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Chordal Loewner chains

Let v be a simple-'chord In (H, 0, o).
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+ v IS capacity-parametrized by [0, c0).

- W: R, — R is called the driving function of ~.

- Wo =0, W is continuous.

- The curve v can be recovered from W using Loewner's
differential equation: 0:g¢«(z) = 2/(gt(z) — W), go(2) =

- We say that ~ Is the chordal Loewner curve driven by W.

Introduced by [Loewner 23 math. Ann.].
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The chordal Loewner energy (W. [1])

D c C a simply connected domain, a, b are two boundary points of D.

b

p: D=H @)\
o(a) = 0, (b) = o0 |

We define the Loewner energy of a simple chord v in (D, a, b) to be
1T [
() 1= lnom(p()) = W) i= 5 [ Wty
. t) — W(ti_q))?
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where W is the driving function of (7).



Loewner loop energy (Rohde, W. [2])

(Y URL, 00) := le\R,,0,00(7)-

More generally, we define the Loewner energy of a simple loop
~:[0,1] — C rooted at 4y = ; to be

(7,980 = 1M T 110,017, 7 (V16 1) \—M

Remarks: I'(y,70) = 0 if and only if  is a circle.

If o € PSL(2,C), then I*(¢(7), ¢(0)) = I'(7:70).



l. Dirichlet energy of log-derivatives of conformal maps

For D ¢ C, we write

Doli) = 1 | Vel a2

Theorem (W. [3])
If v passes through oo, we have the identity

I(, 00) = Dr(log f']) + Da-(log|g']).

f(oo) = oo
H H
/y _/\_/_ _
o g(00) = ooy

The identity is related to SLE/GFF couplings but the proof is purely analytic.
Further connection to SLE/GFF couplings is studied in [Viklund, W. 4].



Universal Liouville action

Theorem [Takhtajan & Teo '06 Memoir AMS]
The universal Liouville action S : To(1) — R,

(R i / P / *

Is a Kahler potential for the Weil-Petersson metric.
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Theorem (W. [3])

A bounded simple loop ~ has finite Loewner energy if and only if
¥ s WP. Moreover,

I(7) = Sa([e]) /7.
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