A FAST APPROXIMATION TO THE RIEMANN MAP
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ABSTRACT. Given a planar region 2 bounded by a simple n-gon P we construct
in O(n) steps approximate locations for the conformal preimages of the vertices.
These approximations are uniformly close to the actual prevertices in the sense
that there is a K-quasiconformal self-map of the disk which maps our approximate
vertices to the actual prevertices and K is independent of n and the geometry of
P. The mapping that we use arises from the theory of hyperbolic 3-manifolds and
has been previously studied by various authors including Thurston, Sullivan and
Epstein and Marden. The fact we can construct it in O(n) steps follows from the
result of Chin, Snoeyink and Wang that the medial axis of a simple polygon can
be computed in O(n) steps. We also show that our map is closely related to the
CRDT algorithm of Driscoll and Vavasis and we use it to resolve a conjecture of
theirs.
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1. INTRODUCTION

How fast can one approximate the Riemann mapping of a planar simply connected
domain €2 to the unit disk D? In this note we will combine results from hyperbolic
3-dimensional geometry, geometric function theory and computational geometry to
show there is a map ¢ : 92 — T = 0D which is fast to compute and gives a rough
but uniform approximation to the Riemann mapping.

Briefly, given a simply connected planar domain €2, one defines the “dome” Sg
over {) as the upper envelope of all open semispheres in Ri whose base is in 2. This
is a surface in R% which meets R?* along 0. Thurston [100] observed that there is
an isometry ¢ from Sq with its hyperbolic path metric to the hyperbolic unit disk.
The restriction ¢ : 02 — 0D is the map we will use as a fast approximation to the
Riemann mapping.

In order to quantify what we mean by “fast” and “uniformly close” we will consider
the case when 2 is bounded by a simple polygon P with n vertices v = {uv;}7. If
f: D — Qis conformal then we let z = f~!(v) denote the “true” conformal preimages
of the vertices and let w = +(v) be our approximate preimages. We will consider our
approximation fast if we can compute the n points w with work O(n). We will
consider them uniformly close to the true preimages if dgc(w,z) < K for some

K < oo independent of n and P, where

doc(w,z) = inf{log K : 3 K-quasiconformal A : D — D such that h(z) = w.}

Theorem 1. There is a C' < oo so that if ) is bounded by a simply polygon P with

n vertices we can find points w = {wy,...,w,} = +(v) C T so that

1. All n points in w can be computed in at most Cn steps.

2. doc(w,z) < log8 where z denotes the true conformal prevertices.

A “step” is an infinite precision arithmetic operation or an evaluation of exp(z).
The Schwarz-Christoffel formula gives a formula for the Riemann map of the disk

onto a polygonal region € if the interior angles of P are ar = {ay7,...,a,7}, ie.,
z N w
=A+C 1— —)* dw.
flay=axc [ Tla- i

See e.g., [40], [78], [102]. The problem in applying the formula is that the points

z = {z1,...2,} are unknown to us until we know f, so the formula seems circular.
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However, there are various iterative methods for finding the points z starting from
an initial guess (often taken to be n uniformly distributed points on T), e.g., see [40],
[67]. Theorem 1 says that an initial guess can be computed in O(n) steps that is
guaranteed to be in a fixed radius ball around the correct answer, independent of the
geometry. I believe this is a new result, but I do not know if it offers any practical
improvement over known methods. For example, in [7] Banjai and Trefethen give a
O(n) method using the fast multipole method (e.g., [27], [79], [54]) for finding the
prevertices that is practical for tens of thousands of vertices (the bound, however
is an average case analysis, not a uniform estimate for all polygons). For surveys of
different numerical conformal mapping techniques see [51], [57], [63], [81], [101], [104].

The constant in part (2) of the theorem can be improved in various cases. For
example, a result of Epstein, Marden and Markovic implies we can replace log8 by
log 2 if the region is convex. See Section 4. In addition to the conclusions of Theorem

1, the points w = ¢(v) have the following properties:

1. (Locally Lipschitz on boundary) If Q contains a disk of radius 1, then we can
choose w so that |wg — wg_1| < |vg — vg_1| (i-e., the map decreases length along
the boundary).

2. (Local dependence on boundary) If v C 02 is an arc whose endpoints lie on
0D N 0N for some open disk D C €2, then the images of vertices on v can be
chosen to depend only v and not on the rest of 0€2. For example, we can take ¢

to be the same on each of the bold arcs in Figure 1.

7
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FIGURE 1. Vertices on the bold arc all have the same approximate preimages
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3. (Preserves cross ratios of certain quadruples) If v = {v;,, vj,,vj,,v;,} C 0DNIN
for some open disk D C 2 then the cross ratio of ((v) equals the cross ratio of
V.

4. (Bounded modulus ratios) For any four vertices vj,, vj,, vj,;, v, of P the corre-
sponding true and approximate prevertices on T satisfy

1 Modp(2j, s Zjy s Zjs» Zjs)

. S S 87
8 ModD(wjl, Wiy, Wy, ’(Uj4)

where Mod denotes conformal modulus on the disk.

The medial axis of a domain is the set of points in the interior which are equidistant
from two or more boundary points. It is a compact way of describing the shape of the
region and there is now a large literature concerning its applications (see Section 6).
The medial axis of €2 can be identified with the dual R-tree of the bending lamination
of the dome (see Section 6) and the dome of the polygon is easily written in terms
of the medial axis, as is the boundary map ¢. It is a theorem of Chin, Snoeyink, and
Wang [29] that the medial axis of a simple n-gon can be computed in time O(n).
Using this we will show ¢ can be computed on all the vertices in time O(n) and
then use the theorem of Sullivan-Epstein-Marden (see Section 4) that ¢ has a uniform
quasiconformal extension to a map from €2 to . For experts in computational and
hyperbolic geometry, this sketch may already be a sufficient proof of Theorem 1.
The rest of the paper is for the readers who would like to see more background and
details. Since the result combines difficult theorems from two distinct areas, it seems
worthwhile to provide a careful discussion of the definitions and results which we are
using.

It is also worth noting that ¢ has a simple geometric description in terms of the
medial axis that does not require passing to the dome in R%. We say an open disk
in €2 is a medial axis disk if D hits 0€2 in at least two points. Fix some medial axis
disk Dy. We can foliate 2\ Dy by circular arcs which lie on the boundaries of medial
axis disks in such a way that following the orthogonal trajectories to this “medial
axis foliation” gives the map ¢ from 0€2 to 0D,.

More precisely, suppose D is a medial axis disk other than Dy. Then 2\ D has
at least two components and exactly one of these intersects Dy. Take the boundary
arcs of D corresponding to the other components (the ones that don’t hit D) and

put them in the foliation. Doing this for every medial axis disk foliates Q2 \ Dy and
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FIGURE 2. The medial axis foliation

the field of orthogonal directions to this foliation is Lipschitz with respect to the
hyperbolic metric on 2. Thus orthogonal trajectories exist and one can show they
connect a point z € 02 with «(x) € 0D, (we will call this the medial axis flow).
The flow is particularly simple to understand if €2 is a finite union of disks. Then
we can always write {2 as a union of a disk Dy and a finite union of crescents. Inside
each crescent the medial axis foliation consists of circular arcs passing through the
vertices of the crescent. The orthogonal foliation consists of circular arcs which are
orthogonal to both boundary arcs of the crescent. Following leaves of these foliations
defines a map ¢ : 92 — 0D which is equivalent to the one we previously discussed.

See Figure 3.

FiGUuRE 3. We can visualize ¢ by following orthogonal arcs in crescents

It is surprising (at least to the author) that such a simple geometric construction
yields a map that is uniformly close to the Riemann map 02 — 9D, with an estimate
independent of the geometry of ). One of the goals of geometric function theory
is to understand conformal mappings and conformal invariants (such as conformal
modulus) in geometric terms. Our observations about ¢ and its connection to both the

dome of 2 and the medial axis indicates that these objects might be very interesting
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to investigate further. There is already a large literature on these topics in topology
and computational geometry, but I believe the connections with complex function
theory still remain to be investigated.

Instead of using the map ¢ : 92 — T to directly approximate the Riemann map-
ping, we can consider other variations. For example, if €2 is bounded by a polygon
with vertices v = {v1,...,v,} we could replace 2 by an auxiliary domain Q' which
also has these points on its boundary and use the map ¢ : 92" — T. One such vari-
ation is the CRDT algorithm (“cross ratios of Delaunay triangulations”) of Driscoll
and Vavasis [41].

Driscoll and Vavasis present a method of avoiding the crowding problem in numer-
ical conformal mappings (i.e., the prevertices can be much closer together than the
vertices of P). Part of their method is to use cross ratios to choose an initial guess

w for the conformal prevertices z = f~*(v) (see Section 8). We will prove,

Theorem 2. There is a K < oo (independent of P) so that the initial guess w of
the CRDT algorithm satisfies dgc(w,z) < K.

This does not quite give Theorem 1 because CRDT is not O(n); the algorithm
involves adding new vertices of angle 7 to the polygon P and the number of additions
depends on the geometry of P (if P has long, narrow channels the number of new
vertices is large). However, it does show the initial guess in CRDT is uniformly close
to the correct prevertices in the sense discussed before. If we allow the new vertices
to become dense in the sides of P, the CRDT prevertices w will converge to the
points ¢(v) given by Theorem 1. Thus we can think of the initial guess of CRDT as
an approximation to the map ¢.

It follows immediately from Theorem 2 and the fact that K-quasiconformal maps
can change conformal modulus by at most a factor of K that

1 Modp (2’
< W‘f((w)) <K,
for any 4 vertices z' = {z;,, 2j,, 2js, 24, } C 2, W' = {wj,, wj,, wj,, w;, } C w. Equiva-

lently,
(1) —log K < logModp(z') — log Modp(w') < log K.

In [41] Driscoll and Vavasis asked if this held with the conformal modulus replaced by

the cross ratio of the four points, in the case when the four points correspond to the
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vertices of two adjacent triangles in the Delaunay triangulation of P. We will see in
Section 11 that the cross ratio version is false, so (1) is the appropriate modification
of their conjecture.

The set of n-tuples of distinct points on T (modulo Mébius transformations) can
be parameterized by using the conformal modulus of n — 3 generalized quadrilaterals
with vertices chosen from among the points (see Section 12). With these coordinates
the space of n-tuples is identified with R* 3. Consider the map ¥ : R* 3 — R 3
given by mapping an n-tuple to a polygon using Schwarz-Christoffel (with some fixed
set, of angles), followed by the : map of the vertices to an n-tuple on the circle. Our

results imply that U satisfies
(2) [¥(2) — 2| <log8.

This may offer a partial answer to a question from [41], where Driscoll and Vavasis
ask why an iteration similar to w, 1 = w,, — ¥(w,) always seems to converge linearly
to the correct conformal prevertices z. This would be correct if the derivative of ¥
was close to the identity near z. Equation (2) says that W looks like the identity on
large scales, but does this imply a similar statement on small scales?

The proof of Theorem 2 comes in two steps. To be precise, we state each step as

a theorem.

Theorem 3. If P is a planar polygon with vertices v.= {v1,...,v,} then there
exists a Riemann surface Rp containing P such that v.C 0P N ORp and a K;-
quasiconformal mapping of 1 : Rp — D so that «(v) = w, the CRDT approzimation.
K, is independent of n and the polygon P.

Theorem 4. If P is a planar polygon and we form a new polygon P’ by adding ver-
tices of angle m according to the CRDT algorithm, then there is a Ky-quasiconformal
map ¢ : P' — Rp: which fizes each vertexr of P' ( Rp: is the surface from Theorem
3). Ky is independent of n and the polygon P.

Thus the CRDT guess w = ¢ o ¢(v) = ¢ o ¢ o f(z) is a K;Ks-quasiconformal
image of the true conformal prevertices and so Theorem 2 holds. Theorem 3 is a
minor variation of a known result for planar domains; Theorem 4 is quite simple,

based on the construction of Driscoll and Vavasis.
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The paper breaks into two main parts: Sections 2 to 7 give basic background and
the proof of Theorem 1. Sections 8 to 10 describe the CRDT algorithm and prove

Theorems 3 and 4. A little more precisely:

Section 2: Definitions and basic properties of conformal modulus and cross ratios.

Section 3: Definitions and basic properties of quasiconformal mappings.

Section 4: Definition of the + map for general simply connected domains and its
connection to hyperbolic 3-dimensional geometry.

Section 5: More about ¢ in the special case when the domain is a finite union of
disks.

Section 6: The medial axis of a polygon.

Section 7: How to build ¢ using the medial axis.

Section 8: We review the CRDT algorithm and explain why it is an ¢ map.

Section 9: We prove Theorem 3.

Section 10: We prove Theorem 4.

Section 11: We show the Driscoll-Vavasis conjecture is not correct for cross ratios.

Section 12: We discuss some variations, questions and conjectures.

2. CONFORMAL MODULUS AND CROSS RATIOS

Suppose I is a family of locally rectifiable paths in a planar domain {2 and p is a
non-negative Borel function on 2. We say p is admissible for I" if
£(T) = inf ds > 1
)= inf [ ps =1,

and define the modulus of I' as
Mod(T") = inf/ p’dxdy,
Q@ Sy

where the infimum is over all admissible p for I'. This is a well known conformal
invariant whose basic properties are discussed in many sources such as Ahlfors’ book
[1]. A generalized quadrilateral @ is a Jordan domain in the plane with four specified
boundary points z1, 9, 3, 4 (in counterclockwise order). We define the modulus of
Q, Mg(z1, T2, x3,24) (or just Mg or M(Q) if the points are clear from context), as the
modulus of the path family in () which connects the arc (z,z2) to the arc (z3,z4).
This is also the unique positive real number M such that ) can be conformally

mapped to a 1 x M rectangle with the arcs (x1, z3), (23, z4) mapping to the opposite
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sides of length 1. In this paper, we will be particularly concerned with the case when
@ = D and we are given four points in counterclockwise order on the unit circle.
Given a generalized quadrilateral ) with four boundary points x1, zs, 3, x4, the
quadrilateral Q' with vertices xq, 3, 24, 21 is called the reciprocal of () and it is easy
to see that Mod(Q') = 1/Mod(Q).
Given four distinct points a, b, ¢, d in the plane we define their cross ratio as
(d—a)(b—c)
(c—d)(a—10)

Note that cr(a,b,c, z) is the unique Mé&bius transformation which sends a to 0, b

cr(a, b, c,d) =

to 1 and ¢ to oo. This makes it clear that cross ratios are invariant under Mobius
transformations; that cr(a, b, ¢, d) is real valued iff the four points lie on a circle; and
is negative iff in addition the points are labeled in counterclockwise order on the
circle.

If the four points lie on T, then since cr and My, are both invariant under Mébius
transformations of the disk to itself, each must be a function of the other in this case.
The usual way to represent this function (e.g., as in Ahlfors’ book [1]) is to map the
disk to the upper half plane, H, sending the points a, b, c to 0,1, co respectively and
dto —P =cr(a,b,c,d) € (—00,0). Then Mp(a,b,c,d) is the same as the modulus of
the path family in H connecting (—oo, P) to (0,1). By symmetry, this is twice the
modulus of the path family of closed curves in the plane which separate [P, 0] from
[1, 00]. We will denote this modulus by M (P). The transformation z — (2—1)/(z+P)
sends 0, 1,00, —P to —%, 0,1, 00, so by Mobius invariance of modulus and the fact
that conjugate quadrilaterals have reciprocal moduli, we see that

1 1
3) Mal5) = 37 By
and hence My(1) =1 and M(1) =1/2.
In [1] Ahlfors gives a formula (page 46, equation (16)) relating P and M

1 ﬁ(1 + exp((1 — 2n)27 M)

P+1= 2n M) —
+ exp(2m M) 1+ exp((—2n)27 M)

8
16 )

n=

For M > 0 the infinite product converges and for M large (say M > 1) we have

o0

H(l +exp((1 —2n)27 M)

8 =1 8 —2n M O —4n M .
T+ exp((Camzndny ) LT8O
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Thus for P > 1, (equivalently M > 1), we have
log(P 4 1) = 27 M —log 16 4 8¢ 2™ 1 (e *™M),
which implies
P ~ exp(2nM).

For 0 < P <1, (equivalently 0 < M < 1), we can use (3) to deduce

1
— 1) = —log 16+ 8¢~™/M) 4 O(e~"/M),

log(5 oM

which implies
7
P ~Y —_—
(= 577)
In other words,
1
M ~ —logP, P>1,
2

™

~ P 1
2|log P|’ <5
Thus for x = {1, 29, 23,24} C T, since Modp = 2M,
1
Mp(x) =~ - log |er(x)], ler(x)| > 1,
Mip(x) ~ —— er(x)| < 1
p(x cr(x ,
[log Jer(x)[|”

Another elegant connection between modulus and cross ratios is given in [6] (Bagby
shows that conformal modulus for a ring domain is given by minimizing an integral

involving logarithms of cross ratios).

3. QUASICONFORMAL MAPPINGS

Quasiconformal mappings are a generalization of conformal mappings which play
an important role in modern analysis and a central role in the current paper. There
are (at least) three equivalent definitions of a K-quasiconformal mapping between

planar domains. Suppose f : 2 — Q' is a homeomorphism.

Geometric definition: for any generalized quadrilateral @ C 2, Mod(Q)/K <
Mod(£(Q)) < KMod(Q).

Analytic definition: f is absolutely continuous on almost every vertical and
horizontal line and the partial derivatives of f satisfy |f;| < k|f,| where k =
(K—-1)/(K+1).
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Metric definition: For every x € (2

lim sup maXy:| z—y|=r ‘f(l') - f(y)‘

K.
r—0 miny:|mfy|zr ‘f(CC) - f(y)‘ :

For a proof of the equivalence of the first two, see [1] and for a discussion of the
third and a generalization to metric spaces see [56] and its references. A mapping is
conformal iff it is 1-quasiconformal and the composition of a K;-quasiconformal map
with a Ky-quasiconformal map is (K Ks)-quasiconformal. Thus the distance used in
Theorem 1 satisfies the triangle inequality.

Although quasiconformal maps must have derivatives almost everywhere, they can
be non-differentiable on smaller sets. For example, the famous von Koch snowflake
(Figure 4) is a non-differentiable curve which is the image of the unit circle under
a quasiconformal map of the plane (such an image is called a quasicircle; they have

a simple geometric characterization, e.g., see [1]). Even though they don’t have

FIGURE 4. The von Koch snowflake is a quasicircle.

to be differentiable everywhere, by Mori’s theorem every K-quasiconformal map is
Hoélder continuous of order 1/K. Moreover, any quasiconformal map of D to itself
extends continuously to the boundary. The extension is also a homeomorphism and
its restriction to the boundary is a quasisymmetric homeomorphism, i.e., there is
an M < oo (depending only on K) so that 1/M < |f(I)|/|f(J)] < M, whenever
I,J C T are adjacent intervals of equal length. Conversely, any quasisymmetric
homeomorphism of T can be extended to a K-quasiconformal selfmap of the disk,

where K depends only on M.
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Quasiconformal maps are a generalization of bilipschitz maps, i.e., maps which

satisfy

1 _ |f(=) ~ f(y)]
K= =l =0

For K-quasiconformal selfmaps of the disk, there is almost a converse. Although a
quasiconformal map f : D — I need not be biLipschitz, it is a quasi-isometry of the

disk with its hyperbolic metric p (see Section 4), i.e., there are constants A, B such
that

Zp(x, y) — B < p(f(x), f(y)) < Ap(z,y) + B.

This says f is biLipschitz for the hyperbolic metric at large scales. A quasi-isometry
is also called a rough isometry in some sources. In [46] Epstein, Marden and Markovic
show that any K-quasiconformal selfmap of the disk is a quasi-isometry respect to the
hyperbolic metric with A = K and B = Klog2if1 < K <2 and B =2.37(K — 1)
it K > 2.

A quasi-isometry of the disk to itself need not be quasiconformal (indeed, it need
not even be continuous), but there is a close connection in terms of boundary values.
If h: D — D is a quasi-isometry then a result of Vaisala [103] implies that h has
a continuous extension to the boundary and that this extension is quasisymmetric,
with a constant that depends only on rough isometry constants of h. Hence there
is a K-quasiconformal self-map H of the disk with these same boundary values, and
with K depending only on rough isometry constants of h. Thus to prove a circle
homeomorphism has a quasiconformal extension to the disk, it suffices to prove it
has a quasi-isometric extension. This is often easier in practice and we will make use
of this fact later.

One particular kind of quasiconformal map which we will use later in the paper is
a “crescent map”. A crescent is a simply connected plane domain that is bounded
by two circular arcs which meet at two distinct points. A crescent is determined
up to Mobius transformations by the interior angle at the vertices. We will use
the observation that if C; and Cy are crescents with angles a; > a9 respectively,
then there is a (ay /ay)-quasiconformal map between then which sends the vertices to
vertices and is equals a Mobius transformation one each boundary arc. One can prove

this easily by conjugating each crescent by a Mdbius transformation so the vertices
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become 0 and oo and the crescents map to wedges of the form {rexp(if) : 0 < 0 < «a}.

Then a map of the form 7 exp(if) — r exp(asf/a;) has the desired properties.

4. THE SULLIVAN-EPSTEIN-MARDEN THEOREM

In this and the next section we will summarize some basic facts connecting hy-
perbolic geometry, quasiconformal mappings and convex hulls. T am not aware of
a single source for all the results we will discuss, but almost everything we need is
covered in recent papers of Epstein, Marden and Markovic [43], [44], [45], [46], [47]
and myself [14], [15], [16], [17]. Also related are the papers of Bridgeman [23], [24],
and Bridgeman and Canary [25]. The books [9], [42] [90], [100], each deal with hyper-
bolic geometry and 3-manifolds, and explain how this material fits into that theory,
although we will not use that aspect of the theory.

The hyperbolic metric on D is given by dpp = 2|dz|/(1 — |2|?). Geodesics for this
metric are circles orthogonal to the boundary and the orientation preserving isome-
tries are exactly the Mobius transformations which preserve the disk, which all have
the form z — €¥(2 — a)/(1 — @z), for some § € R and a € D. The hyperbolic metric
pa on a simply connected domain € (or Riemann surface) is defined by transferring
the metric on the disk to €2 by the Riemann map. We will sometimes write p instead
of pq when the domain is clear from context.

The hyperbolic metric on the upper half space R} is dpgs = [dz|/dist(z, R?). As
before, geodesics are circles orthogonal to the boundary, and orientation preserving
isometries are exactly the Mobius transformations (every such transformation acting
on R? extends to an orientation preserving isometry of R‘i, and conversely).

Given a closed set E C R? we let C'(F) C H? be the hyperbolic convex hull of
E. This is the smallest convex set in ]Ri which contains all the infinite hyperbolic
geodesics (i.e., circles orthogonal to R?) with both endpoints in E. The complement
of C(E) is the union of all hyperbolic half-spaces in R? which do not intersect the
set of geodesics; i.e., it is the union of all hemispheres centered on R? whose bases on
R? miss E. We are most interested in the case when ( is a simply connected plane
domain and F = Q)€ is its complement. Let S = Sq be the boundary component of
C(€2°) which separates Q from C(Q°¢). This is called the “dome” of 2. The name is
appropriate because S is boundary of the union of all hemispheres centered on R?

whose bases are disks contained in 2. Let ps denote the intrinsic path metric on S
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(using hyperbolic arclength) and let p denote the usual hyperbolic metric on the unit
disk D, the upper half space H? or 2. The most important facts about the dome of

Q) are the following two theorems.
Theorem 5 (Thurston). There is an isometry ¢ from (S, ps) to (D, p).

Theorem 6 (Sullivan-Epstein-Marden). There is a Ky < oo so that for any hyper-
bolic simply connected domain Q C R? (other than the complement of a circular arc),
there is a Ky-biLipschitz map o from (2, p) to (S, ps) which extends continuously
to the identity on 092. Consequently, there is a universal K < oo so that o is K-
quasiconformal. Moreover, the map o is conformally natural in the sense that if ) is
invariant under a group of Mdébius transformations then o commutes with the group

action.

The first result appears in Thurston’s notes [100] (with more detailed proofs in the
papers of Epstein-Marden [43] and Rourke [92]). The second was apparently known
to Thurston and appeared in Sullivan’s paper [99] in the case when ( is invariant
under a convex, co-compact group of Mobius transformations. Epstein and Marden
[43] proved the more general statement quoted above. Alternate proofs are given
in [14], [17], [44]. The complement of a circular arc is only exceptional because in
that case S needs to be interpreted as a two-sided “folded” surface. This is carefully
explained in [45].

The Sullivan-Epstein-Marden convex hull theorem is part of Thurston’s hyper-
bolization theorem for 3-manifolds that fiber over the circle. If G a discrete group
of Mobius transformations acting on S? = R? U {oo} then the group action extends
to a discrete group of isometries on R with its hyperbolic metric. Thus R3 /G is
a hyperbolic manifold (assuming G has no elliptic elements, i.e., no elements with
fixed points in Ri) If we take any point z € Ri the orbit of z under G is a discrete
sequence that only accumulates on S2. The accumulation set is denoted A and is
called the limit set of the group G (and is independent of the base point z, except
for a few trivial cases). Moreover, A is mapped to itself by every element of G. The
complement 2 = S?\ A is called the ordinary set. In the case when A is connected,
is a union of simply connected components and €2/G is a union of Riemann surfaces
and are interpreted as the “boundary at infinity” for the manifold M. Note that the
convex hull C(A) C R} must also be G-invariant, so the quotient C'(M) = C(A)/G is
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a well defined subset of M = R% /G. It is called the convex core of M and contains all
the essential topology of M (e.g., every homotopy class has a representative loop in
C(M)). The boundary components of C (M) in M corresponds to the quotients of the
domes for each complementary component of the limit set A. The Sullivan-Epstein-
Marden theorem says that for a hyperbolic 3-manifold, the boundary of the convex
core is homeomorphic (indeed, biLipschitz equivalent to) the boundary component
at oo of M.

Epstein and Marden’s proof of Theorem 6 in [43] gives biLipschitz constant Ky ~
88.2 and quasiconformal constant K = 82.6 and they conjectured Ky = K = 2 is
correct. In [17] it is proven that one can take K = 7.82 and K, = 13.3, but the
construction there is not group invariant. In [46], Epstein, Marden and Markovic
showed that K > 2 for the group invariant case using a result of McMullen’s on the
Teichmiiller space of a punctured torus. See [44] for a different proof of this. More
recently Epstein and Markovic [47] have shown that K > 2.1 in the non-invariant
case, by showing the K is at least this large when () is the complement of a certain
logarithmic spiral. Approximation theorems (also given in [47]) imply that there are
polygons for which the constant is also at least 2.1. Most recently Epstein, Marden
and Markovic [45] have lowered the group invariant constant to X = 13.88 and given
a new, shorter proof of Theorem 6. It would be of great interest to determine even
sharper bounds for the constant K in the convex hull theorem (we will discuss some
possible applications in Section 12).

One way to prove Theorem 6 is to consider the nearest point retraction from €2 to
Sq. Since Sq is the boundary of a convex set in hyperbolic space, each point outside
this set has a nearest point on Sq and this defines a Lipschitz retraction r onto Sq.
This map can be extended continuously to a mapping 7 : 2 — Sn. A more geometric
description of the same map is to take a point z € €2 and consider the family of balls
in R? which are tangent to R* at z. Expand the ball until it first makes contact with
Sq; by convexity one can show there is a unique point of contact and this defines
r(z). It is also not hard to see that

dist(r(z), R?) ~ dist(z, 9),

with constants that are independent of z and € (see [14] or Lemma 18 of this paper).

Moreover, r : 2 — Sq extends to the identity mapping on 0f).
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If r : Q — Sq was quasiconformal with a uniform constant then Theorem 6 would
be proven, but this is not true (it is true in some cases, e.g., if 2 is Euclidean convex
then r is 2-quasiconformal, [44]). In general, r need not even be a homeomorphism;
it is possible for an arc of points in ) to be collapsed to a single point on Sg. This
happens if €2 is the union of two overlapping (but distinct) disks. The surface S is
the upper envelope of the two hemispheres with these disks as bases and each point
on the intersection of the two round domes has a whole arc of points in the plane
that retracts to it. See Figure 5 for a side view when the disks are D(0,1), D(1,1).

However, r is always a quasi-isometry from {2 with its hyperbolic metric to Sq with

FiGure 5. Two points can retract to same point on the dome

its hyperbolic path metric. This is Lemma 7.14 of [47] and is also proven in [14].
The paper [46] shows that r : 2 — Sq is 2-Lipschitz with respect to the hyperbolic
metrics. [47] also contains basic facts about rough isometries and other useful results.

We can now deduce Theorem 6 using known results about quasi-isometries and
quasiconformal maps. Suppose f : D — € is conformal. Since f and ¢ are isometries,
h = toro f is a rough isometry from the disk to the disk with the same constants as r.
By Vaisala’s theorem described in Section 3, this implies there is a K-quasiconformal
self-map H of the disk with the same boundary values, and with K depending only
on quasi-isometry constants of r. Thus ¢ = 1 o Ho f!is the desired quasiconformal
map from 2 to Sq.

This proof does not give a good estimate for K, but is simple to understand. The
proofs of Theorem 6 in [43], [17] which give explicit constants involve taking averages
of the retraction map r : 2 — Sq in order to make it a homeomorphism. The proof

in [45] uses Teichmiiller theory.
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5. FINITELY BENT DOMAINS

When (2 is a finite union of disks, the dome S = Sq and the map ¢ : S — D have a
particularly simple form. In this case the surface S is a finite union of geodesic faces.
Two of these can meet along infinite geodesic at some angle (called the bending angle
for the geodesic). Such a surface is called finitely bent and we will also refer to €2 as
a finitely bent domain.

The map ¢ is an isometry from each face in S to a hyperbolic polygon in D, each
edge of which is an infinite geodesic. Theorems 8.13 and 8.14 of [44] show that we
can approximate a general simply connected domain by finitely bent domains so that
the corresponding maps ¢ and ¢ converge to the correct limits. Thus it often suffices
to only consider the finitely bent case.

A crescent is a simply connected planar domain bounded by two circular arcs
which meet at two distinct points (called the vertices). The angle 6 of a crescent
is the interior angle at these vertices. To any crescent and a choice of an edge, we
associate the elliptic Mobius transformation that has the two vertices a, b as fix points
and maps the given edge to the other edge. This is given by

i0 _ _ if
(4) Tana(7) = % - 1; * ?bb(_l ae;)l
The formula can be easily derived by mapping a and b to 0 and oo by the map

w = (z — a)/(z — b), then multiplying by e? and then applying the inverse map
z = (bw — a)/(w — 1). Each crescent is foliated by circular arcs orthogonal to both
boundary arcs. See Figure 6. The elliptic map above can be interpreted geometrically

by following the orthogonal foliation from one edge to the other.

FicUrE 6. The orthogonal foliation of a crescent

If  is a disk, then Sq is a hyperbolic halfplane and a simple calculation shows
that the retraction map r : 2 — Sq is an isometry. More generally, if {2 is a finite

union of disks, then Sq is a finite union of geodesic faces {Fy}, each of which lies
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on a hyperbolic plane (i.e., a Euclidean hemisphere orthogonal to R?), which meets
R? along a Euclidean circle Cy, whose interior Dy lies inside 2. (These circles are
the circumcircles for a Delaunay triangulation of the polygon formed by joining the
vertices of (2; see Section 8).

Two faces, F} and Fj, can meet only along an infinite geodesic 7;, and the hyper-
bolic planes containing them meet at some angle 7+ «. This is the same as the angle
at which Dy and D; meet. The number « is called the bending angle (or sometimes
the bending measure) of the geodesic vy, (if it is zero, then both faces lie in the same
plane; if @ < 0 the surface would not bound a convex region). By triangulating,
we may (and will) assume every face is either an ideal hyperbolic triangle bounded
by three infinite geodesics or a hyperbolic half-plane, bounded by a single infinite
geodesic. See Figure 7.

FiGURE 7. Geodesic face projects to triangles.

The retraction map r : 2 — Sq, maps a hyperbolic polygon (either a hyperbolic
triangle or half-plane) Sy C Dy isometrically to Fy. If the faces Fj, and F; are
adjacent in the dome along a geodesic 7;;, then the corresponding polygons S, and
S; are separated by a crescent Cj; which is mapped to 7;; by r. Since the two circles
bounding Cy; are orthogonal to Cj, and C; respectively, we see that the crescent Cj;
has angle o at each of it vertices. See Figure 8. Each leaf of the orthogonal foliation
of Cy; is collapsed to a single point by r and this is exactly what prevents r from
being a homeomorphism. Note that all the crescents are disjoint since they project
to disjoint sets under the retraction map to the dome.

We can now see how to map Sq to the disk isometrically in the finitely bent case.
Since we will use almost exactly the same construction later we will describe it in

general.
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FiGure 8. Crescents in a finitely bent domain.

Suppose we have a finite collection D of disks in the plane and an adjacency
relation between them that makes the collection into the vertices of a tree. Suppose
the disk Dy has been designated the root of the tree. Then any other disk D has a
unique “parent” D* which is adjacent to D but closer to the root. Assume that for
every (non-root) disk we are given a map 7p : D — D*. The we can define a map
op : D — Dy as follows. If D = Dy, the map is the identity. Otherwise, there is a
unique shortest path of disks Dy,..., Dy = D between Dy and D. Note that each
disk is preceded by its parent. Thus ¢ = 7p, o--- o 7p, is a mapping from D to D,

as desired. Later we will refer to this as a “tree-of-disks” map.

Lemma 7. With notation as above, assume that every map Tp is Mobius. Then
given n points v = {vy,...,v,}, with vy € 0Dy, for k € {1,...,n}, we can compute

the n image points o(v) in at most O(n) steps.

Proof. If D € D has positive radius, choose three distinct reference points 2!, 22, 22
on 0D; otherwise let this collection be empty. Every other point z on 0D is uniquely

determined by cr(2P, 2P 2P 7).

Label each point v in v with the minimal £ so
that v is on the boundary of a kth generation disk D. For £k = 0 we do noth-
ing to the vertex. For k& > 0, compute 7p(v) € 9D* and record the cross ratio
cr(zP”, 2P° 2P" rp(v)). Also compute and record the images of the three reference
points for D, i.e., cr(zP", 20" 20" 1p(2P)) for k = 1,2,3.

If a vertex is on 0Dg then it maps to itself. If D is a first generation disk, then
we just compute 7p(v) € Dy and compute the 7p images of the three reference

points for D. For each child of D' of D, we can now compute op: for any associated
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vertices using the previously recorded cross ratios with respect to the reference points
for D and we can also compute the images on 0Dq for the references points for D’.
In general, if D is a disk and we have already computed where the reference points
for its parent are mapped on dD,, we can use the recorded cross ratio information
to compute where the associated vertices and reference points for D map to. This
allows us to map every point of v to dDg in O(n) steps. O

We will apply this when 2 is a finitely bent domain and {Dy} is the collection
of bases of the geodesic hyperbolic half-planes which contain the faces of its dome
Sqa. Note that € = U, D;, but that sometimes {2 can also be written as a union of
disks in a different way. For example in Figure 9 we see a domain which is a union
of three circles (dashed) but the dome also includes the hemisphere above a fourth
circle (dotted).

FIGURE 9. (2 is a union of 3 disks but its dome has 4 geodesic faces

Two disks will be considered adjacent if their corresponding faces on the dome are
adjacent. This implies that two adjacent disks must intersect in two distinct points
and our map 7p : D — D* will be the unique elliptic M6bius transformation 7y,
which fixes both points of intersection and maps D to D* (this is conjugate to a
rotation by «, the bending angle of the corresponding geodesic). Note that if Cy; is
the crescent separating D = Dy and D* = D; then the map 7;; maps one edge of the
crescent to the other edge. Applying the tree-of-disks construction above gives us a
map ¢ = tq,p, : 02 — 0D,.

We would like to extend this to the interior of 2. The procedure above does not
quite work since an interior point can be in more than one disk and the definitions
for different disks need not agree (as they do on the boundary). However, we can

define an extension to the interior as follows. Suppose Dy is the parent of D;. First
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define a map ¢y, : Dy U D; — D; as follows. The domain D; U Dy, is cut into two
crescents by removing Cj;. Take the identity map on one of these (the one with an
edge in 0D;), the map 7,; on the other and interpolate between these by the map
collapsing the leafs of the orthogonal foliation of Cy; to points. Restricted to D; this
gives a map of D; into D,. When we apply the tree-of-disks construction with these
maps we get a map ¢ : 2 — D, that agrees with ¢ on the boundary, is continuous on
the closure of Q2 and is M6bius on each component of Q2 \ UCY;.

Thus ¢ o r=! is a well defined continuous map of Sq to Dy which is isometric on
each face Fj. It is easy to see that such a map is an isometry from Sq to Dy as
follows. Take any two points on S, and connect them by a geodesic v on Sg. The
image of 7 is curve of equal length (but perhaps not a geodesic), so the images of
z and w are no father apart than z and w are. The same argument works for the
inverse map, so distances are preserved.

If we restrict the map to 0€2 = 0S,, we have defined ¢ as a composition of elliptic
Moébius transformations on each circular arc in 0€2. Note that the crescents that we
use are always of the form W = D, \ D; and that we are mapping the edge 0W N9 D,
to the edge OW N 0D,. Thus we are in the case of the following lemma.

Lemma 8. Suppose €2 is a crescent which lies on one side of the line L passing
through the two vertices. Let 1,7 be the circular arcs in OS2 with v, between vy and
L. If T is an elliptic Mobius transformation fixing the two vertices and mapping vo

to y1 then |7'(2)| <1 on 7.

Proof. To see this suppose 7(z) = (az + b)/(cz + d) where ad — bc = 1 (which we
can always assume by normalizing). Then a simple calculation shows |7'(2)| < 1
iff [1/c| < |z + d/c|. Note that —d/c = 77'(cc). By normalizing by a Euclidean
similarity, we may assume the vertices are 1 and —1 and the crescent lies in the
upper half-plane. See Figure 10. Then —d/c is on the negative imaginary axis and
|7'(2)| < 1 outside a circle C' centered at —c/d passing through —1 and 1. Let ~
be the arc of this circle between 1 and —1 which lies in the upper half-plane. We
claim that the upper edge of our crescent lies above . Since the circle C' contains
—c/d = 77 (00), its T image contains oc and hence 7(y) must lie below the real axis.
But the 7(y2) = 71 is above the real axis, so 7, is above v and hence contained in the

region where |7'| < 1. O
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FiGuRrE 10. The setup in Lemma 8

This implies that the map ¢ : 02 — 0D, can be chosen to have derivative < 1
on 0N (except possibly at the vertices). It is proven in [16] that the quasiconformal
extension of ¢ to the interior of €2 given by the Sullivan-Epstein-Marden theorem
can be chosen with derivative bounded by M independent of Q (but I don’t know if
M =1 is possible).

We can now record several useful facts, by passing from finitely bent domains to

general simply connected domains.

Lemma 9. If Q) is simply connected and contains D, then we can choose v so that

L : 000 = T does not increase the length of any boundary arc.

Proof. We can choose a sequence of approximating finitely bent domains and pass to
the limit. m

Lemma 10. If Q) is simply connected and contains a disk D and there is an arc
vy C oD NOKY, then v: 02 — T is a Mobius transformation when restricted to 7.

Proof. We can approximate () using finite unions of disks which always include D.
Then v will be on the boundary of each approximating domain and so the approx-
imating map will be M6bius on « by our remarks above. Since a (non-degenerate)

limit of Mobius transformations is Mobius, we are done. O

Given a domain €2 and an open disk D C ) whose boundary hits 02 in at least
two points, we can define ¢ : 92 — 0D as above which is the identity on 02 N 0D.
We will denote this map by tq,p.
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Lemma 11. Suppose €2 is simply connected and contains a disk D so that 0D N OS2
contains the endpoints of an arc v C 0X) which is separated from the root disk Dy in
Q by D. Let Q) be the union of D and the component of Q\ D intersecting Dy. Then

on 7y, ta,py = ta,p © Lo, Dy-

Proof. As above, one approximates by finitely bent domains which include D as one

of the disks. For these the result is obvious and one passes to a limit as before. [

The point of stating this lemma is that when we go to compute ¢ for a polygonal
domain 2 we will define a nested chain of domains Dy C 2, C -+ C Q) = Q
where each inclusion is of the form in Lemma 11. Using Lemmas 10 and 11 we can
then compute ¢ as a composition of Mobius transformations, each of which can be

computed using the local geometry.

6. THE MEDIAL AXIS OF A POLYGON

We will start by describing the bending lamination of the dome of €2 and see how
this leads to the medial axis.

When Sg, the dome of €2, is finitely bent then every point on the dome is either
in a geodesic face of S, or it is on bending geodesic. The same fact is true for
arbitrary simply connected €2, except that there can be infinitely many bending lines
(indeed, the whole surface could be a union of such lines, with no geodesic faces).

The following is well known in the area, but we repeat it for the readers convenience.

Lemma 12. Suppose Sq is the dome of a simply connected, hyperbolic plane domain
Q. Then for every x € Sq there is a open hyperbolic half-space H disjoint from Sq
so that x € OH N Sq. For any such half-space, 0OH N Sq contains an infinite geodesic.

Proof. Let E = C(€2°) be the hyperbolic convex hull of Q¢. Recall that So = 0E. By
definition, F is the intersection of all closed half-spaces which contain it, and from
this it is easy to see that any boundary point on E is on the boundary of some closed
half-space which contains E. Thus z is also on the boundary of the complementary
open half-space H (which must be disjoint from E). The base of H on R? is a
half-plane or a disk and by conjugating by a Mdobius transformation, if necessary,
we assume it is the unit disk D = D and that H contains the point z = (0,0, 1)§p.

Clearly 0D hits 02 in at least one point, for otherwise its closure would be contained
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in another open disk in 2. Then the dome of this larger disk would separate 0H
from z € E, which is impossible. In fact, 0D must hit 02 in at least two points. For
suppose it only hit at one point, say (1,0) € R?. Then we could choose a second disk
D' which intersects D at the two points (1/v/2,+1/4/2) and so that D’ C Q. Then
z lies beneath the dome of D'. Again, this is impossible since z € Sq. Thus 9D hits
0% in at least two points and the geodesic in R3 between these points lies on the
OH N Sp, as desired. I

The boundary of the half-planes given by the lemma are called “support planes”
for the dome. Every point of Sq is contained in a set of the form dH N Sq which is
either (1) a convex subset of a hyperbolic plane bounded by infinite geodesics or (2)
an infinite geodesic. Sets of the first type are called “flats” on S, and the geodesics
are called the “bending geodesics” of the surface. The union of these is called the
“bending lamination” of the dome. In general, a lamination of a surface is a closed
set which is a disjoint union of geodesics.

The bending lamination is also a measured lamination. For details, see [43], [100],
but roughly speaking a transverse measure on a lamination is a function that assigns
a non-negative number to each arc which is transverse to the leafs of the lamination
and obeys the obvious addition law. See [13], [21], [77], [93], [94], (however, most of
these deal with measured laminations when there is group action present, which is
not our case). The transverse measure for bending lamination gives the amount of
bending encountered by the arc as it crosses the bending geodesics (see [43] for the
precise definition). It is easy to see what is going on in the finitely bent case and the
general case is obtained by limits. Using the isometry ¢, the bending lamination on
Sq can be transfered to a measured lamination on the unit disk. The set of leafs,
together with the transverse measure determine the original domain 2 (up to Mébius
equivalence). It is an open (and probably difficult problem) to decide which measured
laminations on the disk correspond to planar domains in this way, but there are some
necessary and some sufficient conditions in terms of a certain norm on the measure.
See [45] and its references.

An R-tree is a metric space in which any two points are connected by a unique

arc and this arc is isometric to a segment in R. Any finite tree in graph theory is a
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R-tree, but so is R? if we define d(z,y) = |z — y| if z,y lie on the same ray from the
origin and |z| + |y| otherwise.

The support planes of the dome of a simply connected domain have the structure
of an R-tree. The support planes associated to a single bending geodesic form a
1-parameter family which is parameterized by the angle between them. More gener-
ally, the distance between support planes can be defined using the minimal bending
measure of an arc connecting the associated bending geodesics. This is a special case
of a general construction: every measured lamination has a dual object which is an
R-tree. See [13], [77].

If © is a simply connected planar domain, we say that a point z € () is in the
medial axis of 2, MA(S), if z is the center of a disk D C € such that 0D hits 02 in
two or more points. For z € Q let d(z) be the distance of z to 02. The medial axis,
together with the distance function for points in the medial axis is called the medial
axis transformation of {2 and denoted MAT(£2).

Ficure 11. Examples of medial axes of polygons

Note that points of the medial axis are in 1-to-1 correspondence with support planes
for the dome of {2, and hence we can define a distance on the medial axis which makes
it into an R-tree. We will not use this observation here, but perhaps it will be useful
for other problems (e.g., explaining how the medial axis changes with perturbations
of the domain). So far as I know, the connection to bending laminations is new,
but there have been previous attempts to better understand the medial axis using
hyperbolic geometry [33], [34] (not hyperbolic geometry as used in this paper, but a
space-time version where one direction contributes negative distances).

The first thing we should check is that the domain €2 can be recovered from the

medial axis.
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Lemma 13. With notation as above, Q = U,cnma)D(2,d(2)).
This follows from:

Corollary 14. If Q is simply connected then every z € 2 is contained in a disk
D C Q so that 0D hits 0S) in at least two points.

Proof. Conjugating by a Mobius transformation, if necessary, we may assume oo € 2.
Given z € Q let 7(2) € Sq be the nearest point retraction onto the dome. As we
discussed before, r(z) is the point of contact of a horoball B in R3 which is tangent
to R? at z and with interior disjoint from E. Let H be the unique open hyperbolic
half-space which contains B and is tangent to it 7(z). Then the base of H is a disk
which contains z. Moreover, H is disjoint from E, for if it contained a point w of
E then by convexity E would contain the geodesic segment from w to r(z), which
would have to intersect B, a contradiction. Thus H is a halfspace which is disjoint
from E, but contains a point of So = OF on its boundary. By Lemma 12, the base
of H is a disk in 2 whose boundary hits 0f2 in at least two points. O

The medial axis is a one dimensional object that has been used in computer science
to encode the shape of 2-dimensional objects. For example, given the medial axis of a
domain other problems can be quickly solved, e.g., finding the largest inscribed circle,
computing the closest boundary point, and determining the region of all points within
€ of the boundary. For domains whose boundary is a finite union of analytic arcs the
medial axis is a finite tree, but this can fail even for C* boundaries [31]. The medial
axis can also be highly unstable under perturbations, e.g., is a point if €2 is a circle
but has n arms of unit length if €2 is a regular n-gon inscribed in the unit circle.

The medial axis was introduced by Blum to describe biological shapes [18], [19],
[20]. A few papers consider its mathematical properties (e.g., [31], [32], [33], [34], [35],
[97], [107]), but most deal with algorithms for computing it and with applications
to areas like pattern recognition, robotic motion, classification of biological shapes,
control of cutting tools, sphere packing and mesh generation. A sample of such papers
includes: [28], [36], [48], [53], [55], [58], [59], [60], [65], [69], [70], [71], [73], [74], [82],
[86], [87], [91], [95], [96], [106], [108], [109].

The medial axis of a polygon is closely related to other important concepts in

computational geometry. For example, given a finite collection of disjoint closed sets
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(called sites), the corresponding Voronoi diagram divides the plane according to which
site a point is closest to. The medial axis of P is a Voronoi diagram for the interior of
P where the sites are he complementary arcs in P of the convex vertices and distance
is measured within P. Thus the medial axis can be obtained from algorithms for
computing generalized Voronoi diagrams. Voronoi diagrams were defined by Voronoi
in [105], but go back at least to Dirichlet [39] (indeed, in the theory of Kleinian groups
the Voronoi cells of an orbit are called Dirichlet fundamental domains). For more
about Voronoi diagrams see e.g., [4], [5], [10], [49], [50], [80], [88].

Before we use the medial axis to construct ¢ we will review its structure a little
more carefully. Divide the the vertices of P into three collections Vy, Vi, Vs (also
known as convex, flat and concave), depending on whether the interior angle is < ,
= 7 or > 7. Some sources also refer to the convex vertices as “sharp” and the concave
vertices as “dull”, e.g., [34].

For each vertex v € V; (angle = 7) take the largest disk in € which is tangent to
the boundary at v. Call these type 1 disks. Since () is a polygon there is a largest
such disk and its boundary hits 0f2 in at least one point of 02 other than v.

If v € V5 (angle > 7) we add two disks. For each edge e adjacent to v we take the
largest disk in €2 which is tangent to the line containing e at v. Call these type 1 disks.
As before, such a disk exists and its boundary hits the boundary of {2 somewhere
other than v.

A type 0 disk is a point; i.e., the disk of radius 0 centered at a vertex in V,. The
three collections of disks will be denoted Dy, D1, D,. Note that the latter two classes
may overlap. However, we assume that duplicates from within each class have been
removed (there will be no overlaps or duplications if the vertices of P are in general
position). We let D3 be the collection of open disks in € such that 0D N9 has three
or more points. Some of these may be in D; U Dy but there could be others are not.
Let D = Dy UD; UDy U Ds.

Since we are dealing with a polygonal region it is easy to see Dj is a finite collection,
but we wish to have an explicit bound. Let ng, £ = 0,1,2 be the number or type k
vertices in P. Clearly ng + n; + no = n. Note #(D;) < n; and #(Ds) < 2n,. The
centers of our disks are the vertices of the medial axis (which is a tree) and each disk

D corresponds to a vertex of degree #(0D N P) in the medial axis.
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Lemma 15. Let ny =) ,p, (deg(D) —2). Then nz = ng — 2.

Proof. Given any tree T" with ng vertices of degree 1, if we define n3 as above then
we can find another tree 7' that has ny degree 1 vertices and n3 degree 3 vertices
and no vertices of any other degree (a degree 2 vertices and its two adjacent edges
are identified to a single edge; vertices of degree d > 3 are “expanded” to a path of
length d — 3 with old edges attached to the new vertices in order to make all the
degrees 3. See Figure 12). In any tree with only degree 1 and degree 3 vertices we
have ng + 3n3 = 2(ny + ng — 1), (since the sum of the degree is twice the number of

edges). Thus n3 = ny — 2, as desired. O

Ficure 12. Converting a tree to all degree 1 or 3

Thus the medial axis of a simple n-gon can have at most 19 +mn; +2ny + (ng —2) <
2n — 2 vertices.

Suppose (2 is bounded by a simple polygon P and D is a disk in 2. Then D is
maximal iff dD hits 02 in two or more points (this is not true in general, e.g., 2 is
the interior of a parabola, but is true for polygons). If D C 2 is maximal but not in
D then it is easy to check that D is part of a non-degenerate one-parameter family

of maximal disks whose centers form an arc of one of the following three types:

1. a line segment that is equidistant from two vertices
2. a line segment that is equidistant from two lines

3. a parabolic arc that is equidistant from a line and a vertex.

These cases are illustrated in Figure 13. In that figure we have split case two into the
subcases of parallel and non-parallel lines since the formulas for ¢ will look slightly
different in these cases. Thus the medial axis is a finite tree whose vertices are the

center if disks in D and whose edges are as above.
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FiGuRrE 13. The different types of medial axis edges

It is a theorem of Chin, Snoeyink and Wang [29], [30] that the medial axis of
polygon with n vertices can be computed in O(n) steps. More precisely, we will

assume that the following information can be computed in time O(n):

1. a list of vertices for the medial axis and the distance of each from the boundary
of the polygon. We assume the list starts with a given root vertex and every
vertex occurs later in the list than its parent,

2. for each vertex of the medial axis, a list of adjacent vertices and the type of
edge connecting them (including the the sites (vertices or edges) the edge is
equidistant from,

3. for each vertex of P, a vertex of the medial axis it is closest to.

7. CONSTRUCTING ¢ FROM THE MEDIAL AXIS

In this section we will construct ¢ for a polygon using the medial axis. The con-
struction another “tree of disks” construction as in Section 5. The disks in our tree
will be the maximal disks corresponding to vertices of the medial axis, i.e., the collec-
tion D described in Section 6. Recall that this collection includes the convex angles
(interior angle < 7) and that the corresponding disks have zero radius. The map of
such a disk to its parent will be the closest point of the parent. For non-degenerate
disks, the map to the parent will be described below. Then Lemma 7 and the theo-
rem of Chin, Snoeyink and Wang imply «+(v) for a simple n-gon can be computed in
O(n) steps. Combined with the estimate K < 7.82 for the Sullivan-Epstein-Marden

constant given in [17], this will prove Theorem 1.
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All that remains is to describe how to map a disk D; € D to its parent Dy € D.
The form of the transformation depends on the type of edge connecting the two

vertices:

1. A line segment that is equidistant from two vertices,
2. A line segment that is equidistant from two lines,

3. A parabolic arc that is equidistant from a line and a vertex.

In what follows we split case 2 into the subcases of parallel and non-parallel lines
since the formulas will look slightly different in these subcases.

Case 1 (equidistant from two points): This is the simplest of the cases. If the
two disks are D; and Dy with Dy being the parent, then the desired map is just the
unique elliptic M6bius transformation which fixes the two points, a,b of 0D; N 0Dy
and maps 0D, \ Dy onto 9Dy N D;. If the two boundary circles meet at angle o then
this map is given by the formula 7(z) = o7 !(e'®0), where o(z) = (2 — b)/(2 — a)
sends a to co and b to zero. Simplifying gives

ae'® —b)z — ab(l — e
m(2) = ((eia — 1;2 + (a(— eiab))'

Case 2a (equidistant from two parallel lines): Consider Figure 14. We
normalize so that D; = D(0,1) and Dy = D(A,1). Note that on the dome of €2,
the points above the centers of the disks Dy, Dy are exactly distance A apart (the

straight line between them is a geodesic on the dome with this length). Since ¢ is
an isometry from the dome to the disk, it will map these points to points which are

exactly hyperbolic distance A apart in the disk.

A

Ficure 14. Case 2a: between parallel lines

With the points labeled as shown, ¢ and —¢ will map to a and b respectively and 0,

the center of the disk D, will map to a point ¢ which is hyperbolic distance A from
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the center of Dy. Thus the desired map is 7(z) = o(z) + A where ¢ is the unique
Mobius transformation which fixes 1 and —1 and maps 0 to the point —x on the
negative real axis at hyperbolic distance A from 0. Since the hyperbolic metric on
the disk is given by
2|dz|
dp = ——,
SRNEET

the point w is the solution of

w2 1+w
A= dr =1
/0 1 TTeT w

— 2 _
which is
B 1—e 4
S 1l4e A
Thus
Z—w
O-(Z) - 1 . UJZ’

and this determines 7.

Case 2b (equidistant from two non-parallel lines): The situation is shown
in Figure 15. We normalize so that D; = D(z,zsina) and Dy = D(y,ysina). The
points a, b are mapped to c, d respectively. The points on the dome above x and y

are joined by a geodesic which projects to the straight line between x and y. Above

a point t € R, the dome has height ¢sin a so the length of this geodesic on the dome

y 1
Az/ di = logg.

1S

tsina sino T

FIGURE 15. Case 2b: between non-parallel lines
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Thus if w = (1 — e 4)/(1 + e 4) and o(2) = =%, the desired map 7 : D; — D

1—wz?

1S

(z—2)) +v.

Note that since sin @ = |a—z|/|z|, there is no need to actually evaluate a trigonometric

7(z) = y(sin oz)o(m o

function, i.e., we could have written

_Yla—z[ z—z

7(2) = a(

x \a—x\)—i_y'

Case 3 (equidistant from a point and a line): This case is pictured in Figure
16. Suppose a is the vertex in question and L is the line. Let a* be the reflection of a
across L. Then D; can be mapped to Dy by an elliptic Mobius transformation which
fixes ¢ and a* and sends L to itself. This elliptic element rotates around a by some
angle 6. We will think of this as a composition of n separate rotations, each by angle
6/n and consider what happens. Applying each of these rotations in turn produces
a sequence of disks { Dy} intermediate between D; and Ds. Let 7y, : Dy — Dyyq be
the elliptic map that fixes the two points of intersection a, by on the boundary and
ok : Dy — Dgyq be the elliptic rotation fixing a and a*. Then 7,0---o7y converges to

the desired 7 : D; — Dy as n — oo. The map ¢ is invariant under compositions with

FIGURE 16. Case 3: equidistant from a point and a line.

linear fractional transformations, so we can conjugate by one to a situation where

the elliptic rotation is easier to understand.
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The map o(2) = —i(z — ¢)(a* — a)/(z — a)(a* — ¢) satisfies o(a) = 00, o(a*) = —1,
o(c) = 0 and maps D; to the upper half-plane. The point b; maps to some point —z
on the negative real axis. Moreover, the line segment from —i to —x makes angle
0/(2n) with the vertical. Thus —z = —sin(6/(2n)). Hence o conjugates 75 to a
rotation by 6/n around —z and o,, conjugates to a rotation by #/n around —i. Thus
0,:1 o 7} is an isometry of the plane which maps the real line into itself and maps
the point —x to x (the first maps fixes it and the second maps sends it to x by our
comment about angles above). Thus the composition must be the map z — z + 2z.
For n large this is approximately z — z + 6/n. Thus if we iterate this map n times
we get (in the limit) z — z + 6.

Thus 0! o 7 is conjugate to the parabolic map z — z + #. The actual map from
D; to D, is

z2 = Taar9(07H(0(2) +0)),

where 7, 4+ ¢ is the elliptic rotation of angle § around with fixed points a, a* as given
by formula (4).

We have now completed the proof of Theorem 1.

8. THE CRDT ALGORITHM IS AN | MAP

We now begin the second part of this paper, showing the connection between ¢ and
the CRDT algorithm of Driscoll and Vavasis. We begin with a brief review of CRDT.

Suppose €2 is a simply connected planar domain which is bounded by a simply
polygon P with vertices v = {v1,...,v,}. Then Q can be triangulated, i.e., written
as a union of n — 2 triangles with disjoint interiors and whose vertices are among the
vertices of P. A triangulation is called Delaunay if whenever we form a quadrilateral
@ by taking the union of two adjacent triangles 77,7, from our triangulation which
share a common edge e, the sum of the interior angles of () at the two endpoints of
e sum to > w. See Figure 17. More properly, this should be called a constrained
Delaunay triangulation. A Delaunay triangulation of the vertices would actually be a
triangulation of the plane which did not have to include the edges of P. We will only
consider triangulations of the interior of P, and we force the edges of P to be included

in the triangulation (which is why it is a constrained triangulation). However, we will
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continue to call these Delaunay triangulations since the other type are not considered

here.

FIGURE 17. A Delaunay (on left) and non-Delaunay triangulation

It is well known that a Delaunay triangulation of a simple polygon always exists
and is unique unless there are two adjacent triangles whose four vertices lie on a
circle (in which case we can flip the common edge to join the other 2 vertices and get
another Delaunay triangulation). Delaunay triangulations have many nice properties
and have been intensively studied (e.g., they are dual to Voronoi diagrams; they
maximize the minimum angle in the triangulation [68]; they minimize the largest
circumcircle [38], [89]). The basic facts can be found in various sources such as [4],
[10], [49], [50].

The CRDT algorithm is a method of finding the conformal prevertices of a given
polygon P. The algorithm starts by adding new vertices of angle 7 to the edges
of P to get a new polygon P’ which has a Delaunay triangulation with certain nice
properties. We will discuss how this is done in Section 10, and here we simply assume
we are given P’. The second part of the algorithm uses a Delaunay triangulation of
P’ to produce guesses for the conformal prevertices of P’ (and hence for P whose
vertices are included among those of P’). It is this step we will reinterpret in terms
of + maps below. The third step of the CRDT algorithm is to solve for the actual
prevertices using an iterative procedure that starts with the guess from the second
step. We will not consider this part in detail except for a few general comments in
Section 12.

How is the second step done? Suppose P is a simple n-gon and that 7 =
{T1,...T, o} is a Delaunay triangulation of P. Let Dy be the circumcircle asso-
ciated to each triangle Ty, £ = 1,...,n — 2. The CRDT algorithm chooses points

w = {wy,...w,} C T corresponding to the vertices v = {vy,...,v,} as follows.
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Choose some root triangle from the triangulation and map its vertices to any three
points in T with the correct orientation. In general, suppose () is the quadrilat-
eral formed by two adjacent triangles 77 and 75 (which have vertices v;,, vj,, vj, and
Vj,, Vjs, Vj, in counterclockwise order respectively). Also suppose that we have already

defined wj,, wj,, wj,. Then wj, is uniquely determined by the condition

(5) Cr(wjla Wiy, Wiz, wj4) = —‘CI‘(’l)jl, Vjsy Vg3, Uj4)"

It is easy to see by induction that this uniquely determines the points w up to a
Mobius transformation of the circle.

Next we will define a map ¢ : v — T which gives the same points w up to a Mobius
transformation. Given two adjacent triangles, the corresponding disks intersect at
two points and we take the elliptic Mobius transformation as in (4) between them.
This defines a “tree of disks” such as we considered in Sections 5 and 7 and so we
can define a corresponding ¢ map by composing these maps along paths to the root.
We claim «(v) is the same as the initial guess of the CRDT algorithm. Suppose @
is the quadrilateral formed by 7 and its parent 7; (which have vertices v1,vs, va
and vy, v9, v3 in counterclockwise order respectively). After conjugating by a M&bius
transformation which sends v; — 0, v — 1 and v3 — oo, the elliptic map 7% is
conjugated to the Euclidean rotation around 0 which sends the image to v4 onto the

negative real axis. Thus

CI'(Ul, V2, U3, Tk(”‘l)) - —|CI'(U1, U2, U3, U4)|'

The Mdbius maps 71, ..., T,—1 are then applied to all four points vy, va, vs, 7 (v4) and

hence do not change the cross ratio. Thus

cr(u(vr), t(va), t(v3), t(vs)) = —|cr(vy, va, v3,v4)].

Therefore w = +(v) is exactly the same as the CRDT guess for the prevertices.

If the union of the circumcircles {Dy} is a planar simply connected domain §2
then (Q is finitely bent and the map we have just described is the + map for €2. In
this case Theorem 2 and the modified Driscoll-Vavasis conjecture follow immediately.
However, even if the union is not a simply connected planar domain (i.e., the union
of disks surrounds one of the vertices of P as in the right side of Figure 18), we can

interpret it as a simply connected Riemann surface. We can define this surface by
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induction, taking Ry = Dy, and in general letting R; be the surface obtained by
attaching the crescent C} to Rj_; along the edge v; C OR;_;.

YN

/’ — &.%

FiGure 18. The union of circumcircles can be either planar or non-planar.

Thus the CRDT guess is an + map, except that sometimes it corresponds to the
boundary of a Riemann surface rather than a planar domain. We will prove in the
next section that ¢ still has a uniform quasiconformal extension to the interior of this

surface (but perhaps with a larger constant than in the planar case).

9. PROOF OF THEOREM 3

In this section we will show that given a planar polygon P, the map defined in
Section 8 has a K-quasiconformal extension to a map ¢ : Rp — D, where K is
bounded independent of n and P. Our proof is modeled on the proof using quasi-
isometries in the planar case and will not give an explicit constant. Presumably the
proofs giving explicit estimates in the planar case could be modified to give estimates
in this case as well.

By the remarks on quasi-isometries and quasiconformal maps made in Section 4
it is enough to show the vertex map extends to a quasi-isometry from Rp with its
hyperbolic metric to the disk with its hyperbolic metric. The first step is to show that
the hyperbolic metric on R satisfies an estimate similar to that for planar domains.

If Q2 is a simply connected planar domain, then (e.g., [52], [85])

|dz| < < 2|dz|
2dist(z, 02) — pa = dist(z,09)
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Lemma 16. There is an M < oo so that the following holds. If R = Rp is the

surface obtained from a Delaunay triangulation of a simple, planar polygon P, then

|dz| < < 2|dz|
Mdist(z,0R) — PR = dist(z,0R)’

Proof. The proof of the right hand inequality is exactly the same as the planar case:
since R contains a disk D of radius r = dist(z,0R) around z, the monotonicity

property of hyperbolic distance [85] (also known as the Schwarz inequality) implies
2
dpr(z) < dpp(2) = —|dz|.

To prove the lower bound, it suffices to consider the disk of radius r/2 around z and
show its hyperbolic diameter is bounded uniformly away from zero. This is equivalent
to showing that the modulus of the path family connecting this disk to OR is bounded
away from zero. First we need the following observation (which is the only place we

use the special form of R).

Lemma 17. Suppose R is obtained from the Delaunay triangulation of a simple poly-
gon as above. If v is a simple curve on R that projects into a circle {z : |z — x| =1}

then the projection is at most 3 to 1 (and hence v has length < 67r).

Proof. R consists of P and a finite number crescents, one attached to each edge of P.
If v is a circle in R then its projection to the plane is 1-to-1. If 7y is an arc in R which
projects into a circle in the plane, then it leaves every crescent it enters, with at most
two exceptions (the crescents containing it endpoints). If we remove the part of ~y
in these two exceptional crescents, the rest projects 1-to-1 to the plane because the
projection of P C R to P C R? is 1-to-1. Thus the projection is at most 3-to-1. [J

We can now return to estimating the modulus of the path family I' connecting
D = D(z,3r) C R to OR. Let v € R minimize dist(z, 0R) and let v also denote the
projection of v to the plane. For ¢t € [%r, %r], take a component +; of the lift of the
circle {w : |w — v| = t} which hits D. By Lemma 17 this arc has length < 67¢ and
it must connect D to 0R. Thus if p is an admissible metric for the path family I,
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[, pldz| > 1 for all ¥ € T and hence

3r/2
// p2da:dy > / / 2tdtdd
R
3r/2 3r/2
> / tdfdt])™ / / p*tdfdt
Tt

3r/2
> [67r—r]—2 / 1tdt
/2
1.9 1
> [6r2] 202 -2
R
3 _
= (675)

Thus the modulus of I' is bounded away from zero uniformly, as desired. This com-

pletes the proof of Lemma 16. O

Suppose R = Rp is the Riemann surface obtained from the simple polygon P
and let 7 be a Delaunay triangulation of P. For each triangle Ty € T let Dy be
the corresponding disk determined by the three vertices, and let Sy C Ty be the
hyperbolic ideal triangle in D), with the same vertices as Tj. For each edge e; of P,
suppose e; is an edge of the triangle T} and let Uy be the hyperbolic half-space in D,
bounded by the hyperbolic geodesic with same endpoints as e and disjoint from S.
Let Vj, be the dome of Dy, (i.e., a hyperbolic plane in R% ) and let Fj be the nearest
point restriction of either a triangle Sy onto Vi or a half-plane Uy. Attaching the
faces Fy according to the tree structure of the triangulation gives a surface Sg in R
which we can think of as the dome of Rp, although it may have self-intersections,
and no longer is the boundary of a convex region in R? . Nevertheless, the same proof

as in the planar case shows that Sg is isomorphic to the hyperbolic disk. Moreover,
Lemma 18. With notation as above,
dist(z, R,) < dist(r(z), R?) < 2(V2 — 1)dist(z,0R,).

Proof. First consider the case when Rp = D is a disk in the plane. Without loss of
generality we may assume it is the unit disk, z is on the segment between 0 and 1
and the line from 0 to r(z) € R® makes an angle 6 € (0, 7/2) with the positive real
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axis. Then dist(r(z), R?) = sin# and dist(z,dD) = 1 + tan § — sec § Thus

dist(2,0D)  cosf +sinf — 1
dist(r(z),R2) ~ sinfcosf

A simple calculus exercise shows this is bounded above by 1 and below by 2-%/2 —2-1.

Now given z in a general R, z lies in some disk D such that r(z) lies on the dome of
D. Thus the inequality of the previous paragraph holds and we only have to compare
dist(z, D) to dist(z, 0Rp). Since D C R, we clearly have dist(z,0D) < dist(z, ORp).
If r(2) lies in a half-plane on the dome of R, then we clearly have equality. Otherwise
r(2) lies in a geodesic triangle or on a bending line. In either case, z is separated from
its radial projection onto 0D be a geodesic in D, the endpoints of which are vertices of
P. Sliding z along its radius towards the boundary until it hits the geodesic decreases
the distance to the circle faster than the distance to the endpoints of the geodesic.
Thus without loss of generality we may assume z is on a geodesic. Simple geometry
shows that the ratio of the distance to the circle to the distance to the endpoints is
at least 1/ /2. This means

1
—d
V2

which proves the lemma. O

dist(z,0D) > ist(z, ORp),

If we map the Si’s and U;’s into D using 74 o --- o 73, (these are the maps in
the definition of ¢) and collapse the leaves of the crescents to points, then we get a

IZSR—>]D)iS

continuous map ¢ of R into D which is 2-Lipschitz and such that ¢or~
well defined and an isometry. To complete the proof, we need only show r : R — Sg
is a quasi-isometry. We already know r is Lipschitz, so we only need to prove the

lower bound, i.e.,
psg(r(z),r(w)) = Apr(z, w) — B,
or equivalently,
pr(2,w) < (A) 7 sy (r(2), 7(w)) + B.

We claim it suffices to show that there is a constant b < oo, so that given z,w € R
such that pg,(r(z),7(w)) < 1 implies pgr(z,w) < b. If this holds, then given two
points z,w with pg,(r(z),r(w)) = d > 1 apart, we can connect them on S, by a
geodesic v and choose < 2 + d points on y which are distance < 1 apart (first equal
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to r(z) and last equal to r(w)). Choosing one r-preimage for each intermediate point

and using the triangle inequality gives
pz,w) < (2+d)b = bd + 2b,

which is the rough isometry estimate with A; = b and B; = 2b.

So suppose we are given z,w € R such that pg,(r(z),7(w)) < 1. The hyperbolic
path distance between two points on Sg is longer (or equal) than the hyperbolic
distance in R3 between them, so 7(w) lies in a radius 1 hyperbolic ball around r(w)

(in terms of R3 ). This implies

el <

where h(z) = dist(r(z),R?) (h is for “height”). It also implies that |r(z) — r(w)| <
eh(z) This, in turn, implies |z —w| < Ch(z) for some constant C that doesn’t depend
on z (this is because |z — r(z)| < Ch(z) is clear from the definition of r; similarly for
w).

Consider the grid G of squares {Q,} of sidelength C'r(z) and take the subcollection
C such that dist(z, Q;) < Mh(z). Note that C has at most M7?/C elements (compare
areas). Let -y be the geodesic on Sk connecting r(z) and r(w) and let E be a connected
component of r~!(y) containing z and w. Then F is a compact, connected set on R.
Since a geodesic segment is convex, F can intersect at most two boundary crescents
of R. Thus E can be covered by a collection of squares on R each of which projects
to some element of C and which satisfies dist(Q,0R) > diam(@). By the upper
bound in Lemma 16 the latter condition implies each square has uniformly bounded
diameter for the hyperbolic metric on R. Moreover, each element of C is used at most
three times (once by a square hitting P and twice by squares hitting the boundary
crescents). Thus F is covered by a uniformly bounded number of sets, each of which
has uniformly bounded hyperbolic diameter. Thus any two points of F (in particular,
z,w) are a uniformly bounded distance apart.

This completes the proof that the map ¢ defined using a Delaunay triangulation
of a polygon has a K-quasiconformal extension to a map Rp — D with a K that is
bounded independent of P.
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10. PROOF OF THEOREM 4

It would be nice if the ¢ map of the vertices of P defined in Section 8 had a K-
quasiconformal extension to a map P — D, but this is not true with K independent of
P. Instead, we will see how to add new vertices of angle 7 to P to obtain a polygon
P' for which it is true. This is basically the first step of the CRDT algorithm as
described in [41].

To see that quasiconformal extension need not hold uniformly for all P, simply
consider a 1 x n rectangle. The four corners lie on the boundary of a disk D and
the Delaunay triangulation consists of adding a diagonal. The modulus of the path
family in the rectangle connecting the two sides of length 1 is 1/n. The modulus
of the generalized quadrilateral with domain D and the four corners as vertices is
approximately the logarithm of their cross ratio, i.e., is approximately 1/logn. How-
ever, if 1 had a K-quasiconformal extension to P with K independent of P, these two
moduli would be comparable within a factor of K of each other, so we deduce there
is no such extension for large n.

The problem with the previous example is that the quadrilateral formed by taking
adjacent triangles in the Delaunay triangulation was too long and skinny. However,
if all the triangles in the triangulation are “round” (e.g., no small angles) then there

is no problem. The rest of this section is devoted to making this more precise.

Lemma 19. Suppose P has a rooted Delaunay triangulation such that each triangle
either (1) is isosceles with the base adjacent to its parent and base angle < /4, (2) is
1sosceles with any angle and is a leaf of the triangulation tree with the base adjacent
to its parent or (3) has all angles in [0, 7 — 0] for some @ > 0. Then there is a
K -quasiconformal map f : P — Rp which fizes each of the vertices of P, and K
depends only on 0.

Proof. First consider the case when T is isosceles. We will let the two equal base
angles be denoted o and the opposite angle it then 7 — 2. The circumcircle of the
triangle defines two crescents attached to 7" along the non-base sides of 7. We claim
that the interior angles of these crescents are also . This is simple plane geometry
as illustrated in Figure 19. By definition Zcad = o and Zadc = § — a. Since Aabd

T _

is isosceles with base ad we have Zbad = 5

a and Zabd = 2«. Since triangles eab
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and eca are similar, this means Zeac = Zeba = 2a and hence Zead = 2a — a = «a,

as claimed.

FIGURE 19. The isosceles case: small «

If @ < %, then the reflection of each crescent attached to 7" (across the edge shared
with T') is a crescent inside 7. Moreover the two crescents we get are disjoint. The
union of a crescent C' and its reflection is a crescent C” of twice the angle and so we
can map C to C' be a 2-quasiconformal map which extends to the identity on the
rest of T'.

If T is isosceles but o > 7, the picture is illustrated in Figure 20. By assumption
the triangle is attached to its parent along the base, but not adjacent to any other
triangle. Now we map the big crescent with angle 2« (this is the angle by the previous
paragraph) and base ab to the smaller crescent with angle o and the same base by
a 2 quasiconformal map. Then map the small crescent to the triangle abc by a K-
quasiconformal map which is the identity on ab and send d to ¢. This can be done
with a uniform K, independent of a. We could either build such a map explicitly in
this case, or we can make use of the fact that we know ¢ has uniform quasiconformal
extension and note that the inverse of the : map corresponding to TUD — D (where
D is the disk determined by the points a, b, d) has the desired properties.

Finally consider a triangle T with all its angles bounded below by # > 0. Consider
a crescent C' of angle o attached to 7" along edge e. Then the angle bisectors of T
split 7" into three subtriangles, each of which contains a crescent with angle > 6/2
and shares an edge with 7. See Figure 21. Let C’ be the crescent of angle 6/2
adjacent to C. We can map C U C" — C' by a quasiconformal map with constant
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FIGURE 20. The isosceles case: large a

K = (a+6/2)/(6/2) which extends to the identity of the rest of T'. Since o < 7, we
have K <1+ 27/6, as desired.

FiGUuRE 21. Mapping Rp to R quasiconformally

O

Lemma 20 (Driscoll-Vavasis, [41]). Given any polygon P we can add vertices of an-

gle w to form a new polygon which satisfies the hypothesis of Lemma 19.

We will not repeat the proof from [41] here, but we will sketch their construction,
which has two steps. In the first step, every vertex with interior angle < 7/4 is
“chopped off” by taking the largest isosceles triangle T in P formed with v and
subsets of its two adjacent edges and adding two new vertices to P at the midpoints
of the two sides of T. A new polygon P’ is formed by replacing v by these two new
vertices and the edge between them. This edge is protected: no new vertices may
be added to it later. The second step is iterative. For each edge e in the current
polygon compute its length L and the minimal distance D in P from e to any vertex
which is not one of its endpoints (distance is the path distance within the polygon).
If D < L/(3v/2), the edge e is split into three equal edges and the process continues.
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See Figure 22. The filled dots indicate the original vertices and the open dots the
vertices added by the algorithm.

=
<

FIGURE 22. Adding extra points to a polygon in the CRDT algorithm
to remove small angles from the triangulation

Driscoll and Vavasis give a lower bound 7y on the shortest edge that can be pro-
duced: r( is the minimum over all unprotected edges of the path distance in P from
that edge to any non-adjacent edge. Since every step reduces the length of some edge
by a third, this proves the process terminates in a finite number of steps (and gives
an estimate for the number of vertices that have been added). Thus the resulting
polygon has a triangulation in which every triangle T is either (1) isosceles with angle
< m/4 or (2) D > L/(3v/2) for any side of T. The later condition easily implies the
angles of T" are bounded away from 0, so Lemma 20 holds.

As Driscoll and Vavasis note in their paper [41], the number of new points needed
can be arbitrarily large, depending on the geometry of P (if P has a long, narrow

corridor, then many new vertices have to be added).

Corollary 21. Suppose P is a planar polygon satisfying the conditions of Lemma
20 (e.g., P is a Driscoll-Vavasis refinement of another polygon). Suppose P has
vertices v, f : D — P is conformal and z = f~1(v), are the conformal prevertices.
Let w = 1(v) be the approzimate prevertices computed by the CRDT algorithm. Then
there is a K < oo (independent of n and P) so that dgc(z, w) < log K. In particular,

fOT any jlana j37 j47
1 MOd]D)(Zjla Zj21 Rjss Zj4)

— < <K.
K ModD(wjl y U)jz, wj3, wj4)

This result proves, in a weaker form, the conjecture stated on page 1792 of [41].
On the other hand, it holds for all 4-tuples, not just the ones coming from adjacent

Delaunay triangles.
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11. A COUNTEREXAMPLE

Here we shall show that Corollary 21 does not hold with modulus replaced by
cross ratios. Consider the domain €2 bounded by a polygon P in Figure 23. It is the
square [—1,1] x [—1,1]) with thickened slit removed, [0, 1] x [—¢, €]. The dotted lines
in the figure are the boundaries of a Delaunay triangulation of P and the shaded
quadrilateral () is formed by the union of two adjacent triangles. The absolute value

of the cross ratio of the four vertices is
_ID-A|IB-C| J1+(1—-€¢?-y/1+(1-€¢> 1 1 ¢

T lC-DA-Bl 22 “2% 27T
On the other hand, the conformal map f of Q to the disk which sends —1/2 to 0 and

has positive derivative at —1/2 will map the edge [A, B] to an interval on T centered

at —1 and with length ~ 1, but will map the edge [C, D] to an arc centered at 1 of
length ~ 1/|C' — D|. The cross ratios of these points will therefore be

o (D)= FAIFB) — f(O)] _ M
2T~ D)If(A) — f(B)] T Ve

for some constant M independent of €, if € is small enough. Hence

1 1
log cr; — logery > 5 log = — O(1),
€

which is as large as we wish if € is small enough. This polygon does not satisfy the

A ~
“op
N il
\/\ N p l 28
e
B &

FIGURE 23. Cross ratios of f(Q) and ¢(Q) scale at different powers of €

edge separation condition of the CRDT algorithm, but applying that method to this
polygon will only add vertices to the horizontal edges adjacent to C' and D and the
same quadrilateral will be present. Thus the conjecture fails even if we add the extra

vertices.
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12. VARIATIONS, QUESTIONS AND CONJECTURES

Modifying :: There are several ways that the : map might be improved to give
a better approximation to the Riemann map, but it is not clear which of these
(if any) would consistently give a better result, so it would be interesting to per-
form some numerical experiments to test these changes. For example, consider the
infinite horizontal strip Q@ = (—o00,00) x (—1,1). Given points s,¢ on the z-axis
we easily see po(s,t) = %[t — s| but the corresponding points on the dome satisfy
psq(1(8),7(t)) = |t—s|. Thus ¢ will underestimate hyperbolic distance in long narrow
channels. Equivalently, : makes the channel look wider than it really is. Would it
be a good idea to replace a long channel with a narrower one before computing ¢7?
We could try to account for this changing our formula for 7 in the second case of
Section 7 or by actually constructing an auxiliary domain in which the channel has
been “pinched”.

Discretizing the medial axis: One systematic way to approximate {2 by smaller
domains is to choose a finite subset of the medial axis and take the union of the
corresponding disks. This gives a finitely bent domain which is inside P. If we include
the vertices of the medial axis then all the concave vertices of P will be vertices of
the approximating domain and so we can compute ¢ for them (the convex vertices
require a separate but easy computation). Is there a systematic way of choosing a
finite approximation to the medial is which gives good results?

Solving a Beltrami equation: Here is one way to improve ¢. The map ¢ : 02 —
0D has a quasiconformal extension to the interior and we can can even compute what
the dilatation of this mapping is [17]. If we transfer this to the disk and solve the
corresponding Beltrami equation then we can get a quasiconformal self-map h of the
disk which sends our approximate prevertices w = i(v) to the true prevertices z.
Thus an approximation to A should map w closer to z.

If the L* norm of the dilatation is small, then one can approximately solve the
Beltrami equation by an integral (see [1], [15]). More precisely, there isa 0 < k£ < 1
and a C' < oo so that the following holds. Suppose that f is a quasiconformal
mapping of the plane to itself which preserves H fixing 0,1 and oo and the Beltrami
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coefficient of f is p with ||yl < k. Then

1
) = o=+ [ )R w)dedy]] < Clul,
for all |w| < 1, where
1 w w—1_ ww-1)
R(z’w)_z—w z—1 z  z2(z—1)(z—w)

The dilatation p that occurs for ¢ can be thought of as a sum of dilatations p = >
with disjoint supports where each py; corresponds to shrinking a single crescent down
to a geodesic. For each component the Beltrami equation can be solved explicitly
because we can find an explicit conformal map from a union of overlapping disks
D, U D, to one of them (map the two vertices to 0,00 and use a power function).
Thus the integral above is a sum of explicitly computable functions. Subtracting this
function from ¢ should give an even better approximation to the conformal map than
¢ does (with rigorous bounds if ¢ is already sufficiently close to conformal).

This only works for maps onto the disk, but variations may work for other domains,
as might arise in a continuation method. In that case it would be harder to compute
the solutions by hand, but given the form of the integral, it seems reasonable that
some variation of the Fast Multipole Method ([79], [54], [27]) could evaluate it quickly
and that one could prove some uniform improvement in the dgc distance.

Extending to non-simple polygons: Given n points on the unit circle and
an angle a7 assigned to each one, the Schwarz-Christoffel formula defines a locally
univalent map of the disk. The map need not be globally 1-to-1, but it can always
be interpreted as a 1-to-1 conformal map onto a Riemann surface whose boundary
consists of n straight line segments. Such a surface can be triangulated (i.e., written as
a union of n— 2 Euclidean triangles) and one can even find a Delaunay triangulations
(the angle condition is satisfied for the union of any two adjacent triangles). Using
this one can define an ¢ of the vertices of the surface to an n-tuple on the circle (which
is well defined modulo Mébius transformations).

Iterations of U: Fix n angles and let S denote the Schwarz-Christoffel map from
n-tuples on T to polygons determined by these angles, Iterate the map ¥ =10 S on
n-tuples in the circle. Do the iterates converge? Is there a fixed point? Similarly
investigate the closely related map S o+ which maps polygons to polygons. Do they

remain bounded under iteration? How do sides degenerate? Near an internal angle
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of size o the conformal map to the disk acts like 2™/* and ¢ behaves line z if @ > 7

1/sin(@) if oy < 7. Thus ¢ o S will look repelling nears points with angle < 7 and

and z
attracting near angles > 7.

Coordinates on n-tuples: Let X,, denote the space of n-tuples of distinct points
on the unit circle (counter-clockwise order) and let X,, be X,, with any two Mdbius
equivalent n-tuples identified. Let S, be the mapping of X,, to polygonal surfaces
given by the Schwarz-Christoffel formula with angles o = {ay, ..., a,}. If we change
the positions of the prevertices by a Mobius transformation of the disk, the corre-
sponding Schwarz-Christoffel mapping sends the disk conformally onto a new polyg-
onal surface with the same angles as before. Moreover, there is clearly a conformal
map f between the two surfaces which maps vertices to vertices and hence arg(f’)
is constant on the boundary. This implies f is linear and hence the ¢ map for the
two surfaces agree up to a Mobius transformation. Thus W is a well defined map
X, — X,. Is it 1-to-1? There is a related result of Snoeyink [98], but his result
seems to require a fixed triangulation whereas our triangulations vary over the whole
space. His result should imply that ¥ is at most finite to one since there are only
finitely many possible triangulations to consider.

Conformal moduli coordinates: We can give X, coordinates which identify
it with R"3 by taking a triangulation of the disk with the given vertices, fixing a
root triangle and using the n — 3 numbers log Modp(;,, 2j,, %js, 2j,) for each 4-tuple

corresponding to a pair of adjacent triangles in our triangulation. Theorem 1 implies
[¥(w) — w| <log8,

on the subset Y, C X, corresponding to planar polygons. On the other hand, any
polygonal surface R we get is at worse a n —2 to 1 cover of the plane and this implies

that ¢ has a K (n)-quasiconformal extension to R. Thus
¥ (w) —w|| <log K(n).

Since V¥ is continuous, this condition implies it is onto from R* 3 to itself. Is ¥ 1-to-
1? TIs it a diffeomorphism? Does ||¥(w) — +(v)]|*> have any local minimums besides
the true conformal prevertices?

Rough monotonicity: Suppose we take coordinates for X, as above, fix one of

the quadrilaterals @), and vary its modulus. How does the modulus of the image
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quadrilateral ¥(Q) vary (assuming all the other coordinates are held fixed)? Accord-

ing to our remarks above, we have
~K < Mod(Q) — Mod(¥(Q)) < K,

so that the coordinates of ¥ roughly monotone on large scales (if Mod(Q) increases
by more than 2K then Mod(¥(Q®)) must increase). Unfortunately, the relationship
need not be monotone on small scales, we we shall see next.

Consider a polygon P bounding a region {2 and two adjacent Delaunay triangles
v1, Vg, v3 and v, v4, v1 With the same circumdisk D. Let @ be the generalized quadri-
lateral with domain D and vertices vy, va, v3, v4. Then Modg(vy, v2, vs, v4) is preserved
by the ¢ map to the circle, but Modg(v1, v9, v3, v4) is preserved by the conformal map
to the disk. Thus it suffices to show the second quantity is not a monotone function
of the first. By first taking a Mobius transformation that takes v; to 0 and v3 to oo
and then a logarithm, we can map €2 to a domain 2" where D is mapped to the strip
S ={x+iy: |yl <1} and varying v, corresponds to translating the upper boundary
of Q' horizontally.

Let

Q={z+iy: |yl <l+eand |y <1ifz € Z}.

Thus €2 is a strip with some vertical slits removed. See Figure 24. Let €2; be the

-

~~T T 1T i -
-

FiGURE 24. Coordinates of ¥ need not be monotone

domain obtained by translating the upper boundary component of (2 ¢ units. Let
M (t) = Modg, (—o0, —i,+00,7 + t). We wish to show that this is not a monotone

function of ¢. The domain (2, is clearly a covering space of a doubly connected domain
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A; which is a round annulus with two slits removed, one with argument 0 and the
other with argument 27t (see Figure 24). It is easy to check that the modulus of the
path family separating the two boundary components of this domain is not constant
it ¢: it is minimized when the slits are on the same radius and maximized when they
are opposite one another. Let m; and msy denote these two extreme values of the
modulus. If n is an integer M(n) = min+ O(1) and M (n+ 5) = mon + O(1). Thus
for n large M(n +1) — M(n+ %) and M(n + 3) — M(n) must have opposite signs
and hence M is not monotone.

Solving the parameter problem: Theorem 1 gives a rough approximation of
the conformal prevertices, but we really want to compute them to any given accuracy.

In [41] Driscoll and Vavasis observe that the iteration
Wpi1 = W, — ¥(wy,),

seems to converge linearly to the correct prevertices starting from the initial guess of
CRDT (actually they consider an iteration where the coordinates are logarithms of
cross ratios rather conformal modulus, but we will ignore the difference). This would
occur if ¥ had a derivative that approximates the identity. Is this true in some sense?
Our estimates above show that U looks like the identity on large scales, so perhaps
it also looks like the identity on small scales at many points.

Another method of solving for the correct prevertices is to define a function on X,
which attains a unique minimum at the correct prevertices and then use a general
non-linear solver to find them (this approach is described in [40] and [61]). Following
[41] let v be the four vertices corresponding to two adjacent triangles in a Delaunay

triangulation of P we could define

F(w) =||%(w) — wol|* = ZIModn V) — Modp(¢(ve)) %,

where wy = +(v) and the sum is over quadrilaterals associated to a Delaunay trian-
gulation of P. It would be good if this function had some monotonicity. As we saw
above, the individual terms do not have to be monotone on small scales, although
they do have a rough monotonicity at large scales. In particular, the level sets of the
function are compact. The approach of Davis [37] uses an iteration that is based on
the heuristic that increasing the length of an edge increases the distance between the

corresponding prevertices (i.e., harmonic measure is monotone in arclength). This is
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false in some cases, and as was pointed out in [61] this method need not converge even
if we start near the correct answer. Using the : map and these coordinates would
seem to have a better chance, although I do not know a proof that non-linear solver
will converge to the correct answer.

Parameterizing by the medial axis: Earlier we indicated how one might use
non-linear solvers to find the prevertices by parameterizing our polygons by conformal
moduli of quadrilaterals obtained from the ¢. Since ¢ is derived from the medial axis,
could we instead define a distance between polygons based directly on the medial axis
and use this? This would be like the approach of Davis [37] of using an iteration based
on the geometry of the polygon. Some authors have already considered distances
between medial axes based on hyperbolic metrics [33], [34].

Continuation by angle scaling: Another possible advantage of the ¢ maps is
that there is a natural way to write our domain {2 as part of a one parameter family
which starts at the disk and ends at €2. This is called “angle scaling” and is most easily
described when () is finitely bent. This is explained in detail by Epstein, Marden and
Markovic [44], so we will only sketch their results here. In the finitely bent case, €2 is
a union of crescents (which project to bending geodesics on the dome) and the regions
between crescents (which project to geodesic faces on the dome). There is a natural
way to shrink the angle of each crescent by a factor of ¢ € [0,1]. When ¢t = 1 we have
the original domain. When ¢ = 0 the crescents have all collapsed to circular arcs and
2 has been mapped to the disk (this is exactly the same as quasi-isometric extension
of + which we constructed in Section 5). Let ; denote the result of scaling the angles
by a factor of ¢, and let «; : Q; — D be the corresponding map. Then (;)~! o, is a
map of 02, to 0€2; and the important fact is that it has a quasiconformal extension
to a map Qs — €, with constant C|s — ¢|. This means that if the s and ¢ are close,
then the conformal prevertices for 2; and €, are close in the dgc metric.

Now suppose we could always solve for the true prevertices if we were within dg¢
distance € to start. To be precise, suppose we have a map F' so that dgc(z,w) < €
implies dgc(z, F(w)) < Ae for some A < 1, independent of z and w. Now choose
o =0<1t <...ty =1 and let O = €;,. We choose these points close enough
together that the true conformal prevertices z, for Q) and ;. are within €/2 of each
other for £k =0,..., N — 1. Let wy be our initial guess for 2. Then w, = z; (since

Q is the disk, ¢( is the identity). By assumption dgc(z¢,21) < €, so we can find z;
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starting from wy = zo. In particular, after at most log2/log(1/)\) applications of
F we have a point wy with dgc(z1, w1) < €/2. Hence this point is within € of z.
Continuing this way we obtain after N steps a point wy_; within € of zy = z, the
true conformal prevertices of €2, and iteration of F' from this point converges to z.
Thus the « map and angle scaling reduce the global convergence problem to proving
local convergence (with a radius of convergence estimate that is uniform over the
compact family ;).

Angle scaling can be performed on any simply connected domain using the bending
lamination, although the intermediate domains need not be planar (nor are they in the
finitely bent case above). Moreover, angle scaling of polygons need not be polygonal.

This type of angle scaling shrinks all the crescents at the same time. The geometric
description of ¢ given in the introduction (by following orthogonal paths to the medial
axis foliation) is very similar, except that we collapse crescents farthest from the root
first, and them move towards the root. This gives subsets of the original domain.

Optimal constants: What is the best constant in Theorem 17 If one allows the
constant in the work estimate to grow, then probably one can get the dg¢ distance
as close to 0 as desired. If we only consider + maps then this is related to finding
the best K in the Sullivan-Epstein-Marden theorem. As noted in Section 4, the best
current results are 2.1 < K < 7.82 and I expect the correct value is closer to the
smaller value.

It would be very interesting to try to estimate the best K numerically. I do not
know a way to compute K directly, but given a polygon we could compute the
conformal and ¢ images for various 4-tuples of vertices and comparing these would
give a lower bound for K. It is known that given a homeomorphism A of the circle,
if the modulus of any four points on the circle is changed by a factor of at most K,
then h has a C-quasiconformal extension to the disk where C' depends only on K
(this is well known, e.g., [72]). One must take C' > K in general, [2], but C' = K is
true if one considers more general path families than just quadrilaterals [64].

A sharp estimate for K would be of interest for several reasons. First of all, the
best explicit estimates for the constant currently come from estimates of the amount
of bending a surface in the hyperbolic space ]Ri can have without crossing itself
(see [17], [23], [24], [43]) which is a topic of independent interest in low dimensional

topology. The sharp K in Sullivan’s theorem also has numerous potential applications
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in classical complex analysis and dynamics. Consider the well known Brennan’s
conjecture. Suppose (2 is a simply connected plane domain and FF = f~!1 : Q = D
is a conformal map. It is obvious that [, [F'[*dzdy = area(D) = 7 so that F' €
L*(Q, dzdy), but it is not clear what other LP spaces F’' must belong to. Gehring
and Hayman (unpublished) showed that F' € LP for p € (3,2] and showed the
lower bound is sharp. Metzger [76] improved this to p € (5,3). In 1978 James
Brennan [22] improved this by showing one can take p € (%, po) for some py > 3 and
conjectured that py = 4 is possible (this is sharp since the Koebe function mapping
D — C\ [§,00) gives an F’ ¢ L*). The best estimate (so far as I know) is currently
due to Bertilsson [11], [12] who showed py > 3.422. This is a slight improvement of
the earlier result of Pommerenke [84, 83], that py > 3.399. In addition to its intrinsic
interest, the Brennan conjecture has interesting consequences and is currently under
intense investigation, e.g., [8], [26], [62], [66], [75].

The connection between the Sullivan-Epstein-Marden theorem and Brennan’s con-
jecture is explained in detail in [16]. Briefly, Astala [3] proved that if h is a K-
quasiconformal map of the disk to itself, then |h'| is in weak LP where p = 2K /(K —1).
Thus, if the Sullivan-Epstein-Marden theorem holds K, then the Brennan conjecture
is true for p < 2K /(K —1). As noted above, Epstein and Markovic have produced a
simply connected domain where K > 2.1, so a direct proof of Brennan’s conjecture
using K = 2 is not possible. However, in order to improve Bertilsson’s result we

would only need
p 3.422

T p—2 34222

Moreover, Brennan’s conjecture clearly holds for the Epstein-Markovic example, so we

~ 2.4064.

can still hope to prove Brennan’s conjecture using some of these ideas. For example,
can we estimate LP norms of the quasiconformal mappings arising from ¢ directly,

without passing though Astala’s theorem?
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