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Abstract

We prove a Gauss—Bonnet formula for the extrinsic curvature of complete surfaces in hyperbolic space
under some assumptions on the asymptotic behavior. The result is given in terms of the measure of geodesics
intersecting the surface non-trivially, and of a conformal invariant of the curve at infinity.
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1. Introduction and main results

In this paper we prove a Gauss—Bonnet formula for the total extrinsic curvature of complete
surfaces in hyperbolic space. Our result is analogous to those obtained by Dillen and Kiihnel in
[2] for submanifolds of euclidean space, where the total curvature of a submanifold § is given
in terms of the Euler characteristic x (), and the geometry of S at infinity (see also Dutertre’s
work [3] on semi-algebraic sets).

Our starting point is the following well-known equality for S ¢ H?>, a compact surface with
boundary immersed in hyperbolic 3-space:
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/KdS:an(S)+F(S)—/kgds (1)

N as

being K the extrinsic curvature of § (i.e. the product of its principal curvatures), F(S) the area,
and k, the geodesic curvature of 9§ in S. This formula follows from the classical (intrinsic)
Gauss—Bonnet theorem, and the Gauss equation. We plan to make S expand over a complete
non-compact surface, but the last two terms in (1) are likely to become infinite. To avoid an
indeterminate form, we add and subtract the area enclosed by the curve 9S. Such a notion was
defined by Banchoff and Pohl (cf. [1] and also [12]) for any closed space curve C as

A(C) = %/ﬁ(z,cwz
L

where £ is (in our case) the space of geodesics in H>, d/ is the invariant measure on £ (unique
up to normalization), and A(£, C) is the linking number of C with ¢ € L. This definition was
motivated by the Crofton formula which states

F(S)= %/#(KﬂS)dZ, (2)
L

where # stands for the cardinal. Hence, we can rewrite (1) as follows

/KdS:an(S)—f—%/(#((ZOS)—)»%E,BS))dﬁ—i—A(BS)—/kgds.
S L aS

Our main result is a similar formula for complete surfaces in H® defining a smooth curve C in
dsoH?, the ideal boundary of hyperbolic space. In that case, the last two terms of the previous
equation are replaced by a conformal (or Mébius) invariant of the geometry of C in dsH?>. To
be precise, our result applies to surfaces with cone-like ends in the sense defined next. A similar
notion of cone-like ends for submanifolds in euclidean space appears in [2].

Definition 1.1. Let f: S 9 H> be an immersion of a C2-differentiable surface S in hyperbolic
space. We say S has cone-like ends if

i) S is the interior of a compact surface with boundary S, and taking the Poincaré half-space
model of hyperbolic space, f extends to a C>-differentiable immersion f:S 9 R3,
ii) C = £(5) is a collection of simple closed curves contained in dsoH?, the boundary of the
model, and
iii) f(S) is orthogonal to d,,H> along C.

In particular, such a surface is complete with the induced metric. We will see that surfaces
with cone-like ends have finite total extrinsic curvature. There are also examples of complete
non-compact surfaces with finite total extrinsic curvature which do not fulfill i) or ii) in the
previous definition. Condition iii) however is necessary for the total curvature to be finite: the
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limit of the extrinsic curvature of S at an ideal point x € C is cos?(8) where f is the angle
between S and 9o at x.

In the Klein (or projective) model, the definition reads the same, but replacing the word ‘or-
thogonal’ by ‘transverse’. We will mainly work with the Poincaré half-space model. Unless
otherwise stated all the metric notions (such as length, area or curvature) will refer to the hy-
perbolic metric.

Given a connected oriented curve C C 80011-113 =R? and a pair of distinct points x,y € C,
let us consider the oriented angle at x from C to the oriented circle through x that is positively
tangent to C at y. This angle admits a unique continuous determination 6 :C x C — R that
vanishes on the diagonal. Note that 6(y, x) = 6(x, y) and 6 is independent of the orientation
of C.

We will prove the following result.

Theorem 1. Let S C H be a simply connected surface of class C?, embedded in the Poincaré
half-space model of hyperbolic space, and with a (connected) cone-like end C C dsoH>. Then,
the integral over S of the extrinsic curvature K is

dxdy

/dezi/(a‘af(mS)—,\2(z,C))de—l / 0sing———>
T T

lly — xII?
S c cxC

3)

where

o d{ is an invariant measure on the space of geodesics L,

e \2(¢,C) is 1 if the ideal endpoints of € are on different components of ds,H> \ C and 0
otherwise, and

e dx, dy denote length elements on C with respect to the euclidean metric || - || on doJH> = R2.

The integrals in (3) are absolutely convergent.

Remark 1. The most interesting term in (3) is the last one, which we call the ideal defect of S.
It defines a functional for plane curves which is invariant under the action of the Mobius group.
In fact, the form dx dy/||y — x||%, as well as 6 (x, y), is invariant under Mobius transformations.
Similar expressions for space curves appear often in the study of conformally invariant knot
energies (cf. [5]).

The first term in the right-hand side of (3) is positive, and can be considered as a ‘truncated
area’ of §, in view of (2). We call this term the measure of non-trivial geodesics of S. From
Proposition 6, it will be clear that it is a natural functional of S.

The idea of the proof is roughly the following. We pull-back d¢ to the space of point pairs
of S. Integration gives the measure of non-trivial geodesics. Applying Stokes’ theorem yields
then the result. This procedure was already used by Pohl in the euclidean setting in [8], but here
we use a different ‘primitive’ of d£. This leads to a somehow dual construction, where the total
curvature instead of the area appears. This dual approach is not possible in euclidean space.

From Theorem 1 one gets easily a formula for a general surface with cone-like ends.

Corollary 2. Let S H3 be a C2-immersed complete surface with cone-like ends C1, ..., Cy,
the curves C; being simple and closed. Then
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/de 27 (x(S) —n) + 1/(#(EHS) Zﬂ(ﬁ C,)

S L i=1

——Z / fsinf ————

IW—MW
llCXz

and the previous integrals are absolutely convergent.

Proof. Take a compact set K C H? with C? boundary 8K transverse to S, and such that S\ K =
S1U---US,, where each S; is an embedded topological cylinder over C;. Applying (1) and (2)
to R=SNK yields

/KdR:ZnX(R)—/kg(s)ds+%/#(£ﬂR)d€ 4)
R oR L

where k, is the geodesic curvature in R.
Let R; be a compact surface with boundary such that 7; = R; U S; is a complete embedded
simply connected surface. Combining again (1) and (2), gives

1
/KdRi:2n—fkg(s)ds+—/#(£ﬂRi)d£. (5)
i
R; AR L
Applying Theorem 1 to each T;, and comparing with (5) yields

1

/dei =21+ — /(#(e NS —A%(L, Cp))de
T

S; L

1 dxd
—— / BsinGﬁ /kg(s)ds (©)
T

CixC;j IR;
Addition of (4) and (6) finishes the proof. O

1.1. The ideal defect

The last term in (3), which we call the ideal defect, can also be described as an integral in the
space of point pairs of 9,,H> = R?, with respect to the Mobius invariant measure on this space.

Proposition 3. Let 2 C R? be a compact domain bounded by a simple closed curve C of

class C2. Then
dxd dzd
[ osno by [ dede
ly —xIl lz — wll
NT(£2)

CxC

where NT (§2) C §2 x §2 is the set of point pairs (z, w) such that any circle § C R? containing z
and w intersects R\ 2 (i.e. z,w €€ = £ ¢ £2).
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Proof. Let O C H? be the convex hull of £2¢ = d,,H> \ £2; i.e. Q is the minimal convex set
containing £2¢. Using the Klein model, Q can be seen as the euclidean convex hull of £2¢. Let
us consider the boundary S =900 C H3, which is a surface of class C!. Next we construct a
sequence of convex sets Q, C H3 such that: 0,20 04h+1,0= ﬂ;’ozl On,and S, =00, isa c?
surface with cone-like end C. First, let X € X(IR?) be a vector field in the Klein model such that
X vanishes only at C, and X |, points to the interior of the model. Then, for small # > 0, the flow
¢; brings £2 to a surface ¢;(£2) with a cone-like end on C, and bounding a convex domain D. On
the other hand, let Q be approximated by a decreasing sequence Q/, C R3 of euclidean convex
sets with boundary of class C? (cf. [11]). Then, smoothening the corners of D N Q,, yields the
desired sequence.

By Theorem 1

I 1 dxd
/KdSnz;f(#(ﬁﬂSn)—Az(E,C))dﬁ—; f 6 sing——>2

ly —x|?
Sn L CcxC

Using, for instance, the arguments in [6], one can show

lim | KdS,=0.
n
Sn

On the other hand, by monotone convergence,

hm/ (#E NS, — A%, 0))d /#(EOS) AL, C))de
L

Hence,

dxd
/ Gsineﬁ=/(#(£ﬂS)—A2(£,C))dZ
y—Xx
L

CxC

The right-hand side above is the measure of geodesics intersecting Q but not §2. We determine
each geodesic ¢ € L by its ideal endpoints (z, w). This allows to express d¢ as in (16). Finally,
we just need to note that a geodesic £ intersects the convex hull Q if and only if every geodesic
2-plane containing ¢ intersects £2. O

1.2. Integral of the inverse of the chord

Next we express the ideal defect in an alternative way which is not invariant, but still interest-
ing. Let C C BOOH3 be a C2-differentiable simple closed curve, and consider S = C x (0, c0) C
H3. We may think of S as a surface with one end by closing the top end at infinity with an in-
finitesimally small surface. Then, the total curvature of S equals 27, and Theorem 1 applied to
S yields
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dzdw

1 dxd 2
2n+—/951n9# = / (#(z_wﬂC)—kz(z,w;C))W
w—z

b ly—xlI? =
CcxC R2xR?

(_1)#(X_yﬂc)

2
:E/ > ———dL (7)

A1) x,yeLNC ”y - x”

where Zw denotes the line segment joining z, w € R2, and dL is the invariant measure on the
space A(2, 1) of (unoriented) lines of R?, normalized as in [10]. The first equality uses (16). The
second equality is Proposition 10.

As a consequence, the integral in (7) is invariant under Mobius transformations, which was a
priori not obvious. In fact, if C bounds a convex domain §2, then (7) is

4 f ! dL (8)
T o (LNRY)
AQ,1)

where o (L N §2) is the chord length. The previous functional (8) is one of the so-called Franklin
invariants of convex sets, defined by Santal6 in [9] as a generalization of a functional introduced
by Franklin with motivations from stereology (cf. [4]). These functionals had the nice property of
being invariant by dilatations. For instance, the integral (8) could in principle be used to estimate,
by means of line sections, the number of particles in a plane region, if these particles have the
same shape but possibly different size.

An immediate consequence of our results is that (8) is in fact invariant under the Mdbius
group. An interesting question is to determine which of the Franklin functionals enjoy this bigger
invariance. Besides, it was conjectured that the Franklin invariants are minimal for balls (cf. [4]
and [9]). This was shown by Franklin among ellipsoids while Santalé obtained some general non-
sharp inequalities. As a consequence of our results, we can prove this conjecture in the planar
case.

Corollary 4. For a convex set 2 C R? we have

1 72
/ ————dL > — 9
o(LN§) 2
AR,

where o is the length of the chord, and A(2, 1) is the space of lines. Equality holds in (9) if and
only if $2 is a round disk. Moreover, the left-hand side of (9) is invariant by Mobius transforma-
tions (keeping §2 convex).

Proof. By (7) we have

4 1 1 dxd
— / ——dL =21+ — / 9sin9i>2n,
) oLn®) P Iy — |2
AQ2,1) CcxC

and the equality occurs if and only if 6 = 0. Indeed, since C is convex it is easy to see that
—n<bf<m. O
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2. The space of geodesics
Let F = {(x; g1, g2, g3)} be the bundle of positive orthonormal frames of H3: i.e., each

(gi)i=1,2,3 is a positive orthonormal basis of T, H?>. We consider on F the dual and connection
forms

w; ={dx, gi), wij =(Vgi, g;j),

where (,) denotes the (hyperbolic) metric in H?, and V is the corresponding riemannian con-
nection. The structure equations read

da),'za)j Awji, da)ijza),' ANwj+ Wik N Wk;j - (10)

Let £ be the space of oriented geodesics of H>. Clearly £ is a double cover of £. Consider

71 F — LT given by 71 (x; g1, g2, g3) = £ with x € ¢, and g € T\¢ pointing in the positive
direction. The space £ can be endowed with a differentiable structure such that 7| is a smooth

submersion. Moreover, £1 admits a volume form d¢ invariant under isometries of H>, which is
unique up to normalization, and characterized by (cf. [10])

7t1*(d£)=a)2/\a)12/\a)3/\a)13. (11

Similarly, one can consider L£,, the space of (unoriented) totally geodesic surfaces (geodesic
planes) of H3. We will use the space of flags

Liz={W.p) el xLy]lCp},
and the canonical projection 7 : £1 2 — L1 which makes £ » a principal S!-bundle over £t.
Let us project w12 : F — L1,2 sothat w1 2(x; gi) = (£, ) with o DL =m(x; g;) and g3 L Ty .
Then wyz =7 f‘ ,¢ for a certain form ¢ € (L, .2), which is an invariant global angular form (or
connection) of the bundle 7.
Proposition 5. There exists a unique 2-form o € 22(L) such that

(@) =dg € 2%(L12),

where ¢ is the global angular form of w. Moreover a A o = 2dX{, so that o is an invariant
symplectic form on L.

Proof. Assuming « exists, structure equations (10) give
i (@) =dwy = 0 A w3 — w12 A 13, (12)

whence
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nik(a Aa)=—=2wr Aw3 Awia Awiz = ZjTik(dE).
Therefore @ A @ = 2d/{ (as dmy is exhaustive).

Let X € X(L1,2) be the tangent vector field along the fibers of 7 such that ¢ (X) = 1. By (12),
for any X € X(F) such thatdmj 2 X = X,

ﬂf’z(ix dp)=i;dwy3 =0,
whence iy dp = 0. Then Lx¢ =0, and
Lxdp=dLx¢=0.

Hence, d¢ is constant along the fibers of , and null on their tangent vectors, which shows the
existence of «. The uniqueness follows from the injectivity of 7*. O

It follows from the previous proposition that
d(n*a/\go)=2'7'[*(d€). (13)
This will be used in Section 4 to prove Theorem 1 by means of Stokes’ theorem.

Remark 2. The forms ¢, « are in some sense dual to the forms w, dI used in [8]. In fact, many
of the subsequent constructions are parallel to those of [8]. However, choosing « leads us to
results involving the total curvature, while d/ made the area appear. This choice could not be
done in the euclidean setting since there o A o vanishes.

The following notation will be used throughout the paper:
Ax B:={(x,y)€Ax B|x#y}.

In the Poincaré model, by considering the ideal endpoints z, w of each geodesic £, one identifies
(a full-measure subset of) £ with R? x R?. Then, an elementary computation with moving
frames (cf. (17)) gives the following expression for & at a point (z, w) =£ € L*:

2
aziz(dm/\dwz—i-dzz/\dwl) (14)
w—z|

where the coordinate system of R2 has been chosen in such a way that zo = wp; =0 and w; =
—z1. In particular, if z = z(x) and w = w(y) are curves parametrized by arc-length, then

dx Ndy

__ 15
lw(y) = z(x)]|? (1

o =2sinf(x,y)

where 6(x, y) is the oriented angle between the two oriented circles through z(x), w(y), tangent
to z/(x) and w’'(y) respectively.
Using (14) we can also obtain an expression for the measure of geodesics. Indeed,
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1 dznd
dt=-ana=4—"22 (16)
2 lw -zl

where dz, dw denote the area elements of the ideal endpoints z, w in R?.

Remark 3. The following complex valued two form in C x C was introduced by Langevin and
O’Hara in [5] under the name infinitesimal cross-ratio

d(z1 +iz2) Ad(wy +iwn)
(w —2)?

, (z,w)eCxC.

Wer =

This form w,, is invariant under the diagonal action of the Mdbius group SI(2, C). Using this
fact, one checks easily that —« /2 coincides with Jm(w,, ), the imaginary part of the infinitesimal
cross-ratio.

We end the section by showing that the measure of non-trivial geodesics is a natural quantity.
This fact was already noticed in the euclidean setting by Pohl (cf. [8], Eq. (6.5)).

Proposition 6. Let S C H? be an embedded surface with cone-like ends C C dsH>. Let

®:8S xS — LT be such that @ (x, y) is the oriented geodesic going first through x and then
through y. Then

1
f COE /(#(e NS) -2, C))de.
SXS LT
Proof. By the coarea formula
/ <;b*(d£)=/u(£)d£
Sx S L+

where

)= Y —e)e®)

(x,y)e@~1(0)

being €(u) the sign at u of the algebraic intersection ¢ - S. Now, let p (resp. ¢) be the number of
points of £ N § with € =1 (resp. € = —1), so that

#ULNS)=p-+gq, AL, C)=t-S=p—q.

Then @~ (¢) contains (p(p — 1) + q(g — 1))/2 pairs (x, y) with €(x) = €(y), and pg elements
with €(x) = —e(y). Therefore 2u(£) =2pg — p(p — 1) —q(g — ) =#ANS) — 1>, C). O
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3. Convergence results

Next we establish the convergence of the integrals appearing in Theorem 1. In the whole
section, S C H? will denote a complete surface with a connected cone-like end C C d-oH3. Here
H3 denotes the Poincaré half-space model. For & > 0, we set S, = {x € S| x3 > h} which is a
compact surface with boundary C, =4S, = {x € S| x3 = h}.

Proposition 7. If K denotes the extrinsic curvature of S, and d S is the area element, then

/KdS
s

is absolutely convergent.

Proof. Let us consider the global orthonormal frame ¢; (x) = x39/dx; (i = 1,2, 3), defined for
all x € H3. The connection forms 6; i =(Ve;, e;) are then given by

d .
9"32%’ 0, =0 fori,j#3. (17)

Let us fix now y € S. After a change of coordinates, we can assume e>(y) € 7y S. Let vy, v, v3
be a frame locally defined on S (around y) so that v2(y) = e2(y), and v (x), va(x) € Ty S. Then
v; (x) = a;j(x)e;(x) for an orthogonal matrix (a;;(x)) € O(3). In particular v{(y) = cosae; +
sinaes, and v3(y) = —sinae; + cosaes for some a € [0, 27). Then (w;;)y = (Vv;, v))y are
given by

(@12)y =(V(aiie;), ez)y =daiy +ann(y)(Ver, e2) + axn(y)(Ves, e2)

d
=dajy + cosabiy + sinabz; D dalz—sinaﬁ, (18)
y3

(w13)y = (V(alie,-), —sinae; + COSOé€3)y

= —sina(dai + a1 (y)6i1) + cosa(daiz + ai; (y)6;3)

d
= —sinaday + cosadaiz + ﬂ,
V3
and similarly
) dxy
(w23)y = —sina day + cosa dasrz + cosa —-. (19)

3

In particular

: dx1(v dx1(v
w13(v1) = —sinaday(vy) + cosadaiz(vy) + 1(v1) 1y( 1).
3 3

=003+
y
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But dx1(v1/y3) =cosa = O(y3). Indeed, cosa = (e, v1) is a C! function on S = S U C and
vanishes at C. One checks similarly that w;3(v;) = O(y3) for i, j = 1, 2. We have thus that

K (y) = det(wi3(v))

i,j=12)=w30)ws) — o3(v)ws) = 0(»3)-
The result follows since y% dS is the euclidean area element of S in the model. 0O
The following proposition is a first step towards the existence of formula (3).

Proposition 8. Let S, R C H? be two surfaces with the same cone-like end 0 S = 0oo R C oo .
Then

/KdS—/KdR:Zn(X(S)—X(R))+}}irr%)%/(#(£ﬂSh)—#(EﬂRh))dZ.
S R L

Proof. From (1) and (2) one gets
1
/KdSh =2 x(Sy) + —/#(Z NSy de — / kg(s)ds
T
Sh L Sk
and similarly for Rj,. We must show that
/kg(s)ds — / ke(s)ds
a8y Ry

tends to zero as 1 — 0. By Eq. (18) we have

kg = —w12(v2) = —da2(vy) + sina.

In the previous proof we learned that cose = O (h), and thus sina = 1 + O (h?). Besides, in the
choice of the local frame v1, vy, v3 one could further assume that v; is everywhere orthogonal
to 3. Hence a1z = (v1,e2) =0, 50 kg =sina =1+ O(hz), and

/(kg(s)—l)ds=/O(hz)ds:O(h),

EAYA EAYS

and similarly for d Rj,. Thus, it suffices to show that the difference of (hyperbolic) lengths of 95},
and d Ry, tends to zero as 7 — 0. This follows from the fact that 95, S is an euclidean geodesic of
both S and R, and geodesics are extremals of the length. Indeed, the euclidean lengths of 9.5, and
d Ry, differ both from the length of 3, S with an order O (h?). Hence, their respective hyperbolic
lengths have a difference of order O (k). O

Next we study the convergence of the measure of non-trivial geodesics.
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Lemma 9. If L(€, Cy) denotes the linking number (defined up to sign) of a geodesic £ with the
curve Cy, then

l}in})f(#(msh) —)\2(e,ch))dz=/(#(er15) —22(¢,0)) dt (20)
L L

where A(£, C) is the limit of L(£, C) when h — 0.

Proof. Let £ € £ be transverse to S, which happens for almost every £. Then #(£ N Sp,) is an in-
creasing function of /. For i small enough, C}, is connected, and thus A%(¢, Cj,) < 1. Therefore
#U NSy — A2, Cy) is an increasing function of &. Then (20) follows by monotone conver-
gence. [

We will see below, that the limit in (20) is finite. For the moment, we show this fact for the
infinite cylinder over C.

Proposition 10. Let C C 80011—]13 be a simple closed curve, and let R = C x (0, 00) C HB. Then
the following integrals converge and coincide

/(#(EﬁR)—Az(E,C))dﬂzf >

r AR x,yeLNC

(_1)#()@00
——dL <>
ly —xl

where dL is an invariant measure in the space A(2, 1) of lines in R>.

Proof. After a vertical projection onto d.H?, each geodesic ¢ is mapped to a segment zw, and
R projects onto C. From the proof of Proposition 6 we know

#HENR) =22 LO)=— > e@e(y)

x,yezwNC

where €(u) is the sign at u of the algebraic intersection zw - C. The equality of the integrals
follows from (16), together with (cf. [10], Eq. (4.2))

dzdw=|t—s|dsdtdL

where s, t are arc-length parameters of z, w along L. In order to check the convergence, we use
the following expression of the measure of lines in R? (cf. [8])
dxdy

dL = |sin By sin By |
Ty —xll

where x, y are intersection points with C, and B, By are the oriented angles between L and C at
x, y respectively. Then the integral over A(2, 1) above becomes

dxdy

— / sin,Bx Sinﬁym.

CxC

This integral converges since By, By = O([ly — x||) as one can easily prove. O
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Lemma 11. Let S, R C H? be two surfaces with the same cone-like end do0S = dso R C dooH".
Then the following integrals are uniformly bounded for all h > 0

/()@(z, ISk) — A2(€, IRy)) de.
L

Proof. Let T}, be the region of {x € H3 | x3 = h} bounded by dS;, and 9Rj,. If a geodesic £
is disjoint from 7}, then 22(L,08,) = 22(¢, 9Ty). Hence, the integral above is bounded by the
measure of geodesics intersecting 7j. By the Crofton formula (2), this measure is proportional
to the area of 7j,. Since S and R are tangent at infinity, the euclidean area of T}, has order O (h?).
Therefore, its hyperbolic area is uniformly bounded. O

Proposition 12. The measure of non-trivial geodesics

/ (#ENS)— 2%, 0))de
L

is absolutely convergent.

Proof. Clearly

/(#(e N Sp) — A%(L, 3Sp)) de = /(#(Z N Sp) —#E N Ry)) de
L L

+ /(#(z N Ry) — A% (¢, dRy)) de
L

+ /(kz(ﬁ, dR) — A2(L, 3Sy)) de.
L

The last three integrals are uniformly bounded by Propositions 8 and 10 and Lemma 11 respec-
tively. Thus, by monotonicity, the following limit

I}in})/(#(ﬁ N Sk) — A%(¢, 3Sp)) de,
L

exists and is finite. Since #(£ N S) — A2(¢, C) is positive, Lemma 9 shows the absolute conver-
gence of the integral. O

Corollary 13. Let S C H? be a surface with a cone-like end C C ds,H>. Then

/dezznx(5)+%f(#(mS)—12(5,0))45—3(0)
N L

where §(C) depends only on the ideal curve C. All the integrals above are absolutely convergent.



818 G. Solanes / Advances in Mathematics 225 (2010) 805-825

Proof. The convergence has been established in Propositions 7 and 12. The result follows then
from Proposition 8. O

Remark 4. We have assumed C to be connected for simplicity. If C is a collection of disjoint
simple closed curves, each of them arbitrarily oriented, the previous results hold without change.
The key fact for the convergence is that 22(-,C) < 1 outside a compact subset of L. As for §(C),
it depends in this case on the orientations of C, as well as the relative positions of the several
components.

Remark 5. In order to get explicit expressions of §(C), it is enough to find, for each curve
CC BOO]HP, a surface S with cone-like ends on C for which the total curvature and the measure
of non-trivial geodesics can be computed. In fact, this is what we did in Subsections 1.1 and 1.2.

However, in order to get the expression of §(C) that appears in Theorem 1, we will need to
follow a different strategy.

4. Proof of Theorem 1
4.1. The space of chords

Given a C2-differentiable manifold S (without boundary), the space of chords of S is a C'-
differentiable manifold Mg with boundary, introduced by Whitney in [13], and described in detail
in [8]. This space is the blow-up of S x S along the diagonal. In particular, the interior of My is
S x S, and the boundary is the sphere bundle of oriented tangent directions of S

IMs=T*S:=(TS\ |(x.0) | x € S})/R.

The reader is referred to [8] for details on the differentiable structure of Mg. The following
property describes this structure quite well: given a regular injective C2-differentiable curve
x:[0,1) — S, the curve c:(0,1) — S x S defined by c(r) = (x(0), x(¢)) extends to a cl-
differentiable curve c: [0, 1) — Mg which meets d Mg transversely at c¢(0) = [x'(0)] € T™S.
Another basic property is the following: the natural projections pi, p2:S X § — S extend natu-
rally to differentiable submersions pp, p2: Mg — S.

Let now S be a manifold with boundary. The space Mg of chords of S is constructed as
follows. We consider a manifold without boundary S extending S. Let py, p2: M g S be the
submersions mentioned above. The space of chords of S is then defined as Mg = pl_l(S) N
Py ! (8) C M; (i.e. My contains the chords of S with both ends in S ). This space is a topological
manifold with boundary, but this boundary is not smooth. Indeed, the interior of Mg is S x S,
and the boundary is dMgs =TT SU (S x 3S) U (35 x S). The faces TTS, S x 35, and S x S are
pairwise transverse outside 779 S (in fact, 35 x S and S x 35S are tangent at points of TT9S).
Hence, Mg \ T*3S is a manifold with corners in the usual sense (cf. for instance [7]).

4.2. Bundles and sections

In this subsection we use the Klein model of hyperbolic space. Hence H? is the interior of the
closed unit ball B3 in R3. Let ¥ : B* x B® — £* be such that (x, y) is mapped to the geodesic
line going first through x and then through y. This map extends naturally to ¥ : Mps \ T+s? -
L7T. This extension is smooth by the results of [8].
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Let now S° C H? be a simply connected surface with a cone-like end C C 9o H>. Then, the
closure S = §° U C is a compact surface with boundary in B>, transverse to the ideal sphere
S? = 9., H3. Notice that we slightly modified, for simplicity, the notation used in the previous
sections.

As seen in [8], the inclusion Mg C Mps is compatible with the differentiable structures.
Hence, the mapping

& Mg\TTC— LT

obtained as a restriction of ¥ is smooth. Note that this extends the mapping @ defined in Propo-
sition 6.

To simplify the notation we denote B := Mg \ TTC. By Proposition 6, the measure of non-
trivial geodesics can be obtained by integrating @*(d{) on B. Our aim is to compute this integral
by means of Stokes’ theorem, using an invariant form whose differential is d¢. Such a form is
given by (13), but it lives in the bundle £ 5. In fact, there is no invariant form in LT whose
differential is d¢. We are thus led to consider the pull-back by ® of the S!-bundle 7 : L1 5 — L.
More precisely, we consider E := ®*(L12) ={(z, %) € B x L2 | @(z) C g}, and the following
commutative diagram with the obvious mappings

¢/
E —— ﬁl,z

ml ln Q1)

B % . o+

It would be desirable to define a section of @*r : E — B. This section should be canonically
constructed in some geometric way. This can be done quite naturally, but only at the boundary
dB; in fact only on

IB\(Cx C)=(TTS\TTC)U(S°x C)U(C x §°) =aMs\ Mc.

Indeed, for z = (x, [v]) € TTS \ TTC we choose the geodesic plane g (z) spanned by 7 S. For
z=(x,y) € C x8° and for z = (y, x) € S° x C, we choose the plane ¢ (z) tangent to C at x and
containing y. Note that this definition does not extend to C x C': the two planes through x, y € C
that are tangent to C at x and y respectively, form a certain angle. In fact, this is precisely the
angle 0 appearing in Theorem 1.

To summarize, we have defined

s:0Mg\ Mc — E,
2 (2,9 (2) (22)

in such a way that Ty () = TS if z=(x,[v]) € TTS, and T,C C Typ (2) for z = (x,y) €
S°x C,orz=(y,x)eC x §°.

We already noted that s has a jump discontinuity in C x C. To solve this, we shall complete the
image of s with a family of fiber intervals interpolating the two one-sided limits of s. However,
these intervals are not well-defined in the S!-bundle E. We are led to consider an infinite cyclic
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cover of E that gives an R-bundle over B. Next we define this cover, and we show it admits a lift
of s. Here we take great advantage of the assumption that § is simply connected.

Proposition 14. The principal S'-bundle ®*7 : E — B is trivial. Moreover; there is a bundle
isomorphism t©: E — B x S\, such that t o s lifts over the covering g:B x R — B x S!; i.e.,
there exists a continuous function

g:0Ms\ Mc - R
such that q(x, g(x)) =t os(x) forevery x € 9Mg \ Mc.

Proof. Consider an isotopy of embeddings H : S x [0, 1] — B3 such that Hy = id and H 1(8°)
is contained in a plane p € £,. We may construct the isotopy so that H(C x [0, 1]) C S?. Put
H(x y,t) = (Hy(x), H;(y)) for (x,y) € § x S. Clearly H extends continuously to H:B x
[0, 1] = Mp; \T*Sz. Furthermore the bundle (¥ o Hl)*n clearly admits a global section s; = .
By the covering homotopy theorem, s extends to a global section § of (¥ o H)*r, and therefore
this principal bundle is trivial. This already shows that E = (¥ o ﬁo)*(ﬁl,z) is trivial. Let

T:(WoH)* (L12) — Mg x[0,1] xS!

be the isomorphism corresponding to this global section, i.e. such that T o 5(z, 1) = (z, ¢, 1). For
each 7, the construction above (cf. (22)) yields a section s; of the restriction of ¥*r to each
OMs, \ Mys,, with s1 = g, and 5o = 5. Clearly these fit together to give a global section § of the
restriction of (¥ o H ) to 9IMg \ M¢ x [0, 1]. From the construction of 7 it is clear that the
restriction of T o5 to dMg \ M¢ x {1} lifts over q. Now the covering homotopy theorem implies
that T o § lifts over all of dMg \ M¢ x [0, 1]. Hence we may take 7 to be the restriction of T to
(W o Hp)*(L12)=E. O

While g cannot be continuously defined over all d B, we can consider the continuous exten-
sions of g to S x C and C x S respectively. We denote these extensions by g1 and g respectively.
This way, 0(x, y) = g2(x, y) — g1(x, y) in the notation of Theorem 1, for every (x,y) e C x C.
Let T1 C B x R be the graph of g over 0B \ C x C, completed with the graphs of g; and g»
over C x C. Now we sew in a family of vertical intervals over C x C interpolating these two
one-sided limits. To be precise we consider 7> = C x C x [0, 1] together with the mapping

0:Th — CxC xR, (23)

(x,y. D) (x,y,181(x, y) + (1 — Dga(x, y)).

Note that o is a smooth mapping, possibly non-regular.

In the following we will need to specify some orientations. The manifold S x S, and hence
My is canonically oriented by dS A dS. This induces an orientation on d Mg, and hence 77 is
naturally oriented. Finally, we choose on 75 the orientation given by dx A dy A dt. This way, T
and T3 induce opposite orientations on the graphs of g; and g;.
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4.3. Stokes’ theorem

Before applying Stokes’ theorem, the non-compacity of Mg\ TTC needs to be settled. To
this end, let us consider the function f : Mg — [0, co] which vanishes on T+ C, and assigns to
each z € Mg\ T*C the euclidean distance in d,H> between the ideal endpoints of @ (z). Here
H3 denotes again the Poincaré model. Then

Ac:= 7110, 0)

is a neighborhood of T C inside Mg, and Mg \ A, is compact. By Sard’s theorem, for almost
every €, the level set 0A, := f ~1(€) is smooth and transverse to d M. Therefore My \ A¢ 18
a compact manifold with corners for almost every € > 0. We denote this manifold by B, :=
Mg\ Ac.

Let us consider 7} = T} \ AL, being AL =7~ !(A,). Here 7 : B x R — B is the projection
on the first factor. For a generic € > 0, Sard’s theorem applied to f o 7 ensures that 77 ¢ is a
compact manifold with corners. Also T» ¢ = T5 \ o~} (A7) is a compact manifold with corners
for almost every €.

Since T» ¢ can be triangulated, we may think of (72 ¢, o) as a (smooth) singular chain. Also
T, can be thought of as a singular chain. Hence it makes sense to consider T := T ¢ + T2 ¢
as a chain in 3B x R\ A.. Its boundary is a singular chain of 9 A, := 7719 A, namely 97, =
(ThNAAL) +o7 1 AL).

In the next subsection, we will construct a chain R, in d A, such that d Re = —9 7. This way,
T: + R is a cycle, and hence gives an element in the homology group H3 (B, x R). Since S is
contractible, we have the following homotopy equivalences

BexR~B.~B~SxS~S8xS!~sl

Therefore H3(Be x R) =0, and T, + R, is a boundary.

By composing with & : B x R — B we can consider (T + R¢) as acycle in (0B) \ A U
0A¢ = 0B¢. The latter is an oriented compact manifold so H3(0B¢, Z) = Z, and [, (T + R¢)]
is given by some integer n. For any form w € £2°(3 B¢) one has

[ wmnfo

T.+Re 9B,

Note that 7 restricted to the interior of 77 ¢ is a diffeomorphism preserving orientations. Thus,
taking w supported on the interior of (7} ¢) makes clear that n = 1.

Now, since H*(B¢) = 0, there exists some differential form w € £23(B.) such that dw =
@* dl. Therefore, by Stokes’ theorem

* * 1 *
P dl= | do= w= nw:i T A, 24)
Be Be 0Be Te+Re Te+Re

since 2m*w — w*a A ¢ is closed by (13), and T, + R, is a boundary. Here we are abusing the
notation for simplicity: by « and ¢ we refer to ®*a and (@’ o T~! o )*¢ respectively. We will
go on with this abuse, and hopefully no confusion will arise.
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4.4. Total curvature and ideal defect

In this section we integrate 7 *a A ¢ over T] and T,. We will get respectively the total curva-
ture, and the ideal defect.

Proposition 15.

e—0
Ti\AL S

lim n*aAw:Zn/KdS.

Proof. Recall that

Ty = (graph g|7+5) U (graph g1) U (graph g2).

We claim that 7w *« A ¢ vanishes on the graphs of g1 and g;. Recall these functions are defined
over S X C and C x § respectively. Indeed, let x be a local coordinate on C. Then expression
(14) shows a A dx = 0. Let now c(¢) be the lift in the graph of g of a curve (y(¢),x) € S x C or
(x, y(t)) € C x S with x fixed. This curve corresponds to a curve (£(t), o (1)) = @’ o q(c(1)) €
L1,2. In the Poincaré model, the ideal boundaries of g (¢) are circles in D003 tangent to C at
the point x. In order to compute ¢(c’(r)) we take an isometry of H> sending the point x € C to
infinity. This way, £(¢) become vertical lines, and the geodesic planes g (¢) are transformed into
a family of parallel vertical planes. By using the expression (17) of the connection formes, it is
clear that ¢(c’(¢)) vanishes. This shows that ¢ is a multiple of 7*dx (on this region of T7), and
the claim follows.

We focus now on the graph over T*S. Given (x,1) € TTS°, we take vy, v2, v3 an orthonormal
basis of T, H? such that [v;] =1, and v3 L T, S. With such a moving frame, by (12)

b ANQ = (w2 Aw3s — w12 Awi3z) Az = —w12 Awiz Awz =—K(X)wip AdS.

By Proposition 7, this volume form has finite integral on 7'! S, the euclidean unit tangent of S (in
the Poincaré model). Then we may use Lebesgue’s dominated convergence theorem to get

lim / ¥ A @ = lim KwipAdS
e—0 e—>0
graph g|r+ g\ AL T+S\Ac
=/Ka)12/\dS=27T/KdS,
T+S S

where we used the natural orientation of 7S, which is opposite to the one induced by Ms. O

Proposition 16.

dxd
lim / n*a/\go:Z/@sinex—yz.
€—~0 ly —xl

T\AL CxC
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Proof. Recall that 7, is mapped to the union of vertical segments in B x R interpolating the
one-sided limits of g along C x C (cf. (23)). This segments have length 6, and ¢ restricted to the
fibers is precisely the length element. Hence, Fubini’s theorem gives

dxdy

lim f 7*a A @ = lim 0 a =2 lim 0 sinf
e—0 e—0 ly — )C||2

e—>0
H\A, CxC\A¢ CxC\A¢

where we have used (15). The result follows since 6 = O(||y — x||), which is easy to prove. O

The proof of Theorem 1 is almost finished. So far we have seen (cf. Propositions 6 and 12,
Eq. (24), and Propositions 15 and 16)

/(#(EOS)—AZ(E,C))dE=2/<D*(d£)=2hr%/<1>*(dﬁ)

L B B,
. " . dxdy
=lim | tT"ane+27 | KdS+2 Osm@iz.
€0 Iy — x|
R S CxC

(25)

It remains only to check that the contribution of R, vanishes as € — 0. This is done in the next
subsection.

4.5. Asymptotic estimations

Next we construct a singular chain R¢ in d A, with R, = —3T, as promised. Letv:9dA, — E
be the section given by the vertical planes. With the same kind of arguments as in the proof
of Proposition 14 one shows that 7 o v lifts over g; i.e. there exists h:9dA. — R such that
q(x,h(x)) =t ov(x).Let Ry C dA, be the graph of i over d A¢. In particular, both 71 N d A,
and 0Rp . project by m onto dB N dA.. Next we consider the union of vertical segments
joining these two graphs. More precisely, we define Rj . = (C x SN 3dAe) x [0,1], Rye =
(SxCNaAy) x[0,1], Rz e = (TTSNdA.) x [0, 1] together with the mappings

o; . Ri’é — 3A/€,
(@0 (21812 + (1 = DA)),

for i =1,2. As for 03, we take the same definition with g in the place of g;. We think of {R; c,
i =0,1,2,3} as singular chains in dA., and we define R = Z?:o R; ¢. A careful study of the
boundaries shows that 9 R, = —9 7.

To finish the proof of Theorem 1 we only need to establish the following.

Proposition 17.

lim | 7%a A @ =0.
e—0
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Proof. Here we assume that S coincides with the cylinder C x (0, 00) C H? in a neighborhood
of infinity. This is no loss of generality by Corollary 13, and Eq. (25).

In particular we may assume that 4 and g coincide over T S. Hence, the integral over R3¢
vanishes. Next we concentrate on Rj . (the study of R . being obviously symmetric). Given
(x,y) € CxSNIA,let {x, z} be the ideal endpoints of @ (x, y). The euclidean distance between
x and z is constant €. Hence, given x € C the point z is determined by the angle y between
the straight segment Xz and 7, C. This angle y coincides with the length of the fiber interval
7 Nx, ¥) N Ry . By Fubini’s theorem

dxd
/rr*a/\w: / y o= f ycosy%

Ry T(Rye) 7(R1e)

since @ = cosye ' dxdy (cf. (14)). The previous integrals vanish when € — 0 since y = O (e).
Indeed, the chords of length smaller than € make angles with C of order O (¢).

It remains to estimate the integral over Rp . Let (x/, y") € S x S be a generic point in Mg N
dAc. Let x,y € C be the vertical projections of x’, y’. Let z, w be the ideal endpoints of the
geodesic £ = @ (x’, y'). We choose euclidean coordinates on R? = 9,,H?> so that x; = y, = 0.
We can assume 71 < x; < y; < wi. Then

dx d
dz2=(t+a)—2 —tﬂ,
o o

d d
dwy = (o +t—e)£+(e—t)ﬂ,
o o

where t = x| — 71, 0 = y| — x1, and thus w; — y; =€ — ¢ — 0. Recall that (x/, y") corresponds
(through @’ o T~ o 1) to the pair (¢, p) where g is the vertical plane containing £. We take an
adapted orthonormal frame (p; g1, g2, 3) such that p € £ projects vertically onto %(z +w) e
dsoH? and g3 L . Then (17) and the equations above yield

1 1
0=(Vgyg3)=6n= E(dzg +dun) = 5((2t +20 —€)dxy + (€ —21)dy»).

Since m*a = dg we get

N 2 2t —€ €—2t
mra = —(dt Ndxy —dt ANdyr) — 5 do Ndxy — : do Ndy.
€0 €o €0
Hence, recalling that x, y are restricted to move along C, we get
4 4 dt ndx Nd
¥ A = ——dt Adxy; Ady; = — sin By sinﬂyiy,
e’o €? Iy —xIl

where dx, dy denote arc-length elements on C, and 8, By are angles between C and the segment
xy. Therefore
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dx ndy

/n*aMp:iz / sin By sin By (e — ||y — x||) ———
€ ly — x|l

Ro,e x,yeC, |ly—xlI<e
which goes to zero when € — 0, since By, By = O(lly —x|)). O
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