

e MacPherson Formulas for Degeneracies of Bundle Maps
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Let X be a compact oriented n manifold.

—k —~n—k—1
IH (X) is the Pontrjagin Dual of IH (X)
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Part II. Poincaré-Pontrjagin Duality
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Let X be a compact oriented n manifold.

—k —~n—k—1
IH (X) is the Pontrjagin Dual of IH (X)

The pairing

—~n—k—1

(X)x H (X) — S

(a,b) — axb([X])

is non-degenerate.

The resulting mapping
—~n—k—1

(X) —s Hom (ﬁk(X), s1)

has dense range.
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Part II. Poincaré-Pontrjagin Duality
for Differential Cohomology.

Let X be a compact oriented n manifold.

—k —~n—k—1
IH (X) is the Pontrjagin Dual of IH (X)

The pairing

—~n—k—1

(X)x H (X) — S

(a,b) — axb([X])

is non-degenerate.

The resulting mapping

—~n—k—1 —k 1

(X) — Hom (IH (X), S )

has dense range. In fact this gives an isomorphism
—~n—k—1

(X) =5 Homoo(ﬁk()(),sl>

with the smooth homomorphisms.
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Part III. Spark Complexes:

A Homological Algebraic Machine
for Recognizing Differential Cohomology.

As with ordinary cohomology,
differential cohomology
appears in many different contexts.

(i) De Rham-Federer Sparks (Analysis)

(ii) Abelian Gerbes with Connection
mod Gauge Equivalence

(iii) Cheeger-Simons Characters
(Chern-Simons Invariants)
(the historical beginning)

(iv) Hypersparks
(v)  Holonomy Maps
As with ordinary cohomology,

This universality makes differential cohomology
useful and important.
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Multiplicative Structure

In some cases above
the multiplicative structure is relatively clear

In other cases
it is nearly impossible to define.

The homological apparatus of spark complexes
does not involve the multiplicative structure.

It establishes a canonical equivalence of additive theories
The ring structure is then a consequence.

In practice it is quite different
from using the Simons-Sullivan Axioms.

The apparatus also extends beyond differential cohomology.

0-Sparks
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Part 1.

The de Rham-Federer Formulation
of Differential Cohomology

e Devised by Harvey-L.-Zweck (2003)
e It motivates and is archetypical

of the spark apparatus.
e The product is geometrically clear.
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De Rham - Federer Sparks
The Poincare-Lelong Formula:

dd°log|z| = —dg on C.
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De Rham - Federer Sparks
The Poincare-Lelong Formula:

dd°log|z| = —dg on C.
dd®log|f| = —Div(f) on U°P™" C C".
for f € O(U).

Dirac Monopoles.

L — S? = P1C a hermitian holomorphic line bundle,
f € Tha(L)

dd®log || f|| = (L) — Div(f)
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More Generally.

L — X a hermitian holomorphic line bundle,
over any complex manifold X.

f S Fhol(L)
dl" = Cl(L)—DiV(f)
where |
T = TglongH
T

is a 1-form with LllO .~coefficients.
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Chern-Weil Transgressions.

E — X  areal oriented vector bundle
with orthogonal connection

o € I'(F) asmooth section with non-degenerate zeros

dT = x (QF) — Zero(o)

where
X (2F) is the Chern-Euler form (the Pfaffian) and

T is an (n — 1)-form with L{ -coefficients.
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Chern-Weil Transgressions.

E— X aC* complex vector bundle
with unitary connection

09, ..-,0 € I'(E) generic smooth sections

dl' = Cn—k+1 (QE) _ED(UO,...,Uk)

where
ILID(oy, ..., o) is the linear dependency locus, and

T is an (n — 1)-form with L{ -coefficients.
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Local MacPherson Formulas.

E.F— X  (C° complex vector bundles
of same rank with unitary connections

o:FEF — F smooth bundle map.

p a U,-invariant polynomial on u,,.
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Local MacPherson Formulas.

E.F— X  (C° complex vector bundles
of same rank with unitary connections

o:FEF — F smooth bundle map.

p a U,-invariant polynomial on u,,.

dT = p(QF) — p(QF) — >, Resy k[Zk(0)]

where

T is an (n — 1)-form with L -coefficients.
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Morse Theory.

f: X =R a Morse function
on a compact oriented manifold X.

v + X = X a Morse-Smale flow.

40



Morse Theory.

f: X =R a Morse function
on a compact oriented manifold X.

v + X = X a Morse-Smale flow.

For each critical point p € Cr(f) let

S, = the stable manifold of p
U, = the unstable manifold of p

41



Morse Theory.

f: X =R a Morse function
on a compact oriented manifold X.

v + X = X a Morse-Smale flow.

For each critical point p € Cr(f) let

S, = the stable manifold of p
U, = the unstable manifold of p

Sy = spanz{Sp}pecr(f)

42



Morse Theory.

f: X =R a Morse function
on a compact oriented manifold X.

v + X = X a Morse-Smale flow.

For each critical point p € Cr(f) let

S, = the stable manifold of p
U, = the unstable manifold of p

Sy = spanz{Sp}pecr(f)

H*(Sf) = H*(X, Z)

43



Morse Theory.

f: X =R a Morse function
on a compact oriented manifold X.

v + X = X a Morse-Smale flow.

For each critical point p € Cr(f) let

S, = the stable manifold of p
U, = the unstable manifold of p

Sy = spanz{Sp}pecr(f)

H*(Sf) = H*(X, Z)

There exists a linear map

T:E85(X) — & HX)

such that
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Morse Theory.

f: X =R a Morse function
on a compact oriented manifold X.

v + X = X a Morse-Smale flow.

For each critical point p € Cr(f) let

S, = the stable manifold of p
U, = the unstable manifold of p

Sy = spanZ{Sp}pecr(f)

H*(Sf) = H*(X, Z)

There exists a linear map

T:E85(X) — & H(X)

such that
dT(a) = a— Z npSp
peCr(f)

for any closed form « with

np:/ozez.
Up
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QUESTION:
What are these forms 77

Do they define invariants?
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DE RHAM THEORY

X a compact, oriented n-manifold.

£x) -y gl(x) % o L enx)
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X a compact, oriented n-manifold.
QX)) -4 &x) % o L enx)

E(X) = (EFX)Y the topological dual space
currents of dimension k

ENX) «2— &(Xx) +Z ... 2 g (X)
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X a compact, oriented n-manifold.
QX)) -4 &x) % o L enx)

E(X) = (EFX)Y the topological dual space
currents of dimension k

ENX) «2— &(Xx) +Z ... 2 g (X)

Example 1. M C X a compact oriented submanifold of
dimension k.

(M) € €(X)  defined by  [M](p) = /Mg)

o[M] = [9M]
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DE RHAM THEORY

X a compact, oriented n-manifold.
QX)) -4 &x) % o L enx)

E(X) = (EFX)Y the topological dual space
currents of dimension k

ENX) «2— &(Xx) +Z ... 2 g (X)

Example 1. M C X a compact oriented submanifold of
dimension k.

(M) € €(X)  defined by  [M](p) = /Mg)
O[M] = [OM]
Example 2. ¢ € £"7F(X).

W € EL(X)  defined by [$)(p) = /X b A

o] = (=1)" " ay)]

o0



DE RHAM THEORY
We set

EMRHX) = &£(X) forms of degree n —k

with distribution coefficients
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We set
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DE RHAM THEORY
We set
EMRHX) = &£(X) forms of degree n —k
with distribution coefficients

The sequence

ENX) 2 &x) «Z ... L g (X)

becomes

EM(X) 2 g lX) X . L g0 (x)
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DE RHAM THEORY
We set

EMRHX) = &£(X) forms of degree n —k

with distribution coefficients
The sequence
/ 0 / %) o /
EN(X) +— &(X) — -+ — & (X)
becomes
EM(X) 2 g lX) X . L g0 (x)

There is an embedding

(E5(X),d) C (£"(X),d)
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DE RHAM THEORY
We set

EMRHX) = &£(X) forms of degree n —k

with distribution coefficients

The sequence

ENX) 2 &x) «Z ... L g (X)

becomes
EM(X) 2 g lX) X . L g0 (x)
There is an embedding

(E5(X),d) C (£"(X),d)

Theorem. (de Rham).

H*(£"(X)) = H*(£"(X)) = H*(X; R)

%)



DE RHAM - FEDERER SPARKS
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DE RHAM - FEDERER SPARKS

Definition. A de Rham - Federer spark of degree k
1s a current

a € &%(X)

such that
da = p—R
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Definition. A de Rham - Federer spark of degree k
1s a current

a € &%(X)

such that
da = p—R

where

@ € EF1(X) is a smooth form
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DE RHAM - FEDERER SPARKS

Definition. A de Rham - Federer spark of degree k
1s a current

a € &%(X)
such that
da = op— R
where
@ € EF1(X) is a smooth form
and

R € RFT1(X) is a rectifiable current
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DE RHAM - FEDERER SPARKS

Definition. A de Rham - Federer spark of degree k
1s a current

a € &%(X)
such that
da = op— R
where
@ € EF1(X) is a smooth form
and

R € RFT1(X) is a rectifiable current

i.e., R is a Z-linear combination of submanifolds
of codimension k£ + 1.
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DE RHAM - FEDERER SPARKS

Definition. A de Rham - Federer spark of degree k
1s a current

a € &%(X)
such that
da = op— R
where
@ € EF1(X) is a smooth form
and

R € RFT1(X) is a rectifiable current

i.e., R is a Z-linear combination of submanifolds
of codimension k£ + 1.

Theorem. ¢ and R are uniquely determined by a and

dp = dR = 0.
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EQUIVALENCE
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EQUIVALENCE

S*(X) = the group of sparks of degree k.

Definition. Two sparks a,a’ € S¥(X) are equivalent if
a—a = db+ S where

b € EFLX) and S € RF(X)
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EQUIVALENCE

S*(X) = the group of sparks of degree k.

Definition. Two sparks a,a’ € S¥(X) are equivalent if
a—a = db+ S where

b € EFLX) and S € RF(X)

Definition. The group of de Rham-Federer spark classes
of degree k is the quotient

H (X) = S*X)/{de™*1(X) + RF(X)}
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SEQUENCES

65



SEQUENCES
Theorem. Given a € S¥(X) with
da = op— R
@ and R are uniquely determined by a and

dp = dR = 0.
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SEQUENCES
Theorem. Given a € S¥(X) with
da = op— R
© and R are uniquely determined by a and

dp = dR = 0.

Furthermore, ¢ and [R] € H*1(X; Z)
Kk
are uniquely determined by [a] € IH (X)

67



SEQUENCES
Theorem. Given a € S¥(X) with
da = op— R
© and R are uniquely determined by a and

dp = dR = 0.

Furthermore, ¢ and [R] € H*1(X; Z)
Kk
are uniquely determined by [a] € IH (X)

Note. ¢ has integral periods
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SEQUENCES

/\kj

Theorem. Given [a] € IH (X) with

da = p—R

—k

¢ and [R] are uniquely determined by |a| € IH (X)

This determines homomorphisms.

—k

o H (X)) — ZFHH(X)

/\kj

o H (X) — HY(X; Z)
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SEQUENCES

/\kj

Theorem. Given [a] € IH (X) with

da = p—R

—k

¢ and [R] are uniquely determined by |a| € IH (X)

This determines homomorphisms.

—k

o H (X)) — ZFHH(X)
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SEQUENCES

Theorem. There are short exact sequences

/\kj

0 — H¥X,S8Y) — H (X) 2 2FHX) — 0
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SEQUENCES

Theorem. There are short exact sequences

/\kj

0 — H¥X,S8Y) — H (X) 2 2FHX) — 0

where

. (X) = £4(X)/Z5(X)

are the smooth characters,
those represented by smooth forms.
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THE EXACT GRID

0 0 0

3 3 3
O%% —~  HE(X) — dEF(X)  — 0

I } }

0— HWNW(X,2) - HfY(X,Z2) — HSYUX,Z) — 0

tor free

\ + \

0 0 0
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THE PRODUCT
Theorem. Given classes
~k 0
aelH (X) and peH (X).
there exist representatives a € o and b € 8 with
da = ¢— R and db = -8

so that a A S, RANband RN S are well-defined currents
and R N\ S is rectifiable.
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THE PRODUCT
Theorem. Given classes
~k 0
aelH (X) and peH (X).
there exist representatives a € o and b € 8 with
da = ¢— R and db = -8

so that a A S, RANband RN S are well-defined currents
and R N\ S is rectifiable.

Definition. Given a and b as above, define products

axb € any + (“DFTTRAD

axb L anS + (=DF oAb

and note that

dlaxb) = d(a*xb) = ¢ANp — RAS.
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THE PRODUCT

Proposition. Given classes

aéﬁk(X) and 5€ﬁe(X).
there exist representatives a € o and b € 3 with
da = ¢ — R and db = -8
so that a NS, RAband RN S are well-defined currents

and R N\ S is rectifiable.

Definition. Given a and b as above, define products

axb € any + (~DFTIRAD

axb L anS + (=DF oAb

and note that
dlaxb) = d(a*xb) = ¢ANp — RAS.

~kAl+1
Theorem. The classes [a*b] and [axb] in IH (X) agree

and are independent of the choice of representatives a € «
and b € 3. Setting

ax 3 et [a % b] = [axD]

—k

gives IH (X) the structure of a graded commutative ring
with unit such that d1, 0o are a ring homomorphisms.
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THE ORIGINAL
CHEEGER-SIMONS CHARACTERS

H"(X,R/Z)
given by
h € Hom (Z,(X),R/Z)
with
0h = ¢ (modZ) for some ¢ € EFT(X)
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THE ORIGINAL
CHEEGER-SIMONS CHARACTERS

H"(X,R/Z)
given by
h € Hom (Z,(X),R/Z)
with
0h = ¢ (modZ) for some ¢ € EFT(X)

Theorem. There is a natural isomorphism

—k

v:H (X) — H*X;R/Z)

induced by integration.
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THE ORIGINAL
CHEEGER-SIMONS CHARACTERS

H"(X,R/Z)
given by
h € Hom (Z,(X),R/Z)
with
0h = ¢ (modZ) for some ¢ € EFT(X)

Theorem. There is a natural isomorphism

—k

v:H (X) — H*X;R/Z)

induced by integration.

~k
Idea: Given a € IH (X) and Z € Z(X), there exists a € «
smooth on a neighborhood of supp(Z2).

V(o) = /Za
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THE ORIGINAL
CHEEGER-SIMONS CHARACTERS

H"(X,R/Z)
given by
h € Hom (Z,(X),R/Z)
with
0h = ¢ (modZ) for some ¢ € EFT(X)

Theorem. There is a natural isomorphism

—k

v:H (X) — H*X;R/Z)

induced by integration.

~k
Idea: Given a € IH (X) and Z € Z(X), there exists a € «
smooth on a neighborhood of supp(Z2).

V(o) = /Za

Given two such representives a, a’ € a,
/a = /a’ (mod Z).
Z Z
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DIFFERENT D-F SPARK COMPLEXES

In the above one could:

Replace R*(X) by C singular (n — k)-chains
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DIFFERENT D-F SPARK COMPLEXES

In the above one could:
Replace R*(X) by C singular (n — k)-chains
Replace R¥(X) by integrally flat currents
Replace £F(X) by currents with L{ -coefficients

loc
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DIFFERENT D-F SPARK COMPLEXES

In the above one could:
Replace R*(X) by C singular (n — k)-chains
Replace R¥(X) by integrally flat currents
Replace £F(X) by currents with L{ -coefficients

loc

Replace £'%(X) by flat currents
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THE VARIOUS FORMULATIONS

(i) De Rham-Federer Theories

(ii) Abelian Gerbes with Connection
mod Gauge Equivalence

(iii) Cheeger-Simons Characters
(the historical beginning)

(iv) Hypersparks
(v)  Holonomy Maps

(vi) Many others

ARE ALL COVERED BY THE FOLLOWING
HOMOLOGICAL ALGEBRAIC MACHINE
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HOMOLOGICAL SPARK COMPLEXES

Definition. A homological spark complex is a triple of
cochain complexes (F*, E*, I*) together with morphisms

r Y, o E*
such that:

i) (I NE* = {0} for k>0,
(ii) H*(F)= H*(F), and

(iii) W: 1% — FY is injective.
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HOMOLOGICAL SPARK COMPLEXES

Definition. A homological spark complex is a triple of
cochain complexes (F*, E*, I*) together with morphisms

- Y pr 5 E

such that:
i) (I NE* = {0} for k>0,
(i) H*(F)= H*(F), and
(iii) W:I°— FY is injective.

Definition. Given (F*, E*,I*) a spark of degree k is a

pair
(a,7) € F* @ 181

which satisfies the spark equation

i) da = e— U(r for some e € E*T1 and
(1) (7) :

(i) dr = 0.
(ili) de = 0 (follows from (i) and (ii))
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HOMOLOGICAL SPARK COMPLEXES

Definition. A homological spark complex is a triple of
cochain complexes (F*, E*, I*) together with morphisms

- Y pr 5 E

such that:

i) (I NE* = {0} for k>0,

(i) H*(F)= H*(F), and

(iii) W:I°— FY is injective.
Definition. Given (F*, E*,I*) a spark of degree k is a
pair
(a,7) € F* @ 181

which satisfies the spark equation

i) da = e— U(r for some e € E*T1 and
(1) (7) :

(i) dr = 0.
(ili) de = 0 (follows from (i) and (ii))

St = SHF* B TY)

is the group of sparks of degree k.
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EQUIVALENCE

Definition. Two sparks (a,r), (a'r") € Sk¥(F*, E*,IT*) are
equivalent if there exists a pair

(b,s) € FF"1 g 1"

i) a—a = db+Y(s)

(i) r—1r" = —ds.
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EQUIVALENCE

Definition. Two sparks (a,r), (a'r") € Sk¥(F*, E*,IT*) are
equivalent if there exists a pair

(b,s) € FF"1 g 1"

i) a—a = db+Y(s)

(i) r—1r" = —ds.

The equivalence classes:

H (F*,E*,I")=H

are the group of spark classes of degree k
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SEQUENCES

ZF(E) ={e € E¥ : de =0}
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SEQUENCES

ZF(E) ={e € E¥ : de =0}
Z¥E) = {ec ZF(E) : [e] = U,(p) for some p € H*(I)}
where [e] is the class of e in H*(E) = H*(F).
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SEQUENCES

ZF(E) ={e € E¥ : de =0}
Z¥E) = {ec ZF(E) : [e] = U,(p) for some p € H*(I)}
where [e] is the class of e in H*(E) = H*(F).

Lemma. There exist well-defined surjective homomorphisms:

—~k —~k
H -2 zZMYE) and H -2 HFYD)

given on (a,r) € S* by
di(a,7)=¢e and do(a,r) = [r]

where da = e — U (r).
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SEQUENCES

ZF(E) ={e € E¥ : de =0}
Z¥E) = {ec ZF(E) : [e] = U,(p) for some p € H*(I)}
where [e] is the class of e in H*(E) = H*(F).

Lemma. There exist well-defined surjective homomorphisms:

—~k —~k
H -2 zZMYE) and H -2 HFYD)

given on (a,r) € S* by
di(a,7)=¢e and do(a,r) = [r]
where da = e — U (r).

—~k
Lemma. Let IH; = kerds. Then

—~k
HE — Ek/Z?(E)
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SEQUENCES

Definition. Associated to (F*, E*, I*) is the
cone complex (G*, D) defined by

G = FreI1"t! k> —1
D(a,r) = (da+ ¥(r),—dr)
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SEQUENCES

Definition. Associated to (F*, E*, I*) is the
cone complex (G*, D) defined by

G = FreI1"t! k> —1
D(a,r) = (da+ ¥(r),—dr)

There is a short exact sequence of complexes
0 - F" - G — I"(1) - 0

where I¥(1) = I¥*!. The morphism ¥ defines a chain map

of degree 1:
F* I

which induces the connecting homomorphisms in the associ-
ated long exact sequence in cohomology.

96



SEQUENCES

Definition. Associated to (F*, E*, I*) is the
cone complex (G*, D) defined by

G = FreI1"t! k> —1
D(a,r) = (da+ ¥(r),—dr)

There is a short exact sequence of complexes
0 - F" - G — I"(1) - 0

where I¥(1) = I¥*!. The morphism ¥ defines a chain map

of degree 1:
F* I

which induces the connecting homomorphisms in the associ-
ated long exact sequence in cohomology.

Proposition.There are two short exact sequences:

K
0 — HYG) — H 25 ZHYE) — 0

& ——k
0 — H, —H -2 HY) — 0

97



THE GRID

Consider ¥, : H*(I) — H*(F) = H*(FE), and define

HY¥(FE) = Image{V,} and Ker®(I) = ker{W¥,}
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THE GRID

The exact sequences fit into a 3 X 3 commutative grid.

0 0 0
I 1 1

0 = g — He — A o
\ 1 !

0 — HYG) — H 2 zMYE) o
\ 02 | !
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IMPORTANT CONCEPT
QUASI-ISOMORPHISMS OF SPARK COMPLEXES
Definition. Two spark complexes (F*, E*, I*) and (F ,E ,T)

are quasi-isomorphic if there exists a commutative dia-
gram of morphisms

* ] —x —%

I —— F D> E
N U I
v
I — F* D FE*
inducing an isomorphism

v* o H* (1) — H*(I)
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IMPORTANT CONCEPT
QUASI-ISOMORPHISMS OF SPARK COMPLEXES
Definition. Two spark complexes (F*, E*, [*) and (F*,E*,T*)

are quasi-isomorphic if there exists a commutative dia-
gram of morphisms

I 2 T o E
N U [
v

I* — F* D FE*
inducing an isomorphism

' H (1) — H*(I)

Theorem. A quasi-isomorphism
—k ——k —x

(F* E*, 1) = (F BT

induces an isomorphism
% Tk —k —k —%

H (F*,E*I") ~ H (F,E".T)

and an isomorphism of the associated grids.
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EXAMPLES

1. de Rham -Federer Spark Complexes.

F* = &"(X)
E* = &(X)
I* = I*(X)

IF(X)={R € &*(X): R and R are rectifiable}
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EXAMPLES

1. de Rham -Federer Spark Complexes.

F* = &7(X)
E* = &(X)
I = IF (X)

IF*(X)={R+0S € £*(X): R and S are rectifiable}
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EXAMPLES

1. de Rham -Federer Spark Complexes.

F* = &7, (X)

E* = &£%(X)
I = 7°(X)

IF(X)={R € &*(X): R and R are rectifiable}
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EXAMPLES

1. de Rham -Federer Spark Complexes.

F* = &"(X)
E* = &(X)
I* = C*(X)

C*(X) = smooth singular chains
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EXAMPLES

2. Smooth Hyperspark Complexes.

Fix an open covering Y = {U;} of X
with each Uy = U;; N ---NU;, contractible.
Consider the Cech-de Rham double complex

P crw,e7) with D = (-1)%5+d

p,q=>0
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EXAMPLES

2. Smooth Hyperspark Complexes.

Fix an open covering Y = {U;} of X
with each Uy = U;; N ---NU;, contractible.
Consider the Cech-de Rham double complex

P crw,e7) with D = (-1)%5+d

p,q=>0

There are two edge complexes:
0 — E9(X) — COU, ET) —>= O (U, E9)

0— CP(U,R) — CP(U,EY) —L CP(U, EY

107



EXAMPLES

2. Smooth Hyperspark Complexes.

Fix an open covering Y = {U;} of X
with each Uy = U;; N ---NU;, contractible.
Consider the Cech-de Rham double complex

P crw,e7) with D = (-1)%5+d

p,q=>0

There are two edge complexes:
0 — E9(X) — COU, ET) —>= O (U, E9)
0— CP(U,R) — CP(U,EY) —L CP(U, EY

Define:

F* = @ cru,e
p+q=k

EF = £F(X)

¥ = c*u,z) c C*U,R)
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£2(X)

EHX)

£9(X)

/]\

c C'U,E?)

c CU,EY

c C'U,E&Y)

C°(U,Z)

%

%

/I\

o\ (U, E2)

oYU, )

LU, £

CYUu,z)

109

/]\

C2(U, £2)

C2(U, EY)

C2(U, £)

C*(U,Z)



E:(X) c C'U,&*» — cCctu, e — C*Uu, &) —

ENX) c Cc'wu,ehH) — ctuehH) — Cc*uEhH) —

E9(X) C COWU,EY — C'U,EY — C2U,EY —

cu,zy — ctu,z) — C*UZ) —

The spark classes are abelian gerbes with connection
modulo gauge equivalence.
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EXAMPLES

3. Hyperspark Complexes.

Almost the same:

pt+q=k

EF = EF(X)

"= 4 cru, i)
p+q=k

This evidently contains the smooth Hyperspark complex.
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EXAMPLES

3. Hyperspark Complexes.

Almost the same:

pt+q=k

EF = EF(X)

"= 4 cru, i)
p+q=k

This evidently contains the smooth Hyperspark complex.
It also contains the dR-F complexes.

These inclusions are quasi-isomorphisms.
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EXAMPLES

4. Cheeger-Simons Spark Complex.
Cr(X) = (C°° singular integral k-chains

CE(X) = Hom (Cr(X),R) and C%(X) = Hom (Cyx(X),Z)
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EXAMPLES

4. Cheeger-Simons Spark Complex.
Cr(X) = (C°° singular integral k-chains

CE(X) = Hom (Cr(X),R) and C%(X) = Hom (Cyx(X),Z)

F* = Ch(X)
E* = £4(X)
I* = Cz(X)
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EXAMPLES

4. Cheeger-Simons Spark Complex.
Cr(X) = (C°° singular integral k-chains

CE(X) = Hom (Cr(X),R) and C%(X) = Hom (Cyx(X),Z)

F* = Ch(X)
E* = £4(X)
I* = Cz(X)

H =~ DiffChar™
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EXAMPLES

4. Cheeger-Simons Spark Complex.
Cr(X) = (C°° singular integral k-chains

CE(X) = Hom (Cr(X),R) and C%(X) = Hom (Cyx(X),Z)

F* = OL(X)
E* = &£(X)
I = Cy(X)

H =~ DiffChar™

This is quasi-isomorphic to smooth hypersparks, therefore ...
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OTHER COMPLEXES
0-Sparks.

X a complex manifold.

Fix an integer p > 0 .
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OTHER COMPLEXES
0-Sparks.

X a complex manifold.

Fix an integer p > 0 .

Consider the truncated de Rham complex (£*(X, p), d) with

EF(X,p) = @ (X)) and d=Vod

r+s=k,r<p

where
U EM(X) — %X, p)

is the projection ¥(a) = a®* +ab"*=1 . 4 qp~LF-P+L
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OTHER COMPLEXES
0-Sparks.

X a complex manifold.

Fix an integer p > 0 .

Consider the truncated de Rham complex (£*(X, p), d) with

EF(X,p) = @ (X)) and d=Vod

r+s=k,r<p

where
U EM(X) — %X, p)

is the projection ¥(a) = a®* +ab"*=1 . 4 qp~LF-P+L

Note the subcomplex

Ek(X, p) — @ gr,S(X)

r+s=k,r<p

of smooth forms with projection ¥ : £*(X) — £*(X, p).
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OTHER COMPLEXES
O-Sparks.
X a complex manifold.

Fix an integer p > 0 .

Consider the truncated de Rham complex (£"*(X, p), d) with
EF(X,p) = @ EM°(X) and d=WVod

r4+s=k,r<p

where
U EMX) — EF(X,p)

is the projection ¥(a) = a®* 4 at* =1 .. 4 gP~LE=PFL

Note the subcomplex

X,p) = P £°(X)

of smooth forms with projection ¥ : £*(X) — £*(X, p).

Definition. The d-spark complex of level p is the triple
(F*, E*, I*) where

FF = &%(X,p)

EF = E8(X,p)

" = 7F(X)
with maps

E* CF* and v: [ — F*
The group of associated spark classes is
H"* (X, p).
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THE GRID
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POINCARE-PONTRJAGIN DUALITY
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POINCARE-PONTRJAGIN DUALITY

Recall: For a locally compact abelian topological group G,
the Pontrjagin dual is:

G* = Hom (G, S')

where Hom denotes continuous group homomorphisms.
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POINCARE-PONTRJAGIN DUALITY

Recall: For a locally compact abelian topological group G,
the Pontrjagin dual is:

G* = Hom (G, S')

where Hom denotes continuous group homomorphisms.

Examples:

Z* =S and (SYH)* = Z

124



POINCARE-PONTRJAGIN DUALITY

Recall: For a locally compact abelian topological group G,
the Pontrjagin dual is:

G* = Hom (G, S')

where Hom denotes continuous group homomorphisms.

Examples:
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POINCARE-PONTRJAGIN DUALITY

Recall: For a locally compact abelian topological group G,
the Pontrjagin dual is:

G* = Hom (G, S')

where Hom denotes continuous group homomorphisms.

Examples:
Z* =S and (SYH)* = Z

(Z/pZ)" = Z/pZ

If A C R™ is a lattice of full rank,

Hom (R™/A, SY) = Hom (A, Z)
Hom (A, S') = Hom (A,R)/Hom (A, Z)
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Theorem. (Poincaré-Pontrjagin Duality). X a com-
pact oriented manifold of dimension n. The pairing

—~n—k—1

(X)x H (X) — 8"

given by
(a,b) — axb([X])

is non-degenerate.
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Theorem. (Poincaré-Pontrjagin Duality). X a com-
pact oriented manifold of dimension n. The pairing

—~n—k—1

(X)x H (X) — 8"

given by
(a,b) — axb([X])

is non-degenerate.

The resulting mapping

—~n—k—1 —k

(X) — Hom (JH (X), Sl)

has dense range. In fact this gives an isomorphism
—~n—k—1

(X) —= Hom (Z/B\Tk(X),Sl)

with the smooth homomorphisms.
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Definition of Hom .

—~k
A homomorphism h : IH__ (X) — S is called smooth
if there exists a smooth form w € Z7 *(X) such that

hla) = /Xa/\w (mod Z)

for a € a. This is independent of the choice of a € a.

—~k
The smooth Pontrjagin dual of IH (X) is the subgroup

Hom o, (IH (X), S') Cc Hom (IH (X), S*)

—~k
of those elements whose restriction to IH  is smooth.
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Lemma 1. There are natural isomorphisms:
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Lemma 1. There are natural isomorphisms:

Hom (H*(X; Z), S') = H" *(X; S

(Poincare Duality)
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Lemma 1. There are natural isomorphisms:
Hom (H*(X; Z), S') = H" *(X; S
(Poincare Duality)

H*(X;
Hom k( B) ,SY) = HYR(X; Z)
H: (X:7)

free
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Lemma 1. There are natural isomorphisms:
Hom (H*(X; Z), S') = H" *(X; S
(Poincare Duality)

H*(X;
Hom k( B) ,SY) = HYR(X; Z)
H: (X:7)

free

Hom o (d€¥(X), S*) = de"*1(X)
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Lemma 1. There are natural isomorphisms:
Hom (H*(X; Z), S') = H" *(X; S
(Poincare Duality)

H*(X;
Hom k( B) ,SY) = HYR(X; Z)
H: (X:7) ec

free

Hom o (d€¥(X), S*) = de"*1(X)

Proof. Classical Poincaré duality:

H"(X; Z) = Hy (X Z)
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Lemma 1. There are natural isomorphisms:
Hom (H*(X; Z), S') = H" *(X; S
(Poincare Duality)

H*(X;
Hom k( B) ,SY) = HYR(X; Z)
H: (X:7) ec

free

Hom o (d€¥(X), S*) = de"*1(X)

Proof. Classical Poincaré duality:
H"(X; Z) = Hy (X Z)
gives

Hom (H*(X; Z), S1)

112

Hom (H,_,(X; Z), S*)
H"k(X; 8
(by Univ. Coeff. Thm.)

112
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Lemma 1. There are natural isomorphisms:
Hom (H*(X; Z), S') = H" *(X; S
(Poincare Duality)

H*(X;
Hom k( B) ,SY) = HYR(X; Z)
H: (X:7) ec

free

Hom o (d€¥(X), S*) = de"*1(X)

Proof. Classical Poincaré duality:

H"(X; Z) = Hy (X Z)

gives

112

Hom (H*(X; Z), S') = Hom (H,_(X; Z), S*)
H"k(X; 8

(by Univ. Coeff. Thm.)

112

Hom (d€*,R/Z) = Hom (d€*,R) = (d&F) = d&"™ "'

Def. Hom . (d€¥, R/Z) = dEnF~1
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A Simple Picture of Duality
There are (non-canonical) group homomorphisms:

H*(X; R)
HE (X 7Z)

free

x H(X; Z)

1%

H (X) =2 d&F(X) x

H' (X)) 2 dem RN (X)) HER (X Z)x HPF 1 (X SY)

free

112
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A Simple Picture of Duality
There are (non-canonical) group homomorphisms:

H*(X; R)
HE (X 7Z)

free

x H(X; Z)

1%

H (X) =2 d&F(X) x

H' (X)) 2 dem RN (X)) HER (X Z)x HPF 1 (X SY)

free

112

Now apply:
Hom (H*(X; Z), S') = H" F(X; 8!

k .
Hom (LG R) ,SY) = HYR(X; Z)
H: (X:7)

free

Hom o (d€¥(X), S*) = de"*1(X)
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Examples.
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Examples.

Example 1. (Surfaces).
Y. a compact oriented surface of genus g.

Duality asserts that
1 —~0
IH (X) is the smooth Pontrjagin dual of IH (X).
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Examples.

Example 1. (Surfaces).
Y. a compact oriented surface of genus g.

Duality asserts that

1 —~0

IH (X) is the smooth Pontrjagin dual of IH (X).
We see this explicitly from

0— H(s: Z) —IH (X) - dE (X)) x2Z —0
H°(Y; R)  —0 0 2g
0— HO(S: Z) —IH (X) - dE°(X) x 279 — 0
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Examples.

Example 1. (Surfaces).
Y. a compact oriented surface of genus g.

Duality asserts that

1 —~0

IH (X) is the smooth Pontrjagin dual of IH (X).
We see this explicitly from

0— H(y: Z) —IH (X) - dE (X)) x2Z —0
H°(Y; R)  —0 0 29
0— HO(S: Z) —IH (X) - dE°(X) x 279 — 0

from which we deduce that

—1

H ()= (SH? x Z x dEX (%)

—0

H (%) =2 Z% x S' x de® (%)
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Example 2. (3-manifolds).
M be a compact oriented 3-manifold.

Duality asserts that

—1

1
IH (M) is the smooth Pontrjagin dual of IH (M).
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Example 2. (3-manifolds).
M be a compact oriented 3-manifold.

Duality asserts that

—1

1
IH (M) is the smooth Pontrjagin dual of IH (M).

One has

—1

H (M) = {H"(M; R)/H"(M; Z)ixec} x d€* x H*(M; Z)
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Example 2. (3-manifolds).
M be a compact oriented 3-manifold.

Duality asserts that

—1

1
IH (M) is the smooth Pontrjagin dual of IH (M).

One has

—1

H (M) = {H"(M; R)/H"(M; Z)ixec} x d€* x H*(M; Z)

Using Poincaré duality this can be rewritten

Hom (Hl(M7 Z)freeasl)XHl(M; Z)freengl(M)Xﬂl(M; Z)torsion

from which the self-duality is manifest.

145



Example 3. (Complex Projective Space P¢). If X =
P, we see that

H*(X; R) _ {Sl if k is even
H*(X; Z) 0 if k is odd.
and
ka1 B dé’k(X) if k£ is even
2o (X) = {Z x dEF(X) if k is odd.
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Example 3. (Complex Projective Space P¢). If X =
P, we see that

H*(X; R) _ {Sl if k is even
HF(X; Z) 0 if k is odd.
and
k1 _ JdEF(X) if k is even
20 (X) = {z « dEF(X) if k is odd.
We find that:
—k
k H (X)
—1 Z
0 St x dgov
1 7 x d&!
2 Sl x d&2
3 7 x d&3

on —3 7 x dEg?n—3
2n — 2 Sl x dg2n—2
on —1 7 x d&*n—1
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Example 4. (Real Projective Space P%{%H)

For X = P%{Hl we have that:

O UL W N O
N
\V]
X
Y
™
w

o2n — 4 dgxn—4
on —3 Zio X dE2n—3
on — 2 dg?n—2
2n — 1 Zio x d&?n—1
o2n — 0 7 x dE3"
2n + 1 Sl

Recall that Hom (Zo, S!) = Z,.
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Example 5. (Products of projective spaces).

When X = P% x P%,, we find that:

k H (X)

|
—_

Z
St x d&v
7 x 7 x dE1
St x St x d&?
7 X7 x7Z x d&3
St x St x St x d&*
7 x 7 x d&°
St x St x dgs
7 x dE"
Sl

O O Ot~ Wih K~ O
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A Proof of Duality. Show the pairing is non-degenerate.
~n—k—1
Fix a € H (X) and assume

(@+B)[X] = 0 VBelH (X).

We shall prove that a = 0.
To begin suppose 3 is represented by a smooth form b.
Then

(ax B)[X] = (—1)”k/X(51a/\b = 0 (mod Z).

Since this holds V k-forms b, we have d1a = 0.
Hence, da € a with da = R, a rectifiable cycle whose integral
homology class [R] is torsion.

We show [R] = 0. Choose a class v € H*"1(X; Z)o, of
order m, and let T" be a rectifiable cycle with [T] = u. Since
m|T'] = 0 there exists a rectiﬁable current S of degree k with

mT = dS. Set B =[L5] € o (X) and note that §;6 = 0.
Now
(a*B)X] = (-1)" " (da AD)[X] = (-1)"F(RALS)[X]

(1)
— (—1)”_k%{intersection number of R with S}
(—=1)" " LE([R], u)

0 (mod Z)

where Lk denotes the Seifert-deRham linking number. Since
this holds for all u, the non-degeneracy of this linking pairing
on torsion cycles implies that [R] = 0in H" *(X; Z). Hence
doa = 0 and so after adding an exact current we may assume
that a is a smooth d-closed form of degree n — k — 1.
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Now choose any classv € H*1(X; Z) = H,,_;,_1(X; Z)
and let S be a rectifiable cycle in v. Let ¢ be a smooth d-
closed form representing v ® R and choose a current b with

db=¢—S. Let f=[b] € H (X). Then
(ax[B)[X] = (andeb)[X] = /Sa = 0 (mod Z).

Hence, [a] = 0 in H**~Y(X; R)/H F"Y(X; Z) = ker§,
and so a = 0 as claimed.

By the commutativity of the x-product we may inter-
change a and 8 above and conclude that the pairing is non-
degenerate as asserted.

—~k —~k
Finally we recall that IH (X ) C IH (X) is a closed sub-
—k
group with discrete quotient, and IH __(X) =2 E*¥(X)/ZE(X) =

deF(X) e {H*(X; R)/HE  (X; Z)}. Recall that
Hom (d€F(X), ") = & " (X).

It follows that the image of the duality homomorphism con-
sists exactly of the smooth homomorphisms. |
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