ANOTHER BESICOVITCH-KAKEYA SET
Christopher J. Bishop

Theorem 1 (Besicovitch [2], [3]). There is a compact set K C R? that has zero area

and contains a unit line segment in every direction.

Proof. Let {ax}& be dense in [0, 1] with |ag+1 —ag| < e(k) N\ 0, let g(t) =t — [t], set
k

filt) = 7 TSmg(2m), f(1) = lim fi(h),
m=1

and define K = {(a, f(t) + at) : a,t € [0,1]}. Fixing ¢ and varying a shows K
contains unit segments of slope t for all ¢ € [0,1]. By telescoping series, fi(¢) has
slope —ay, on every component I of U = [0,1] \ 27*Z. Fix a € [0,1] and choose k so
that |a — ax| < (k). We have f(t) —at = [f(t) — fe(t)] + [fx(t) — axt] + (ar — a)t, and

70 il < 30t gony) < ey 3 2 = e,
m=k-+1 m=k+1

hence each of the 2% intervals I is mapped by f(t) + at to a set of diameter <
e(k)27F +0+e(k)|I| < e(k)27%+1. Thus the slice {(z,y) € K : z = a} has length zero.

Hence K has zero area and a union of four rotations of K proves the theorem. [

This example was inspired by the random examples in [1| based on the Cauchy
process. If we take e(k) = 27" for k € [27,2""!) (as in Figures 1 and 2) then the
intersection of K with the vertical strip Sy = {(x,y) : |r —ax| < €(k)} can be covered
by 22% squares of side length €(k)27*, giving total area (k). Thus all of K can be
covered by squares of side length > ¢ = 272" with total area < 2ne2(2") = 27" =
O(1/log(1/6)). This implies area({z : dist(z, K) < 0}) = O(1/log(1/6)), which is
sharp by a result of Cordoba; see [4] or Proposition 1.5 of [1].
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FIGURE 1. The graph of f.

FIGURE 2. The corresponding set K.



