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Minimal varieties in riemannian manifolds

By JAMES SIMONS
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0. Introduction

Our object in this paper is twofold. First, we give a basic exposition of
immersed minimal varieties in a riemannian manifold. The principal result of
this general investigation is the derivation of the linear elliptic second order
equation satisfied by the second fundamental form of any minimal variety in
any ambient manifold (cf. Theorem 4.2.1).

Second, we apply these general results in a more detailed study of mini-
mal varieties in the sphere and in euclidean space. This study includes an
estimation of a lower bound for the index and the nullity of a non-totally
geodesic closed minimal variety immersed in S”; a theorem which generalizes
to arbitrary co-dimensions the theorem of De Giorgi [8] concerning the image
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MINIMAL VARIETIES 63

of the Gauss map of a closed co-dimension 1 variety in S"; a theorem which
estimates an upper bound for the minimum value taken by the scalar curva-
ture of any closed non-totally geodesic minimal variety in S*; a theorem
which caleulates an explicit neighborhood of the standard metric on S? isolat-
ing it in the space of metric obtained from non-totally geodesic minimal im-
mersions in S”; a theorem generalizing the result of Almgren [9] in which
we show that the cone over any co-dimension 1 non-totally geodesic closed
minimal variety in S* is unstable with respect to its boundary for n < 6, and
an example of a cone over such a variety in S” which is at least locally stable.
The consequences of this last result are an extension through dimension 7 of
interior regularity of solutions to the co-dimension 1 Plateau problem, and an
extension through dimension 8 of the Bernstein conjecture.

We wish to express our indebtedness to F. J. Almgren who acquainted
us with several of the outstanding problems in this field, and with whom we
have had a number of useful and highly informative conversations.

1. Riemannian vector bundles

1.1. Definitions. Let M denote a p-dim riemannian manifold with or
without boundary. We will always take M to be oriented. 7(M) will denote
its tangent bundle, and T'(M),, its tangent space at me M. Forx,y € T(M),,
{=,y> will denote their inner product. This inner product extends to an
inner product on all tensors of any given type, and we shall use the same {, >
to denote this extension. The riemannian connection on 7'(M) extends nat-
urally to a connection on the vector bundle of tensors of any given type.
This connection preserves the above mentioned inner product.

If Z is a tensor field on M, and x ¢ T(M),,, we shall use V.Z to denote
the covariant derivative of Z in the z direction. V.Z is a tensor at m of the
same type as Z. Because the connection preserves inner products we have

(L.1.1) VLZ, W) =<XV.Z, W) +LZ,V. W),

where Z, W are tensor fields of the same type.
If X, Y are vector fields on M, we have the first structural equation

(1.1.2) VY -V, X=1[X,Y].

For x,y € T(M),., R.,, will denote the corresponding curvature transfor-
mation. R, ,:T(M), — T(M), and is a skew symmetric linear transformation.
R, , extends naturally to a skew symmetric endomorphism of all the associated
tensor spaces. The skew symmetry is with respect to the above mentioned
inner product on these spaces. Let z, y € T(M),,, and let z be a tensor at m.
Choose X and Y, vector fields on M, and Z a tensor field on M, which extend
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64 JAMES SIMONS

x, ¥, and z, respectively. We then have the usual second structural equation
(1.1.3) R,z =VyV,Z — V,VNZ — ViennZ .

Definition. Let V(M) be a vector bundle over M. Suppose the fibres of
V(M) have a euclidean inner product, and suppose there is a linear connection
on V(M) which preserves this inner product. Then V(M) is called a rieman-
nian vector bundle over M.

We shall use the same <, > to denote inner products on the fibres of V().
If 4 is a cross-section in V(M), and « € T'(M),,, we shall use the same V_y to
denote the co-variant derivative of 4 in the « direction. V4 € V(M),,.. Since
the connection preserves inner products, we have

(1.1.4) VL, @) = Vo, @) + ¥, Vo)

where +, @ are cross-sections in V(M).

The connections and inner products on V(M) and T(M) naturally extend
to a connection and an inner product on the tensor product of all associated
vector bundles. In particular, it defines a connection and an invariant inner
product on H(T, V) = Hom (T(M), V(M)). In fact, if r,se H(T,V),, we set

(1.1.5) <’I’, S> = E?:l <’r(e,-), 8(6,-)> y
where {¢;} is a frame in T(M),,. If I is a cross-section in H(T, V'), we set
(1.1.6) VA(H) () = V(H(Y)) — H(V.Y),

where x, y € T(M).,, and Y is an arbitrary vector field extending y. This
connection and inner product are easily seen to be well defined, and it is also
easy to check that the inner product is invariant.

1.2. The Laplace operator. If + is a cross-section in V(M), it gives rise
to V4, a cross-section in H(T, V), by setting
1.2.1) Var(x) = Vo .
Using the connection on H(T, V), given z, y € T(M),,, we define V, ¥ € V(M).

(1.2.2) Veu¥r = Vo (VY)(Y) .
Clearly, the map (x,y) — V., is a bilinear form on 7'(M),, with values in
V(M)p.

Definition. Let 4 be a cross-section in V(M). We define V3 to be a
new cross-section in V(M) by setting Vy(m) = trace of the bilinear form
(x’ y) - V,,,y'\b‘.

PROPOSITION 1.2.1. Let e, ---, ¢, be a frame in T(M),.. Extend them to
vector fields E,, - -+, E, such that {E;, E;> = d;; and Vz E(m)=0. If ¥ isa
cross-section in V(M), we have
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MINIMAL VARIETIES 65

(1.2.3) Vip(m) = 3 7 Ve VeA(m) .
ProoOF. By the definition of trace, and by (1.2.2), we see that
Vip(m) = 330 Ve, ¥ = 20 Ve (V)(e:)
=220 Ve (VI(E))(m) — 357 Vi (Vi Ei)(m)
=2 i Ve Ve p(m) . q.e.d.

ProPOSITION 1.2.2. VZ s a differential operator on the cross-sections of
V(M). If M is compact and closed, or if M is compact with boundary, and
¥, @ vanish on dM, we have

(12.4) <705 = | < Vo> = = <oy, Vo).

Thus, V* is a negative, semi-definite, self adjoint differential operator.
Proor. Using (1.2.3) and (1.1.4),
VY, @) = 320 KVe, Ve,
=200 Ve lVeh, @) — 2 Vo, Vo @)
From (1.1.5), we see that the second term is —<{V4, Vo). Let 6 be a real
valued differential 1-form on M defined by
6(x) = Vv, P> .
The first term is then 66, and we thus have
Vi, @) = 60 — Vv, Vo) .

By Stokes’ theorem,

[ o>= =] <, 90>+ | 0.
M M oM
But, by our assumption, 6* | oM = 0. q.e.d.

PROPOSITION 1.2.3. Let L be an arbitrary C= cross-section in Hom (V(M),
V(M)). Suppose L is symmetric at each point. Then V* + L is strongly
elliptic and has uniqueness in the Cauchy problem at each point m; i.e., if
v satisfies Vo + L(y) = 0, and ¥ | U = 0 where U ts an open set, then =
0 everywhere.

Proor. Let x,, -+, 2, be a normal coordinate system in a neighborhood
of m. Let v, +--,v; be a frame in V(M),,. Extend these to local cross-sec-
tions, V,, - -+, V,, by parallel translation along geodesic rays emanating from
m. If 4 is any local cross-section at m, it may be written as

v=uV,+ - +uVy,

where the u, € C=(M). Set u = (4, --+, u;). At m we clearly have
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66 JAMES SIMONS

szglr:[ » %]Vx'i-""l‘[ i %]Vd.

7=1 ax§ j=1 8373
Thus, if we identify the space of local cross-sections with the space of
d-tuples of functions v = (u,, - - -, u;) at m, the system looks like

2
Z:?=1 aa;(;l = Ll(uly °t ud)

) .
Z:;;l % = Ld(u’ly Tty ud) ’

where the L, are defined by:
L(Euk Vk) = _Ej Lj(u'ly ] uk) Vk .
It is trivial to check that the complex characteristics at m of the above linear

system are all distinct. Therefore, since m was arbitrarily chosen, they are
distinct everywhere. One may thus apply the main theorem of [1]. q.e.d.

2, Immersed submanifolds

2.1. Conmnections in the tangent and normal bundles. Let M be a p-dim
manifold, with or without boundary, and let J be an n-dimensional rieman-
nian manifold. Suppose f: M — M is a C= immersion.

Let T(M) and N(M) denote the tangent and normal bundles of M. The
connection and metric on M lead to connections and invariant inner products
on T(M) and N(M). That on T(M) is, of course, the unique riemannian con-
nection induced by the inherited metric. We will define these connections
explicitly.

Let Y be a vector field on M. Restrict Y to a neighborhood of m e M
small enough to be mapped diffeomorphically into /7. Let us identify Y with
df(Y), a vector field in M defined along the image of M. Let x ¢ T(M),.. We
set
(2.1.1) V., Y = (V,Y)"

where V is the riemannian connection in T(J), and where ( )’ denotes pro-
jection into T(M),,.
PropPOSITION 2.1.1. V is the unique riemannian connection on T(M)
with respect to the metric on M inherited from the immersion.
ProoF. Let Y and Z be vector fields on M. Let x e T(M),,.
VY, Zy + LY, V.Zy =<F.Y), Z) + LY, (V.2)7)
={V,Y,Z>+<KY,V.Z>
=VLY,Z>=VLY,Z>.
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MINIMAL VARIETIES 67

Thus, V preserves inner products on T'(M). To show that V has torsion 0,

VYZ - VZY - {Y, Z] = (VYZ)T - (VZY)T - [Y, Z]
= (vYZ)T - (VZY)T - [Y, Z]T
=(VyZ -V, Y —[Y,Z]) =0. q.e.d.
The connection in N(M) is defined similarly. Let V be a cross-section in

N(M). Restrict V to a neighborhood of m € M which is mapped diffeomorphiec-
ally into M. We may now regard V as a vector field in M defined along the
image of M. Let 2z € T(M),.. We set
(2.1.2) V.V = (V. V)
where ()" denotes projection into N(M),,.

PROPOSITION 2.1.2. V s a connection on N(M) which preserves inner
products.

ProoF. Same as that of Proposition 2.1.1. q.e.d.

2.2. The second fundamental form. We define two vector bundles over
M associated to T(M) and N(M). Let S(M) be the bundle whose fibre at each
point is the space of symmetric linear transformations of T(M),, — T(M),,.
Let H(M) = Hom (N(M), S(M)). If Le HM), and we N(M),, we will let
L»: T(M),, — T(M), denote the associated symmetric linear transformation.
The second fundamental form A is a cross-section in H(M) which we shall
define below.

Definition. Let we N(M),. Extend w to an arbitrary vector field W in
M, such that W is normal to f(JM) in a neighborhood of f(m). We define
Av: T(M),, — T(M),, by
2.2.1) A*@x) = —(V,W)T .
A is called the second fundamental form of the immersion.

ProrosITION 2.2.1. A is well defined by (2.2.1) and is a C* cross-section
wn H(M).

ProOF. Let W' be another local normal field in M which extends w. Let
ye T(M).,., and let Y denote any vector field in M which is tangent to M and
which extends y. We then have

(VW) yp = (VW
=LVW' = V. W,y =LV(W' — W),y
= V(W' =W), Y>=VLW' — W,Y>—<W' — W,V,Y>.
But both of these terms are 0, and thus A¥ is well defined. To show that A»
is symmetric, extend both x, ¥ to X and Y, vector fields on M tangent to M.
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68 JAMES SIMONS
We then have

CA*(@), ¥ — <A*(y), @
= VW, Y>>+, W, X>
= VLW, YY)+ VLW, X> +<{W,V,Y> —<W,V,X>
=0+<W,[X,Y]>=0.
Clearly A is linear in all variables and therefore does define a cross-section in
H(M). A calculation of A in local coordinates would show that A e C=.
q.e.d.
It will sometimes be more convenient to regard the second fundamental
form as a symmetric bilinear form on T(M),, with values in N(M),.. Let z,
ye T(M),.. We define B(x, y) € N(M),, by

(2.2.2) {B(, y), wy = {A“(2), ¥ .

PROPOSITION 2.2.2. Let x, y € T(M),,. Extend y to a vector field Y in M
which is tangent to f(M). Then

(2.2.3) B(z,y) = (V,Y)".
ProorF. From (2.2.2) and (2.2.1) we see

(B, y), w) = <A*(x), y> = —<{V. W, v
= VW, Y>= VLW, Y)>+<{W,V,Y>
=0+ V.Y, w). q.e.d.
A gives rise to three important cross-sections in bundles associated to
T(M) and N(M). The first of these is the mean curvature.
Definition. Since B is a vector valued bilinear form on each T(M),
taking values in N(M),, we may define its trace with respect to the inner
product on T(M),.. This will be a cross-section in N(M), and we will denote

it by K. K is called the mean curvature of the immersed M. Lete, ---,e¢,
be a frame in T(M),,. Then

2.2.4) K =737 Be).

Since A is a cross-section in Hom (N(M), S(M)), and since each of these
bundles has a euclidean inner product, we may construct ‘A4, the transpose of
A. 'Ais a cross-section in Hom (S(M), N(M)). Le.,if se S(M),and v e N(H),,
CA(8), vy = (A7, s). We then set

(2.2.5) A=14-4.
We now observe that, if v, w e N(M),, and s € S(M),,, [A4", [A4"*, s]] € S(M).,,

i.e., the map (v, w) — ad A’ ad A¥ is a bilinear form on N(M),, with values in
Hom (S(M),., S(M),). We define A to be the trace of this form; i.e., if v,, «--

b
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MINIMAL VARIETIES 69

V._, is a frame in N(M),,,
(2.2.6) A= ""ad A" ad A% .
PROPOSITION 2.2.3. A is a C= cross-section in Hom (N(M), N(M)), and A

is a C= cross-section in Hom (S(M), S(M)). At each point m, A and A are
symmetric, positive semi-definite operators.

PrOOF. C= is easily checked. Let v, we N(M),. By (2.2.5) we have
CAW), wy = (LA(AY), wy = {A?, A*>. Thus A is symmetric, and

(2.2.7) CA), vy = || A" .

Let s, s, e S(M),.. Then by (2.2.6)

{A(s), 82 = E:;,p A", [A%, s1]], s
=2 i A%, 5], [A%, 8] .

Thus A is symmetric and positive semi-definite.

(2.2.8)

2.3. Curvature in T(M) and N(M). Using the second fundamental form
and the curvature form of i, we can easily compute the curvature forms in
T(M) and N(M).

For x, y € T(M),,, we define Q¥ ,: N(M),, — N(M),, by
(2.3.1) <in,yv1 w> = <[Av’ Aw}(x), y> .

Clearly, QY , is skew symmetric in # and y, and is a skew symmetric linear
transformation of N(M),, — N(M),,.

Let R denote the curvature tensor in M. For z,yec T(M),, we define
RY,: N(M),, — N(M),, by
(2.3.2) RY v = (R, ).

Again it is clear that RY, is skew symmetric in # and ¥ and is a skew sym-
metric linear transformation of N(M),, — N(M),..

PROPOSITION 2.3.1. Let R denote the curvature tensor for N(M). Then
Sor z, y e T(M), _
Rz,y = Riv,y -+ qu .

ProoF. Let v, we N(M),. Extend them to local cross-sections V, W in
N(M).,., and extend z, ¥ to local vector fields X, Y on M. Then by (2.1.2)
<Rmﬂ), w> = <VXVY v, W> - <VYVX v, W> - <V[X,Y] v, W>
= V(T VY, W) = (Ve V), WD = Ve V, WD
= <€X-€Y v, W> - <€va v, W> - <-§[X,Y] v, W>
— V(Y V), W + (Ve V), W
Now, using (2.2.1), (2.2.2), and (2.2.3),
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= (R, v, wy + VA (X)), W) — (VA(A"(X)), W)
= (R, v, wy + {(B(z, A'(y)), w) — {B(y, A"x)), w)
= (RY v, wy + LA A(y), vy — (A A'(), )

= <Rfvvyuvv w> + <[Avy Aw](x)y y> . q.e.d.
For z, y € T(M),,, we define Q7 ,: T(M),, — T(M),, by
(2.3.3) Q% 2, uy = —{B(z, 2), By, u)) + <{B(z, w), B(y, )y .

Clearly Q7 , is skew symmetric in # and y, and is a skew symmetric linear
transformation of T(M),, — T(M),,.

We also define R? ,: T(M),, — T(M),, by
(2.3.4) RI 2= (R,.2)" .

PROPOSITION 2.3.2. Let R denote the curvature tensor for T(M). Then

R,,=R.,+Q,.

ProOF. The proof is a calculation similar to that of the previous proposi-
tion.

In future calculations, it will sometimes be helpful to have QI , defined
in terms of A rather than B. In the proposition below, we make the identi-
fication between A*T(M), and skew symmetric linear endomorphisms of
T(M),,.

PROPOSITION 2.3.3. Let vy, +++,v,_, be a frame in N(M),,.. Then

Ty = — 2 Avx) N A'(y) .

ProoF. Straightforward calculation.

2.4. Variations. Definition. Let {f,} be a l-parameter family of im-
mersions of M — M with the property that f, = f, and that the map
F: M x [0,1]— M, defined by F(m, t) = f,(m), be C=. Then {1} is called a
variation of f.

If {f.} is a variation of f, it induces a vector field in M defined along the
image of M. We shall denote this field by E, and it is constructed as follows.
Let 0/0t be the standard vector field in M x [0, 1]. We set
(2.4.1) E(m) = dF(3/3t(m, 0)) .

E gives rise to cross-sections E¥ and E” in N(M) and T(M) respectively,
by orthogonally projecting E into the appropriate space. We can easily see

PROPOSITION 2.4.1. Let {f.} be a variation of f. Then E" and E” are
C= cross-sections in N(M) and T(M) respectively.

Since E7” is a vector field on M, and M has a volume form induced by its
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MINIMAL VARIETIES 71

metric, E7 corresponds to a differential (p — 1)-form on M. We denote this
form by 6,r; i.e.,

(2.4.2) Opr(@yy ooy Xpy) =<KET AN N oo NTpgy N\ 200 N ey,
where ¢,, - -, ¢, is any positively oriented frame in T(M),,.

THEOREM 2.4.1. Suppose M is compact. Let Q(t) = p-dim area of f.(M).
Then Q(t) € C~ and

(2.4.3) @) = — §M<EN, K>+ SmoET ,

where the integration over M of the fumction {(E”, K) is understood to be
with respect to the volume form corresponding to its riemannian structure.

PROOF. As this is a well known result, we shall not give its proof here.
One may rather easily do the calculation in local coordinates, cf. [2]. One
may also do it globally by lifting each f, to a map F. of M into G»(J1), the
Grassmann bundle of oriented p-planes, cf. [3]. In this bundle is a natural »-
form w, such that G(t) = S wodf,. The calculation then proceeds easily via
a simple formula which relgtes dw to mean curvature. This global approach
is particularly useful in calculating the second variation.

3. Minimal varieties

3.1. Definitions and examples. As in the previous section, we have
f2 M — M an immersion.

Definition. M is called a minimal variety in M if K = 0, i.e., the mean
curvature of M vanishes at each point.

The simplest examples of minimal varieties are where dimM = 1. In
this case they are simply geodesics in M. In higher dimensions every totally
geodesic submanifold is a minimal variety, in fact, the condition “totally
geodesic” is equivalent to the condition that the entire second fundamental
form vanish identically.

The class of minimal varieties is much richer than the class of totally
geodesic submanifolds. Geodesics in M are the projection down of the integral
curves of a direction field in the sphere bundle. In an analogous fashion,
minimal varieties in M are the projection down of the p-dim integral sub-
manifolds of a differential ideal in G?(/), the bundle of oriented p-planes,
cf. [3]. Moreover, this ideal has no (p — 1)-dim characteristics which do not
intersect the vertical. One may thus use the Cartan-Kahler theorem to prove

THEOREM 3.1.1. Suppose M is real analytic. Let U be a neighborhood
of 0 in R*, and g: U— M an analytic imbedding. For we U, let dg(u) de-
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note the (p — 1)-plane tangent to g(U) at g(u). Suppose along g(U) we are
given an analytic field of oriented p-planes P, such that dg(u) C P(u). Then
there exists a meighborhood of 0, VS U, and an € > 0, and an imbedding
2V x [0, e] — M which satisfies

(1) f(v, 0) = g(v);

(2) df (v, 0) = P(v); ~

3) V x [0, ¢) is imbedded as a minimal variety in M.

Moreover, f is unique up to analytic parametrization.

The above theorem is of no use in constructing local minimal varieties in
C= manifolds. Moreover, since the system of partial differential equations
defining a minimal variety is elliptic, the natural problem to try to solve is
the boundary value problem. Extensive research has been carried out in this
area, and in the past few years a great deal of progress has been made. A
complete set of references may be found in [4].

The most interesting minimal varieties, at least from the geometric point
of view, are the closed minimal varieties in compact manifolds, and the com-
plete minimal varieties in non-compact manifolds. In [5] Hsiang has demon-
strated that, under the action of a closed subgroup of isometries of a compact
manifold, an orbit of maximum area is a closed minimal variety. This produces
a wide class of examples, including new examples of closed, co-dimension 1,
minimal varieties in S”. Of equal interest are complete minimal varieties in
R*. The well known Bernstein conjecture states that, if f(x,, ---, z,_,) is
defined everywhere and its graph is a minimal variety in R", then f is a
linear function. This conjecture has been proved for n = 3, 4, 5, see [6], [7],
[8], and [9]. In the last section of the present paper, we show that the con-
jecture holds through n = 8. It is interesting to note, as we have mentioned
in §0, that there is a close relationship between complete minimal varieties
in euclidean space and closed minimal varieties in the sphere.

As a final class of examples, we turn to Kdhler manifolds. The following
theorem is well known.

THEOREM 3.1.2. Let M be a 2n-dimensional Kahler manifold, and let
M be a 2p-dimensional immersed Kahler submanifold. Then M is a minimal
variety in M.

Proor. Let J denote the covariant constant linear transformation with
J? = —1, Let m e M. Since M is sub-Kahler, if x ¢ T(M),,, then J(x) € T(M),,.
We first show
(3.1.1) B(z, ) + B(J(x), J(x)) = 0.

Extend 2 to a vector field X on M. Then by (2.2.3) and the invariance of .J.
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B(J(x), J(x)) = (VJ(Z)J(X))N = (J(vJu)X))N = J((_ﬁ.nx)X)N) .
Since B is symmetric
= J((V.J(X))*) = JY(B(z, v)) = —B(x, x) .

Now, we may choose a frame in T(M),,, e, +++,€,, f1, *++, [, Where J(e;) = fi.
Then from (2.2.4) and the above, the theorem follows. q.e.d.

3.2. The first and second variations. In this section and all the follow-
ing, M will be a p-dim manifold, M an n-dim riemannian manifold, and
f2 M — M an immersion of M as a minimal variety in M.

THEOREM 3.2.1. Let {f,} be a variation of f. Suppose that for all t,
f.@OM) = f(0M). Then if M is compact and Q(t) = area of M under f,,
@(©0) = 0.

Proor. Follows directly from Theorem 2.4.1 and the observation that
our boundary conditions imply that 6,7 | oM = 0. q.e.d.

The above theorem shows that compact minimal varieties are critical
points of the area function. This being the case, we should be able to calculate
the second variation simply in terms of E7.

Let ve N(M),. Lete, ---,e, be a frame in T(M),. We define

(3.2.1) Rw) =37, (}_Bei,,,ei)” .

Equation (3.2.1) defines a linear transformation from N(M), into itself. Note
{R), wy = {R(w), v». Clearly this definition did not depend on choice of
frame. It is a sort of partial Ricci transformation.

THEOREM 3.2.2. Let {f,} be a variation of f such that each f,(0M) =
F(M). Suppose M is compact. Set V = E¥, the cross-section in N(M) defined
in Proposition 2.4.1, Then

(3.2.2) @(0) = Sﬂ”’ Vo> + (R(v), v> — <A®), v> .

Proor. (3.2.2) is simply a restatement in our terminology of the similar
calculation in [10]. A formula of this type may also be found in [11], however
it has a sign error in the term involving the second fundamental form, and
this interferes with the author’s geometric applications.

Using Proposition 1.2.2, we may rewrite (3.2.2) as

(3.2.3) @"(0) = SM<—V2V + R(V) — AV), V>.
Let M be compact and V, W cross-sections in N(M) which vanish on dM.
We set
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(3.2.4) wan:gf—wv+RwU—AWWW§.

From Proposition 1.2.3 and the standard facts about strongly elliptic differ-
ential operators, we see

ProprosITION 3.2.1. I 18 a symmetric bilinear form on the space of cross-
sectrons in N(M) which vanish on oM. I may be diagonalized with respect
to the standard inner product, and has distinct, real etgenvalues {\;} such
that

7\‘1<)\'2<"'<>“i<"'—_)+°o-

Moreover, the dimension of each eigenspace s finite.

Definition. The index of a compact M is the sum of the dimensions of
the eigenspaces corresponding to negative eigenvalues. The nullity of M is
the dimension of the 0-eigenspace.

3.3. Jacobi fields. Definition. A cross-section V in N(M) is called a
Jacobi field if it satisfies

(8.3.1) ViV = R(V) — A(V).
We may easily see

PROPOSITION 3.3.1. Let M be compact. Then the space of Jacobi fields
on M which vanish on oM s finite dimensional and s equal to the kernel
of I. Thus, the dimension of this space is the nullity of M.

The following theorem is the p-dimensional analogue of the usual theorem
for geodesics. The proof is a straightforward, although involved, calculation,
and we therefore leave it for the reader to verify.

THEOREM 3.3.1. Let {f,} be a variation of M. Suppose each (M, f,) is
an immersed minimal variety. Then EY is a Jacobt field on M.

COROLLARY 3.3.1. Let V be a killing vector field on M. Let V¥ be the
cross-section in N(M) obtained by projection of V. Then V¥ 1s a Jacobt
field on M.

COROLLARY 3.3.2. Let M be a Kahler manifold and suppose V is a con-
formal vector field on M, i.e., the Lie derivative of J in the V direction
vanishes. Then, if M is an tmmersed Kahler submanifold, V¥ is a Jacobs
field on M.

In a subsequent section we will characterize all Jacobi fields on compact,
closed, Kdhler submanifolds.
In the case of geodesics, the converse of Theorem 3.3.1 is also true. As
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far as we know, it is an open question as to whether or not even a local
version of this converse is true for higher dimensional minimal varieties.
Namely, given a Jacobi field on M, does it always arise, at least locally, from
a one-parameter family of minimal varieties? In the real analytic case, such
a result could probably be obtained via Theorem 3.1.1.

3.4. The Morse index theorem. The original Morse index theorem is a
formula which relates the index of a geodesic segment to its conjugate points
relative to one end point. For a statement and proof see [12]. Recently,
Smale [13] has substantially generalized this result to a theorem which, in a
similar way, evaluates the index of any symmetrie, strongly elliptic, differ-
ential operator on the cross-sections of a vector bundle. The theorem applies
perfectly to the case of minimal varieties, and gives a natural generalization
of the index theorem for geodesics. In [13], Smale was kind enough to credit
us with this result; however, while we did have a correct statement of the
theorem, we were never able to produce a correct proof. The following will
be an exposition of Smale’s result in our context.

Let M be compact, and suppose that dim oM = p — 1.

Definition. Let {g,} be a 1l-parameter family of diffeomorphisms of M
into itself. Suppose g, = identity, and the map (m, t) — g.(m) is C=. Let M,
denote the image of M under g,. If M, < M,, whenever ¢t > s, {g,} is called a
contraction of M. {g,}is said to be of e-type if @(M,) < ¢ for sufficiently large .

LEMMA 3.4.1. Let CyN(M,) denote the space of C= cross-sections in
N(M,) which vanish on 0(M,). Then there exists an € > 0 such that, for any
contraction {g,}, A(M,) < ¢ implies that I(V,V) > 0 for any Ve CyN(M,)
where

I(V,V) = g”<—vzv L R(V) — A(V), V.

Proor. See [13].

Definition. Given a fixed. contraction {g,},0M, is called a conjugate
boundary if there is a Jacobi field in CyN(M,). The order of a conjugate
boundary is defined to be the dimension of the space of such Jacobi fields.

THEOREM 3.4.1. Let ¢ be chosen as in Lemma 3.4.1, and let {g.} be a
contraction of e-type. Then there exist only a finite number of conjugate
boundaries, oM,, and the index of M 1is the sum of the orders of these
boundaries for all t; + 0.

PRrOOF. Since we have shown in Proposition 1.2.3 that — V> + R — A4 is
strongly elliptic and has uniqueness in the Cauchy problem, we may directly
apply the main theorem of [13]. g.e.d.
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3.5. Jacobt fields on Kahler submanifolds. In [17], Federer shows that
a compact Kahler submanifold of a Kdhler manifold is an absolute minimum
of area among all homologous competitors with the same boundary. A simple
consequence of this is that the index of such a minimal variety must be 0.
An interesting question then is, what is the nullity? To give an example of
these notions of index and nullity, we prove Theorem 3.5.1 below.

In the following, we will assume that M is a 2p dimensional immersed
Kihler submanifold of a 2n dimensional Kghler manifold /. The J operator
gives an automorphism of each T7T(M), and N(M),. A cross-section V in
N(M),, will be called holomorphic if, for any x € T(M).,,

VJ(z) V = J(Vz V) .

THEOREM 3.5.1. Let M be compact with dimoM = 2p — 1. Then the
index of M = the nullity of M = 0. Let M be compact and closed. Then the
wndex of M = 0, and the nullity of M is equal to the dimension of the space
of globally defined holomorphic cross-sections in N(M).

The proof of this theorem will follow from a series of lemmas.

LEMMA 3.5.1. For any ve N(M),,,

(3.5.1) Jo A" = A7 = — A% J .
(3.5.2) AoJ = JoA.

Proor. Extend v to V, a local cross-section in N(M),,.. Let xe T(M).,,.
Using (2.2.1),

J(A*(x))

= —(V.J(V)) = A7) .
Thus, Jo A* = A’™, Also, for z, y e T(M).,,

{A(J@), v) = <A (), J@))> = —{I(A'®)), =)
= <AT(y), 2y = —CAT (@), ¥ .
Thus A*-J = —A’™, and this proves (3.5.1). ~
To prove (3.5.2), we use (3.5.1) and (2.2.5), which defines A. Let v,
we N(M),,.
<Z(J(v)), wy = (A7, A" = {J o A", A®)
= —(A", Jo A*) = —{A", A7)
= —{A@), Jw)y = {J(A®)), w) . q.e.d.
Let R denote the curvature form in N(M). Let e, ---,e,, fi, ---,f, be

a frame in T(M), with f; = J(e;). We define R,, a symmetric, linear trans-
formation of N(M),, into itself, by
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R;=—Jo3 ! R,.;, .

Clearly R; is well defined.

LEMMA 3.5.2. R,(v) = R(v) — A(v).

Proor. From Proposition 2.3.1, we know
(*) R, = RQ;J,- + Qs -
Using the first Bianchi identity, and the fact that the curvature transforma-
tions in M commute with J, we see that, for v € N(M),,

Ry ;v = (R, ;)" = (—R,..[f: — R .e)"
= (R, J(e;) + R;, J(f))" = J(R, . .6: + Rs . f5)" .

Thus by (3.2.1) which defines R(v),

(%) —JoY P RY v =R@).

1

Let v, we N(M),,. By (2.3.1) which defines @, and using Lemma 3.5.1,
<Q£;»f5v7 w> = <[Av7 Aw](ei)f f1>
= CA%(e)), A'(f:)) — <A*(f2), A’(e))
= —{A%(e)), A7(e:)) — CA*(f), A7(f3)) .

Thus
Qs v, wy = —<A°, AT
= —{A(J)), wy = —<{J o A(w), w) .
So we get
(k) —J Y QN v=—A@).

Putting together (), (x*) and (x+*) the lemma is proved. q.e.d.
From the definition of Jacobi field (3.3.1) and of the form I(V, W) (3.2.4),
the above lemma shows

LEMMA 3.5.3. Let V be a cross-section in N(M). Then V is a Jacobi
field if and only if

V2V = RJ( V) .
Moreover, for any V with V| oM = 0,

IV, V) = SM<—V2V + RAV), V>.

LEMMA 3.5.4. Let V be a holomorphic cross-section in N(M). Then V
18 a Jacobt field.

Proor. Choose ¢, ---,¢€,, fi, +++, f, a frame in T(M), with f; = J(e)).
Extend these to local vector fields {E;, F’;}, such that they form a frame at
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each point, F; = J(E)), and V,E;(m) = V,F;(m) = 0 for all ¢ and all x € T'(M).
Now, using (1.2.3) and the definition of holomorphic cross-section,

ViV =377 (Ve VeV + VeV V)
= Z:=l (VEiVEi V4 J(Ve, Vs, V))
=37 (Ve VeV + J(Ve V. V) + JR,,.. V)
=30 (Ve Ve,V + JHV V., V)= JR,. V) =R(V). qe.d.

PrOOF OF THEOREM. If V is any cross-section in N(M), it gives rise to
DYV, a cross-section in Hom (7(M), N(M)) defined by

DV(x) — Vsz)V— J(VZV) .

Clearly V is holomorphic if and only if DV = 0. Now, using the standard
Stokes’ theorem technique (cf. Proposition 1.2.2), one may easily show that,
for any V with V' |oM = 0, we have

SM<DV’ DV = 2SM<—V2V + RAV), V.

Using Lemma 3.5.3, we see
(%) IV,V) = ig (DV,DV>.

Case I: dim oM = 2p — 1. The above (x) shows I(V, V) = 0, which im-
plies the index of M = 0; (x) also shows that I(V, V) = 0 implies V is holo-
morphic. But since V' |éM = 0, we must have V = 0. Thus the nullity of
M = 0.

Case I1: oM = 0. (x) again shows that the index of M = 0. Since V a
Jacobi field implies I(V, V) = 0, () also shows that all Jacobi fields are holo-
morphic. Lemma 3.5.4 shows that holomorphic cross-sections are Jacobi
fields. Thus, the nullity of M is equal to the dimension of the space of global
holomorphic cross-sections. q.e.d.

3.6. Amn extension of the Synge lemma. The well known Synge lemma
states that, in a manifold of strictly positive sectional curvature, any closed
geodesic admitting a parallel normal vector field may be deformed to a closed
curve of shorter length. Such a normal field may always be constructed, for
example, if the dimension of the manifold is even. There is an easy genera-
lization of this theorem to compact, closed minimal varieties of arbitrary
dimension.

If »,y are tangent vectors at m < M, let k(x, y) denote the sectional
curvature of the plane section they span. If ||z|| =|/y|| =1 and {z,%)> =0,

(3.6.1) k(x,y) = —<{R..%, v .
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If Pis a tangent p-plane at 7 € M, and y € P, the normal space to P, we set

(3.6.2) k(P,y) = 30 ke, y) = =220 <R...:, 4>,

where e, - - -, e, is a frame spanning P. Clearly %(P, y) is defined independ-
ently of the choice of frame. Note that for p = dim P =n — 1, k(P, y) is the
Ricci curvature of y.

THEOREM 3.6.1. Let M be a riemannian manifold having the property
that, for any p-plane P and any y € P, k(P,y) > 0. Then, if M is a com-
pact, closed minimal variety immersed in M such that there exists a global-
ly defined, parallel cross-section in N(M), M is deformable to a closed mani-
fold of smaller area.

COROLLARY 3.6.1. If M has positive Ricci curvature, them anmy co-
dimension 1 closed minimal variety immersed in M is deformable to a closed
manifold of smaller area.

ProoF. The corollary follows trivially from the theorem, since the unit
normal field is always parallel in N(M) under the co-dimension 1 assumption.

To prove the theorem, let V be a parallel normal cross-section in N(M),
and choose a variation {f,} such that £~ = V. (This may be done, for ex-
ample, via the exponential map.) Looking at the second variation formula
(3.2.2) we see that

*) @) = | <RV), V> = <AV, V.

But, if P(m) denotes the tangent p-plane to f (M) at f(m), (3.6.2) shows that
KR(V), V) = —k(P(m), V(n)) .

Since by (2.2.7), CA(V), V> = || A” ||}, we see that both terms in () are nega-
tive, and so @’ (0) < 0. Since @'(0) = 0, we see that area is decreasing. q.e.d.

4. The fundamental elliptic equation

4.1, The first order system. We have defined the second fundamental
form A to be a cross-section in H(M) = Hom (N(M), S(M)). Since this bundle
is a riemannian vector bundle, we may use its connection to make calculations
involving derivatives of A. In the event that M is a minimal variety, such
calculations show that A satisfies an elliptic first order system and an elliptic
second order system. In both cases the coefficients depend only on the curva-
ture tensor of the ambient manifold and on A itself. When the ambient
manifold is special, e.g., the sphere or euclidean space, the equations take a
particularly nice form and enable one to make geometric conclusions about
the immersed variety.
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As in the previous section, M will denote a p-dim manifold, M an n-dim
riemannian manifold, and f an immersion of M into /M as a minimal variety.

THEOREM 4.1.1. Let B(,) denote the second fundamental form of M,
when that object is regarded as a symmetric bilinear form on T(M), with
values in N(M),,. Then

(4.1.1) VAB)y, 2) — VyB), 2) = (R,,,2)" v, y,2€ T(M),
(4.1.2) P V(B 2) = X0, (R...00)” vze T(M), .
Proor. We first prove (4.1.1), which holds for any submanifold of M
whether or not it is a minimal variety.
Extend x,¥,2 to X,Y, Z, local vector fields on M such that all the

covariant constant at m with respect to V. Then, using the standard facts
about covariant differentiation,

V.AB) Y, 2) = V(B(Y, Z)) = V.V, Z)"
= (VAV:Z)")" = (V.Vr2)" — (VY2 2)")
= (V.Vi2)" — B, V,Z) = (V.V,Z)"

since V,Z = 0. Interchanging x and y, we see that

V.AB) (¥, 2) — VyB)(&,2) = (V.V:Z — V,V, Z)"
= (R..2)" + (VienZ)" = (R,,2)"

since [X, Y] = 0.

To prove (4.1.2) let ¢,, -- -, ¢, be a frame in T(M),,. Then, using (4.1.1),
and the symmetry of B,

?:1 Ve,;(B)(ei! z) = ?,—:1 Vei(B)(zy e’b)
=227 (ViB)(ei, &) + (R.,.e)") .

But since M is a minimal variety, tr B = 0, which implies tr V(B) = 0. The
theorem now follows. q.e.d.

4,2, The second order system. We now define several new cross-sections
in H(M). Lete,, ---,e,beaframein T(M),. Forz,ye T(M), and w e N(M),,
set

(4.2.1) KR (@), y) = 27 (KVAR),. .0 w) + {V (R)...y, wD) .

Clearly R’ is defined independently of the choice of frame and is linear in w,

2, and y. To see that it is symmetric in = and y, use the second Bianchi

identity on the first piece and the first Bianchi identity on the second piece.
We also set
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2R, B, e), wy + KR, .By,e;), w)

(4.2.2)  (RA@),¥> = T, —<4"@), R. 6> — {A"(), R, ..y
=+ <Re,;,B(z,weiy 'w> - 2<Aw(ez’)y Rei.:y>

Again, R(A) is defined independently of the choice of frame. To see that it
is symmetric in x and y, we observe that interchanging these two variables
interchanges term one with term two, and term three with term four. Term
five is obviously symmetric in # and y. So is term six, and this may be seen
by using the first Bianchi identity and the fact that A* is symmetric and
R? , is anti-symmetric.

We have thus seen

PROPOSITION 4.2.1. R’ and R(A) are C= cross-sections in H(M). R’ de-
pends only on the covariant differential of R in the ambient M. R(A) is
linear in R and A.

From Proposition 2.2.3, we see that A+ A and 4 - A are also cross-sections
in H(M).

THEOREM 4.2.1. Let A be the second fundamental form of a minimal
variety. Then A satisfies

VA= —AcA — A-A+ R) + R .

Proor. Lete, ---, ¢, denote a frame in T(M),, and let E,, ---, E, be
local, orthonormal vector fields on M which extend ¢,, - - -, ¢,, and which are
covariant constant with respect to V at m. Let x,yc T(M),, and let X,Y
be local extensions which are also covariant constant with respect to V. Since
the subsequent calculation is rather lengthy, we break it up into a series of
lemmas. The curvature form for all bundles associated with T(M) and N(M)
will always be denoted by E.

LEMMA a.

Vi(B)(x,y) = 37 (R.,.(B)(e:, v)
+ (Ve(Re, v E)Y) + (Ve (Be, xY)™)) .
Proor. Using (4.1.1) and (4.1.2), we have
VAB)(x, y) = 27 Ve, Ve, (B) @, y) = 30 Vo (Ve (B)(X,Y))
= E:;l (VE,;(VX(B)(Ei) Y)) + VE,;(RE,;,XY)N)
= EP_I (VE,-VX(B)(eiy Y) + VE.;(REi,XY)N)
= :’=1 (Re,«,z(B)(eh Y) + VXVE,;(B)(eiY Y) + VE,-(RE.;,XY)N)
=27 (R, .(B)e:, ¥) + ViV, (BNE;, Y)) + Vi (Rr xY)?)
= f=1 (Rei,z(B)(eiy y) + VX(RE,-,YE«;)N + VE,-(RE,‘,XY)N)
=220 (Reo(B)es, ) + (ViR v E)Y)Y + (Vi (Be, x Y)¥)) .d
g.e.d.
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We now examine separately each of the three terms in Lemma a.

LEMMA b.

E:;l (VX(REi,YEi)N)N = L, ((vz(R)e;mei)N
+ (Rs(z,e,-),vei)N + (Rei,B(z,v)ei)N
+ (R.,,B(x, €))" — B(z, (R.,.e.)7)) .
PROOF.

:"=l (VX(Re,;,YEi)N)N
= E:=1 ((VX(RE,;,YE{))N - (vx(RE.;,YEi)T)N)
= :’:1 ((V,(R)ei,yei)N =+ (REXEi,YEi)N + (RE.;,EXYEi)N
=+ (REi,YVXEi)N - B(.’l), (Rei,yei)T)) .
Since at n, V E; = V,Y = 0, we see that at m, V,E;, = B(x,¢;) and V,Y =
B(x, y). Plugging these into the last line of the calculation proves the lemma.
q.e.d.
LEMMA c.

:=1 (VEi(REivXY)N)N
= Ef:l ((Vq(R)ei.yei)N + (Re;,B(ei,z)y)N
+ (Rc,-.zB(ei’ y))N - B(ei’ (Rc,-.zy)T)) .

Proor. Similar to that of the preceding lemma. One term disappears
since

?  Blei,e)=0. q.e.d.
LEMMA d.

1 Be o (B)es, v)
=37 ((B.;.Ble;, »)" — B((R.,.€)", v)
— Ble,, (R...y)") + QX .B(e:, y)
— B(Q7, .e:, ) — Ble;, Q7,.9)) .
Proor.

?=1 Rei,z(B)(ei) y)
= ; (Rei,z(B(eiy y)) - B(Rei,zeiy y) - B(ei) Rei,zy)) .

i=1
The lemma now follows from Propositions 2.3.1 and 2.3.2 which express R in
terms of R, and Q*, and Q”. q.e.d.
Plugging the formulas proved in Lemmas b—d into the formula in
Lemma a, and using the definitions of B(4) and R’(4), we have proved
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LEMMA e.

{VHB)(®, y), wy = LR(A)*(x), v + LB™(@), v>
+ Ef:l (<QZ;,:B(6'U y)y w> - <B(Qz‘i.xei5 y)y w>

— (B(&;, @,.y), D) .

We now examine the terms involving Q.
LeEmmA f. Let v, +++,v,_, be a frame in N(M),,. Then
7 KQLBle;, y), wy = 3777 (Ao [A¥, Ai|(®), ¥ .
ProoF.

> KQY.Be:, ), wy = =37 QU .w, Ble:, y)>
= =300 2R . w, vi<Ble:, y), v
=20 20 KA, Ai](x), e A%i(y), e
= 2 [Av, Ai)(x), ATi(y))
=Y (Ao [A¥, A%)(x), ¥ .
where we have used (2.3.1) which defines Q~. q.e.d.
LEMMA g.
— 20 <B(QF .6, ), w) = =TT A A A (), y)
Proor. We recall Proposition 2.3.3 which defines Q".
- ?=1 <B(Q:i,zei1 Y), w)
= =21, {A*(y), Q7.6
=230 ITTIKA(Y), (Ati(e) N ATi(e))(e)>
=30 2 LAR(Y), A%(e), epATi(x) — LA%i(x), epAi(e:))
= =20 2o KA (), Ai(e)){A%(x), e
= =TI ANAR(y), Ati(a)y = — 30T AR AT AY(), y) .
LEMMA h.

— 327 <Bes, Q.y), wy = —CAT® (@), y) + T2 KA AR A (w), ¥ .

PRrOOF.

=27 <B(e;, QF,.y), w)>
= =37 <A%(e), @y
= f:l E;:lp <Aw(ei)y (Avj(ei) N Av’(w))(y)>
= 207 20T KA (e, KAvi(er), Y Ai(x) — CATi(x), Yy Ati(e:))

83

q.e.d.

= E::l E::f (<Aw(ei)$ A”j(x)><A”j(ei)’ y> - <Aw(ei)’ A”j(ei)><A”j(x)’ y>)

= 270 KArAri(@), A%i(y)y — <A(w), v;3< A" (%), 1))
= —<AT(w), y) + T CAA (@), )
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PRrROOF OF THEOREM. Plugging the formulas proved in Lemmas f, g, and
h back into the formula of Lemma e yields

VB, y), wp = LR(A)"(@), ¥ + <R™(@), ¥
— <A (@), yy — {(4A") @), ¥) .
Clearly <V*B)(z, y), wy = {V*(A)*(2), ¥), and thus the theorem is proved.
g.e.d.

5. Closed minimal varieties in spheres

5.1. Index and nullity. The simplest example of a closed, p-dim, mini-
mal variety in S" is S* with the usual totally geodesic imbedding. In order
to compare other minimal varieties to S?, we observe

PROPOSITION 5.1.1. When S* is regarded as a minimal variety in S*,
its index is n — p and its nullity is (p + 1)(n — p).

Proor. Since the normal bundle N(S?) is trivial, we may choose V,, - - -,
V.—p, to be covariant constant cross-sections in N(S?) such that, at each

me S?, {V,(m)} is a frame in N(S?),. We also note that, for any p-dim
minimal variety in S*, (3.2.1) gives

(5.1.1) Rw) = —pv.
Thus, since in this case A =0, (3.2.4) becomes

(5.1.2) IV, W) = Ssp<—vzv — oV, W>.

Therefore the eigen spaces of I, are exactly those of —V?, and if A is an
eigenvalue of —V?, the corresponding eigenvalue of I is . — p. Any cross-
section V in N(S?) is of the form V = 3_7_ ¢,V where the {g;} are functions
on S*. Since the {V;} are covariant constant, —V*V = Y "% — V¥(g,) V..
Thus, —V*V = AV if and only if

(_Vz(gl)y tecy _Vz(gn—p)) = Mgy, * "y Muyp) -
Therefore the \-eigenspace of —V? acting on cross-sections in N(S”) consists
exactly of (n — p)-tuple of \-eigenvectors of — V* acting on functions on S?,
Now, on functions, —V* has a 1-dim 0 eigenspace consisting of the constants,
and it has a (p — 1) dim eigenspace corresponding to the eigenvalue p. This
space consists of the restriction to S” of linear functionals on R***, The other
eigenvalues of —V? on functions are all strictly greater than p. Thus, on
cross-sections in N(S?), — V2 has an (n — p) dim 0-eigenspace, and (p + 1)(n — p)
dimensional p-eigenspace, and all other eigenvalues are greater than p. Thus,
I has an (n — p) dim eigenspace corresponding to —», and a (p +1)(n — )
dim 0-eigenspace, and all other eigenvalues are positive. g.e.d.
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THEOREM 5.1.1, Let M be a compact, closed p-dim minimal variety im-
mersed in S*. Then the index of M 1s greater than or equal to (n — ), and
equality holds only when M is S?. The nullity of M is greater than or equal
to (p + 1)(n — p), and equality holds only when M is S*.

ProoF. Let & denote the (n + 1) dim vector space of vector fields on S*
which are tangential projections onto S* of parallel vector field in R"+*.

LEMMA 5.1.1. Let Zc &. Then given any m € S™, there is a \ sueh that,
for any x ¢ T(S™)..,

(5.1.3) V.7 =\, ,
where V denotes covariant differentiation in S*.

PROOF. Let V denote covariant differentiation in R**', Z = W’ where

W is a parallel field in R**!. Thus

V.2 = (V.27 = (VW) = -V, W) = 2 @) ,
where 4 denotes the second fundamental form of S in R***, But A"" = A,
where I denotes the identity transformation. q.e.d.

Since Z € & is a vector field on S*, restricting it to M, and projecting into
normal and tangential components, gives cross-sections Z¥ and Z7 in N(M)
and T'(M) respectively.

LEMMA 5.1.2. Let Zc&. Then when Z~ and Z* are regarded as cross-
sections in T(M) and N(M), they satisfy
(5.1.4) v.Z¥ = —B(z, Z7)

(5.1.5) V,ZT = A7V (x) + e,
where x € T(M),,, and )\ is independent of x.
Proor. Using (5.1.3), we see
V.2V = (V2" = (V.Z — V.Z")"
— (\& = V.27)¥ = 0 — Bz, Z7) .
Again by (5.1.3),
V2T = (V,2") = (V,Z — V,Z") =& + A (%) . q.e.d.

LEMMA 5.1.3. Let Zc s, Then, when Z* 1s regarded as a cross-section
wn N(M), it satisfies
(5.1.6) VHZY) = —A(ZY) .

Proor. Lete, ---,e¢, be a frame in T(M),,, and let E,, ---, E, be exten-

sions to orthonormal vector fields in a neighborhood of m such that V, E; =
0. Then, by (5.1.4),
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VAZY) = YF Ve Ve ZY) = =Y ", V. (B(E;, Z7))

=27, (V,i(B)(ei, Z") + B(V,.E;, Z") + B(e;, V,‘.ZT)) .
Using Theorem 4.1.1, and the fact that the ambient i is S*, we see that the
first term is 0. The second term vanishes since V.. E; =0. Thus

VHZY) = =37 B(e;,V,Z").

Now, using (5.1.5),

VHZY) = =377 (AB(es, €;) + Blei, A%"(e)))) .
The first term vanishes since M is a minimal variety. Slight algebraic manip-
ulation shows that the second term is exactly — A(Z%).  q.e.d.

LEMMA 5.1.4. Let Z<c&. Then, when Z" is regarded as a cross-section
wn N(M), we have

1z, 2 = -»| 1127t .

Proor. Since (5.1.1) holds for any p-dim minimal variety in S,, (3.2.1)
gives

12", Z%) = SM<—v2(ZN) _pZ¥ — A(ZY), 2.

Lemma 5.1.3 now gives the desired conclusion. q.e.d.
Let &Y denote the vector space of cross-sections in N(M) consisting of
the elements Z?¥ where Z ¢ &, We have proved

LEMMA 5.1.5. The index form, I( ,), when restricted to the finite dimen-
stonal vector space &Y, is negative definite.

LEMMA 5.1.6. Dim& >=n — p. Dim& =n — p if and only ©f M 1is
diffeomorphic to S?, and imbedded in the standard way as a totally geodesic
submamnifold.

PrROOF. At each m € M, & spans the entire tangent space T(S"),.. Thus,
at each m, &¥ spans N(M),.. Therefore dim &¥ = (n — p).

Suppose dim ¥ = (n — p). Let 7 be the kernel of the homomorphism of
§—&Y, If Zen,Z" = Z at every point of M. Now for some m € M, let B,
be the kernel of the homomorphism &— N(M), defined by Z— (Z")(m),
Clearly < B8,.. On the other hand, dim 8, = » + 1 — (» — p), and our as-
sumption that dim &¥ = (n — p) implies that dimz = n + 1 — (» — p). Thus
) = B,. Since Z— Z"(m) maps B, onto T(M),, it also maps 7 onto T(M),,.
We have therefore shown that dim &¥ = (n — p) implies

(¥) Given ze T(M),, there exists Ze & such that Z(m) = z, and Z is
everywhere tangent to M.
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Using (x) and (5.1.4) we see that, for z,z¢ T(M),.,

B(x,2) = -V, Z"=0.
Thus B = 0, and so M is totally geodesic. The only such immersed submani-
fold of S is S-. g.e.d.

Lemmas 5.1.5 and 5.1.6 prove the first half of the theorem.

Let © denote the vector space of Killing vector fields on S*. If WeQ,
W?¥ defines a cross-section in N(M) by normal projection. From Corollary
3.3.1, we see

LEMMA 5.1.7. For WeQ, W¥ is a Jacobt field on M.

The above lemma could actually be proved directly, in this case, via
calculations similar to those used in proving Lemma 5.1.3. However, we shall
omit this alternative.

Let QY denote the finite dimensional space of cross-sections in N(M)
consisting of the Jacobi fields W*.

LEMMA 5.1.8. For fixed me M, let ve N(M),, and heHom(T(M),,,,
N(M),). Then 3V e QY such that

Vim) = v and (V. V)(m) = h(x) .

ProoF. Let g be some skew symmetric endomorphism of 7(S"), such
that g |T(M), = h. By standard facts about the killing vector fields on S,
there exists a unique W e Q such that

(%) W(m)=v  and (V. W)(m) = g(x) vz e T(S™).. .
Let us set V= W7, Clearly V(m) = v. Now, using (x),
V.V =V.W¥= V. W = (V.W)" - (V.W)"
= g(x) — B(z, W7(m)) = h(z) ,
since W7(m) = 0. q.e.d.
LEMMA 5.1.9. Dim Q" = (p + 1)(n — p). Dim Q" = (p + 1)(n — p) f

and only if M is diffeomorphic to S?, and imbedded in the standard way as
a totally geodesic submanifold.

Proor. For fixed m € M, we define
Pt Q¥ — N(M), @ Hom (T(M),, N(M),)
Pn(V) = (V(m),h) where h(z) =V,V.
Clearly @,, is a linear transformation, and Lemma 5.1.8 shows that ¢, is onto.
Thus, dim Q" = (n — p) + p(n — p) = (p + L)(n — p).
Suppose dim Q¥ = (p + 1)(n — p). This means that ¢, is an isomorphism.
Thus, if WeQ, such that W¥(m) = 0 and V, W¥(m) = 0 for all x € T(M).,,
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then W% = 0, i.e., W is everywhere tangent to M.

Let G,, be the subgroup of the full isometry group of S™ consisting of
elements g which satisfy

gm)=m,  dg(T(M)n) = T(M)n , dg|NM),=1.
The elements dg are exactly the full orthogonal group of 7(M),. Clearly,
the killing vector fields corresponding to G,, are elements W e Q satisfying
Wim) =0, V,WeT(M)., for xe T (M),
V.W=0 for ve N(M). .
However, if W satisfies (x) we see that W¥(m) = 0, and
VWY = (VW)Y =V, W)" — (V. W)
=0— B(x, W7) = 0.

Thus, by the assumption dim Q¥ = (p + 1)(n — p), we see that W is every-
where tangent to M. Therefore G,, acts on M, mapping it into itself. Since
the orthogonal transformations dg(m) are transitive on the unit vectors in
T(M),., and hold the normal space fixed, we may conclude that B(e;, ¢;) =
B(e;, ¢;) for e, e; distinct unit vectors in T'(M),. But this implies B = 0,
Since m was arbitrary, M is totally geodesic. g.e.d.

Lemma 5.1.7 and 5.1.9 now prove the second half of the theorem.

(*)

5.2. Am extrinsic rigidity theorem. In [8] it is proved that any non-
parametric, cone shaped, minimal variety in R"*' is a hyperplane. This is
equivalent to a statement about the image of the Gauss map of a closed, co-
dimension 1, minimal variety in S*. Below we shall give a short proof of this
theorem, and then go on to obtain a similar result for minimal varieties in S*
of arbitrary co-dimension.

Suppose M has co-dimension 1 in S*. Having chosen an orientation let
N(m) denote the unit normal vector at m. N(m) is parallel to a unit vector
in R**' based at the origin, and thus defines a point on S” which we denote
by m*. Let M* denote the image of M under the mapping m — m*. The
following is equivalent to the theorem of [8].

THEOREM 5.2.1. Suppose M is a closed minimal variety of co-dimension
1. Then either M* is a single point, in which case M = S, or M* lies in
no open hemisphere of S™.

ProoF. Let w e S". By parallel translation, w defines a unique parallel
vector field W in R"+', Via tangential projection onto S*, W corresponds to
a vector field Z € ¢ (see Lemma 5.1.1). Clearly

<m*, wy = {N(m), Z> .
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Thus, it is sufficient to prove

(x) Let Ze&. Then {(N(m), Z> > 0 everywhere implies that M = S,
To prove (x), we set F(m) = {(N(m), Z). Then F is a real valued function on
M. Now, {N(m), Z> = {N(m), Z*», and since N(m) is covariant constant,
we see

V:F = {N(m), V(Z")y = —<{(N(m), A(Z")y

by Lemma 5.1.3. However, since we are in co-dimension 1, the definition of
A shows that A(Z") = || A||?Z”. Thus

ViF = —||A|F .

Since M is closed, Stokes’ theorem gives
|, I4lF=0.
M

But, if F7 > 0 everywhere, || A|* = 0 everywhere, and this implies 4 = 0,
which implies M is totally geodesic. q.e.d.

Let G777 denote the Grassmann manifold of oriented (n — p)-planes in R*+,
The elements of G7;? may be identified with the decomposable elements of
unit norm in the Grassmann algebra A*?R"*!, If g,, g, € G272, we let <g,, g.>
denote their inner product under this identification.

Definition. Let —1 < 6 < 1. If g, e G*7?, we define the d-ball about g,
to equal the set of g, € G277 such that {g,, g.> > .

Clearly the d-ball about g, is an open neighborhood of g,. If n — p =1,
Gw:? = S+, and the 0-ball about g, is the open hemisphere with g, as center.

Let M be a p-dimensional submanifold of S**!, Having chosen an orienta-
tion for M, let N(m) denote the oriented (n — p)-dimensional normal space at
m. N(m) is parallel to an oriented (n — p)-plane through the origin, and thus
defines a point in G*7?, which we denote by m*. Let M* denote the image of
M under the mapping m — m*,

THEOREM 5.2.2. There exists a constant 6 depending only on p and n
such that, for any closed, p-dim immersed minimal variety M, either M is
S?, in which case M* is a single point; or M* lies in mo 0-ball in G232,

Proor. Let we Gy7?. w may be identified with w, A --- A w,_,, where
each w; is a vector in R**', and where ||w, A --- Aw,_,|| = 1. By parallel
translation, w defines a unique parallel field W = W, A --- A W,_, in all of
R**', Via tangential projection onto S™, W corresponds to Z=Z, A++- AN Z,_,,
a field on S*, where each Z; e £, We clearly have

{m*, wy =<N(m), Z ,

where the right hand side is the inner product of two tensors in T(S*),.. We
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also note that || Z|| < 1 at each point. Clearly
<N(m), Z> = <N(m)y YARVANEERIVAN Z7ILV~P> .
The theorem may now be restated.

(%) There exists a 6 < 1 such that, for any closed p-dim minimal variety
M,andany Z,, -+, Z,_,céwith||Z, A -+ ANZ,_,|| £1, everywhere, F(m) =
N(m), ZX N -+« N ZXY_,> < 0 at some m, unless M is S?.

Now, N(m) and Z" A --- A ZY_, are both cross-sections in A*~?N(M).
Moreover, N(m) is parallel. Thus, for x € T(M),,

V. F =370 KNm), ZY N oo ANVLZYN ooo NZE>,
and therefore

VIF = 300 AN(m), ZE N oo o AVEY) A ooe AN ZEL

+2Y,, (- s, (S5, V.25 A 9201

NZENee NZEN s NZEA -+ A zZY,) .
Using Propositions 5.1.2 and 5.1.3, we see
@]
VIF = =3 " PAN(m), ZY N s NAZE) A o N ZE L
®

+ 237, (1) N(m), [ 327 Bles, ZF) A Bles, Z7)]
ANZYNA oe- /\ZAiN/\ /\ZAJ.N/\ /\Z,’,‘L,,> .
The first piece of the above is exactly —tr ACN(m), Z¥ A -+- A ZY .
It is easily seen from the definition of A that tr A = || A|]>. Thus
®=—|A|F.

Let us now suppose that F(m) > 0. Thus, Z¥ A -+ A Z¥ (m) = 0.
Since Z, A +++ A Z,_, is invariant under any unimodular transformation, we
may assume that the following conditions hold at m:

1 Z;ll =X all j=1,---,n—1p;
Z;,Z,>=0 all 7 #Fk;
ZY¥,Z¥> =0 all j#k;
ZF,ZI>=10 all 7 #Fk.

The last condition is implied by the previous two conditions. Using these we
see

1
=2, —— 1 S (B, Z7) A Bles, ZI), ZF N Z¥ ]F
@ [ E]<k ||ZJNHZI|ZICNHZ 1,=1< (e )/\ (e k) /\ k>

=X, (A7, A%Y(ZD), ZT
(= e e, 2|
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Letting ¢ denote the coefficient of F'in @), our equation at m now reads:

(5.2.1) VIF = (p — |[AIP)F .
We wish to estimate | |. Clearly
ol £ 0 e [ [A%, A% N(ZD), ZE> | .

PN ZE N ZY
Forj=1,---,n — p set v, = 1/|| Z})Z}. Thenw, ---,v,_, is a frame in
N(M),,. Also,forj=1,---,n — p, set
=1 T i T
e; HZJ_THZ, if ||[ZF||#0
e; =0 if [|ZF]|=0.

wer WZINNZEN | op av5 aoei(e.
](pl é Ej.k:l “Z}H ||Z;f“ 1<[ ’ ](eJ)7 ek>l

I
i

S 80Dyt ney (2], (AR, A7) |

+ [ {Ai(e;), A™M(en) )

Examining these terms, and using the fact that the {e¢;} are a partial frame
in T(M),,, we have

2 | KA(en), Avk(e;)y | < 3 3077 ([ AviCen) [F + [ A*(e,) [[7)
=2 [ AiCe)) [P = [[ AP

J k=1

We also have
Do | KA (ey), Ak(en)y | = 3 3577 (I Avice,) P + || A*(en) |I7)
=(m—p) 3 [|Ae) [P = (n—p)[|Al*.

We have therefore proved

| Z7 1 .
|| < SUPs=1,ccnesp Z H2(n —p+1)IIAIE,
Since
NZYIP+ [ Z7IP=11Z;IP =<1,
we see

WZ7 =1 —1ZY|}*,

and therefore

[PZ 1 S
WZ7 | 1 ZY ¢
Since F*(m) = || Z¥ |* --- || ZY_, |]?, and each of the factors is smaller than 1,
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we see that || Z7Y ||* = F*m). Thus

1 1< 1

= -1
Wz F*(m)

Therefore, at m we have
< — 1 _1_ —1 2,
lp|=(n—p+ )<F2(m) )JIAII

Up to this point, we have used only the assumption that F(m) > 0.
Plugging our estimate for || into (5.2.1), we have proved

VI <[m—p+ (& —1) - 1]ualr,

where the above holds at all m where F'(m) > 0.
Now, suppose that, at all m e M, F satisfies the inequality
(5.2.2) F(m) > (ﬁ—_p—“)“z .
n—p-+ 2

Then certainly F' > 0 everywhere, and inserting this inequality into the
previous one, yields

% = —¢||AlP everywhere ,
where ¢ > 0 is a constant. Thus
VIF < —¢c||[A|PF,

and so by Stokes’ theorem,
[ larF=o.
M

Since F satisfies (5.2.2), we must have || A||* = 0 everywhere, and so M is
totally geodesic. We have thus proved () with

_ 12
o = <L_pi1_> . q.e.d.
n—p+2

It would be nice if one could prove Theorem 5.2.2 with 6 = 0, as it is in
the co-dimension 1 case. If this were true, it would imply that the (p + 1)-
plane in R**', which is spanned by T(M),, and the radial vector m has non-
trivial intersection with every fixed (n — p)-plane in R**!, In any event, the
result is strong enough to prove a rigidity theorem.

THEOREM 5.2.3. Let f: S? — S™ be the usual totally geodesic imbedding.

Then there is a C' neighborhood of f in the space of C= immersions of S? —
S™ such that no f' in this neighborhood is a minimal immersion, unless f' =
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Go f where G e O**'(R™*).

ProoF. Since (S?)* is a single point in G*~?, we can obviously choose a
C’ neighborhood of f such that, if M = S* together with f’ in this neighbor-
hood, then M* < §-ball in G237?. Thus M is not minimal unless M is totally
geodesic, in which case f’ = G o f for some orthogonal G. qg.e.d.

5.3. The fundamental equation and an intrinsic rigidity theorem. In
this section we examine the fundamental elliptic equation in the special case
where /1 = S*. It has several interesting consequences, one of which bears
on the internal geometry of M.

THEOREM 5.3.1. Let M be a p-dim minimal variety immersed in S*.
Then the second fundamental form satisfies

(5.3.1) VA =pA— AcAd — A-A.
If M is of co-dimension 1, the equation becomes
(5.3.2) VA = pA — ||A|*A.

Proor. Since the ambient manifold is S*, formula (4.2.1) shows R’ = 0.
Also, for any t,, t,, t, € T(S").., we have

R, .ty = —<t, tot, + by tDL,
Using this formula in (4.2.2) shows
R(A) = pA.
Plugging these facts into Theorem 4.2 yields formula (5.3.1). To prove (5.3.2)

we observe that, from the definitions of A and 4, (2.25) and (2.26), the as-
sumption of co-dimension 1 shows that

A-A=0 and A-A =||A|}?A.
Thus (5.3.2) follows from (5.3.1). g.e.d.

LEMMA 5.3.1. The second fundamental form A of any p-dim variety in
any manifold always satisfies
{AoA + AoA Ay <qj A"
where

1
n—p

q=2-

Proor. Using Proposition 2.2.3, we may choose a frame v, ---,v,_, in

N(M),, such that
Aw) =2w;  and AP =007 N.

n—p

Thus
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(Ao A, Ay =TT <A A(vy), A%
E”"’ NCA™, A%y = 370 PNKA;), v, = DTN
We also see from Proposition 2,2.3
(Ao A, Ay =377 |I[A%, A9 [P < 230 7 ([ A% P Il A% [P = 2 307 A
Thus combining the two estimates,
AoA+ Aod, Ay S UM+ 25, W
=92 [E"—P )\'2]2 _ 'fl—P )\,:
<|2-— P — 4 .
=[2 n_p][z; ME=ql Al q.ed

THEOREM 5.3.2. Let M be a closed, p-dim minimal variety immersed in
S*. Then its second fundamental form A satisfies the inequality

(5.3.3) |, (14t - lq"-)qu >0.

Proor. Using (5.3.1) and the fact that V2 is negative semi-definite, we
see

og—g <V2A,A>:S CDIAIF + CAA, AS + (A0 A, A .
M
Now, using Lemma 5.3 we see
o= | —pilair+qiar={ qrap(lar-2). a.ed,
M M q

Remark 5.3.1. The lower bound for this estimate is, of course, achieved
when M = S*. However, there are non-trivial examples when the lower bound
is achieved. A class of these is the following. Let S*(r) denote the n-sphere

of radius r in R**!. Then
s:(42) x s:(42)

sits naturally in S*"*! as a 2n-dim minimal variety. An easy calculation shows
[|A]? = 2n.

COROLLARY 5.3.2. Let M be a closed, p-dim minimal variety immersed
in S*. Then either M is the totally geodesic S?, or || A||* = p/q, or at some
me M, || Al (m) > p/q.

Proor. Suppose || A | < p/q everywhere. Then (5.3.3) shows

| (14— 2) 145 =0

Thus V24 = 0, which implies that A is covariant constant, which implies that
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|| A|P is a constant. Thus either || A|[*>= 0, or || A|]* = p/q. In the first case
M is S*. Therefore, except for these two possibilities, || A |? (m) > p/q some-
where, q.e.d.

Although the above theorem appears to be an extrinsic comparison of M
with S?, it is in fact an intrinsic comparison, as we show below.

Definition. If M is a riemannian manifold and m € M, we let k(m) de-
note the scalar curvature of M at m. We choose to define k(m) to be the
average of all the sectional curvatures at m; i.e.,

Je(m) = le) 2B €

PropoSITION 5.3.1. Let M be a p-dim minimal variety immersed in S™.

Then

(5.3.4) km)y=1— —1__A4|].
p(p — 1)

Proor. Using Propositions 2.3.2 and 2.8.3, and the fact that the ambient
manifold is S*, we see

R, . 60 €50 = —<e: N ej, e N\ e
— D P A(e) N\ Avr(e;), e N e .
Thus

_ 1 n—p v v
k(m)—l+m b1 ”1(<A (€:), e ){A"(¢e;), e,
— (A%(e;), e; ) A% (e;), ei>) .

But since each A°* is symmetrice, and has trace 0, we get

k(m)y=1—- —L 3> Avx(e;), e;
(m) 2 = 1) 2k 2 g1 CA™E), €5
=1—-—L A q.e.d.
p(p — 1)

THEOREM 5.3.3. Let M be a closed, p-dim minimal variety immersed in
S*. Then its scalar curvature k satisfies the inequalities

k(m) <1 everywhere,
and

L s = ) 0.

Proor. Follows directly from (5.3.3) and (5.3.4). q.e.d.

COROLLARY 5.3.3. Let M be a closed, p-dim minimal variety immersed
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in S*. Then either M is S, in which case k(m)=1, or k(m)=1—1/(q(p—1)),
or at some me M, k(m) < 1 —1/(qg(p — 1)).

Proor. Follows directly from (5.3.4) and Corollary (5.3.2).

An immediate consequence of the above corollary is the following rigidity
theorem.

THEOREM 5.3.4. Let g denote the standard metric on S*. Then there is
a C*® neighborhood of g in the space of mon-equivalent riemannian metric
such that S?, together with any ¢ in this neighborhood, cannot be isometri-
cally immersed in S™ as a minimal variety.

PrRoOOF. Let U = {¢’| ¢’ # g and k'(m) > 1 — 1/(q(p — 1)) at all m e S},
where k&’ denotes the scalar curvature associated to g’. An isometric minimal
immersion of any such (S?, ¢’) would imply, by Corollary 5.3.3, that the image
was totally geodesic. But this would mean that ¢’ ~ g¢. q.e.d.

5.4. Holomorphic quadratic differentials. In the case that p = 2 and
n = 3, the above Theorem 5.3.4 may be strengthened. In fact, it is shown in
[9] that S?, together with no riemannian structure, may be isometrically im-
mersed in S3, unless that structure is equivalent to the standard one. The
proof follows from the observation that the second fundamental form, in this
case a real-valued bilinear form, is the real part of a holomorphic quadratic
differential with respect to the conformal structure induced by the inherited
metrie, and the fact that the Riemann-Roch theorem implies that any such
on S® must be zero.

If we remain in co-dimension 1, the second fundamental form is still a
real-valued bilinear form on M. The first order conditions that make it the
real part of a holomorphic quadratic differential when p = 2 are simply the
fundamental first order systems (4.1.1) and (4.1.2) applied to M = S”. That
is, we have already shown

THEOREM 5.4.1. Let M be a co-dimension 1 minimal variety in S™. Then
the second fundamental form B is a symmetric real-valued bilinear form
which satisfies

(5.4.1) trB=0 and V.(B)y,z) — V,(B)(x,z) =0 v, y,%.

When dim M = 2, B satisfies (5.4.1) if and only if the form Q(x) =
B(x, x) — iB(x, J()) is a holomorphic quadratic differential (J being the usual
90° rotation). In higher dimensions, and on a compact manifold, bilinear forms
satisfying (5.4.1) span a finite dimensional space, however there is no obvious
relation between its dimension and some topological or differential invariants
of the manifold. To ask that the dimension of this space be stable under all
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changes in metric is probably a bit much, however one can easily show that
it is stable in a C* neighborhood of the standard metric on S.

THEOREM 5.4.2. If B satisfies (5.4.1), then B satisfies
(5.4.2) V:B(x,y) = Y7 R...(B)e:,v) .

Conversely, if M is compact and B satisfies (5.4.2), then B = Ag + H
where N s a constant, g 1s the metric, and H satisfies (5.4.1).

Proor. The first part is essentially Lemma a of Theorem 4.2.1. The
converse follows easily from Stokes’s theorem.

If we set R(B)(®,y) = X! | R...(B)(e;, ¥), it is easy to see that, with the
standard metric on S?, R(B) = pB so long as tr B = 0. Thus on the space of
B with tr B = 0, equation (5.4.2) becomes V:B = pB. This clearly has no
solutions on S?, and thus the dimension of the space satisfying (5.4.1) is zero.

Via perturbation of the standard metric we see

THEOREM 5.4.3. Let g’ be any metric on S? such that for all symmetric
bilinear forms B with tr B =0, ¢'(R'(B), B) > 0, where R’ is the curvature
associated with g', and R'(B) is as defined above. Then such g’ form a C*
netghborhood of the standard metric, and with respect to any such g’, the
dimension of the solution space to (5.4.1) is zero.

6. Minimal varieties in euclidean space

6.1. Cone shaped varieties. In [9] Almgren showed that the cone over
any 2-dimensional minimal variety in S®, except for the totally geodesic S?,
is unstable with respect to its boundary. This fact has important conse-
quences which are outlined in the next section. The method he used depended
on the conformal analysis of 2-dimensional manifolds and on the Gauss-Bonnet
theorem. In the present section we show that this instability theorem is true
for the cone over any immersed, co-dimension 1 minimal variety in S* for
n < 6. The proof depends on the elliptic methods developed in the previous
chapters. We also give an example of a minimal variety in S’, the cone over
which is locally stable in the sense that every variation holding the boundary
fixed is initially increasing area.

Definition. Let M be an immersed submanifold in S*. The cone over M,
CM, is the mapping of M x [0, 1] — R"** defined by (m, t) — tm.

The e-truncated cone over M, CM,, is the same mapping restricted to
M x [e,1].

PROPOSITION 6.1.1. Let M be a closed minimal variety in S*. Then
CM — 0is a minimal variety immersed in R**'. CM, is a compact minimal
variety immersed in R and 0CM, = M U M,, where M, denotes the set of
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points em for m e M.

ProoF. Let 7 denote the unit vector field on CM corresponding to the
coordinate t. The integral curves of r are rays to the origin. Let V denote
covariant differentiation in R**'. Clearly V. = 0. Let m ¢ M be fixed, and
let e, ---, e, be a frame in T(M),,. Extend them to orthonormal local vector
fields on M, E,, ---, E,, chosen so that they are covariant constant at m with
respect to the connection on M. By parallel translation in R**!, extend them
up and down the rays to get vector fields on CM. For any t,{E(m,t)} are
orthonormal. Then, since M is minimal in S", an easy calculation shows

(6.1.1) » Vo E = —% vte(0,1].

Thus
[-V—TT + Ele VE‘,:E;']N = 0 y

where [ ]” denotes projection into the normal space to CM at (m, t). Thus
CM — 0 is a minimal variety in R"*'. So therefore is CM.,, and clearly its
boundary is M U M.. g.e.d.

LEMMA 6.1.1. Let A(m, t) denote the second fundamental form of CM
or CM, at (m, t). Let A(m) denote the second fundamental form of M at m.
Then

I Am, 1) = — || A(m) |

Proor. This is simply a statement about the way in which principal
curvatures behave under dilations. g.e.d.

If F(m,t)is a function on CM or CM., for each fixed t, let F, be the
function on M defined by F.,(m) = F(m, t).

LEMMA 6.1.2. Suppose M is a p-dim minimal variety in S*, and F(m, t)

18 a C= function on CM or CM.. Then
oF O*F

y U) + —=(m, t) .
5 M D) e (m )

Proor. Let E,, ---, E, be defined as in Proposition 6.1.1. We first
observe

VHF)(m, t) = ; v(F)m) + £

Ve (F)(m, t) = %vEth)(m) .

The above formula holds since the E, were defined along CM by parallel
translation up and down the rays, and not as the image of the e; under
m — tm. Moreover,

This content downloaded from 129.49.5.35 on Thu, 23 Apr 2020 20:33:13 UTC
All use subject to https://about.jstor.org/terms



MINIMAL VARIETIES 99
() o VeV (), ) = = T Vs Vi (F)m) = —VH(F)(m) .

Thus,

VH(F)(m, t) = %Em B+ Y0, (F)(m, t)

- %I;(m’ t)+ }:Ll (Vfivﬂé(F)(m’ t) — VmEi(F)(m, t)) .

Now, using the above (x) and (6.1.1), the Lemma follows. q.e.d.

LEMMA 6.1.3. Let M be a co-dimension 1, closed minimal variety im-
mersed in S™. Let N(m, t) denote the unit normal field on CM,.. Let F'(m,t)
be a C= function on CM, such that F(m,1) = F(m,¢) = 0 for all m. Set
Vim,t) = F(m,t)-N(m,t). Then V(m,t)is a cross-section in N(CM,) which
vanishes on 6CM,, and we have

1, vy =\ {~vF) - AP F - 928 — ZE ey
M x[e,1] 8t at

where the integration is carried out with respect to the product measure,
and p=n — 1 = dim M.
Proor. Using the fact that the ambient manifold is euclidean space,

which causes the curvature term to drop out, and the fact that we are in co-
dimension 1, which makes A(V) = || 4 |]?V, formula (3.2.4) gives

IV, V) = | <=VHAF)m, &) — || A, 1) | F, F>
Lemmas 6.1.2 and 6.1.1 now give

‘ OF _ ,3'F 1
1v,v) = | <—V2Ft—!A 2F—t——t2—,—F>.
( ) o, (Fy) — | A(m) || P Pyt

Clearly the volume form on CM, is t* times the volume form on M x [e, 1].

The Lemma now follows. q.e.d.
The above lemma suggests the definition of two differential operators:

L;: C~(M) — C~(M) , L(f)=—-VYS) - IlAIf
L,: C[e, 1] —> C=[¢, 1],  L«g) = —t%9" — ptg’ .
LEMMA 6.1.4. L, may be diagonalized in C=(M) by eigenfunctions {f;}.
To each 1 corresponds an eigenvalue \;, and we have

Xlé)\lzé"‘éki§°--—>co.

If v+ 7, then g fifi=0. If fe C~(M), then it has a unique decomposition
M
f = Ei=1 a‘ifi'
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Proor. This is essentially a restatement of Proposition 3.2.1. q.e.d.

LEMMA 6.1.5. Let Cile, 1] denote the C= functions on [e, 1] which vanish
on the end points. Then L, may be diagonalized on this space by eigenfunc-
tions {g;}. To each g; corresponds an eigenvalue 9;, and we have 8, < 8, <
00 K 0; < vee > 00, Im fact,

(p—1) s
g:i =17 sin (_“‘E log t)
log ¢

0= (257) + (ga)
2 loge
If i+ 7, then Slg,-g,-t""2 = 0. If g € C7le, 1], then there exist unique constants
{a;} such that g = 2, Wil
Proor. Direct calculation shows that L.(g;) = 0,9;, and that these are all

of the eigenvectors of L, in Cg[e,1]. For g, ke C[e, 1], the fundamental
theorem of calculus shows

S:Lz(g)-ht"‘z - S:L2(h)- gtr

Thus for ¢ # J, since d; # 0;, 9; and g; are orthogonal with respect to this

inner product. The expansion of g follows as a consequence of orthogonality.

q.e.d.

LEMMA 6.1.6., With the hypotheses of Lemma 6.1.3, we may choose

F(m,t) such that I(V, V) < 0 if and only if N\, + 0, < 0, where \, and 9, are
defined in the above two lemmas.

Proor. Since F'(m, t) vanishes on dCM,, Lemmas 6.1.4 and 6.1.5 show
that F has a unique expansion as

F(m,t) =32, ., a:; fi(m)g;(t) .
Now, using Lemma 6.1.3,

nv,v)= Sux[s 1]<E:_.,-=, (aile(fi)gj + az‘jfiLz(gj))y t* E:Fl aijfigj>
oo @il + 851 fa05, 7 300 @i fi95)

irivkal=1 @@l + BJ]S ] ufafkgjgzt”_z .

M X[

SMX [e,1]

Using Lemma 6.1.4 and 6°1.5 again, we see

1
1v, vy = 5, e+ 0| st[(oie=]-
If I(V,V) < 0, then some \; + 6; < 0, but since A, < \; and 0, < 9;, this

implies that A, + 6, < 0. On the other hand, if A, + J, < 0, we may simply
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take F'(m, t) = f,-¢, which would give I(V, V) = \, + é.. q.e.d.
In Lemma 6.1.5 we calculated 6,. We now wish to examine \,.
LEMMA 6.1.7. Let M be a closed, co-dimension 1 minimal variety im-

mersed in S*. Then N, < —p unless M is the totally geodesic S**, in which
case \, = 0, As before, p=n — 1 = dim M.

Proor. If M = S, then L, = — V?, and certainly A\, = 0 with the other
eigenvalues strictly positive. In general we have

) we [ ] s

for any fe C=(M) with f = 0. We will prove the theorem by choosing a one-
parameter family of f’s, plugging each into (x) and passing to the limit.

For any ¢ > 0, set f. = (|| A||* + ¢):. Clearly f. e C*(M), and if M is not
totally geodesic, then

(%) lim | 2= 14l =o.
Lete, :-+, e, be a frame in T(M),. Then
V.. fo=V, KA A) + e)* = KA, A> + &)XV, A, A).
Thus
V.= (A, Ay + e, >+ |

=1

— (A, A + Y, A, A
+ (KA, A + )XV, A, V,iA>}

— (KA, AD + €)1 (A, AV, A, V, A
+(KA, AD + &)V, A, V, A }

= (KA, A + )UK V*A, A) + le{
2 (KA, A) + &)1 (VPA, A .
We now use Theorem 5.3.1 which shows
Vif. = (K4, A) + ) pA — |[A| 4, A)

=i_ Al —1Al1.
fe[pll = 1Al

Thus

VifefeZpllAIP = [|A]
and so

L(f)f=lAIF—pllAIF = [|AIMS)Y = —pllAIP.
Therefore

[T = —o 14l

Thus, using (x*), we have
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tim o[ [ 7] Li0s = -0

The lemma now follows from (x). q.e.d.

LEMMA 6.1.1. Let M be a closed co-dimension 1 minimal variety in S™.
Suppose M is not the totally geodesic S™'. Then, if n < 6, the cone CM does
not minimize area with respect to its boundary.

ProoF. Since M is not totally geodesic, Lemmas 6.1.7 and 6.1.5 show

_ 2 2
x1+51§~p+<p 1>+<’T>.
2 log ¢

The assumption n < 6 implies p <5 which implies that, for sufficiently small
€, + 0, < 0. Lemma 6.1.6 shows that, for such ¢, a variation V may be chosen
of the truncated cone CM, which holds its boundary fixed and decreases area.
By extending the variation to hold fixed the set of (m, t) with ¢ < ¢, we get
an area decreasing variation of CM. q.e.d.

This technique fails in dimensions 7 and above. In fact the following
theorem gives an example of a cone over a 6-dimensional minimal variety in
S?, for which every variation holding the boundary fixed is area increasing.

THEOREM 6.1.2. Let
M= s(ﬁ) x s(ﬁ)
2 2
considered as a minimal variety in ST (see Remark 5.3.1). Then every
variation of CM which holds M fixed is initially increasing area.
Proor. As was pointed out in Remark 5.3.1, || A||* = 6 everywhere.
Thus L,(f) = —V*f) — 6f, and therefore A, = —6. For any ¢,

o= (22) + (=) z 6+
2 log ¢ 4

Therefore for any &, \, + 6, > 1/4. By Lemma 6.1.6, I(V,V) > 0 for any
variation of any CM, which holds the boundary fixed. Thus all the truncated
cones are stable. A variation of CM need not hold the vertex fixed, however,
since the area of the cone in the neighborhood of the vertex is going to zero
like €7** (in this case ¢), it is not difficult to show that, given an area decreas-
ing variation of CM, one can always construct, for sufficiently small ¢, an
area decreasing variation of CM, which holds its boundary fixed. This com-
pletes the proof. q.e.d.

6.2. Plateaw’s problem and the Bernstein conjecture. The results of the
previous section may be applied to yield the solution of two well known prob-
lems in the theory of minimal varieties. The first of these is the co-dimension
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1 Plateau problem.

Let S be a fixed (n — 2)-dimensional compact, oriented manifold imbedded
in R". S defines an integral (» — 2)-dimensional current in the sense of [ ].
Let JC, denote the set of immersed C~ submanifolds H which satisfy

(a) dmH=n -1

(b) 0H = S as currents.

THEOREM 6.2.1. Suppose n < 7. Then there exists an He I, having
minimal n — 1 dimensional area, and whose interior is a real analytic
minimal variety in R,

Proor. This theorem follows as an immediate consequence of our Theorem
6.1.1, and of the extensive results of Federer-Fleming [14] along with those
of De Giorgi [15] and Triscari [16]. The basic idea is to show that one may
solve the Plateau problem in the framework of integral currents. These are
then demonstrated to be regular, except on a set of measure 0. It is also
shown that a singular point may be blown up to yield a set of tangent cones,
and that these must be stable with respect to their boundary. One argues by
induction that these cones must lie over regular co-dimension 1 minimal vari-
eties in the sphere. It is finally shown that, if any of these cones is a disk,
the current is regular at that point. Now, under the appropriate dimension
assumptions, Theorem 6.1.1 shows that these cones are stable only if they
are disks, and thus the current is regular everywhere in its interior.

A more detailed proof of this theorem may be found in [9], and since the
proof in higher dimensions is identical, we simply refer the reader to that
paper. g.e.d.

Remark 6.2.1. The statement of Theorem 6.2.1 is by no means the
sharpest possible. We have stated it merely as an example of the type of
theorem that is true under these dimension restrictions. For a more complete
list of implications of our instability theorem for cones, the reader is referred
to Theorems 1 and 2 and Corollaries 1, 2, 3, and 4 of [9], all of which go
through in our dimensions.

Remark 6.2.2. The reader will note that, in Theorem 6.2.1, we could
only conclude that 6H = S as currents. It would be nice if it could be shown
that 6S = H as manifolds. Some progress in this direction has been made
by W. K. Allard in his doctoral thesis at Brown University.

Remark 6.2.3. Our example given in Theorem 6.1.2 may be a counter-
example to regularity for solutions to the co-dimension 1 Plateau problem in
dimensions 8 and above. The cone over S* x S*is an integral current with
an isolated singularity and having S® x S*® as boundary. Moreover, it is a
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local minimum of the area function. Whether or not it is a global minimum
is an open question.

As was mentioned in § 3.1, there have been a number of proofs of the
Bernstein conjecture for graphs in R®. Most of these have used the methods
of complex analysis. One which does not is that of Fleming [7]. He shows
that the Bernstein conjecture for graphs in R* would follow from an interior
regularity theorem for co-dimension 1 minimal integral currents in R*. This
gave a proof in R’. De Giorgi [8] then showed that the conjecture for graphs
in R* would actually follow from a co-dimension 1 regularity theorem in
R, This gave a proof in R‘. The new interior regularity theorem of
Almgren [9] for co-dimension 1 minimal currents in R* proved the Bernstein
conjecture in R®. Our interior regularity theorem provides a uniform proof
in R™ for n < 8.

THEOREM 6.2.2. Let f(x,, -+, ®,_,) be a C* function defined everywhere
wn R*'. Suppose its graph is a minimal variety in R*. Then if n < 8, f
18 a linear function.

Proor. Fleming’s argument is essentially the following. He first shows
that the graph absolutely minimizes area with respect to any compact bound-
ary in its interior. Then he takes the intersection of the graph with the ball
of radius » and contracts by 1/r to get a family of minimal varieties in the
unit ball whose boundaries are co-dimension 1 submanifolds of S*~!. He then
takes the limit of these minimal varieties as r» — o, and shows it to be the
cone over an integral current in S*~'. The above mentioned absolute minimi-
zation property of the graph implies that the cone is a minimal integral cur-
rent with respect to its boundary, and an interior regularity theorem would
imply that it is therefore a disk. He finally shows that the cone is a disk only
if the graph was a hyperplane. Thus, Theorem 6.2.1 makes this proof work
for n < 7. De Giorgi then pointed out that interior regularity in R*~* already
implied that the limiting cone was over a real analytic minimal variety in S*-!,
Moreover this variety has its normal vector making a non-negative inner
product with the positive z axis. He could then use his theorem (see our
Theorem 5.2.1) together with some extra work to show the cone was a disk.
This then proves the theorem for n < 8. q.e.d.

Remark 6.2.4. A key feature of Fleming’s argument is the above obser-
vation that the graph is an absolute minimum of area for any boundary in its
interior. It is possible that one could proceed from that point to prove the
theorem without actually passing to the cone and using interior regularity.
In fact, one could attempt to show that, for a sufficiently large boundary,
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one could construct a variation V vanishing on the boundary, and having
I(V,V) < 0 unless the surface was a hyperplane. This approach seems rea-
sonable since it is essentially what is done to prove that the limiting cone is
unstable, and it has two possible advantages. First, it might work in more
or all dimensions. Second, it might suggest a more intrinsic hypothesis on a
complete minimal hypersurface which would guarantee its being a hyperplane.
To be precise, we conjecture

Conjecture 6.2.1. Let f: R*'— R" be an immersion as a complete mini-
mal variety. Then either the image is a hyperplane; or, for sufficiently large
r, the sphere of radius  in R*! is mapped in as a conjugate boundary (see
§3.4).

INSTITUTE FOR DEFENSE ANALYSES, PRINCETON
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