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Locally univalent functions, VMOA and the Dirichlet space

Eva A. Gallardo-Gutiérrez, Maria J. Gonzélez, Fernando Pérez-Gonzélez,
Christian Pommerenke and Jouni Rattya

ABSTRACT

We study geometric properties of the image of the unit circle under a bounded locally univalent
function g such that log ¢’ belongs either to the Dirichlet space D, VMOA or the little Bloch space
Bo. Concerning VMOA and By, our findings generalize the corresponding results for conformal
maps shown by Pommerenke in the late 1970s. In the case of D, we give a strictly geometric
necessary condition for g to satisfy logg’ € D, and also offer two different ‘semi-geometric’
characterizations of when log g’ € D.

1. Introduction and results

Let C be a (closed) Jordan curve in the complex plane C and let C'(w;,w2) denote the smaller
arc of C between the points wy and ws on C. Recall that C is called asymptotically conformal if
|lwe — w| + |w — w1 |

max — 1 as |wy —wi| — 0,
weC(wy,wa) |w2 — ’LU1|

and quasi-conformal if this maximum is uniformly bounded for all w;,ws € C. The latter
case occurs if and only if C is the image of a circle under a quasi-conformal mapping of
C (see [18, Theorem 9.14]), and therefore quasi-conformal curves are usually called quasi-
circles. The concept of asymptotically conformal curves was introduced by Becker [2] in the
early seventies, and it fits nicely between the theories of quasi-conformal and smooth curves.

In addition, recall that if C is a rectifiable Jordan curve and /(w;,wsz) denotes the length
of the shorter arc on C joining wy and ws, then C is said to be asymptotically smooth if

l(wl, wz)

— 1 as|wy —wi| — 0,
[wg — w]

and quasi smooth if this quotient is uniformly bounded for all wy,ws € C. Inner domains of
quasi-smooth curves are also known as chord-arc or Lavrentiev domains [21].

Denoting by g a conformal map taking DD onto the inner domain of a Jordan curve C, a
fundamental question in the theory of conformal maps is the relationship between the geometric
properties of C and the analytic properties of g. In this spirit, in 1978, Pommerenke [20]
characterized both asymptotically conformal and asymptotically smooth curves in terms of
analytic properties of log g’. More precisely, he showed that C is asymptotically conformal
(resp. asymptotically smooth) if and only if log g’ belongs to the little Bloch space By (resp.
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VMOA). Further, concerning asymptotically conformal curves, Pommerenke and Warschaws-
ki [22] showed in 1982 that the geometric quantity

|we — w| + |w —w] _1>1/2

n(d) = sup sup
|wy — wy

Jwi —ws <6 wEC (w1, w2)

and the analytic quantity

B) = sup (1—[c])

1-5<(¢l<1

g”(C)‘
9'(¢)

are of (almost) the same order of magnitude as § — 0T; see also the related results by Rodin
and Warschawski [24].

More recently, in 1991, Astala and Zinsmeister [1] studied the set of conformal maps g
such that log ¢’ belongs to BMOA. In particular, they showed that log ¢’ € BMOA if and only
if the measure |S,(2)*(1 — |2|*)3dA(z), induced by the Schwarzian derivative S, of g, is a
Carleson measure on D. In 1994, Bishop and Jones [5] obtained a complete (analytic and
geometric) description of those simply connected domains  such that any Riemann map g of
D onto 2 satisfies log g’ € BMOA; see also [13, Chapters VII and X]. One of the geometric
characterizations of these BMOA-domains immediately gives their bi-Lipschitz invariance,
a property which a priori is far from being obvious. For characterizations in terms of the
Schwarzian derivative of when log ¢’ belongs either to D, VMOA or By, we refer to [3, 17].

The aim of this paper is two-fold. On one hand, we are interested in the relationship
between the geometric properties of C = ¢g(T) and the analytic properties of g when ¢ is
a locally univalent function on D, continuous on D, such that C is closed but might have
self-intersections. The results shown for locally univalent functions generalize those already
mentioned for conformal maps and related to VMOA and the little Bloch space By. Roughly
speaking, ‘the same sort’ of results hold even when the assumption on g of being a Riemann map
is omitted. The techniques we will exploit make an extensive use of an argument of localization
for locally univalent maps. This allows us to consider the curve C as a finite union of Jordan
arcs instead of a closed curve with possible self-intersections.

On the other hand, our goal is to provide a geometric characterization of g(T) such that the
locally univalent function g, continuous on D, satisfies log g’ € D. Let us point out that in the
case of the Dirichlet space D no geometric characterizations are known even in the case when
g is conformal.

The rest of this introductory section (and the paper) is organized as follows. We will first
recall the definitions of the spaces which our results concern. Then we will state our main
results along with examples which will shed some light on the results proved. Each of the
results will be proved in the subsequent sections along with the tools needed in the proofs.

1.1. Preliminaries on function spaces

Let D denote the unit disc of the complex plane C and H(DD) the algebra of all analytic functions
in D. For 0 < p < oo, the Hardy space H? consists of those f € H(ID) for which

27
£l = lim ME(r, f) = lim 7JO |f(re™)|P dt < oc.

The space of bounded analytic functions on D is denoted by H*°. A classical result due to
Fatou states that every Hardy function has a radial limit almost everywhere on the unit circle
T :={z:|z| = 1}; see, for instance, [11]. Throughout this work, f({) denotes the radial limit
of fat ( € T.
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The space BMOA of analytic functions with bounded mean oscillation on T consists of those
f € H? for which

21— 1¢?

1
1 MEnion += sup | felli += sup o j 1) = JOP = g ldel < oo, (11)
where
fe2) = (ow(e) = FQ) amd gcle) = 1=

Alternative characterizations of BMOA, as well as a systematic treatment of the subject, can
be found in [12, Chapter VI].

The space VMOA consists of those f € H? for which the integral in (1.1) tends to zero as ¢
approaches to the boundary T. BMOA is a subspace of the Bloch space

Bim {£ €MD) 1l = sup | (1 - o) <
and VMOA is a subspace of both BMOA and the little Bloch space
Boi={f €HD): tim_ |7~ ) =0}
Finally, let us recall that f € H(D) belongs to the classical Dirichlet space D if

1= 1 | 17/ 44 + 1FO)F < .

where dA(z) denotes the element of the Lebesgue area measure on D. It is obvious that D is
contained in VMOA, and hence the spaces of interest in this study satisfy D ¢ VMOA C By.
Note also that the integral above corresponds to the area of image of D under f counting
multiplicities. If f(z) = Y7 a,2", then Parseval’s formula shows that

oo

1F15 =D nlanl® + laol*. (1.2)

n=1
A classical result due to Beurling [4] states that if f is a Dirichlet function, then its radial limits
exist in T outside of a possible exceptional set of zero logarithmic capacity; see also [7, p. 55].
Recall that if FE is a Borel set in T and Ag denotes the class of distributions of mass 1 on F,
that is, non-negative set functions p with total mass 1 and support S, contained in F, the
logarithmic capacity! of E is defined as

ex (=t} ).
where

10 = |

J log . du(§) du(n)
TJT

]

is the logarithmic energy integral of p. The logarithmic capacity of E will be denoted by
cap(FE).

1.2.  Main results and examples

We proceed to state our main results. The first theorem establishes the possible growth,
measured in terms of area integrals or Hardy spaces, of the derivative of a locally univalent

TSome authors define the logarithmic capacity of E by (infa,{I(1)})~1. In our case, both definitions are
consistent because we will deal with sets of logarithmic capacity zero. For more about capacities, see [7, 14].
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function g on D when log ¢’ belongs either to By, VMOA or D. It is clear that this result could
have been stated in terms of functions f and their exponentials exp(f) instead of log ¢’ and ¢’.
In fact, this is the notation used while proving these implications in Section 2.

THEOREM 1. Let g € H(D) be locally univalent. Then the following assertions hold.
(1) Iflogyg’ € By, then

JD 10/ (2)P(1— [2) dA(2) < oo (1.3)

for all p>0,a > —1.
(2) Iflogg’ € VMOA, then ¢’ € H? for all p > 0.
(3) Iflogg’ € D, then

/prz//zzoia 2) < 00 .
[, @r2ia P (o ) aac) < (1.4

for all p,a > 0.

If ¢ is locally univalent on I such that log g’ € By, then part (1) in Theorem 1 implies that
Myo(r,g") == max|.|—, |¢g'(z)| cannot exceed the growth of (1 — r)=@+2)/P a5 — 17, for any
p>0and a > —1. Choosing a = 0 and p > 2, it follows that g must be continuous on D. The
same conclusion holds under the assumption that || log ¢’||5 is sufficiently small. More precisely,
a reasoning similar to that in Subsection 2.1 shows that for any given p > 0 and o > —1 there
exists € > 0 such that || log¢’||z < e implies (1.3).

Part (2) in Theorem 1 is known, see, for instance, [19, (3.5)], and also [9] for related
results. Nevertheless, an alternative proof is included for the sake of completeness. Moreover,
a reasoning similar to that in Subsection 2.2 shows that for a given p > 0 there exists € > 0
such that ||log¢'|lsmoa < ¢ implies ¢’ € HP.

It is also worth noticing that an application of the Chang—Marshall Theorem [8] shows that
if logg’ € D, then ¢’ € HP for all p > 0. Needless to say that part (3) in Theorem 1 does not
follow by such an implication. Indeed, the well-known Hardy—Stein—Spencer identity says that
(1.4) with o = 1 is satisfied if and only if ¢’ € HP; see (2.1) in Subsection 2.2.

Example 1 shows that there exists a locally univalent function g such that log ¢’ € By but
whose derivative does not belong to |J ., H?. This illustrates the sharpness of parts (1) and

p>0
(2) in Theorem 1.

EXAMPLE 1. Let g be a locally univalent function defined by
log g'(2) := Z apz* = Z /2K
k=1 k=1

Now log ¢’ is a lacunary series, and hence logg’ € By since limsup,_, ., |ax| = 0. Therefore,
g satisfies (1.3) for all p >0 and a > —1 by part (1) in Theorem 1. On the other hand,
ey lakl? =372, (1/k) = oo, and hence log ¢’ has angular limits almost nowhere on T by
Zygmund’s theorem [26, p. 203]. Therefore, ¢’ is not of bounded characteristic and thus ¢’
does not belong to |J,~, H?.

By Example 1, there exists a locally univalent function g such that logg’ € By, but ¢’ has
angular limits almost nowhere on T. If log ¢’ € VMOA, then ¢’ € H? by part (2) in Theorem 1
and hence ¢’ has radial limits almost everywhere on T by the Fatou Theorem. The following
example shows that ¢’ might not have a limit in a dense subset of T when log ¢’ € D.
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EXAMPLE 2. A direct calculation shows that log g/ (2) := loglog(3/(1 — (z)) € D for all
¢ € T. Since D is linear, it follows that

Ak
3 3
logg'(2) := logl I (1og ~ ) = E A log log — = E A log gl (2
) B 1—Crz k 1=Crz . (2)

belongs to D if Y, |A\x| < co. If {(x} is dense in T, then ¢’ does not have limit in a dense
subset of T.

We now turn to consider the points in g(T) where tangents exist. In order to state the results,
we recall the definition of an arc length parametrization of a curve.

DEFINITION 1. Let g be a conformal map of D onto the inner domain of a rectifiable
Jordan curve C. Let | = [(C) denote the length of C and let ¢ : [0,1] — T stand for the inverse
function of

arg z ]
Z J |’ (e")|dt, z€T. (1.5)
0

Then w(s) = g(¥(s)), 0 < s <1, is an arc length parametrization of C such that w(0) = g(1).

Note that the integral in (1.5) is well defined since C is assumed to be rectifiable and therefore
g’ € H'; see, for instance, [21, Theorem 6.8]. Hence, by the Fatou Theorem, its radial limits
exist almost everywhere on T.

Throughout the paper, the notation w(s) is also used for the arc length parametrization of
C = ¢g(T) when g is a locally univalent function on I such that C is a closed rectifiable curve
with self-intersections.

THEOREM 2. Let g € H(D) be locally univalent. Then the following assertions hold.
(1) Iflogg’ € By and ¢'(¢) = lim,_- ¢'(r¢) # 0, 00 exists for some ¢ € T, then

9(2)—Q(C) _)g/(()’ Z—><, ZGD.
z—=C
(2) If logg’ € VMOA, ¢'(¢) =lim,_;- ¢’(r{) # 0,00 exists and ¢ = (o), then the arc
length parametrization w(s) = g(1(s)), 0 < s <, of C satisfies
/!
W (0) = lm A=) _ e TC) _ o) 1.6
D= T T @ o)
where 0(0) := /2 + arg((¢’(¢)). In particular, C has a tangent at w(o) with the angle 0(o).
(3) Iflogg’ € D, then the arc length parametrization w(s) = g(¢(s)), 0 < s < I, of C satisfies
(1.6) for all o € [0,1] \ E with cap(E) = 0. In particular, C has a tangent outside of a possible
exceptional set of zero logarithmic capacity.

If ¢ is conformal, then part (1) in Theorem 2 follows by Pommerenke [20, Corollary 2]. The
same conclusion for locally univalent functions is obtained by using the localizing technique to
be introduced in Subsection 3.1. Part (1) along with the other two statements will be proved
in Section 4.

In order to state our next result, which is one of the cores of this work, we need to generalize
the definitions of asymptotically conformal and asymptotically smooth Jordan curves to self-
intersecting ones.
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DEFINITION 2. Let w:[0,27] —C be a parametrization of a closed curve C. Let
C(w(t1),w(t2)) denote the smaller arc on C connecting w(ty) and w(tz), that is, the one with
|t1 — t2| < m. The curve C is called asymptotically conformal if

ta) — —w(t
L ) —wl = w(t)
weC(w(ty),w(tz)) |w(t2) — w(t1)|

— 1 aslta—t1] — 0.

Moreover, if C is a rectifiable, then C is called asymptotically smooth if

H(w(ty), w(ts))

— 1 aslty —t1| — 0.
fwlta) —w(ty)] Itz =t

If C is a Jordan curve, then |w(ty) — w(t1)| — 0 if and only if |to — ¢1| — 0, and therefore the
definitions above are equivalent to the classical ones for Jordan curves, stated at the beginning
of the introduction.

With this definition in hand, we are in position to generalize Pommerenke’s characterizations
of asymptotically conformal and asymptotically smooth Jordan curves (see [20, 19] or the
monograph [21]) for closed curves with self-intersections.

THEOREM 3. Let g € H(D) be locally univalent. Then the following assertions hold:

(1) logg’ € By if and only if g is continuous on D and C = ¢(T) is asymptotically conformal;
(2) logg’ € VMOA if and only if g € H' and C is asymptotically smooth.

The proof of Theorem 3, which is carried over in Section 3, is based on a localizing technique
which allows to consider a closed curve with self-intersections as a finite union of Jordan arcs.

The next example shows that Theorem 3 is in a sense a strong generalization of the classical
results mentioned in the introduction.

ExampLE 3. Consider g(z) = e**, where A € (7, 27). Then g is locally univalent and g(T)
is rectifiable and closed, but ¢(ID) is not simply connected nor ¢(T) is Jordan. Moreover,
log ¢’(z) = log A + Az, and thus log ¢’ € D € VMOA with ||log ¢’||p = A. Therefore, part (2) in
Theorem 3 ensures that ¢g(T) is asymptotically smooth.

In general, log ¢’ € D whenever, log ¢’ is a polynomial. For example, let g be defined by

200 L,
logg'(2) = A 2 XeC.
g9'(2) ;;\/E

Then g is locally univalent, and Becker’s univalence criterion [21, Theorem 1.11] shows that g
is univalent when |A| is small enough. As mentioned, log g’ € D and thus ¢(T) is a rectifiable
closed curve by Theorem 1, so g(T) is asymptotically smooth for all A € C by part (2) in
Theorem 3 (Figure 1).

We next give an example of a bounded conformal map such that the boundary of the image
domain is a non-rectifiable asymptotically conformal curve.

EXAMPLE 4. Let g be a conformal map of D onto the inner domain Q of the Jordan
curve given in Figure 2. The lower curve joining the points —1 and 1 to the origin is Sz =
(Rz)? cos(m/(Rz)?), and the upper curve is a part of a circle centred on i/27. It is easy to
see that ¢g(T) is not rectifiable and thus log ¢ € VMOA by part (2) in Theorem 1. However, a
geometric reasoning shows that log g’ € By by Pommerenke [20, Theorem 1].
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FIGURE 1. The left-hand picture corresponds to the curve g(T) for A = 3.2. The right-hand
picture shows the two loops near the origin which are too flat to be seen in the left-hand one.

FIGURE 2. The domain Q2 = g(D) of Example 4.

Next, we exhibit one more example of a locally univalent map ¢ such that ¢(T) is
asymptotically smooth.

EXAMPLE 5. Let p(z) = log(S/(l — %)), and let A € C such that u( )
Consider g(z) := (z — 1)(u(2))*. Then g is locally univalent as ¢'(z) = (u
and also log ¢’ € D since

;é/\for all zeD.
(DA (u(z) = N),

g'(z) 1 ( A—1 N 1 >

g'()  1—=2z\log(3/(1-2))  log(3/(1 - 2)) — A

A ( log(3/(1—2))—A+1 >

=z \log(3/(1 = 2))(log(3/(1 = 2)) = A)

Moreover, Becker’s univalence criterion [21, Theorem 1.11] shows that g is univalent if || is
sufficiently small. We deduce that g(T) is asymptotically smooth by part (2) in Theorem 3.

The rest of our results concern the question of when log ¢’ belongs to the Dirichlet space D.
In this case, in contrary to VMOA and By, there are no known geometric characterizations
for g(T) even in the case when g is conformal. Next theorem is an attempt to establish such
a characterization. Indeed, Peter Jones (personal communication) suggested the statement
involving (1.8) to the authors and conjectured that the converse implication also holds.
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THEOREM 4. Let g € H(D) be locally univalent. If log g’ € D, then C = g(T) is asymptoti-
cally smooth and satisfies

l(g(z1),9(22)) — lg(=1) —g(z2)[  , /
g (z1)||g" (22)||dz1]| |dz2| < o0. 1.7
|, | Akt e S el ()l e (17)
In particular, if g is conformal and log g’ € D, then
I _ _
JJ (w1, wz) |“’13 02l | dewa| < 0. (1.8)
cle |w1 — ws

If g is conformal and log g’ € D, then C = g(T) is asymptotically smooth by Pommerenke
(20, Theorem 2], and therefore

l(wl,wg)

e(wy,wg) == —1—0 as|w —ws — 0.

|wy — wy
Hence, the integral condition in equation (1.8) says that the errors e(wj, wy) somehow add up
to a finite quantity.

The locally univalent functions ¢ defined in Examples 2, 3 and 5 satisfy logg’ € D, and
therefore Theorem 4 implies that the double integral condition (1.7) must be satisfied for each
of these functions.

The next theorem contains two different characterizations of when a locally univalent
function g satisfies logg’ € D.

THEOREM 5. Let g € H(D) be locally univalent such that C = g(T) is rectifiable and let
w(s) = g(1(s)), 0 < s < I, be the arc length parametrization of C. Then the following assertions
are equivalent:

(1) logg' € D;
(2) logg’' € H? and

/ _ / 2
Lr LT (arg g (2 - ng ©) |dz]]dc| < oo (1.9)
(3) logyg’ € H? and
J (arg’(s) — argw’(0))?
’JI‘J’JT |z — (|2 |dz]ld¢] < oo, (1.10)

where z = ¢(s) and ¢ = ¢(0).

Iflog ¢’ € D, then part (3) in Theorem 2 implies that the tangent at g(z) € C, with the angle
arg(zg'(2)), exists for all z € T outside of a possible exceptional set of zero logarithmic capacity.
Moreover, the term (argw’(s) —argw’(0))? in (1.10) is a strictly geometric quantity because
it refers only to the geometrically defined arc length and tangent angle. However, z = 1(s)
and ¢ = ¢(o) refer to the conformal map which is not a geometrically defined quantity, and
therefore none of the characterizations in Theorem 5 is purely geometric.

In the next corollary, the integral in (1.12) contains only geometric quantities, but this is no
longer the case of the additional assumption (1.11).

COROLLARY 6. Let g € H(D) be locally univalent such that C = ¢(T) is rectifiable, and let
w(s) =g(1(s)), 0 < s <1, be the arc length parametrization of C. If log ¢’ € VMOA and there
exists ¢ > 0 such that

e<lg'(2)] < (L11)

ol



LOCALLY UNIVALENT FUNCTIONS 573

for almost all z € T, then log g’ € D if and only if

Jz Jl (argw’(s) - argwl(a))st do < oo. (1.12)

0Jo Ss—0

We give one more example related to Dirichlet functions.

EXAMPLE 6. The function log g., (2) := log(1/(1 — Zx2)) satisfies

1 |Zk| 1
logd |2 == —Z5 _g4(2) =log ——
H OgngHD - JD 11— 522 (2) = log 1— |22

for all zx € . Since D is linear, it follows that

1 1
k k k

belongs to D, if
1
Z [Ak]q/log ——— < 0
- 1— |z

In this case, the locally univalent function g must satisfy (1.7), (1.9) and (1.10) by Theorems 4
and 5.

Finally, we conclude our study concerning the Dirichlet space by considering Jordan curves
whose smoothness is measured by a Holder condition. More precisely, a Jordan curve C is said
to belong to the class AM®, 0 < a < 1, if it has a continuously differentiable parametrization
w(t), 0 <t < 2w, such that w’ satisfies the Holder condition

lw'(t) — /(1) < Cilt — 7|*, t,7 € (0,27), (1.13)

for some positive constant C1, and w'(t) # 0 for all ¢ € [0,27]. By the Kellogg—Warschawski
theorem [21, Theorem 3.6], we may use the conformal parametrization w(t) = g(e"), and
therefore (1.13) is equivalent to

|arg ¢’ (e) — arg g’ (e'T)| < Cole' — €|, t,7 € (0,2n). (1.14)
With this notation, the following theorem holds.

THEOREM 7. Let g be a conformal map of D onto the inner domain of a Jordan curve C.

(1) IfC € Ab™ for v € (3,1), then logg’ € D.
(2) There exists g € H(D) conformal such that g(T) = C € AY'/? but logg’ & D.

The remaining part of this paper is devoted to proofs of the results presented in this section.

2. Proof of Theorem 1

2.1. Proof of (1)

Let 0 < p < ocand —1 < a < 0o be arbitrary but fixed, and denote f := log g’. We may assume
that f is continuous on D; if this is not the case, consider the dilatations f;(z) = f(tz), 0 <
t <1, and let t — 17 at the end of the proof.
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Since f € By, for a given € > 0 there exists r € (0, 1) such that | f/(2)|(1 — |2]?) < & whenever
|z| € [r,1). Denote D(0,r) := {z : |z] < r}. It is well known that there exists a constant C' > 0,
depending only on p and «, such that

I(ef) 1= |ef P (1~ [2*)* dA(2)

JD\D(O,’I')
<o ([ 1erplr e - e + o)
D

< CPL(e) +C (J /PP ()P = [P dA(2) + |€f(0)|p> :
D(0,r)

Choosing € such that CeP = %
assertion follows since e/ = ¢’.

and fixing r accordingly, we obtain I1(ef) < oo from which the

2.2. Proof of (2)

As mentioned in the introduction, we give an alternative proof for this known implication [19,
(3.5)] for convenience of the reader. Let 0 < p < co be arbitrary but fixed, and assume f =
log g’ € VMOA. The Hardy-Stein—Spencer identity states that

2

P _ 1

1l = *J R (2)[P~2|1 (2)]? log — dA(2) + [A(0)[” (2.1)
27 Jp 2]

for all 0 < p < co and h € H(D); see, for example, [18, p. 126]. Therefore, it suffices to show

that there exists r € (0,1) such that

1
zxawzj /O () log - dA(z) < oo,
D\D(0,r) |2|

As in Part (1), we may assume that f is continuous on D. By Carleson’s theorem [6] (see
also [11, p. 157]), there exists C; > 0, depending only on p, such that

1 1
B <Cosmpr| ) o A
1 1
<20, sup j;J“ (=) log — dA(2) e 1. (2.2)
|I\<1—r| | S(I) |2
It is well known that
1Hh”BI\AOA SUP 1] J |h’(z)\210g B dA(z) < 02Hh||2BMOAa h € H(D)

for some constant Cy > 0; see, for 1nstance, [12, Lemma 3.3, p. 231]). This combined with the
Hardy-Spencer—Stein identity (2.1) and (2.2) yields

1 1
L(ef) < Cip® sup —j F/(2)[2log - dA(z)La(e)
<1 1 Jsa |2
+ 20105 || fI3mona L3 (ef),
where

2

1

e =5 [ Pl P log I dA) + 0P
2 Jpom |2

Since f € VMOA, we may fix r € (0,1) sufficiently large such that

1
sup —J (= 2log—dA ,
i)<i—r || s<1)| @)l | (2) < 20, p?



LOCALLY UNIVALENT FUNCTIONS 575

and it follows that
I(e!) < 4C1Ca | fllBmons(e”) < o

2.3. Proof of (3)
We will show that for f € D the function h := e/ satisfies

P21/ ()12 ( 1o i i z 00
[, w2 (1os ) dae) < (23

for all 0 < p < 0o and 0 < o < 00. Part (3) in Theorem 1 then follows by choosing f = logg’.
To prove (2.3), note first that, as —logr < (1 —r)/r for all » € (0,1), it suffices to show

L(h) :=j P2 (2)[2 (1 - |2])* dA(z) < oo
D\D(0,r0)

for ro:=1—eP/* € (0,1). Write f(z) =307, a,z", z=re'. Since f € D, equality (1.2)
implies that there exists N, , € N such that 3> ) nla,|? < a/p. By the Cauchy—Schwarz
inequality, this yields ’

2

> " - > 9 = pn - al 1
Z |an|r < Z s Z - \;Oglfr’ 0<r<l,
n=Na,p n=Na,p n=Na,p
and hence
00 1 1/2 1
; |(Zn|7” g (log (1_7")0‘/17> < log m, T 2 ro. (24)
n=Na,p
But now
No,p—1 o s
FEIS D anl+ D> anl™ =C+ > anlr™,
n=0 n=Na,p n=Na,p
and therefore
c
£y — f(2) e
My (r,e )—‘Z‘:)§|e | < A=’ r=r.
It follows that
2 «@
I(h) <J ME(|z],e) | £/ (2)” (1 = [2])* dA(2)
D\D(0,ro)
S GPCJ 1F/(2)F (1= [2))*™* dA(2) < e fI[3 < oo.
D\D(0,70)

REMARK. An application of the first inequality in (2.4) shows that the term (log1/]z|)* in
(1.4) can be replaced by exp(—a(log(1/|z]))'/?).

3. Proof of Theorem 3

Let g be locally univalent such that g(T) is a closed curve. We will prove the following assertions
which are equivalent to the statements of Theorem 3:

(1) logg’ € By if and only if g is continuous on D and there exists 6y > 0 such that g(I) is
an asymptotically conformal Jordan arc for any interval I on T with |I| < Jp.

(2) logg’ € VMOA if and only if ¢’ € H' and there exists §y > 0 such that g(I) is an
asymptotically smooth Jordan arc for any interval I on T with |I| < do.
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FIGURE 3. The four circles and ¢3,16,1/2(T) with 0D(2, 1).

3.1. Sufficiency

Let 6, p € (0, 1) such that 26 + p < 1. Consider the circles T, dD(1 4 p,1) and dD(cy,r), where
ct =(1+p)/2 (1+itand) and r = |¢? — c|. The discs D(c4,7) are contained in both D and
D(1 + p,1). Moreover, the circles 9D(cs,r) intersect T on the points e*? and the common
points of 9D (c4,r) and dD(1 + p, 1) are the reflections of e** with respect to the line Rz =
(1+p)/2. Let us call them 4 according to the sign of their imaginary parts. Let 5, be
the Jordan domain formed by the shortest four circular arcs connecting e** and 4 on these
four circles. Let ¢5, be the conformal map of D onto Qs , such that ¢;,(0) = (14 p)/2 and

¢5,(0) > 0 (Figure 3).

LEMMA 8. Let 0 <p < oo and let §,p € (0,1) such that 26 + p < 1. Then ¢;, satisfies
(log%,p)’ € HP, ¢g,p € HP? and

I

Proof. It suffices to consider the values 1 < p < oo. Note first that ¢5, — (1+p)/2 +
(1—=p)/2z, as § — 0%, and therefore ¢f /¢ , — 0, as § — 0%, locally uniformly in D by
Pommerenke [18, Theorem 1.8]. Applying [25] to ¢} , := ¢s, — (1 + p)/2, we obtain

l

Therefore, there exists C7; > 0, depending only on p and p, such that
J |¢5,(2)|” |dz| < Cy (3.2)
T

for all § € (0,(1—p)/2), and thus ¢}, € HP. By Pommerenke [21, p. 43], the curvature of
¢5,0(T) at ¢s,,(2) satisfies

o 9, ()
05002 = oy <1+§R< ,M(Z)», (3.3)

when z is none of the preimages of the four exceptional boundary points where either of the
circles T and 0D(1 + p, 1) intersects 0D(c4,r). By the construction, 0 < k(ds,,(2)) < 3/(1 —

p

%0 14 0. 50t (3.1)

P5.0(2)

1—pl”
¢f;7p(z)—T |dz| — 0, § — 07,
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p) =: Cs for all § € (0, (1 — p)/2). It follows that

p

|dz|

p
2| < 271 4+ 2p*1J
T

¢5,(2)
1+ 3R <Z¢:;p(2)>

<?F“+?*%$Lﬁ%mwﬂﬂwh

and hence [12, Theorem 1.5, p. 104] and (3.2) yield

1 p
Lr zjf’z; \dz| < 2° + 2°CEC, (3.4)
)

that is, (log ¢y ,)" € HP. As both ¢} , and (log ¢j )" belong to HP for all 0 <p < oo, the
Cauchy—Schwarz inequality yields (;5:5" , € H? for all 0 < p < oo as claimed.
To see (3.1), let € > 0 be given and choose r. € (0,1) such that

MOl
g5 ()| AP <

By the uniform convergence, there exists dp € (0, (1 — p)/2) such that
95, .
JD(O,TE) o5 ,(2) 2
for all 6 € (0,0p). These inequalities yield (3.1). O

JD\D(Ovrz)

dA(z) <

REMARKS. (1) The conformal map ¢s,, satisfies
b5, € H? = (log¢5 )" € H?, 1< p < oo,
by the proof of Lemma 8. This implication is not true in general, that is, ef € H? % f' € HP,
as the function fy(z) := —Alog(1 — 2) with A € (0,1/p) shows. Note that, setting ¢} := e/,
the curvature of ¢5(T) at ¢x(2) equals to |1 — z|*(1 — A\/2) when z € T\ {1}.
(2) By Lemma 8, ¢g,p € HP for all 0 < p < oo. It follows that there exists a constant C' > 0,
depending only on p, such that M. (r, qﬁg’p) < C(1—r)~Y?. Choosing p > 1, this implies that

¢, is continuous on D.
)

LEMMA 9. Let g € H(ID) be a locally univalent function, and denote §s , := g © ¢5,,. Assume
X € {VMOA, D}. Iflog g’ € By N X, then for any C' > 0 there exist p € (0,1) and 6y € (0, (1 —
p)/2) such that

|log g,z <C and loggs, € BonX (3.5)
for all § € (0,dp).

Proof. To establish the first property in (3.5), assume log g’ € By, and fix p € (0,1) such
that |(log ¢')' (2)|(1 — |2]?) < C/2 for all z € D with |z| € (p,1). Then

~7 _ gg,p(z) - g,/(¢5,p(z)) " (s Qj)g,p(Z)
W30, E) = 50 = Flanpt) 9 Gy

and hence the Schwarz—Pick lemma yields

Iog 75 /I8 < sup |(log ') (95,0 (2))|(1 = 65,0 (2)[?) + || Log &5, |1

(3.6)

C
< b + Cy||log ¢I5,p”D
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for some constant C7 > 0, independent of § and p. By Lemma 8, there exists dp € (0, (1 — p)/2)
such that [ log ¢} [|lp < C/(2C1) for all é € (0,4o). It follows that |[loggs ,llz < C for all 6 €
(07 50)

To prove the second property in (3.5), recall that log qbfi , €D by Lemma 8. Since D C
VMOA C By, the identity (3.6) implies that it suffices to show fo ¢, € X for any f e X €
{By, VMOA, D}. These three cases are considered separately.

Let f € By, and consider

L)1 = |2)?
1) 5= (£ 2 5, L= ) = 17 G, DI~ s, 2222,

Since ¢y , € H? for all 0 < p < co by Lemma 8, ¢ , € H>, and hence, in particular, ¢5,, € Bo.
This and the assumption f € By yields I(z) — 0, as |z| — 1.
Let now f € VMOA, and consider

To(f) = — LU 17005, ()P~ 12 4C),

Kl
where {1} is a sequence of arcs on T such that [I;| — 0, as k — oo, and S(I}) := {2 : 1 — |I};| <
|z|, z/|z| € It}. Let & € T be the midpoint of Ij, and set ay := (1 — |I;])&. Without loss
of generality, assume ¢s ,(ar) — ¢ € D, as k — co. To prove fo ¢s5,p € VMOA, it suffices to
show that Ty (f) — 0, as k — oo. If |¢5 ,(ax)| / 1, as k — oo, then there exist ro € (0,1) and
Ny, € N such that [¢5,,(2)| < o € (0,1) for all z € S(Ix) when k > N,,,. Moreover, ¢j , € H*>
by Lemma 8, and therefore

MZ (ro. f')°

R PO ERLZIO

< M2, (1o, /)2 Cl1 05 I3 [1kl* — 0, k — oo.

Assume now that |@s ,(ax)] — 1, as k — oco. Since |[I|~* < 10|¢), (2)| for all z € S(I}), and
1—172 < —2logr for all r € (0,1], we have
1

Th(f) < 20 j (F o 5,) (2)? Lo = 5 dA(2).

The Littlewood—Paley identity [12, Lemma 3.1, p. 228] (the case p = 2 of the first formula in
Subsection 2.1) along with the Littlewood’s Subordination Principle [11, Theorem 1.7] yields

T(f) < 5Lr |(f © @50 © Pa, )(2) = f(&5,0(ar))I?|d]

< 5JT 1 0 0as oy (2) — F(5p(a)) 2]z

Since f € VMOA and |¢5,,(ar)| — 1, as k — oo, it follows that Ty (f) — 0 as k — oo. It is well
known that this implies f o ¢5, € VMOA.
If f € D, then clearly || f o ¢s5,||p < || f|p, and thus f o ¢s5, € D. O

We are now ready to prove the sufficiency part of Theorem 3. To this end, assume log g’ €
Bo N X, where X € {VMOA, By}. Then g is continuous on D by part (1) in Theorem 1, and
further ¢’ € H' if X = VMOA by part (2) in Theorem 1. Furthermore, by Lemma 9, there
exist p € (0,1) and 0 € (0, (1 — p)/2) such that

I loggg)pHB <1 and logg(’;,p eByNX
for all 6 € (0, o). Becker’s univalence criterion [21, Theorem 1.11] shows that gs , is univalent,
and since ¢(T) is closed by the assumption, gs,(T) is a Jordan curve. Hence, §s,(T) is

asymptotically conformal by Pommerenke [20, Theorem 1]. Moreover, g5 ,(T) is asymptotically
smooth by Pommerenke [20, Theorem 2] if X = VMOA.
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Let I be an arc on T such that |I]| < 25y, and let ¢ = ¢ € T be the midpoint of I. Set
o1 = eit¢|1|7p(z) and define gy := g o ¢;. Since the spaces B, By and VMOA are invariant
under rotations, the Jordan curve g7(T) must have the same properties as g7, ,(T). But now
g(I) = g(¢1(T)NT) C g7(T) and therefore g(I) has the desired properties according to X.

3.2. Necessity

(1) Assume that g is a locally univalent function on D, continuous on D, and that there
exists dp > 0 such that g(I) is an asymptotically conformal Jordan arc for any interval I
on T with |I| < dy. Let 7, € R such that the intervals I, := {ei* : 7, <t < 7,40} satisfy T =
LyuLU---UL,_1=LUI3U---UI, and |I,| = |[,41| =:d < dp forall v =0,...,n — 1. We
aim to show that f =logg’ € By. To see this, let ¢ € T be arbitrary but fixed and let wp — ¢,
as k — oo. Let I be the interval on T with midpoint ¢ such that |Ic| = 6/2. Then there exists
v €{0,...,n} such that I C I,. Set ¢, (2) := "™+ ¢s/2 ,(2) so that T N ¢, (T) = I,,, where p
is chosen to be large enough such that g, := g o ¢, is univalent by Lemma 8. Then ¢, (T) is
an asymptotically conformal Jordan curve and hence f, :=logg, € By by Pommerenke [20,
Theorem 1]. Moreover, there exists N,, € N such that wy € ¢, (D) for all k > N,,. Let 2z, € D
such that ¢, (zx) = wy for k > N,. Then clearly |z;| — 1~ as k — oo, and since ¢}, € H>* by
Lemma 8, it follows that 1 — |¢, (2x)[*> < C(1 — |z|) for all sufficiently large k and for some
constant C' > 0. This combined with (3.6) yields

1= 022 | | @)
ool o)

(1= lew(21)]?)

|/ (wi) (1 = Jwr*) < 1f ()]

< el = 1zf?) |(;5'1(Z_k)|€?;(ik)z|'k|2)
o]0t

for all sufficiently large k. As f, € By by the assumption and log ¢! € By by Lemma 8,
[21, Corollary 1.4] yields |f’(wg)|(1 — |wg|?) — 0 as k — oco. Since ¢ € T was arbitrary, we
deduce log ¢’ € By.

(2) Assume that g is a locally univalent function on D with ¢’ € H' and that there exists
do > 0 such that g(I) is an asymptotically smooth Jordan arc for any interval I on T with
|I| < dp. With the same notation as in Part (1), we deduce that g, (T) is an asymptotically
smooth Jordan curve, and thus f, =logg/, € VMOA for all v =0, ...,n by Pommerenke [20,
Theorem 2]. To prove f =logg’ € VMOA, consider

T = oo |17 ) dAw),

| k] Vs
where {J; } is a sequence of arcs on T such that |Ji| — 0, as k — co. Let & € T be the midpoint
of J. Without loss of generality, assume & — ¢ € T, as k — oo. By the proof of Part (1),
I C I, for some v € {0,...,n}, and hence there exists M, € N such that S(J) C ¢, (D) for
all k > M,,. Therefore,

Ty (f) < ij ) |fl’/(z)|2(1 _ ‘¢V(Z)|2)d14.(21)
| k] 7 (S(Jw))
0 AT - 2y dA k> M
" [k Lv;l(suk)) ¢, (2) (1= 1ou(2)[) dA(2), k> M.

For each k > M, sufficiently large there exists an interval Ly on T such that ¢, 1(S(Jx)) C
S(Ly), and further |Ly| < Cy|Jg| for every such k. Moreover, by Lemma 8, there exists a
constant Co > 0 such that 1 — |¢,(2)|> < C2(1 — |2]) for all z € S(Lk) when k is sufficiently
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large, and it follows that

2C,C
R NN ERIZTO
loXe, Z 2
+ 2|L1k|2 L(L | ?8 (1—|2]2)dA(z) — 0, k — oo,

as f, € VMOA and log ¢!, € D € VMOA by Lemma 8. Thus, f =logg" € VMOA as desired.

4. Proof of Theorem 2

4.1. Proof of (1)

If ¢ maps D conformally onto the inner domain of a Jordan curve, then the assertion in
Part (1) is a direct consequence of Pommerenke [20, Corollary 2]. Let now g € H(ID) be locally
univalent such that log g’ € By and ¢'(¢) = lim,_ - g(r¢) # 0, o exists for ¢ € T. By part (1)
in Theorem 1, g is continuous on D and thus C = ¢(T) is closed. Moreover, since log g’ € By,
the spherical derivative (¢')#(z) = |¢”(2)|/(1 + |¢'(2)|?) of ¢’ at z satisfies

I\ # _ 2 < gll(z)
(@) (2) A = [27) < 702
Therefore, ¢’ is (strongly) normal in the sense of Lehto and Virtanen [16], and hence the
non-tangential limit lim,_,¢ ¢'(2) equals to ¢'(¢) # 0, co.

Define ¢(t) := e'“¢s ,(t), where ¢s, is as in Lemma 8, and set ¢(t) =z and ¢(7) = (.
Lemma 9 and Becker’s univalence criterion [21, Theorem 1.11] show that g o ¢ is univalent
and log(g o ¢)" € By for suitably chosen ¢ and p. Moreover, by Lemma 8, the conformal map
¢ satisfies log @’ € By and lim,_- ¢'(r7) = ¢'(7) # 0,00. But now the non-tangential limit
lim._.¢ ¢'(2) equals to ¢'(¢) # 0, 00, and hence lim, ;- (g o ¢)'(r7) # 0,00 exists. Since both
go ¢ and ¢ are conformal, it follows that

9(2) —9(Q) _ g(o(t)) —g(o(r)) t—7 (g09)(7)

¢ T e - e 79

ast — 7, that is, z — (.

A=z —0, [z — 1.

4.2. Proof of (2)

In order to prove Part (2), we need the following auxiliary result which follows, for instance,
from [20, Lemma 2].

LEMMA A. Let I C T be an interval with midpoint £, and denote t; := &(1 — |I|/2). If g is
locally univalent and log g’ € VMOA, then

N

gt
We now turn to prove (1.6). Without loss of generality, assume s > o. Write z = 1)(s) and
¢ =1%(0), and denote T(¢,z2) := {ei :arg ¢ <t < argz}. An application of Lemma A to [ =
{e®* : 2arg( —argz <t < argz} yields

1‘|dt|—>07 [I| — 0.

q'()
g'(tr)

|dt| — 1, z— (.

—al
|z — (] T(¢,2)
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Since s — o, as z — (, this and Part (1) give

g'(t)
g'(tr)

w(s) —w(o) _ g(z) = g(¢) (9’(t1)l J
z—C T(¢,2)

s—0o z—C

B . 9'(Q)
”O o

when s — o. Moreover,

w(s) —w(o) g'(©)

ey By~ g Ha () =) s — e

and so w'(0) = (7).

4.3. Proof of (3)

Recall that if f € D, then f({) = lim,_,;- f(r{) # oo exists for all ¢ € T outside of a possible
exceptional set of zero logarithmic capacity by a classical result due to Beurling [4]. Hence, by
Part (2), equation (1.6) is satisfied for all ¢ € T outside of a set A with cap(A) = 0. Hence,
it is satisfied for all o € [0,1] \ E, where E = g(A). Now ¢’ € H? by Theorem 1, and therefore
the inequality

l9(2) = g(OF < (Lr g’(t)lldﬂ) N AERY

(¢,2)

shows that ¢ is i-Lipschitz, and hence

2
cap(E) = cap(g(A)) < ||¢[|gzcap(A) =0,

by Ransford [23, Theorem 5.3.1].

5. Proof of Theorem 4

To prove (1.7), we may either first consider conformal maps and then apply the localization
technique to deal with locally univalent functions, or prove the assertion directly for locally
univalent functions. We will use the first option since the latter one requires a special
care with notation as the preimages of points on self-intersecting curves are not necessarily
unique.

We begin with an auxiliary result which yields an upper estimate for the difference
between the length of an arc and the distance between its end points in terms of a certain
Poisson integral. To state the result in its full generality, we denote the Poisson kernel
at a by

11— lal?
P,(t) .= — ,
®) 27 |a — t)?

aeD, teT,

andlet I, :={z € T: |argz — arga| < w(1 — |a|)} be the interval on T, induced by a € D, and
of length 27(1 — |al).

LEMMA 10. Let h € H! and a € D. Then

11|J |h(t)]|dt] — ‘11| La h(t)dt‘ < 20 (L |P(8) [ Pa(t) dt] — h(a)l> :

a
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Proof. Let a € D. Then P,(t) > (20|1,]|)~* for all ¢t € I,. Therefore,

Bt (1)
h - — h(t)dt| < h(t)P,(t) — —*—= | dt
el = iz |, 100 \ (mor.w - Mo
1
<[ o) (Pau)—) il + [ P
Ia 20[ 1| ™\,
1
= P _—_—
J, 1Pl g | peeae
and the assertion follows by rearranging terms. |

To prove Theorem 4, let first g be a conformal map of I onto the inner domain of a Jordan
curve C such that log ¢’ € D. Then C is rectifiable by part (3) in Theorem 1, and asymptotically
smooth by Pommerenke [20, Theorem 2] as D C VMOA.

Let wy,ws € C, and let (1,2 € T such that g(¢;) = w;, i = 1, 2. To each pair wy, we of distinct
points on C, there corresponds a unique a = a(wy,ws) € D such that I, is the interval on T
joining (7 and (2. With this notation, Lemma 10 yields

[ lw , W — w1 —w
I(g)::J (w1 2)_\ 13 Q‘Idlede\

JC "LUl wZ‘
(1)) [, g @)t = 1(1/|1a]) [, g'(t)dt]

- 3 Lol duwy | diws|
JC |w1—w2|

‘I‘l| (J' / / )

<20 T — w513 2 Pat dt| — a dw+ |ldws .

CL |wy — wy? T|g<)| ()|dt] = 1g'(a)] ] |dw:||dws]

To estimate the Poisson integral above, we use the relation
| r@Epoln - @ = | WPl daE), ner )

where the constants of comparison are independent of a. This fact can be deduced by a standard
application of Green’s theorem; see, for example, [12, Chapter VI, Section 3]. Since g is assumed
to be univalent, we may apply (5.1) to h = (¢’)!/? to obtain

lg” (2)?

9’ (2)]

It follows that there exists a constant C; > 0 such that
L] 9" (2)? 2

I(g <C’1JJ 1 —|pa(2)]?)dA(2) | |dw;]||dws].

( ) cle |w1_w2‘3 D |g'(Z)\ ( | ( )| ) ( ) | 1|| ‘

To estimate the integral over D, we split D into pieces by using Carleson boxes. To do this, for
a €D, choose N = N(a) € N such that 2V(1 — |a|) < 1 and 2V *1(1 — |a|) > 1. Set S_; = 0,

(1 = lpa(2)|*)dA(2).

j 19/ (®)|Palt) dt] — | (a)] =~ j
T D

Spla):=={zeD:1—|z| <281 — |a]), |argz — arga| < 287 (1 — |a|)}
for k=0,...,N and Sy41(a) =D\ Sy(a). Then there exists a constant Cy > 0 such that
Oy 125(1 —|af) < [1 - az| < C22"(1 — |a])

for all z € Si(a) \ Sk—1(a) and k =0,..., N + 1. It follows that

9" L A < S 203 9" L pyaacs
JD 7 C2)| (1= [ea(2)[7)dA(2) < ;) L Lm) 7] (1 —|2*)dA(z).
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This together with Fubini’s theorem give

1 = 1 19" (2)]2 )
1w<6) | <Z4 Lo T 4= 1440 ) e

=03NZ+111<J [t ([ O opyaace) ) awifidus)
= Ak e Je fwr —wal® \Us o) 19'(2)]

N+1
lg" (2)| 2 1 J J' |dwi [|dws|
:CJ 1= Y - [BnJlow21 1) 5 4(2),
re] S )k:O A\ gy ) VB () w1 — w2 ? (=)

where C3 = 2C1C3 and the sets Fy j(z) and Es x(2) consist of those w; and ws on C for which
Sk(a) contains the point z. To estimate the double integral involving these sets, the following
lemma is used.

LEMMA 11. Lett and 7 such that 0 < 7 —t < 27, and define
St e ={z=re?eD:t<p<t, r>1—(r—1t)/2n}.
Let z € D and let Fi(z) and F5(z) be the sets of points ¢; and (3 on T for which S((1,(2)
contains z. Then

(1—|z)2r, p>2,

A(z) = J J' M ~ { log 1 p=2
Fi(2) dme) 16— G2fP ) 1— |2 ,
) p <z

Proof. The quantity A(z) depends only on |z|, so we may consider |z| instead of z. Then
the definition of S({1,(2) yields

27 (1—|z|) p0—2m(1—|z]) 27 0
agh=| | N

0—2m |619 — e 2m(1—|z]) JO—2m ‘610 — et

27(1—|z|) p—27(1—|z|) dtdo 27 —0 dtdb
R e R N e

—9r(1— |4)) r” dt N r’” r‘“ dtd
or(1—2)) (2(1 —cost))P/2 "~ Jora_12pJe (2(1 — cost))r/2
=: A1(|z|) + Az2(]2])-

By using the Taylor series expansion of cost, we obtain

1
— _(1_|Z|) 1fp>]_7
Ai(|z]) = ¢ (1 —|z))p=2
o(l), |z|— 1~ ifp<1
and
! ! |z| ifp>2
— — i
-2 p-2 P HP7S
As(|2]) ~ log — |7 ifp=2,
1— 2]

0(1), |z| —1- if p < 2.

The assertions follow by combining these asymptotic relations. |
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We turn back to the proof of Theorem 4. It is clear that

te Su(la) = (1—(1—|t)/2k)exp(ia§%t>ESO(|a), k=1,...,N,

and hence Lemma 11 yields

J' J |d¢i[|dGe| o 2F _ 2
Fin) dmn) G =GP 1=z dist(2,T)’

where I ,(z) and Fy 1 (z) are the sets of points ¢; and (2 on T for which Sy (a) contains z € D.
Since C is asymptotically smooth, and thus a quasi circle, the conformal map g has a quasi-
conformal extension over the whole plane. Therefore, we may apply the circular distortion
theorem [15, Theorem 2.4] to find a constant Cy > 0 such that

Cidist(9(2),C) ~ I, (o) Sy wr —waf® = " dist(g(2),C)

for all z € D. This along with the inequality dist(g(z),C) > |¢'(2)|(1 —|2|*)/4 (see [21,
Corollary 1.4], for instance) yields

2 00 1

dA(2) Y o <ACsCalllog /|5 < oo.
k=0

I(g) < 4C3C4J
D

This concludes the proof of Theorem 4 in the case when g maps D conformally onto the inner
domain of a Jordan curve C.

Let now ¢ be locally univalent such that log ¢’ € D. Then ¢(T) must be closed by Theorem 1,
and hence asymptotically smooth by Theorem 3. Further, by Lemma 9, there exist p € (0, 1)
and 0o € (0, (1 — p)/2) such that g5, = g o ¢s,, satisfies

|log s ,llzs <1 and loggs, €D

for all 6 € (0, dp). Becker’s univalence criterion [21, Theorem 1.11] shows that gs , is univalent,
and hence g5 ,(T) is a Jordan curve. Therefore, the first part of the proof shows that (1.8),
with §s ,(T) in place of C, is satisfied.

Let I be an arc on T such that |I| < 25y, and let ( = e € T be the midpoint of I. Set ¢y :=
e“qz5|1|7p(z) and define g; := g o ¢. Since the Dirichlet space D is invariant under rotations, the
Jordan curve g;(T) must have the same properties as gj71,,(T). It follows that

1 _ _
J J (w1, w2) ‘““3 wa |dw | |dws| < oo
oD Jg(n) |wy — wy

for any interval I on T such that |I| <2dp. This clearly implies that (1.7) must be
satisfied.

6. Proof of Theorem 5

Theorem 5 is based on the following known result which proof is given for the convenience of
the reader. The work of Douglas [10] is probably the most original reference regarding to the
identity (6.1).



LOCALLY UNIVALENT FUNCTIONS 585

THEOREM B. If f € H?, then

2

I£1fo = 1£O)F = ﬁ L Lr w |dz|d¢| 6.1)
B i 2w 27 éR( (6 ) f(em-)) .
T oon2 Jo Jo < QSln(( —1)/2) > dtd (6.2)
B i 27 p2m \5( ( ) f(ez'r))
T oon2 ,[0 Jo < 2sin((t —7)/2) > dtdr. (6.3)

Proof. To prove (6.1), write f(z) = >~ ja,2" and set ( = ze'”. Then the identity
1 —cosT = 2sin*(7/2) (6.4)

shows that the integral in (6.1) equals to

1) = o [ (5 [ 19061 - fteenPiant) s

where
F(2) = f(zeT) = an(l—€mT)2"
n=1

Parseval’s formula, (6.4) and the identity

2 .2 2
J SITI 2(m’/ ) o
o sin“(7/2)
yield
2, N
L 2sm (nt/ _ P 012,
L[ Z| e oy 0= Sk = 11 = 1700)
To prove (6.2) and (6.3), note first that for h € H? with h(0) = 0 we have
3 |, IBEPIdE] = < [ h(a))?1del = [ (Sh(a))?asl, (65)

by Garnett [12, Theorem 1.5, p. 104]. For ¢ € T, set
J(2?) = ()
22_c2

Then h¢(0) =0 and, since (6.1) is proved, we may assume he € H?. Setting z = ¢*/2 and
¢ = €'"/2, we have

he(z) = 2¢ z e D.

Fe) = ()|

eit _ ei'r

el = |

A direct calculation based on (6.4) shows that z(/(2% — ¢?) = (2isin((t — 7)/2)) !, and hence

S(f(e™) = f(e'T)) o _ R(f(e™) = fle'T))
Bhe(z) = g =y M Sk =S GT o

The identities (6.2) and (6.3) now follow at once by integrating (6.5) with respect to (. O
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To prove Theorem 5, set f =logg’ in (6.3) to obtain

1 27 27 arg g/(eit) —arg g/(ei‘r) 2
1 N2 — 1 (0 2 J J dtdr.
|| 0gyg ||D | 0gyg ( )‘ + o2 o Jo 2sin((t — 7.)/2) T

Since
Ct—T
sin

2

le?t —etT| |t — 7| t—7| =
< < < —

S92 T4

S — €

|it ,

i'r|

X
™ 7r
whenever |t — 7| < 7/2, it follows that log ¢’ € D if and only if log g’ € H? and (1.9) is satisfied.
Consider now the arc length parametrization w for which

w(s) = gl(s)), w'(5) = ¢/ (B(s)(5) (6.6)
almost everywhere on [0,1(g(T))]. It is known that
_ P's) _ Joy — N T
el =10 R =0 and ange(s) = argu(s) + 5.

and therefore, for z = 9 (s) and ¢ = ¥ (o), we have

argg'(z) —argg'(¢) = argw'(s) — argw'(0) — (arg ¥(s) — arg ¥(0)).
It follows that
argg'(x) —argg'(()  argw!(s) —argw/(0) argz — arg(
2= ¢ - 2—¢ IR
Since the last quotient is uniformly bounded for z,( € D, we deduce that the conditions (1.9)
and (1.10) are equivalent.

7. Proof of Corollary 6

Note first that the assumption (1.11) yields |R1log g’ ()| < log(1/c) and therefore log g’ € H?.
Setting z = 1(s) and ¢ = (o), the integral in (1.10) becomes

L[ (argw!(s) — argw!(0) \* [¢(5)¢ (o) ]|s — o
J ), () e e dsae ()
Now |¢'(s)| = |¢'(2)|~! by (6.6), and hence

2
W @lls—of 1 , 1
COECIICrIG] (Luz,o g0 'dt> (P

Therefore, (1.11) yields

A W ©ls o 7

S s —w(e))r T et
and thus Corollary 6 follows by (7.1).

8. Proof of Theorem 7

To prove (1), assume C € AL for some a € (1,1). The substitutions z = e’ and w = '(*+7)

in (1.9) yields
27
dr
no = (
0

27
J (arg g’ (") — argg’(e“t”)))th) e

0
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By the assumption C € A1, (1.14) and (6.4) we obtain

27 2

(sin %) Aoy dr.

The last integral converges since o > %, and hence log ¢’ € D by Theorem 5.
To show (2), consider the lacunary series f(z) := >, 2-724" » € D. By using the standard
method for estimating such series, we obtain

I(g) < 27rC22J

11— e 2eDdr < QWCQQJ
0

0

rf'(r) 1 = h e >
1 =1 Z onpt” = Z Z on | rk < ZQ\/ETk < Cyr(1—r)73/2
—r -7
n=0 k=1 \4n<k k=1

for all 0 < r < 1. Therefore,

2) < Cs(1—|z]7)" 7%, zeD, 8.1
f/ C 2\—1/2 D
from which [11, Theorem 5.1] yields

£ (2) = f(w)| < Culz = w|'/?, z,weD. (8.2)

Define g by logg’ = Af, where A > 0. Since f € B by (8.1), we may choose A such that
llogg'|ls <1 and then g is univalent by Becker’s univalence criterion [21, Theorem 1.11].
Moreover,

larg g'(2) —arg g’ (w)| < [log g'(2) —log g'(w)| = A f(2) — f(w)
and so C € AL'2 by (8.2). But logg’ = A\f & D since > - 4"(27™)? diverges.

)
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