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Harmonic measure and arclength

By CuristopHER J. Bisnop* aAND PETER W. JoNES**

1. Introduction

The purpose of this paper is to prove the following results.

Tueorem 1. Suppose that () is a simply connected plane domain and that T
is a rectifiable curve in the plane. If E € Q) N T" has positive harmonic measure
in ) then it has positive length.

Tueorem 2. Suppose ), I and E are as above and z € () satisfies
dist(z, E) > 1. Let o denote harmonic measure on ) with respect to the point z
and let ¢ denote one-dimensional Hausdorf{f measure. Then for every A < ® and
g > 0 there exists a 8 > 0 such that £(I') < A and £(E) < § imply o(E) < &.

Tueorem 3. Suppose 1 is connected. There is a constant C < ® such that
(@ (TN Q)) <Cy

for every simply connected domain ) and Riemann mapping ®: D — Q if and
only if T is Ahlfors regular; i.e., there is an M > 0 such that £(I' N D(x,r)) <
Mr for every disk D(x, r).

Theorem 2 is just a quantitative version of Theorem 1, and Theorem 3 turns
out to be an easy consequence of Theorem 2. Before describing the proofs of
these results, we discuss some of their history. In 1916, F. and M. Riesz proved
their famous theorem that a univalent mapping onto a rectifiable domain
preserves sets of zero length. More precisely, suppose D is the unit disk, () is a
simply connected domain bounded by a rectifiable curve and ® is a Riemann
mapping from D to Q. Then if E C Q), Z(E) = 0 if and only if w(E) = 0. One
direction corresponds to the fact that ®' € H' (the Hardy space) and the other
to the observation that since log|®’| is subharmonic, ®' cannot vanish on a set of
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512 C. J. BISHOP AND P. W. JONES

positive length. In 1936, Lavrentiev observed that by combining the F. and M.
Riesz theorem with Jensen’s inequality one obtains (with the normalization

dist(P(0), E) > 1)

C log £(0Q)
w(E) < log Z(E) + 1°

(1.1)

Here C is an absolute constant. Later examples (e.g., [26], [33]) show that this
estimate is sharp for rectifiable domains. However, if Q) has infinite length then
the Riesz theorem need not hold; Lavrentiev constructed a domain ) and a set
E C dQ) such that E has zero length, but w(E) > 0. This example was later
simplified and strengthened by various authors including McMillan and Piranian
[33], Carleson [9] and Kaufman and Wu [26].

In 1985, the relation between harmonic and Hausdorff measures was
greatly clarified by a stunning result of Makarov. He showed that if ) is any

simply connected domain and if A, is the Hausdorff measure corresponding to
the function

1 1
h(t) =t exp{CO\/log-t—log loglog-; },

then any subset E C Q) with A,(E) = 0 must have harmonic measure zero.
Conversely, Makarov showed that there is always a set of full measure which has
Hausdorff dimension exactly 1. Pommerenke [39] improved this to sigma-finite ¢
measure. In fact, harmonic measure is supported on a set of Hausdorff dimen-
sion 1 even for arbitrary plane domains (Jones and Wolff [24]). This has been
improved to sigma-finite ¢ measure by

Makarov’s theorem also tells us exactly which domains can give positive
harmonic measure to a set of zero length. A result of McMillan says we can write
0l = AU T U N where the A are the inner tangents of dQ, T is the set of
twist points and N has harmonic measure 0 (see [32] or [36] for definitions).
McMillan’s and Makarov’s results imply that harmonic measure is mutually
absolutely continuous with ¢ on A, but that when restricted to T it gives full
measure to a set of zero length. Thus a Lavrentiev-type example occurs
whenever the twist points have positive harmonic measure.

The support of harmonic measure also satisfies other geometric constraints.
For example, if L is a straight line in the plane and E € 9} N L, @ksendal [34]
proved that £(E) = 0 implies w(E) = 0, and Kaufman and Wu showed this
remains true if L is replaced by a chord-arc curve [26]. Theorem 1 generalizes
this to rectifiable curves, verifying a conjecture of Q@ksendal. Thus harmonic
measure can be concentrated on a set of length zero, but any such set must be so
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HARMONIC MEASURE AND ARCLENGTH 513

“dispersed” in the plane that it is impossible to draw a rectifiable curve through
it. We should also point out that if ) is a quasidisk, one can prove this directly
using the associated quasiconformal reflection to find a new rectifiable curve I'
with ' N Q= and T" N Q. =T N IQ (see Ahlfors [1] or [2]). The result
then follows from the maximum principle and the F. and M. Riesz theorem.

The problem can also be interpreted in terms of Fuchsian groups and
covering maps, and this interpretation is fundamental to our approach. Given a
closed subset E of the Riemann sphere, let ®: D - C\ E denote the universal
covering of its complement and consider C \ E = D/, where ¢ is a Fuchsian
group acting on D. Let

F={zeD:|g'(z)l<1forall g€ £, g+ id}.

Then & is the normal fundamental domain for . It is a simply connected,
hyperbolically convex subdomain of D with the following “extremal” property. If
2 c D is a simply connected subdomain which contains {0}, but contains no two
& equivalent points, then w(0,02 N T, Z) > 0 implies £ (0. N T) > 0. So to
prove the theorem one may assume ) = ®(F) ([37], [38]). The group £ is
called accessible if .7 N dD has positive length. Thus an equivalent formulation
of Theorem 1 is that if E is a subset of a rectifiable curve, then the associated
group ¢ is accessible if and only if E has positive length.

For example, consider the case E C R (Qksendal’s theorem). Since w is a
Borel measure we may assume E is closed, and let R\ E = U°;.=OI i be the
decomposition of the complement of E into open intervals. Suppose ®(0) € I,,.
By symmetry, d(P(.F)) = R\ I,. But on the domain bounded by R \ I, it is a
simple exercise to compute the Riemann mapping and thus deduce that har-
monic measure and arclength on R \ I, are mutually absolutely continuous (this
also follows from the F. and M. Riesz theorem). Thus we see Theorem 1 holds in
this special case.

The main difficulty in proving Theorem 1 has been to utilize properly the
hypothesis that E lies on a rectifiable curve. The main idea of this paper is to
use a result of the second author [22] which characterizes subsets of rectifiable
curves in terms of geometrically defined “square functions.” This result is
combined with L? estimates and a stopping time construction to show that there
exists a certain Lipschitz domain .ZC % C D such that w(®(0), E, ®(_.£)) > 0
and

(1.2) Z(D(3F)) < .

The F. and M. Riesz theorem now implies Theorem 1. The inequality in (1.2)
comes with bounds depending only on the length of the shortest curve contain-
ing E, so that a slightly more involved argument allows us to prove Theorem 2,
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514 C. J. BISHOP AND P. W. JONES

an analogue of Lavrentiev’s inequality (1.1). The L? techniques used to bound
£ (®P(0.2)) are closely related to those developed during the past decade to
study Cauchy integrals on Lipschitz curves. In particular, we need to know L?
bounds for functions in terms of estimates on area integrals (see e.g. Jerison-Kenig
[20] and Kenig [27]), as well as estimates on how far E lies from straight lines on
different scales (see [21], [22)).

Theorem 3 was proved in the case where I' is a straight line by Hayman
and Wu [19] and a little later by Garnett, Gehring and Jones [18]. A simple
proof has recently been given by Fernindez, Heinonen and Martio [14].
Fernandez and Hamilton [13] extended it to chord-arc curves and Fernandez
and Zinsmeister [15] proved it for regular curves I' when I" € (). It is related to
Theorem 1 because a result of [18] reduces the problem to estimates of harmonic
measure on a domain {)' constructed from ) and I'. In particular, we must
show that certain small subsets of I" have small harmonic measure in )’ and
this is exactly what Theorem 2 allows us to do.

One can generalize Theorem 1 to finitely connected domains and to some
infinitely connected domains (e.g., fully accessible domains; see [37], [38]), but
these cases are not fundamentally different from the simply connected case. A
more ambitious extension would be to replace the simple connectedness of () by
some “thickness” condition on d(}, as in [34, Theorem 2]. Unfortunately, one can
construct a regular curve I' and a thick subset E of I', such that harmonic
measure on C \ E gives positive mass to a set of zero length. (Thick means
C,r < Z/(E N D(x,r)) < Z(I' N D(x,7)) < Cyr.) Even a generalization of the
theorem to simply connected Riemann surfaces covering planar domains is ruled
out by a counterexample given by the first author in [6]. Thus Theorem 1 is
something very special about simply connected domains in the plane.

The rest of this paper is organized as follows. In Section 2, we record
several needed definitions and well-known lemmas. We will also introduce the
geometric square functions mentioned above. In Section 3, we use extremal
length to relate the behavior of S(®), the Schwarzian derivative of ®, to the
square function estimates on E and deduce that [S(®)(z)[(1 — |z)® is generi-
cally small on 7. (A less precise version of this estimate, established by normal
families, was recorded in the second author’s paper [21]. However, that result is
far too weak for our present purposes.)

Section 4 uses the estimates of Section 3 and a version of a result of Kenig
[27] to prove

(L)) <cs(T)y+C ) Z(0)),
Q,e#

where I is a suitable rectifiable curve passing through E and & is a collection

This content downloaded from 129.49.5.35 on Wed, 18 Mar 2020 22:36:17 UTC
All use subject to https://about.jstor.org/terms



HARMONIC MEASURE AND ARCLENGTH 515

of “bad” squares in C\ E where the Schwarzian on ®~'(Q,) is very small
compared to |¢'|, where ¢(z) = log ®'(z). These bad squares are the ones that
often show up in the study of Fuchsian groups—they correspond in a certain
sense to elements of a Fuchsian group which lie “far” from translations. In
Section 5, we bound the sum of the lengths of the bad squares by using
Lavrentiev’s theorem to associate to each such square certain disjoint subsets of
I'. In Section 6, we refine our estimates and obtain Theorem 2. The changes
required are purely technical in nature. In Section 7, we use Theorem 2 to
obtain a short proof of Theorem 3. In Section 8, we present the non-simply
connected counterexample mentioned above.

2. Some facts and definitions

Before starting the proof of Theorem 1 we will record some well-known
definitions and results needed later.

Given a set E C C and an increasing function h with h(0) = 0 we let
AN (E) = inf{ Zh(rj): E c UD(x;,1;),r; < 5),
Ay(E) = lim AY(E)
-0

denote the Hausdorff measure with respect to h. When h(t) = ¢t we write this
as A, or £ (for “length”). Note that I is a rectifiable curve if and only if it is
connected and satisfies £(I") < oo,

We let D denote the unit disk {|z| < 1} and T its boundary. H denotes the
upper half-plane. The hyperbolic metric on D is denoted by p. For a domain (),
a point z € Q and a subset E C (), we let w(z, E, Q) denote the harmonic
measure of E with respect to the point z. Often the domain and point are

understood from context and we merely write w(E). (For Lemmas 2.1 to 2.6 see
Ahlfors [3] or Pommerenke [36].)

LemMa 2.1. Suppose Q) is simply connected and z € Q). Let d = dist(z, ().
Then for each m > 0 there is a A > 1 (not depending on z or ) such that

o(z,00 N D(z,Ad), Q) =1 — 7.

In Lemma 2.2 we can take m and A to satisfy
1 —n = (2/7)arcsin((A — 1) /(A + 1)).

LEmma 2.2 (Koebe 1/4 Theorem). If F:  — ' is a univalent mapping of
simply connected domains then

dist( F(z), Q)

[F(2)l ~ dist(z, Q)

This content downloaded from 129.49.5.35 on Wed, 18 Mar 2020 22:36:17 UTC
All use subject to https://about.jstor.org/terms



516 C. J. BISHOP AND P. W. JONES

Lemma 2.3. If F is univalent on D then
C|F'(z)l

|F"(z)| < ———

1 — |z

for some universal C > 0.

Lemma 2.4. Suppose -£C D is star-shaped with respect to the origin and
that ® is holomorphic and univalent on {z: p(z, .2) < &} and that ®'(0) = 1.
Then, given & > 0, there exist a number K = K(e, 8) and a set E C T such that
|E| < 6 and for w € (T N d-£) \ E,

1
f |®'(rw)| dr < K.
0

If F is a locally univalent function the Schwarzian derivative of F is

defined by

| F"(z)

& - | 50| - 3

~ FF"’(z)] ~ E'F"(zﬂ2
| F'(z) 2| F'(z) |

Recall that S(F) = 0 if and only if F is a Mobius transformation and that S
satisfies the composition law

S(FoG) = S(F)(G')* + S(G).
In particular, if G is Mobius then
S(F-G) = S(F)(G')’,
S(Go F) = S(F).

In addition, given an & > 0 and a hyperbolic disk D, there is a § > 0 so that
|ISCF)| < 6 on D implies F uniformly approximates a Mobius tranformation on
D to within &. The final fact we shall need about the Schwarzian is the following
result.

LemMa 2.5. Suppose F is a univalent mapping defined on D. Then

S(F)(2)] = ———
T (1-122)

Suppose ¢ is a family of curves in the plane. We say a positive, measurable
function o is admissible for & (written o € &(¥)) if for every locally
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HARMONIC MEASURE AND ARCLENGTH 517

rectifiable curve y € &
f ods > 1.
Y
(ds is arclength on y.) We define the modulus of € as
M(£) = mf{f[az dedy: o < 42/(5)}

and the extremal length of € as

ME) = M(€)

Note that extremal length is a conformal invariant.

LeEmMma 2.6 (Beurling’s Theorem). Let I be a subarc of T ={|z| =1}, Ka
closed disk centered at the origin and € the family of curves in the unit disk with
one endpoint in K and the other on 1. Then

0(0,1,D) ~ exp{ —7mA(Z€)}.
The constants for “ ~ " depend only on the diameter of K.

One consequence of this we shall use is that w(z, D(x, r) N 3, Q) < Cvr
for any simply connected domain () with a constant C that depends only on
dist(z, 3Q2). The next lemma makes precise a statement from the introduction
and is found in Pommerenke’s paper [37].

LEmma 2.7. Let F be the normal fundamental domain for C \ E defined in

Section 1. Suppose ) C D is a simply connected domain containing no two &
equivalent points. Then

07N Tl > 0(0,00 N T, Q).

Combined with the fact that d.% is rectifiable with length at most 72
(since it is hyperbolically convex [16]) this implies by Lavrentiev’s theorem that
w(0,0 N T, ) is bounded away from zero by a constant depending only on
(0,00 N T, Q).

A Jordan domain - is called chord-arc with constant M if the shorter arc
of 3.7 connecting two points z,w € 3.7 has length bounded by M|z — w].
Given a domain -Z we let d(z) = dist(z, 9_2).

LemMma 2.8 ([20], [27]D). Suppose £ C D is chord-arc with constant M and
suppose F is holomorphic on D and satisfies

ffle’(z)F d(z) dxdy < .
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518 C. J. BISHOP AND P. W. JONES

Then F € H*(_X) and

[ PGP ds(z) ~1FOF + [ [ 1F()* d(z) dxdy

with constants depending only on M. Similarly,
f |F(2)I? ds(z) ~ |F(0)]> + | F'(0)|* + f[ |F"(2)% d(2)* dx dy.
a.f L

See [10] for a simple proof when _# is a Lipschitz domain.
We also need some facts from [22]. A dyadic square Q is a square of the
form

Q = [k2", (k + 1)2"] x [j2",(j + 1)2"]

with j, k,n € Z. Let £(Q) denote the side length of Q and for @ > 0, let «Q
denote the concentric square with side length of aZ (Q). Given a dyadic square
Q there is a unique dyadic square Q’ containing Q such that £(Q") = 2"£(Q).
We denote this square by Q". Now suppose E is a compact subset of the plane.
To each dyadic square Q we will associate two numbers, B(Q) = B.(Q) and

y(Q) = v (Q). B(Q) is defined as the smallest B > 0 such that there exists a
line L in C so that

EN10QcsS= {z:dist(z, L) < gz(o)}.

We also let S, denote a fixed choice of an infinite strip of width B<(Q) such
that E N 10Q C S,,.

To define y(Q), let (E N 10Q)* denoté the orthogonal projection of
E N 10Q onto L, (the axis of S;). Let M be the maximum of the lengths of the
intervals in (L, N 10Q) \ (E N 10Q)* and set y(Q) = M/Z(Q). Thus y(Q)
represents the size of the largest “gap” of S, not containing a point of E.

The second author proved in [22] that the set E is a subset of a rectifiable
curve I' if and only if

BX(E)= ) Bi0Q)Z(Q) <=

dyadic O

and that the length of the shortest such curve is comparable to
diam(E) + B, + B%.

More precisely, we have the following:

LemMma 2.9. (1) If T c C is connected then
2 BHQ)4(Q) < Cc(T).
Q
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HARMONIC MEASURE AND ARCLENGTH 519

(2) If E C D satisfies
B*(E) = 2L BE(Q)4(Q) <,
Q

then there exists I' connected with E C T and
/(T) < 4 + C,B%E)).

Furthermore, I" can be taken to satisfy:

(a) If z,,z, €T, then z, and z, can be connected by a subarc of T of
length less than Clz, — z,|.

(b) If B(Q) < 1/1000, £(Q) < diam(E) and E N Q # O, then there
exists an infinite strip S, with axis L, which crosses 3Q, and the orthogonal
projection I'f of T' N 3Q onto L, is all of L, N 3Q (i.e., no “gaps”).

A curve I is called regular if there is an M > 0 such that
(T N D(x,r)) < Mr

for every disk D(x, r). Using Lemma 2.9 one can show that I is a regular curve
if and only if there is a constant C such that for all Q,

2 B(0)2(0) < €Z(Q).
QcoQ

3. An estimate on the Schwarzian derivative

Suppose E C C is compact and let ®: D - C\ E be the uniformizing
map. Let % be the normal fundamental domain for ®. Set ¢(z) = log ®'(z)
(which makes sense because ®' is never zero). Fix w € % and let z, = ®(w).
Let Q = Q(z,) be the smallest dyadic square containing z, such that £(Q) >
dist(z,, E). In this section we shall prove:

Lemma 3.1. Suppose ® is univalent on D(w, (1 — |w(). Then

(3.1) S(P)(w)I(1 — lw|)* < Ce 2 i‘, 5, 2w

n=0

where

8, = max(Bz(Q"), v£(0")).

The number p satisfies 0 < w < 1 but can be taken as close to 1 as wished (part
of statement of Lemma 3.1). The constant C depends only on the choice of .

Actually the estimate is true for 0 < u < 2, but this is harder to prove and
we will not need the extra decay. In fact, we will only need the lemma for some
w > 1/2. Also, we will only need the case ¢ = 1/2 for Theorem 1, but we will
consider small €’s when we prove Theorem 2. The lemma is easily verified by
hand in many cases. For example, if the right-hand side in (3.1) is 0 then E
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520 C. J. BISHOP AND P. W. JONES

must be a straight line. In this case ® is simply a Mobius transformation and so
the left-hand side must also be zero. Next suppose that E =Z c R c C. The
universal covering map ¥ from the upper half-plane H to C\ E can be
constructed by letting ¥ map %= H \ U,ezlz —n+1/2] <1/2} to H and
extending ¥ to the rest of H by reflections. Then (%) is one half of a
fundamental domain .% which can be obtained by reflecting % through any of
the circles {|z —n + 1/2| < 1/2}. We also have |¥(z) — z| < C on %. It is
not hard to compute that [S(¥)(x + iy)ly? < Cy~' if |yl > 1. For z = x + iy
this corresponds to Lemma 3.1 in the case where B(Q}) =0 and y(Q}) ~
y 27" ie., L,8,(Q;) ~ y~'. The covering map for any Denjoy domain can be
similarly constructed by a method due to Beurling (see Rubel and Ryff’s paper
[41]).
To prove Lemma 3.1 first note that by Lemma 2.5

S(®)(w)I(1 — |wl)* < Ce2.

Now fix 0 <1 < 1/100 (to be chosen later depending on w). We may assume
that 6, < 7, for otherwise the inequality would be trivially satisfied by taking
C = C,/m. Since E is bounded, y(Q") is eventually larger than n and so we
can define N = N(Q) < « to be the smallest integer such that 5, > 7.

Let S, be the strip across 5Q collinear with S, but of width §, > B(Q).
Let H, be the half-plane in C \ S, which contains the point z, (note: z, & S,
since 8 < 1/100) and let L, be the boundary of H,. Set V, = H,. In general,
S, is the strip collinear with S,. but of width 8. H,, is the half-plane in C\ S,
which intersects H,_, N Q"' (both sides of S, cannot hit H,_, N Q" !
without violating y(Q") <8, < 1/100). Let A, = 5Q"/5Q" ! and set

V.=(H,N5Q) U (H NA)U - U(H,_,NA,_ ) U (H,\50"").

Clearly {V } is a sequence of planar domains in C\ E. For example V, is the
region above the solid line in Figure 1 (see next page).

Let G, denote the Green’s function on V, with pole at z,. When n = 0,
V, is just a half-plane and so there is a Mobius transformation 7 mapping D to
V, and taking w to z,. In terms of 7, G, is given by

2 —w

Go(7(2)) = —log

1 —wz|

We define another function G on V, by the formula

G(®(z)) = — log

zZ—w
l—iﬁz\

which is well defined because ®~! can be defined on V,. Then G is a positive
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HARMONIC MEASURE AND ARCLENGTH 521

V2

..............

Ficure 1. The domain V,

harmonic function on Vy \ {z,} and has a logarithmic pole at z,. (In fact, we may
view G as the Green’s function of the universal covering surface of C\ E
restricted to Vy.) By rescaling we may assume that 0 € E and dist(z,, E) = 1.
Let A = {z: |z — z,| = 1/2}. We will prove that

(3.2) sup|G(z) — Gy(z)l < C i 8,27,

z€EA n=0
To see why (3.2) implies (3.1) let 7 be as above and note that by Koebe’s
theorem (Lemma 2.2) |7(w)| ~ (1 — |w]) L

LemMma 3.2. Suppose z € Vy, and z = ®(w). Then

|®'(w)| ~ dist(z, E) /(1 = |w]).

One direction follows because D(z,dist(z, E)) € ). To prove the other
direction, note that by the definition of V,, if [z] € A, N V,, then dist(z, E) >
d,. Since vy, < 8,, we can find points z,, z, € E such that

|z — 2] ~ |z — 25| ~ |z, — z,| ~ dist(z, E).
The estimate now follows by renormalization and the fact that the functions on
the disk which omit the values 0, 1 and o form a normal family.

Thus |®'(w)| ~ (1 — |[w))~!. Now let B =7"1(A). By our formulas for
G and G, and the fact that |7/|~ (1 —|w))™' on B, the inequality
|IG(2) — G(2)| < v for z € A implies

®(B) c{1/2 —Cv <z — 2,/ < 1/2 + Cv}.
The composition law for the Schwarzian now gives
S(¥)(2,)l

S@) I~
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522 C. J. BISHOP AND P. W. JONES

where ¥ is a conformal mapping of A to ®(B) which fixes z,. To see why such
a map satisfies [S(¥)(z,)| < Cv, we use the following simple lemma.

LemMma 3.3. Suppose () is a simply connected domain satisfying
D(0,1 - ») cQ cD(0,1 + »).

Let ¥: D = Q be a conformal mapping such that ¥(0) = 0 and V¥'(0) > 0.
Then for all z with |z| = 1/2,

¥ (z) — z| < Cw.
Thus | |[¥'(0)] — 1| < Cv, [¢"(0)| < Cv and |¥"(0)| < Cv.
To prove this note that
V(%)

z

l—v < <l+v

holds for all z € T and hence for all z € D (since ¥(z)/z has no zeros). Thus
F(z) = log(¥(z) /z) satisfies

—v < Re(F) < v,
Im(F(0)) =0,

¥ m(E(:))I = 7 Re(F(2))| < T

Hence for |z| = 1/2

Im(F(2))| < [Im(F(0))] + < Cv.

j T 4

This implies

— 1| <Cv

“I’(z)

z

as desired. The estimates on ¥"” and ¥" now follow from the Cauchy estimates
applied to ¥(z) — z.

Thus Lemma 3.3, combined with the formula for S(¥) in Section 2, allows
us to deduce (3.1) from (3.2). To establish (3.2) we will prove the inequalities

(3.3) IGy(2) — Go(2)l < C ZZVj 5 272
(3.4) IG(z) — Gy(z)l < C i 5 27k,
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HARMONIC MEASURE AND ARCLENGTH 523

for z € A. Clearly (3.3) and (3.4) imply (3.2). We will prove (3.3) first. We start
with an estimate which shows how G, decays far away from z,,.

Lemma 3.4. For fixed n > 0 there is a 0 <u < 1 and C > 0 so that if
0 < n < N then for z € A,

w(z,A, NVy,Vy) < C27".
Furthermore, 1 — C'n < u < 1.

This is just the Ahlfors distortion theorem [3], but for completeness we will
give a proof, using the method of extremal length. We define a metric o on V),

by
—— forl < < 2"
o(z) = { |zlnlog2 or 12l .

0, otherwise

Let € be the family of curves connecting A to A, N dVy in V,. Then o is an
admissible metric for € since y € ¢ implies

1 zndr
/yO'dSanngfl 7=1

So to get a lower estimate on A(€) we need an upper bound on [ /a2 We write

2

ffvnoz dxdy = (nligz

where 6(r) is the angle measure of {|z| = r} N V. For 2F <r < 25", we have
D(0, r) € 5Q* and so the definition of B(Q) implies

6(r) — 7| < CB(Q*) < C8, < Cn.

dr

2n 0(r)
J

r

Consequently,
(m + Cn)
M(€) < ffVNazdxdy < W
Thus by Beurling’s theorem, for z € A,
(3.5) w(z,A, NV, Vy) < Cexp{ —mA(€)}
—nlog?2
<C eXp{?—C—n}
< C27",

This completes the proof of Lemma 3.4.
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524 C. J. BISHOP AND P. W. JONES

A similar argument shows that for 1 < n < N,
w(z,,d50",Vy N 50") < C27 "
and for k = 1,2,...,
0(zg, Ly N Ay,p,Vy) < C27Neg~k

since Vy, looks like a half-plane outside 5Q". Let z denote the reflection of z,
across L, and note that

o(z) = log

~ %o

is actually defined and harmonic on C\ {zO, z&} and satisfies
IVG,(z)| < C27"

for |z| € A,,. Also note that for z € 9V, N A,

min(n, N)

dist(z,L,) < C2" ), B,
i=0
and hence |G(z)| < CL_B;. Thus for |z — zy| = 1/2

Gy(2) = Go2)l < [ 1Gy = Gyl dw, < Z |Gl de,

aVy —0 9VyNA,

(oo}

<C}), ( ZB].)T"“ <C) B2
n=0\;j=0 j=0 n=j
<C) B2~
j=0

We now turn to the proof of (3.4). We start by observing that if z, w € V,
with |z — w| = dist(z, E) /2 then p(z,w) ~ 1 (p is the hyperbolic metric
induced by ®). Clearly p(z, w) < 1 since D(z,2|z — w|) N E = . (Recall that

z,w € Q) C Q' implies po(z, w) = palz, w).) The other direction follows from
Lemma 3.2.

Now let I' be a curve in V,, which satisfies
diSt(Z, S(Qn)) ~ (611—-1 + 8n + 6n+l)

for z€T' N A,. (We will assume 8, > 0. The case §, = 0 is easier and left to
the reader.) Also assume that I' is uniformly smooth on scale 2"; ie., if
I,=TNA, and if f is an arclength parameterization of T, then

IV, fl < C27"

(V, means all second derivatives of f). Let 2 be the subdomain of V,
bounded by an arc T}, of T" and an arc I, of 35Q" and containing z,. Divide
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HARMONIC MEASURE AND ARCLENGTH 525

02 into intervals {I,} such that the hyperbolic diameter of each I, is about 1. By
Lemma 34 if I, CI', N A, then

(L) <C(5,,+6,+8,,,)2"

Suppose z € Z N A, and dist(z, E) ~ 2". Because of the smoothness of T' on
A, harmonic measure there looks like (normalized) arclength; e.g., if I, C
I' N A, then

w(z,1,,9)<C/(1)27".
But by the remark following the proof of Lemma 3.4,
w(29,95Q0" "1, 2N 50"") < w(zy,d5Q" ", Vy N 5Q"" 1) < c27"#
and thus

o(zy,1,,9) < CL(1,)27"27 ™,
Therefore,
w(zy, [, )< C(5,_, +6,+85,,,)27 .
On the other hand, if I, C T, then

w(z0,1,,2) <w(z,,T,,2) < C27N,
Since N was chosen so that 8y > 7,
o(zy, I, D) < C8, 2~

Therefore, for any I,,

N
w(zy,1,,2)<C), 8,27
n=0
LEMmMma 3.5.

N
supG(z) < C ) § 27" = C8(Q).
09

n=1

Let 2 = ® 42), and J, = ®~'(I,). Observe that

supG(z) = sup sup logi ~ sup sup (1 — |wl).

09 k wej, lwl k wej,
Let k, be an index where the last supremum is attained and let w, be the point
in J, where the supremum is attained. Also let k_,, k; be the indices of the
adjoining intervals. Set ] = J,_ U J, U J; . Thenif w € 09\ ], p(w, w,) = C,
and |w| > |w,l|. Set

A ~

2 =20 ({lwl < lwel} U {p(w, w,) < Co})-
(See Figure 2.)
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Ficurg 2. D and &

Then clearly
w(0,],9) > w(O,],@)

> C,(1 — |w,l) > CsupG(z).
0

But by the remarks preceding Lemma 3.5,
(0, ], 2) = (2o, ®(]), 2)
< Colzy, I, VI, UL ,Z) < C8(Q).

Inequality (3.4) now follows easily from Lemma 3.5 because by the maximum
principle and the fact ¥ Cc V,, € C\ E,

IGy(2) — G(2)l < |G,(z) — G(z)I
< s(;lgE)|G(z)| < C8(Q).

(G, is, of course, the Green’s function for Z with pole at z,.) This completes
the proof of Lemma 3.1.

4. A reduction to the study of bad squares

Suppose () is simply connected and E C 3} is closed. As in the introduc-
tion let @ be the universal covering map from D to C \ E and let & C D be the
normal fundamental domain. Assume w(z, E,) > 0. By Lemma 2.9, this
implies that w(z, E, ®(F)) > 0. Thus without loss of generality we may assume
Q = &(F). Since w(z, E, Q) > 0, given any n > 0 there is a z, € ) such that
w(z,, E, Q) > 1 — n. We may assume that ®(0) = z,. By hypothesis E lies on
some rectifiable curve. Let I' be the special rectifiable curve associated to E by
part 2 of Lemma 2.9, satisfying properties (2a) and (2b).
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The fundamental domain & can be written as &= D\ UB; where the
{B j} are disks orthogonal to T. If 7 is small enough, then B; N {lzl < 1/2} = &,
for otherwise Lemma 2.1 would imply (0,0 \ T, ) = w(0,9B;,D \ B) > 7.
Let F be the radial projection of 3 \ T onto T. Then by the maximum
principle,
1

Z(F) <w(0,0\ T, ).
21

Lemma 4.1. With notation as above, there exists a Lipschitz domain £ C S
such that for all z € 2,

w(z,0FNT, F)=w(P(2), E,®(F)) 21— Cyn
and p(z,0.%) > 1.

One proves this by considering the open set where the Hardy-Littlewood
maximal function of the characteristic function of d.% is larger than ﬁ . Over
each interval I in this set we place a “tent” of the form

T,={z € D:1—|z] <dist(z/|z], T\ I)}.

It is easy to check that by taking .# to be the complement of these tents in D,
we obtain a domain which satisfies the lemma. Also note, for future reference,
that if z € ., then ® is univalent on the disk D(z,(1 — |z])/2) and that the
hyperbolic distance from z to d.% is very large (depending on 7).

By the lemma, E has positive harmonic measure in the domain ®(_£") C ().
If 0®(_L) were rectifiable then the F. and M. Riesz theorem would imply that
E has positive length. Thus it suffices to prove that for any Lipschitz domain -
satisfying the conclusions of Lemma 4.1,

Z(0D(F)) = [M|<p'(z)| ds(z) < C(19'(0)| + £(T)) < =.

To see why it is necessary to replace .# by the subdomain £, consider the
following example. Suppose E consists of N equally spaced intervals of length
7/N on T and let ® denote the universal covering map which takes 0 to . By
symmetry one can show that ®(3.% ) consists of E together with the N radial
segments which connect the origin to the midpoint of each interval in E. Thus
the total length of d®(.% ) is greater than N. However if we consider the
corresponding region ®(.2) (see Figure 3) we see its boundary has length
about 1, independent of N because the boundary of this domain must stay near
the unit circle.

Let {Q,} be the dyadic squares in the Whitney decomposition of C \ E (see
Stein [42, Chapter VI]). Let €,8 > 0 (to be chosen later). Define £, ; € .2 to
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—T

Ficure 3. P(F)and ®( L)

be the set of z € _Z such that
le'(z)I(1 = |z]) > ¢
and
IS(D)(2)I(1 — |2l)* < 8.
We define a collection of “bad squares”™ &, ; by putting Q, € &, ; if

€

®~(Q,) N £ 5 # D. Also let d(z) = dist(z,9.7) for z € .~

Lemma 4.2. There are universal constants ¢, > 0 and C, > 0 such that
whenever € < g, and & > 0 then

(4.1) faj@'(z)l ds < Col®'(0)] + C,(1 + §72)

X [ [ 1 @IIS(@)()F d(z)° dx dy
+C L Z(Q).
Q,EZ, 5

The proof that we will give also shows that if ®: D — C is univalent and
satisfies

)
1 — |z|

l¢'(2)] <
(i.e., ¢ has small Bloch norm) then
Z(®(T)) < C,|®'(0)] + cof[D|q>'(z)| 1S(®)(2)12(1 — |z)° dx dy.

This should be compared with Becker’s theorem ([4]) which states that ®(D) is a
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HARMONIC MEASURE AND ARCLENGTH 529

quasicircle. Also note that if ¢ has small Bloch norm on .# then there are no
bad squares; so we can simplify the proof. However, in this case ®(2) is a
quasidisk and we noted in the introduction that this case is easy. If we replace
the term |®'(0)| in the inequality above by diam(®(D)) then the inequality holds
whenever ®(D) is a quasidisk (the proof will be discussed in a later paper). That
the last term in (4.1) is really necessary can be seen by mapping the disk to a
half-plane. Zinsmeister [43] has obtained related results.

Now set F = (®')1/2 and ¢ = log(®') and observe

1
P = S(8)(e),

P =5 (@)2[e + (o))
= (@)(s(@) + (7).

Normalize so that |®'(0)] = 1. The first equality, together with Lemma 2.8,
implies

(4.2) fajqu(z)l ds ~ 1+ f/ICI)’(z)I l¢'(2)I1? d(z) dx dy

and the second gives
[ Jo@ds < G+ Cof [ |0RNIS@)(E) + (#()T" d(=)" dxdy
< Gy + Cif [ 10 @IIS(@)E) (=) dxdy
+C,f fj; QIO d(z)’ dxdy
+Cf f_/%@'(zn l¢'(2)I" d(z)’ dx dy

<Cy+Cf f/l@'(z)l 1S(®)(2)I d(2)* dx dy

+C, Y 4(9))

Qje ge,&

+ C,é? fjl@'(z)l l¢'(2)I* d(z) dx dy

+ Clﬁ‘szjld)’(z)l 1S(®)(2)I* d(2)* dx dy.

This content downloaded from 129.49.5.35 on Wed, 18 Mar 2020 22:36:17 UTC
All use subject to https://about.jstor.org/terms



530 C. J. BISHOP AND P. W. JONES

In the last inequality the third term is correct because Lemma 2.3 and the fact
that ® is univalent on D(z,(1 — |z])/2) for z € - imply |¢'(z)| < Cd(z)~"'. So
by Lemma 2.2 we have

ffq,_l(oj)@'(z)l d(z) 'dxdy < C£(Q,).

The last two terms bound the integral over £\ .Z, ;5 since for z € £\ 7 ;
either |@'(z)|d(z) <& (in which case the first term bounds) or & <

l'(z)| d(z) < C and [S(®)z)|d(z)> = & (in which case the second term
bounds).

Taking & small enough and using (4.2) give

[ J@'G)lds < G+ Cy(1 + 57) [ [ 1 IS(@)(=)F d(=)’ dxdy

+C, ), Z(0;)+ lf |®'(z)| ds.
Q, €%, s 2%,
We can now subtract the term on the far right from the left-hand side to
establish an a priori estimate; this can be combined with a limiting argument to
complete the proof of Lemma 4.1.

Thus to prove that [|®’| < © we must bound both the integral and the sum
which appear on the right-hand side of (4.1). In the rest of this section we will
prove the integral is finite. In the next section we will deal with the sum.

As above, let {Q,} be the squares of the Whitney decomposition of C \ E.
Given a square Q;, let N(Q,) be the smallest integer n > 0 such that
B(QJ’.’) + 'y(QJ'.’) > 1/1000. Thus for z € <I>_1(Qj) N .Z (by Lemma 3.1),

N(Q)

IS(®)(2)I(1 - z)* < C z (B(Q7) + v(Qp))2 = €8(Q;).

We claim that to prove

[] 1 @IIS@)E) d(z) dedy <=
it is sufficient to establish

(4.3) 2.6%(0;)2(Q;) <=

To see this, recall that if z € _Z, then the hyperbolic distance from z to .5 is
> 1. Thus Lemma 2.2 implies

@(2)I(1 — Iz) ~ dist(®(z), E) ~ £(Q,).
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Hence,

[ J@NS(@) () d(z)” drdy

< Z//q)_l(ojmjld)'(z)l|S(<I>)(z)| (1 — |2))° dx dy

, |®'(2)]
< C§5(Qj) ,[[q,—l(Qj)n_/(_lle—l)—

< C26%(Q,))4(Q)).

dx dy

Therefore it suffices to prove (4.3).

Lemma 4.3. Suppose Q is a dyadic square. Then
Y. Z(Q)=2"2(0).

j: Q}I=Q, N(Q])Zn

This is trivial since there are at most 4" squares Q; such that Q} = Q and
each has length 27"/ (Q). The lemma is actually true with 2 replaced by a
strictly smaller number, but we will not need this result.

Lemma 4.4. For eachn =0,1,...,
Y BHopZ(0) <2" X BH0)4(0).

Jj:N(Qp=n dyadic Q

To prove this just use Lemma 4.3 and observe that

Y. BX0r)Z(0)= ¥ B*0Q) )y Z(0;)

J:N(Q)=n dyadic Q j:QF=Q,N(Q;)=n
<2" ) BXQ)Z(Q).
dyadic Q

CoroLLARY 4.5. If 27* is smaller than 1/ V2,

N(Q;) 2
T[S aee] q0)sc ¥ 00 <clm)

j dyadic Q

To prove this we merely apply Minkowski’s inequality to the left-hand side
and then apply Lemma 4.4.

Lemma 4.6. For eachn =0,1,...,
Y. v (07)Z(0;) < c2n4(T).

Jj:N(Q)=n
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First let {I,} be a decomposition of ' \ E into disjoint pieces satisfying
1

/(1,) > Cdist(I,, E).

Such a collection can easily be constructed by considering the Whitney decom-
position of C \ E. Given a dyadic square Q such that B(Q) < 1/1000 we can
pick an index k = k(Q) such that

¥(Q) = CZ(1,)/4(Q).

This is possible because by the definition of y(Q) and Lemma 2.9 (2b), C \ E
contains a disk of diameter y(Q)/Z(Q) centered on I'. Next, note that if
k(Q) =k then £(Q) = (1), and only a bounded number of squares of the

same size can hit I,. Thus grouping the dyadic squares such that k(Q) =k
according to size, we get

Y Z(Q)7'=sclr) Lemscd(n)
Q: k(Q)=k m=0

We split the sum in the lemma into two pieces. In the first we only sum over

squares with B(Q) < 1/1000 and obtain
Y Yense)= X e ¥ 40

j:N(Q)=n Q: B(Q)<1/1000 Q/=0Q,N(Q)=n

< 2" Y y3(Q)4(Q)
Q
< C2" Y 4 (L) 4 (Q)
Q

=c2"y /(L) X Z(0)
k Q: k(Q)=k

<C2" Y /(L) /(L)
k

< c2r/(T).

The last line holds because the {I,} are disjoint. For squares with B(Q) > 1,/1000
we note that y(Q) < 10008(Q) and then use Lemma 4.4.

CoroLLARY 4.7. If 27* is less than 1/ V2 then

( N(Q;) 2

)> Zz‘,o v(Q;’)z—"“) Z(Q;) < c/(T).

J
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CoroLLARry 4.8. For u > 1/2,(4.3) holds; i.e.,

£5(0,)°2(0)) = c(I).

The corollary follows from Corollaries 4.5 and 4.7. We have now shown the
integral on the right-hand side of (4.1) is finite.

5. Bounding the bad squares

In this section we will prove

(5.1) Y 4(0,) <C(e,8)4(T)

Qne ‘@6,8

if € and 6 are small enough. Let € be fixed so small that Lemma 4.2 holds and
fix a value of u in Lemma 3.1 so that Corollary 4.8 holds. Let §, > 0 (to be
chosen later). Note that if 8(Q,) > 8, then £(Q,) < (1/8,)%6(Q,)*Z(Q,). By
Corollary 4.8 these squares sum, and so we may assume from here on that
8(Q;) < §,. Also note that since the harmonic measure of E is close to 1 on the
bad squares we must have dist(Qj, E) < Ciliam(E), because ®(6.%) goes out
to . (This is why we use C \ E instead of C \ E.) Our basic strategy will be to
build a new curve T" with £(I') ~ Z(T") and to associate to each bad cube Q, a
positive function f, on I' such that

(5.2) fffn ds = C,Z(Q,),
(5.3) Y fulx) < 4

except for a set of zero length in I'. Thus

1 1
L () s L [fuds< g [ Lfds

Qne ‘@8,5

/(F).

4
< —
C,
Since ¢ (I") < CZ(T), this will complete the proof of Theorem 1. This idea was
also used by Jones and Marshall in [23] in a related, but much simpler, situation.

We start with the following lemmas which allow us to exploit our assump-
tion that S(®) is small on the “bad” cubes. As before we set ¢ = log(®’).
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LEmMma 5.1. Given € > 0 and A > 0 there are a C and a & such that if ® is
locally univalent on D and there is a point z such that

2
' >
l¢'(z)l = —— wE

IS(P)(w)l £ ———;,

(1 = lwl)’
for all p(w, z) < C, then there exist a hyperbolic disk D centered at z, of radius
A and a point wy € D such that p(D,z) < Cand 1 — |wy| < 1 — |z]| and

@' (wo)| = 20 = T’

lo'(w)] < L, w € D.
1 — |wl

The proof is very easy. We merely observe that if ® is a Mobius transfor-
mation, then the lemma is true for some C > 0 (it is instructive to consider 1/z
on the upper half-plane). If the lemma failed in general, we would take
a sequence of functions ® with S(®}w)1 — |w))®? - 0 uniformly on
p(w, z) < C, but such that the corresponding ¢’(w)(1 — |w|) remained larger
than e. Passing to a subsequence and a limit we obtain a Mobius transformation
for which the lemma fails, a contradiction. This proves the second inequality
holds. We can easily get the first to hold by moving D closer to z if necessary.
Also note that we can get the second inequality to hold just by taking any disk D
close enough to T as long as it stays away from one boundary point (which
depends on ®), because the same is true for Mobius transformations. This
observation will be useful when we prove Theorem 2.

LEmMa 5.2. Given € > 0 there is a 6 > 0 with the following property.
Suppose z, = rye’® € D and let y = [r,e'®, r,e*®] be a radial line segment with
endpoint z,. Suppose |¢'(z,)| < /(1 — |z,)) and for all z € y

1S(®)(2)] < ———
4 < (1 _ |z|)2 .

Then for all z € v,

! < .
l¢'(2)l < 7— i

Moreover, for z € y and p(z, z,) large enough (depending only on 8 and &),

CVs
1—|z|’

lo'(2)l <
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To prove this, suppose |@'(te?®)] < e(1 — ¢t) ™' and |S(P)(te?)| < 8(1 — ¢) 2
for ry <t <r. Then

- . 1 ‘
1) < IS(8)(1e?) + Hlge)F

<(6+e2/2)1—-t)?<e2(1—1)?

if & < &2/2. Clearly this implies |¢'(te*®)] < e(1 —t)~! for t < r,. In fact, we
get |@'(te®®)] < e*(1 — t)~! for t close enough to 1. The final claim comes from
iterating this argument n times until £¢2" < 8.

Now consider the sum in (5.1). By definition each “bad” square Q; con-
tains a point ®(y;) with y, € .7, lo'(y)l = ¢e/(1 —|y,) and [S(P)(y,)| <
/(1 — ly;)* Moreover, S(®) remains small on a large hyperbolic neighborhood
of y; because we may assume 8(Q;) < §,, is very small (use Lemma 3.1 and our
comments at the beginning of the section). Applying Lemma 5.1 to z = y; with
¢ as above and A = 10, we obtain a point z; (z, of the lemma) which satisfies
the conclusions of Lemma 5.1. Also note that z; is only a bounded hyperbolic
distance from _# (and therefore in % ).

Arrange the {z;} so that |z,| < |z,| < ... . By dividing &, ; into a finite
number of disjoint families, we may also assume
(5.4) p(2,,2) = Cy> 1, j#*k.

C, is a large positive constant which will be chosen later.
To each point z j we wish to associate a Carleson box, i.e., a set of the form

R, ={z:1-II| <zl < 1,2/lzl € L)

J

for some interval I; € T. We also let S; denote dR; N D = dR;\ I; and let T;
denote the top edge of R,. Suppose by induction that we have defined
subdomains R,,..., R, _, such that

1) s, c &

(2) Z(D(S)) < Cydist(P(z)), E) = Csd;.

(3) p(z;, T, < 10.

(4 If R; N R, # D and k > j then R, C R, and dist(R,, S;) = <(R,).
Also note that d; ~ |(I)'(zj)|(1 — |zj|) ~ /(Qj).

To define R, we consider two cases. The first occurs if dist(z,,S,) >
2(1 — |z,]) for every 1 <j <n — 1. If so, build R as follows. Since z, is only a
bounded distance from -, Harnack’s inequality implies w(z,,0# N D, %) <
Cﬁ. Let J denote the arc on T of length 2(1 — Izjl) centered at z,/|z,|. By a
localized version of Lemma 2.4 there is a set F C ] N % with |F| > |J|/2 such

that for every radial segment y with an endpoint on F and length 1 — |z |, we
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have Z(®(y)) < Cd,. Choosing the sides of our Carleson square R _ from such
segments, we easily satisfy (1), (2) and (3). We may also assume R, contains z,
in its top half. Then (3) and (5.4) imply dist(R,.S;) < Z(R,) for every 1 <j <
n — 1 which is (4).

In the second case there is some 1 <j <n — 1 such that dist(z,, S;) <
2(1 — |z,]). Choose k so that this distance is minimized. Then if C, is large
enough, Z(R;) > 50(1 — |z,]). Now build R satisfying (1)—(3) inside the box
R, and so that

dist(S,,S;)
1< —W <2
To see that (4) holds consider j <n — 1 and j # k. If Z(R;) = 50l(R,) then
dist(S;, S,) = dist(S;, S;) — 2dist(S,,, S;)
> max(Z(R,), Z(R,)) — 44(R,) = Z(R,).

On the other hand, if /(R;) <50<(R,) then dist(S;,S,) = 10/ (R,) because
p(z;,z,) = C,. Proceeding by induction, we obtain a sequence of Carleson
boxes {R,} satisfying (1)-(4). (See Figure 4.)

Ry

R,

Zn s
\ W, ﬁ?
m Y Pal nm

Ficure 4. Building the Carleson squares

Next we observe that we can ignore the bad squares which are “near” T
More precisely, let w, be the center of the top half of R . Suppose
p(®(w,),I') < C,/10. Then there exists an arc I, € T' N {p(z, P(w,)) < C,/2}
with £(1,) ~ d, Gf 8, is small enough, depending on C,). Clearly all the arcs
arising in this way are disjoint. Thus setting f, to be the characteristic function

of I, gives (5.2) and (5.3). Therefore we may now assume that p(®(w,),T') >
C,/10.

Now let €, = ®(S,), and €,* denote the component of € *\ I' which
contains ®(T,). (Such a component exists because we are assuming the hyper-
bolic distance from ®(w,) to I' is large.) Let W, denote the component of
C\(I'V €*) containing ®(w,). Observe that £ * has its endpoints on
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HARMONIC MEASURE AND ARCLENGTH 537

I' N S, and by the assumption that 8(Q) < 8, we can find a collection of points
{x,} €T NS, with |x, — x,_,| < 8,d; for each k. By part (a) of Lemma 2.9, I’
connects x, to x, , inside a disk of size Cé,d . Therefore

(5.5) diam(W,) ~ d,,.

Ficure 5. The domain W,

Now let 2, be the component of C\ (I' U,£;*) which contains ®(w,).
Since I, C W,

diam(Z,) < diam(W,) < Cd,,.

This and the fact that p(w,_, w,) is large imply that for n # k, I, N I, = .
To see this, assume d, < d;. Then ®(w,) € Z, implies |[P(w,) — P(w})| <
Cd . Combined with d, > d, and 8(Q,) < 8,, this implies p(w,, w,) < C, (for
C, large enough). Furthermore, n # k implies C, N C; = & since S, and S,
are disjoint in % and hence 3, consists exactly of the arc €,*, a subset of T
and some collection of other arcs €}*’s. Furthermore, if €;* N 302, # & then
&* € dZ, and d; < d,/2. Consequently,

(5.6) n,k#1 and C*¥Ndig, + I =CFrNig, =J.

We now define the new curve I' by adding certain arcs to I'. For each R,
choose a maximal collection of dyadic subcubes {Q}} of R, with the property
that the top half of each QF contains a point z such that ®(z) is in a Whitney
cube OF of C\ E with 1/10 > 8(Q}) = 8, (8, to be chosen later). For each k
let F}* denote the line segment containing the top edge T} of Qf, but three
times as long. Let E! be a curve which connects F{* to ®~(T') and such that
Z(®(F! U ED) < CZ(QF). We can do this because < (®(F!)) ~ £(Q}) by
the assumption that 6(Q}) < 1/10 and the estimates of Section 3 (Lemma 3.2
in particular). E! can be chosen so that ®(E}) is a curve of length < CZ(Q})
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538 C. J. BISHOP AND P. W. JONES

connecting ®(F;") to E C I'. Finally we set

C=Tu ®(FUE}).
n, k

To see that T' has finite length, note that each square Q} has a uniformly
bounded hyperbolic diameter (because 8(Q}) < 1/10); so ®~1(QF) can hit the
top half of only finitely many dyadic Carleson squares, and hence can be chosen
only finitely often. Moreover, since 8(QF) > 8, the lengths of these squares sum
by the remark at the beginning of this section. Hence

/(M) <Z(T)+C) Z(Qp) <cs(T).
n, k

Define Z, to be the component of 2, \ I' which contains ®(w,). We claim
that |

(5.7) o(®(w,). T nég,, 2, =c,.

Let V. be the component of Z, \ €,) containing ®(w,). Then V, € &, and
V. \ 09, = €, \ €.* has large hyperbolic distance from ®(w,) depending
only on C, (just recall that €, is the image of the sides of the Carleson box R ).
This implies w(®(w,),dV, \ 0Z,,V,) is small depending only on C,. Therefore
if we can show

o(®(w,). T nav,,v,) = 2C,

n? n

for some absolute C, > 0 we can deduce

o(®(w,),.T N3Z,, 7,) 2 o(®(w,), T Nnav,,V,)

- (®(w,),dV,\3Z,,V,)=C,

if C, is large enough.

We begin by observing that any radial segment starting at the top edge of
R, must hit ®(T') before it hits any R, C R,. To see this, fix some R; C R,
By definition there is a point z; (the point w, of Lemma 5.1) within hyperbolic
distance A of S; where |¢'(x;)| = /(2(1 — |x,)). Let y be the radial segment
which connects x; to S,. Since p(x;,S,) = C, — 2A is large, we will contradict
Lemma 5.2 unless there is a point z € y where [S(®Xz)| = /(1 — |z])% So
choosing 8, to be the 8 given by Lemma 5.2, we see that y must hit one of the
squares QF in the definition of T'. Moreover, the hyperbolic distance of the top
of this square to R; is very large if §, < 8, (because Lemma 3.1 and §, very
small imply S(®) remains very small in a large hyperbolic neighborhood of §)).
Finally, p(R;,T') < A, p(R,;, T{’) = 10 and y N T} # & imply F} (the “triple”

of T}') covers R;.
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HARMONIC MEASURE AND ARCLENGTH 539

Consider the domain U, = R, \ U,Qf, where O} consists of Q} together
with the two adjacent Carleson squares of the same size (see Figure 6). Then by
the argument above, any R; C R, lies in some ~QA,'C' Hence if V, is th~e
component of ®(U,) N V, containing ®(w,) we see V, C V_and oV, \ dV, C I.

& 1(T) <\—

= N [T PN T
®-1(E)

Ficure 6. U, and @~ X(I)

Thus
w((I)(wn), an) < w(fb(wn), I Vn).

Let F C dU, consist of 9U, N T plus the top edge of each Q7. By the maximum
principle,

w(CI)(wn), I ‘7") > w(w,, F,U,)

because F ¢ ®~Y(T). Note that U, is a chord-arc domain with Z(3U,) ~ 1 — |w,|
and that £(F) > 1 — |w,|. (Any domain formed by removing dyadic Carleson
squares from a larger Carleson square is chord-arc with constant < 6.) Thus by

the A, condition for harmonic measure on a chord-arc domain (Jerison and
Kenig [20]),

w(w,, F,U,) > 2C,

as required.

We are now ready to begin the construction of the f s. Let us first note
that except for a set of zero length each x € T is contained in the boundaries of
at most two of the domains Z,. This is because these domains are disjoint and
(by rectifiability) contain cones with angle near m at Za.e. boundary point.
Therefore we can consider each point on I as a pair of points, each correspond-
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540 C. J. BISHOP AND P. W. JONES

ing to a “side” of the curve. With this convention it makes sense to claim that
each point of T is in at most one of the sets I' N 37,

It is enough to bound every finite subsum of (5.1), and so we may assume
our collection of domains {Z} is finite. Relabel them so that d, <d, < ....
Define f, to be the characteristic function of T' N 32,. This satisfies (5 2) since
09, consists only of C¥ and a piece of T' of diameter ~ d,. (The upper
estimate follows from Lemma 2.9 (2a) and diam(2,) ~ d,. The other direction
follows from the lower bound on the harmonic measure of I'in 2, and the
usual estimates on harmonic measure.) Now suppose f,,..., f,_, have already
been constructed satisfying (5.2). To construct f, we consider two cases.

Let C. > 0 be a small constant to be chosen below. If Z(I' N d2,) > C.d
then let f, be the characteristic function of the set I' N d9,. Certainly (5.2) is
satisfied if we take C, < C;.

Now suppose (' N Z) < C.d,. Suppose C, is the constant in
Lavrentiev’s inequality (1.1). Equation (5.7) and Lavrentiev’s theorem imply that
(09, = C,llog C5ld, /C,. Since we know that £(C*) < C,d, and are assum-
ing /(' N Z)) < C,d,, we must have

C,llog C4|
l U x|z ||l——| - (C;+Cy)|d
fk*c(?_@n CO
1 C,llog C.|
> .= 2C,d,
2 Co
if Cy is small enough. Define
1
fn = E Z fk
k: Kk*ca_@

and observe by the induction hypothesis and (5.6) that

[haz5 ¥ [ra

k:€*co,
1
>— ) Cd= ——Z/(gk
2k Fcog,
1 C, C,llog C|
>- 12 >3 >Cd,.

4c, ¢, "

We now turn to the proof of (5.3). Fix x € T (not in the exceptional set and
with the “two sides” convention discussed above), and let k, be the first index
such that f; (x) # 0. Then it must be the case that x € I' N 7, and f; (x) = 1.
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HARMONIC MEASURE AND ARCLENGTH 541

Let k, > k, be the next index such that f 1 (x) # 0 and similarly for ko, k3, ... .
Since x €' N ,@k we have C/ C cl@k and hence f;(x) = 1/2. Now con-
sider k,. Since by (5 6) € C 09, implies €* Pga d9,, we must have & C
09,. Therefore fr(x) —fk(x)/Z =1/4. In general €N _@k =g if 0 <j
<n—1and €*_ Ca,@k Thus f (x) = 27" for all n and so Lfi(x) < 2.
This proves (5.3) and finishes the proof of Theorem 1.

6. Proof of Theorem 2

We now turn to the proof of Theorem 2. All this really requires is a slight
technical modification of the argument of the previous section, and so we will
only sketch these changes.

Suppose w(z, E, Q) > €. We replace Lemma 4.1 with a construction that
gives a Lipschitz domain .ZC & such that w(2,dF N T, &) > v(e) for z € 2.
Furthermore, p(z,0%) > Cv for z € . and the chord-arc constant of 9.7
depends only on &. Therefore, Lemmas 3.1 and 4.2 still hold, but with constants
C, €' that depend on &. Thus we can prove that ®(d#") has finite length
(depending only on € and £(I")), if we can modify the argument in Section 5 to
bound the bad squares.

The statements of Lemmas 5.1 and 5.2 still hold since they did not involve
either £ or % or the assumption that the harmonic measure of E was close to
1 in ®(_£). However, we can no longer choose Carleson squares {R,} which
satisfy conditions (1)-(4). In particular, condition (1) may be impossible to
satisfy. However, we can construct a sequence {w,} of points associated to the

bad squares {Q;} which satisfy
lo"(w)I(1 = |wl) < &, p(w,w;) < 10,
lo'(2)I(1 — |z]) = &'/10, for some p(z,w;) < C(¢).

To each w; we will associate an arc I; centered at w;/|w;| so that (1) =
n(eX1 — |w;)). We define

R, ={z:z/lzl€1,,2(1 —|w,]) <1 —lz| < 1}.

Instead of being “squares” these are tall, narrow rectangles, but with eccentric-
ity bounded by 1/m. We can choose {w,} and {I;} so that we also have

(1) §, c &

@) Z((5,) < Ce)d,

(3) p(z;, T}) < Cyle).

(4) If R,NR, #Q and k >=j, then R, CR; and dist(R;,S)) >
Cy(e)Z(Ry).
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542 C. J. BISHOP AND P. W. JONES

(As before, S; and T, denote the “sides” and “top” of R j.) Now the construction
proceeds exactly as before except the values of the constants change.

To construct {w,} and {I,} we proceed as follows. To each bad square Q,
we associate a point y; € £, 5 just as in Section 5. Then apply Lemma 5.1 to
the point y; with A = 10/v. This gives us a sequence of points z; satisfying the
inequalities in Lemma 5.1. By dividing this sequence into a finite number of
subsequences we may assume the z;’s are well separated in the hyperbolic
metric, say p(z;,z;) = 100/v for j # k. We may also choose the z; € & so
that they are at least a fixed hyperbolic distance from 90%. Since & is
hyperbolically convex this implies we can connect z; to -#° by a geodesic of
bounded length which stays a fixed distance from d.%. Applying Harnack’s
inequality along the geodesic gives w(z,,0# N T, &) = v/C. Replacing v by
v/C we will assume this inequality holds with C = 1. Let [, = 1 — |z,| and let
J be the arc on T which is centered at z;/|z,| but has length 10/,/v. Now apply
Lemma 2.4 to obtain F C d.% N T such that |F| > [0.# N J|/2 and so that every
radial segment y with endpoint in F and of length [, satisfies <(P(y)) <
C(e)d;. Then there exist intervals J, J, € J such that dist(],, J,) = vl;/4
and |J, N F|,|J, N F|l = vl,/4. There exist points x,,x, € J; N F such that
lx, — x,| = vl;/16. (To see this, consider the convolution of the characteristic
function of F N J, with itself. Since it is a function bounded by vl;,/4 but
having L' norm (vl,/4), it must be nonzero at some point at least distance
vl;/16 from zero, which is equivalent to our claim.) Now let K, be the arc
between x, and x,. Using the same argument on J,, we define an interval
K, c J, with endpoints in F.

We now mimic the construction of the Carleson squares in Section 5,
assuming we have ordered the points {z,} so that |z,| <[z,| < - and that we
have already constructed the points {w;} and intervals {I,} up to n — 1 satisfying
(1)-(4). If the sequence {z} is sufficiently separated in the hyperbolic metric,
so will w,,...,w,_; be since p(w;, zj) < C(g). Therefore, we can have
p(z,,S,) < 10/v for at most one index k < n. Moreover, at most one of the
radial edges in S, can hit J (the interval from the last paragraph). Therefore, at
least one of the two intervals K,, K, constructed above must be at distance at
least v(1 — |z,))/8 from S,. We now take I_ to be this interval, and define w,
so that w,_/|w,| is the center of I, and |w,| = min(|z,|, 1 — |I,]). It is now easy
to check that we have satisfied all the required conditions, (1')-(4').

7. Proof of Theorem 3

In this section we will prove Theorem 3. If T is not Ahlfors regular, it is
clear that the supremum over ® and Q of (@ Y(I' N Q)) is infinite. There-
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HARMONIC MEASURE AND ARCLENGTH 543

fore we may assume that

(' N D(x,r)) < Mr
for all disks. We will use the following result which is due to Garnett, Gehring
and Jones [18].

LEmma 7.1. Let 7, ..., #y be collections of points in I' N Q and let
A= U _ 1A Let K; = {lz — z,| < dist(z;,00Q)/2} for z; € #, and for z; €
S let

Q,=0\ U K.

I ZkEL/;l,k=#j
Suppose the collections #, and . satisfy
inf p(z,2;,) <M, foralz eT,
z, €

and
w(zj,aﬂﬁaﬂj,ﬂj) > ¢, zj€/.

Then
(@ (TN Q)) <C(M,N,¢)
for any univalent mapping ©: D — ().

Let A > 0. It is an exercise to show that for any A <  there are points {z,}
in I' N Q which satisfy

(7.1) p(z,2;) =2 A, 2 * 3
(7.2) infp(z,z;) < 4A, zeTl;
j
32
(73) d(z)) < —=/(I)),
where

d(z) = dist(z,0Q), T, ={z€T:p(z,z2;) <A/4}.

Because of (7.1) we can divide the points {zj} into N(A) disjoint subsets
Ay S s /N(A) such that for any z;,2, €8, ] # k,

(7.4) |z; =z | = A inf(d(z].), d(zk)).
Now let K; = {z: |z — zjl < éd(zj)} and for z; € ./, set

Q,=0\ U K.

ZkEL/;‘,k?ej
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544 C. J. BISHOP AND P. W. JONES

By Lemma 7.1 it suffices to prove
(7.5) 0(z,,00 N0, Q) = 1/2.
We now normalize so that z; = 0, d(z,) = 1. Since (by Lemma 2.1)

®(0,9Q N {lz] = 10}, Q) < 1/4,

we see by the maximum principle that (7.5) follows from

(7.6) (0, (9Q,\0Q) N {lz] < 10}, Q;) < 1/4,

where ) ; is the component of Q N {|z| < 10} which contains the origin. Let
€= {z, € Azl <10, k+j}

Condition (7.1) implies the sets T, are disjoint and condition (7.4) implies
I, € {lz| <20} for k € €. Therefore condition (7.3) and the regularity of T
give:

(7.7)  Y.d(z) < ¢ Y /(I,) < CA /(I n{lzl <20}) < C,A™".
€ A €

Let L, be a line segment connecting K, to dQ) such that £(L,) = d(z,)/2, set
E = UK, UL,}, and let { be the component of {) i\ UL, which contains
the origin. Then  is simply connected and by (7.7), £(E) < C,A™". The set E
is contained in the rectifiable curve

I'=(n{lzl<10}) U ({lzl =10}) UE

and
/(T) < 10M + 207 + C,A™ .
Thus by Theorem 2,
w(0,E, Q) <1/4

if A is large enough. The desired estimate (7.6) follows from this last estimate
and the maximum principle.

We should also mention that Theorem 3 actually follows from the estimate
for Theorem 1. This is because it is possible to choose the line segments {L,} in
such a way that adding them to I' gives a regular curve. The arguments in
Sections 4 and 5 together with the remark following Lemma 2.9 therefore give
uniform estimates for harmonic measure in ) which is all we need.

8. The counterexample

If T is a straight line then Theorem 1 is still true for domains which are not
simply connected, but which satisfy a “uniform thickness” estimate in terms of ¢
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HARMONIC MEASURE AND ARCLENGTH 545

(see [34, Theorem 2]). However, this is not the case when I' is merely
rectifiable, or even regular.

LemMma 8.1. There exist a rectifiable curve T and subsets K C E C T such
that for all x € T, y € E and 0 < r < diam(T")

/(TN D(x,r)) <Cyr,
Z(E N D(y,r)) = Cyr

and such that ¢ (K) = 0. However, if w denotes harmonic measure on C \ E
then w(K) > 0.

To prove this, suppose N; < N, < ... is an increasing sequence of positive
integers (to be chosen later). Let {x;} be a collection of N, equally spaced points
on T and let E, = UI} be the union of N, subarcs of T of length 27 /10N,
centered at the points {x;}. Let I, = T.

Now suppose we have defined the N, --- N, points {x}}, the set E,
composed of the intervals {I7} and a curve TI,. For each point x;} we let
D} = D(x}, Z(I})) and choose N, equally spaced points {x}*'} on the circle
dDy. Let {I"*'} be the subarcs of dD} centered at the points {x}*'} and of
length £(dD})/10N,,,. Let E, ., be the union of the N, --- N, ., arcs.
Define I', ., = I, U, dD}. Clearly

n n 9 J
/(T) =27+ Y T./(0D]) = 27 + 2(—"—’-) < 20.
j=1 k j—1\ 10

Thus taking n — © we obtain a rectifiable curve I' as the limit of the Is.
Furthermore it is easy to show

/(I N D}) < Z > Z(3Djf) < 204 (Dg).
j=1 k

Let r, = diam(D}) = (N, --- N,)~ (27 /10)". Given r > 0, choose n = n(r)
so that 10r, < r < 10r,_,. Then a disk D(x,r) centered at a point of T,
contains ~ r/r, disks D}, so that

(' nD(x,r)) <Cr.

Set E= UE,and K= E\ UE,. Then clearly E C I' and the observation
above implies

/(END(x,r)) > Cr.

Also, since K can be covered by N, --- N, disks of radius 2r,, we have
Z(K) = 0. Finally, to show w(K) > 0 we need only choose the {N,} growing so

This content downloaded from 129.49.5.35 on Wed, 18 Mar 2020 22:36:17 UTC
All use subject to https://about.jstor.org/terms



546 C. J. BISHOP AND P. W. JONES

fast that
w(zy, E,, Q) < 47"

But this is easy since if we set () = 6\ U'}:llEj, fix Ni,...,N, and take
N,,, = o then w(z,, E,, ;,Q,) = 1. Thus for N, large enough

w(z4, E,, Q) < w(zy, E,,Q,) <47"

The domain () is not a domain of Widom type. However, if E is a
homogeneous subset of a chord-arc curve, {) must be of Widom type (proven by
Jones and Marshall [23] when T is a line). This is because when T is chord-arc,
one can estimate the sum of the Green’s function over its critical points, YG(z j),
by noting G(Z;) = G(z,) for some Z, € '\ E and so that each component of
I'\ E contains at most one Z;. The result then follows from the A, condition for
harmonic measure on chord-arc curves plus the results of [20].
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