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Theorem: There is an A; weight w on R? which
is not comparable to any QC Jacobian.

area({x : w(x) > A}) — 0 as fast as we wish.

Theorem: There is a surface S C RS that is
Ahlfors 2-regular and locally linearly connected,
but not bi-Lipschitz equivalent to RZ.

Theorem: There is a set £ with zero area and
a K > 1 so that no function that tends to co on
F is comparable to the Jacobian of a K-QC map.






A mapping is K-quasiconformal if either:
Analytic definition: |f;| < K+1‘f2’
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Metric definition: For every x € ), ¢ > 0 and
small enough r» > 0, there is s > 0 so that

D(f(x),s) C f(D(z,7)) C D(f(x),s(K+e€)).
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e The map is determined (up to Mobius maps) by

/Lf:fi/f,z’
For p with ||p]loo < 1, there is a f with u s = p.

e = 0 iff fis conformal.

o K-()C maps form a compact tamily:.



w > 0 1is an Ay weight if there is a C' < 00 so

that
1

< Clessinf
arca(B) /B w < Cessinfpw,
for every ball B in the plane.

A metric space is locally linearly connected (LLC)
if there is a C' < oo so that B(x,r) can always
be contracted to a point in B(x, Cr).

X is Ahlfors 2-regular it Hausdorff 2-measure sat-
isfies 2 /C' < Hao(B(x,7)) < Cr? for some C' <

oo which is independent of x and r.



Laakso gave surface which is LLC and Ahlfors 2-
regular, but not BL equivalent to plane. His ex-
ample is not embeddable in R™ or any uniformly
convex Banach space.

Stephen Semmes proved that any A weight is the
Jacobian of an embedding of R? into some R and
the image is LLC and 2-regular.

Bonk and Kleiner showed that a complete metric
space which is homeomorphic to R?, LLC and
Ahlfors 2-regular is a quasisymmetric image of R2.

Bonk, Heinonen and Saksman observed that the
Semmes embedding associated to w is biLipschitz
equivalent to R iff the weight w 1s comparable to
a quasiconformal Jacobian.



Idea of proof

Construct a set £/ and a weight w > 1 which
blows up slowly near £. Show that if Jy ~ w,
then f(F) contains rectifiable curve +.

Then f~! has Jacobian 0 on v, so f~HE) is a
point. This is contradiction, so no such f exists.






Definition of E: Fix odd integers L > 3, N >
3 and integer M.

e Civen a square Q, divide it into L? subsquares.
e Divide center square into M? equal subsquares.

e Divide each of these into N4 equal subsquares.
e Remove the M? center squares of size 1/LMN.

1. area(Q) = area(Q)(1 — (LN) ™).

2. €) contains disjoint annuli around each omitted
square with radii ratio ~ V.
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Assume

EE:P%;222007 (1)

ZN71_3<00, ZMn_2<oo. (2)
n n
Eg, Ly=7 My=n, Ny=3+[n).
Define F,, inductively using these sequences.

FE has zero area: L,N, < +/n for n large, so

area( ) < H (1— %) = O(n™ ).

k=ng
If S is an nth generation square and k£ > n, then

area(EL N S) - C’E
area(S) T n
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Define ring squares, W, that separate the central
square Q' from 0Q).

By the compactness of K-QC maps,
dist(f(W),0f(Q) U f(Q")) > Crdiam(f(Q)),
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The definition of the weight w:
Let F}, be sp-neighborhood of E;,, sy, is side length
of nth generation squares.

Let Ag=1and Ay, =1+ > 1 _a forn > 0.
Set w(x) =1 for x € F} and set

O
w(z) =14 apxp,(®)
k=1
otherwise. This is integrable as long as
O

Zakarea F}.) = Zf

k=1 k=1
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Suppose S is nth generation square.

Suppose aj < % Then Y0 % = O(+).

n

1 = ap.
< Tk
area(.S) /Sw - An+0(nkz% k)

< Ap+0O(1) = O(4y)

Since Ay = essinfg w, this is similar to the A
condition (but only for generation squares).

We can take A,, — oo as slowly as we wish, so
area({x : w(x) > A\}) — 0 as quickly as we wish,
as claimed earlier.
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w is an A; weight:

Suppose B = B(x,r) and choose n so that s,, 11 <
dr < sp. Suppose infgw = Ap. Then B C [y,
and B\ Fj..1 # 0.

It £ < n,then 4r < s, < 51 s0 2B lies outside
By 1 and hence B lies outside f. 9. Thus w <
Aj.i9on B. Since A;. > 1 and aj. < 1/2 we have
Ao = A + g1 + apq9 < 24y

If £ > n, then r > %Sn_|_1 > %Sk Cover B by
squares of size sp 1 inside 2B. Average of w over
B is at most twice average over all squares which
is 2451 < 4A; by previous page.
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Lemma: Suppose B7 is a unit ball centered at
the origin and By C By is the concentric ball with
radius €. Suppose f is a K-quasiconformal map of
the plane which fixes 0 and oo and also suppose
that the averages of the Jacobian, Jr, over the
two balls are comparable with constant M. Then
there is an r > 0 such that f(B7\ By) contains a
round Euclidean annulus with outer radius r and
inner radius at most v M GC%(T, where C'i¢ 1s a
constant that depends only on K.

The point is: if f has Jacobian comparable to
w then f(Ey) has annuli around its holes with
approximately the same modulus that E,;, does.
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A “good path” for f(FEy) is a polygonal path
which is contained in f(F£),) and all of whose ver-

tices lie in sets of the form f(AQ) where @ is a
nth generation square.

Good Path Lemma: Suppose f is K-QC and
M1 < Jf/w < M. Then there are ng, C7, Co
depending on K and M so that it n > ng and
if v is a good path for f(E,,_1), then there is a
good path +/ for f(E,) such that

1. every vertex of 7 is also a vertex of v/,

2.0(') < Uy)(1 4+ C1 /M2 + Co/ND).

We need > N, 2 = 00 to make E have zero

area, and we need ) N, 3 < 00 to produce a
rectifiable arc in f(F£), so the gap between 2 and
3 1s what allows our to example work.
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Proof of the good path lemma

Assume 7 is good for f(FE,_1) and modify to
make good for f(Fy). Assume it hits image of
central square f(Q’). Inside f(Q') are M? small

holes { H. } each of size < ¢ inside disjoint squares
{S1.} of size NO.

Form family of “width” ¢ by varying ~ parallel to
self. Each has length at most 1+ M ~2 times that
of 7.

R X2 %4
E N E Es / E,
— \\2
( )]
< \%17 7
Ry | R Rs R, / R
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Let R be rectangle of width § along v and R’ of
width 30 Thus

> U(Sy)* < N *area(R') < 36/N”.
SiLNRA)

Extra length < ¢(H})/N.
Integral of extra length over all modified paths is

> NT(S)eS;) =N
j

At least one path has less than average length
<A +M )1+ N9

If S M2 < 0o and . N, 3 < oo then E has

rectifiable curve.
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Surface in R° not BL equivalent to plane
Our surface is image of plane under composition
of two maps. The first is vertical projection to a

Lipschitz graph,
P(x) = (x,min(1, dist(x, E£))).
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Second map is QC R3 — R3 given by

Theorem: There is a non-increasing function f
on (0, 00) which satisfies

lim f(t) = oo,

Tim_7(1)
and a QC mapping ® : R? — R3 such that each
of the following conditions hold.

1. f can be taken to grow as slowly as we wish,
e.g., given a sequence s, \, 0 and any A > 1
we may assume f(s9,) < Af(sn).

2. There is a C' < oo so that for all z,w € R? x
{0},
1 e -swl
C ™ |z —ylf(lz —w|)
3. The map ® is smooth on R? x (0, 00) and its
Jacobian satisfies Jg(2,t) ~ f3(¢).
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Question: s there a compact set F/ of measure
zero so that no Ay weight w that blows up on
FE (ie., so that w(z) — oo as z — FE) can be
comparable to a quasiconformal Jacobian?

Question: s there a compact set F/ of measure
zero so that no locally integrable w which blows
up on £ can be comparable to a quasiconformal
Jacobian?

Question: Is there a compact set £ of measure
zero so that every quasiconformal image of E con-
tains a rectifiable curve?

Question: Can the example in this paper have
Hausdorff dimension < 27
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Problem: Characterize surfaces in R" which are
BL images of plane.

The w we construct is not Jacobian of planar map
but is Jacobian of map onto surface in R3. What
property does plane have that surface does not?
Traveling salesman theorem holds in plane. If it
held on surface, our w could not be Jacobian of
map onto surface.

Question: BL image of plane iff LLC + 2-regular
+ TST holds?

Question: TST holds iff curvature is a Carleson
measure’

How do we make these precise?
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Understand the figures and you understand
the book.
John Garnett

“Ah!”  replied Pooh. He’d found that pre-
tending a thing was understood was sometimes
very close to actually understanding it. Then it

could easily be forgotten with no one the wiser...
Winnie-the-Pooh

A good lecture 1s the most ephemeral of tri-

umphes.
T.W. Korner
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