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WEIL-PETERSSON TEICHMULLER SPACE

By YULIANG SHEN

Abstract. The paper presents some recent results on the Weil-Petersson geometry theory of the uni-
versal Teichmiiller space, a topic which is important in Teichmiiller theory and has wide applications
to various areas such as mathematical physics, differential equation and computer vision. (1) It is
shown that a sense-preserving homeomorphism h on the unit circle belongs to the Weil-Petersson
class, namely, h can be extended to a quasiconformal mapping to the unit disk whose Beltrami coef-
ficient is square integrable in the Poincaré metric if and only if / is absolutely continuous and log i’
belongs to the Sobolev class H 3 This solves an open problem posed by Takhtajan-Teo in 2006 and
investigated later by Figalli, Gay-Balmaz-Marsden-Ratiu and others. The intrinsic characterization (1)
of the Weil-Petersson class has the following applications which are also explored in this paper: (2)
It is proved that there exists a quasisymmetric homeomorphism of the Weil-Petersson class which
belongs neither to the Sobolev class H 3 nor to the Lipschitz class A, which was conjectured very
recently by Gay-Balmaz-Ratiu when studying the classical Euler-Poincaré equation in the new setting
that the involved sense-preserving homeomorphisms on the unit circle belong to the Weil-Petersson
class. (3) It is proved that the flows of the H 3 vector fields on the unit circle are contained in the
Weil-Petersson class, which was also conjectured by Gay-Balmaz-Ratiu in their above mentioned re-
search. (4) A new metric is introduced on the Weil-Petersson Teichmiiller space. It is shown to be
topologically equivalent to the Weil-Petersson metric.

1. Introduction and statement of the main results. We begin with some
basic definitions and notations. Let A = {z : |z| < 1} denote the unit disk in the
extended complex plane C. A* = C — A is the exterior of A, S! = A = dA* is
the unit circle, and R is the real line. For any function f = f(z) defined on the
unit circle S', we always denote by f the function defined on the real line R by
F(6) = f(e).

Let Hom™ (S!) denote the set of all sense-preserving homeomorphisms of S'
onto itself. A homeomorphism i € Hom™ (S!) is said to be quasisymmetric if

(1.1) hos = sup { max (qx(0,t),q, ' (0,t)) : 0 €R, t > 0} < oo,

where

(1.2) qn(0,t) =
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Beurling-Ahlfors [BA] proved that h € Hom™(S!) is quasisymmetric if and only
if there exists some quasiconformal homeomorphism of A onto itself which has
boundary values h. Later Douady-Earle [DE] gave a quasiconformal extension of
h to the unit disk which is conformally invariant.

The universal Teichmiiller space 7' is a universal parameter space for all
hyperbolic Riemann surfaces and can be defined as the right coset space
T = QS(S')/Mdb(S'), where QS(S') denotes the group of all quasisym-
metric homeomorphisms of the unit circle, and Mob(S') the subgroup of
Mobius transformations of the unit disk. The universal Teichmiiller space T
plays a significant role in Teichmiiller theory, and it is also a fundamental
object in mathematics and in mathematical physics. On the other hand, sev-
eral subclasses of quasisymmetric homeomorphisms and their Teichmiiller
spaces were introduced and studied for various purposes in the literature. We
refer to the books [Ah, FM, Ga, GL, Hu, IT, Le, Na, Po2] and the papers
[AZ, Cu, GS, FH, FHS1, FHS2, HS, SW, TT2, TWS, WS] for an introduction
to the subject and more details. In this paper, we are mainly concerned with the
so-called Weil-Petersson Teichmiiller space.

It is well known that the universal Teichmiiller space 7" has a natural complex
Banach manifold structure under which the hyperbolic Kobayashi metric is the
classical Teichmiiller metric (see [Ga, Le, Na, Ro]), and the tangent space to T'
was identified by Reimann [Re] and later by Gardiner-Sullivan [GS]. Let A* denote
the Zygmund space in the usual sense (see [Zy]), which consists of all continuous
functions w on the unit circle such that

6(0+1t) —20(0) +a(0 — )]
t

(1.3) uA»«isup{ 10 eR, t>0} < oo,

Then the tangent space to 71" at the identity map is the set of all functions u € A*
which in addition satisfy the normalized conditions

(1.4) Riju(n) =0, nes'
and
(1.5) u(l) =u(—1) =wu(i) =0.

More generally, Reimann [Re] proved, given a continuous vector field u(¢,-) €
C9([0, M],A*) with the normalized condition (1.4), that the flow maps h(t,() of
the differential equation

dh
E - U(t, h)

(1.6)
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are quasisymmetric homeomorphisms, namely, h(t,-) € QS(S") for each fixed ¢ €
[0, M].

It is also known that the Kobayashi-Teichmiller metric on any Teichmiiller
space is only induced from a Finsler structure (see [Ob]) and is not a Riemann-
ian metric in general. On the other hand, there does exist a Riemannian metric
on a finite dimensional Teichmiiller space, the Weil-Petersson metric, which has
attracted a good bit of attention (see [Hu, IT, Mi, TT2]). In order to extend the
definition of the Weil-Petersson metric to the universal Teichmiiller space, Nag-
Verjovsky [NV] introduced a formal formula for the Weil-Petersson metric, which
converges only at those vectors on the unit circle that belong to the Sobolev space
H %, however. To overcome this difficulty, Takhtajan-Teo [TT2] endowed the uni-
versal Teichmiiller space with a new complex Hilbert manifold structure, under
which the Weil-Petersson metric is a convergent Riemannian metric. But, under
this new complex Hilbert manifold structure, the universal Teichmiiller space 71" is
not connected and has uncountably many connected components. Nowadays, the
component containing the identity map is usually called the Weil-Petersson (uni-
versal) Teichmiiller space, which is denoted by 7y in this paper. Takhtajan-Teo
[TT2] proved that, under the Weil-Petersson metric, 7y is precisely the completion
of Diff, (S1)/Mab(S!), the space of all normalized C* diffeomorphisms on the
unit circle. Recall that the complex Fréchet manifold Diff , (S1)/Mab(S!) plays an
important role in one of the approaches to non-perturbative bosonic closed string
field theory based on Kahler geometry (see [BR1, BR2]), and also has an interpre-
tation as a coadjoint orbit of the Bott-Virasoro group (see [Ki, KY]).

We say a quasi-symmetric homeomorphism / belongs to the Weil-Petersson
class, which is denoted by WP(S'), if it represents a point in Tj. Then T =
WP(S!)/Mob(S!). It is known that a quasi-symmetric homeomorphism / belongs
to WP(S!) if and only if A has a quasiconformal extension f to the unit disk whose
Beltrami coefficient y satisfies the property that [ [1(2)[*(1 — |2]?) 2dzdy < e
(see [Cu, TT2]). Due to their importance and wide applications to various areas
such as mathematical physics (see [BR1, BR2, Ki, KY, RSW1, RSW2, RSW3,
RSW4]), differential equation and computer vision (see [GMR, GR, Ku]), the Weil-
Petersson class and its Teichmiiller space 7 have been much investigated in recent
years (see [Fi, GMR, GR, HS, Ku, TT1, TT2, Wu]). Recently, motivated by con-
formal field theory, Radnell-Schippers-Staubach [RSW1, RSW2, RSW3, RSW4]
have a programm to extend the Weil-Petersson theory of the universal Teichmiiller
space to the case of Teichmiiller spaces of bordered Riemann surfaces. Yanag-
ishita (see [Yal, Ya2] and also [MY]) has even dealt with the Weil-Petersson Te-
ichmiiller spaces of general Riemann surfaces with a mild geometric condition.
However, it is still an open problem how to characterize intrinsically the elements
in WP(S!) without using quasiconformal extensions. This problem was proposed
by Takhtajan-Teo in 2006 (see [TT2, p. 68]) and was investigated later by Figalli
[Fi], Gay-Balmaz-Marsden-Ratiu [GMR, GR] and some others. In this paper, we
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will study this problem and prove the following result, which gives an intrinsic
characterization of a quasisymmetric homeomorphism in the Weil-Petersson class.
Recall that, for a function f defined on a set I', f’ denotes the derivative of f,
namely, for z € T,

(1.7) Fle)= tim L9=/G)

CIa¢o: (—z
provided the limit exists, while f/(z) = 0 otherwise.

THEOREM 1.1. A sense-preserving homeomorphism h on the unit circle be-
longs to the Weil-Petersson class WP(S') if and only if h is absolutely continuous
(with respect to the arc-length measure) and logh' belongs to the Sobolev class

1
Hx>.

Theorem 1.1 has several applications which we proceed to explore. It is known
that T is modeled on the Sobolev space H %, namely, the tangent space to Tj at
the identity consists of precisely the H > vector fields on the unit circle with the
normalized conditions (1.2) and (1.3) (see [NV, TT2]). Recall that when s > %
the group Diff? (S 1) of all orientation preserving H* diffeomorphisms of the unit
circle and its model space H® have the same Sobolev H® regularity. An important
question is whether the same result holds in the critical case s = %, namely, whether
an element in WP(S") also has H %—regularity (see [Fi, GMR, GR]). In fact, based
on the results by Figalli [Fi], Gay-Balmaz-Marsden-Ratiu [GMR, GR] were able
to prove that each homeomorphism in WP(S!) belongs to H 3¢ for each € > 0.
However, we shall prove that the H %—regularity may fail for a quasisymmetric
homeomorphism in the Weil-Petersson class, which was conjectured very recently
by Gay-Balmaz-Ratiu during their study of the Euler-Weil-Petersson equation (see
[GR, Conjecture (2), p. 760]).

THEOREM 1.2. There exists a quasisymmetric homeomorphism in WP(S"')
which belongs neither to the Sobolev class H > nor to the Lipschitz class A'.

We will also deal with the flows of H?2 vector fields on the unit circle. It is
easy to see that the Weil-Petersson class WP(S!) can be generated by the flows
of the H> vector fields on the unit circle (see [GMR, GR]). However, it is still
an open problem whether or not the flows of the H 3 vector fields are contained
in WP(S1), although it is hoped to be so (see [Fi]). Actually, in the recent paper
[GR] by Gay-Balmaz-Ratiu, the authors conjectured that the flows of the H 3 vector
fields are contained in WP(S l) (see [GR, p. 760, Conjecture], and also Conjecture
9.2 below). The following result provides an affirmative answer to this problem. A
more precise statement will be given in Theorem 7.3 below.

THEOREM 1.3. The flows of the H > vector fields on the unit circle are always
contained in WP(S1).
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Theorem 1.1 is also hoped to be useful to the further study of the geometry and
structure of Tp. As we shall see later (see Remark 5.1 below), WP(S!)/Rot(S!)
has a very simple model, namely, it can be identified as the real Hilbert space

1

H_Z /R under the bijection h — log |h’|. Here and in what follows, Rot(S") denotes
the group of all rotations about the circle S'. Based on this observation, we will
introduce a new metric on 7p, which can be defined roughly as follows:

(1.8) d(h1,h) = log || —log|mal| 1, T1 ko € T

A precise formula will be given below during the proof of Theorem 1.4 (see (8.5)
below). The advantage of this metric is that, as being a global metric, it gives di-
rectly the distances between two points in 7p. This is in contrast to the case for
the Weil-Petersson metric, which is an infinitesimal Riemann metric on the tangent
bundle of 7. Anyhow, we shall prove

THEOREM 1.4. The metric d and the Weil-Petersson metric induce the same
topology on T.

We end this Introduction section with the organization of the paper. In Section
2, we give some basic definitions and results on the universal Teichmiiller space
and the Weil-Petersson Teichmiiller space. In particular, we establish the complex
analytic theory of the pre-logarithmic derivative model of the Weil-Petersson Te-
ichmitiller space, which plays an important role in the proof of Theorem 1.4. As we
shall see later, our results and their proofs involve much use of the theory of func-
tion spaces, in particular, of Sobolev spaces of fractional order. Therefore, in Sec-
tions 3 and 4, we recall some basic definitions on Sobolev spaces, the BMO space
and establish some lemmas that will be frequently used in the proof of Theorems
1.1 and 1.2; we also deal with the pull-back operator on H 2 by a quasisymmet-
ric homeomorphism and establish several basic results which are needed to prove
Theorems 1.1 and 1.3. In Sections 5-8, we give the proofs of Theorems 1.1-1.4. In
Section 9, we list several open problems related to this work. In the final Appendix
section, we prove Propositions 4.1 and 4.3 stated in Section 4.

Acknowledgments. The author would like to thank the referee for a very care-
ful reading of the manuscript and for several corrections.

2. Preliminary results on the Weil-Petersson Teichmiiller space. In
this section, we give some basic definitions and results on the Weil-Petersson
Teichmiiller space. The results turn out to be essential in the proof of Theorem
1.4. We follow the lines in our recent paper [SW], where the BMO theory of the
universal Teichmiiller space was investigated.

We begin with the standard theory of the universal Teichmiiller space (see [Ah,
Le, Na]). Let M(A*) denote the open unit ball of the Banach space L”(A*) of
essentially bounded measurable functions on A*. For € M(A*), let f,, be the
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quasiconformal mapping on the extended plane C with complex dilatation equal to
pin A*, conformal in A, normalized by f,,(0) = f,,(0) — 1 = f//(0) = 0. We say
two elements £ and v in M (A*) are equivalent, denoted by yo ~ v, if f,[A = fu|A.
Then T'= M (A*)/~ is the Bers model of the universal Teichmiiller space. We let
® denote the natural projection from M (A*) onto 7" so that ®(u) is the equivalence
class [u]. [0] is called the base point of T'. The Teichmiiller distance between two
points [1] and [p;] in T is defined as

N R N =N
2.1) Tum,[uznsz{—logl—”‘y?

Hoc

2 1_”1 ViV

] =[], 2] = [Mz]}-

Let By(A) denote the Banach space of functions ¢ holomorphic in A with
norm

(2.2) 1115, = sup(1—[2[*)?]4(2)]-
z€A
Consider the map S : M (A*) — B,(A) which sends y to the Schwarzian derivative

of f|a. Recall that for any locally univalent function f, its Schwarzian derivative
Sy is defined by

1
(2.3) Sp=Nj—5Nj, Ny=(logf).

It is known that .S is a holomorphic split submersion onto its image, which de-
scends down to a map 3 : T'— B,(A) known as the Bers embedding. Via the Bers
embedding, 7" carries a natural complex Banach manifold structure so that ® is a
holomorphic split submersion.

We proceed to define the Weil-Petersson Teichmiiller space (For details, see
[TT2] and also [Cu]). We denote by L(A*) the Banach space of all essentially
bounded measurable functions y with norm

4 e = s+ (+ [ Aoy )

Set M(A*) = M(A*) N L(A*). Then Ty = M(A*)/~ is one of the models of
the Weil-Petersson Teichmiiller space. Actually, Ty is the base point component
of the universal Teichmiiller space under the complex Hilbert manifold structure
introduced by Takhtajan-Teo [TT2].

We denote by B(A) the Banach space of functions ¢ holomorphic in A with
norm

@5) \|¢||Bi( / 16(2) 1—|z|>dxdy)2
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Then, B(A) C B2(A), and the inclusion map is continuous. Under the Bers pro-
jection S : M (A*) = By(A), S(M(A*)) = S(M(A*))NB(A) (see [Cu, TT2]).
Moreover, we have

PROPOSITION 2.1. [TT2] S : M(A*) — B(A) is a holomorphic split submer-
sion from M(A*) onto its image. Consequently, Ty has a unique complex Hilbert
manifold structure such that (3 : Ty — B(A) is a bi-holomorphic map from Ty onto
a domain in B(A). Under this complex Hilbert manifold structure, the natural pro-
Jjection ® from M(A*) onto Ty is a holomorphic split submersion.

It is well known that a quasiconformal self-mapping of A* induces a bi-
holomorphic automorphism of the universal Teichmiiller space (see [Le, Na]).
Precisely, let w : A* — A* be a quasiconformal mapping with complex dilatation
. Then w induces an bi-holomorphic isomorphism R,, : M (A*) — M (A*) as

)
(2.6) Ro(v) = (1”_ ﬂ"y %) ow .

R,, descends down a bi-holomorphic isomorphism w* : T"— T by w* o ® = ®o R,,,.

PROPOSITION 2.2. Suppose w is quasi-isometric under the Poincaré metric
with Beltrami coefficient ;o € M(A*). Then w* : Ty — Ty is bi-holomorphic.

Proof. Clearly, R,, maps M(A*) into itself, and R, : M(A*) = M(A¥)
is bi-holomorphic. It follows from Proposition 2.1 that w* : Ty — Ty is bi-
holomorphic. U

We continue to consider the pre-logarithmic derivative model of the Weil-
Petersson Teichmiiller space. Let B(A) denote the space of functions ¢ holomor-
phic in A with semi-norm

2.7) EEE sug(l —[2P)¢'(2)],

and By(A) the subspace of B(A) which consists of those functions ¢ satisfying
the condition limy,_,; (1 —|2]*)¢/(z) = 0. Recall that the pre-logarithmic deriva-
tive model 7" of the universal Teichmiiller space consists of all functions log f’ (in
B(A)), where f belongs to the well-known class S¢ of all univalent analytic func-
tions f in the unit disk A with the normalized condition f(0) = f/(0) — 1 =0 that
can be extended to a quasiconformal mapping in the whole plane (see [AG, Zhu]).
Under the topology of Bloch norm (2.7), T is a disconnected open set. Precisely,
T =T, Ugeo,2r) Ty, where Ty, = {log ' : f € S is bounded} and Ty = {log f' :
f € Sq satisfies f(e?) = o}, 6 € [0,27), are the all connected components of 7
(see [Zhu]). Each Tg is a copy of the Bers model 7', while Tb is a fiber space over
T. In fact, Tb is a model of the universal Teichmiiller curve (see [Ber, Te]).



1048 Y. SHEN

Let AD(A) denote the space of all functions ¢ holomorphic in A with semi-
norm

@8) lollao = (= [[[16G)Pdaay )"

and ADy(A) ={¢ € AD(A) : ¢(0) =0}. Then AD(A) C By(A), and the inclu-
sion map is continuous. We may define AD(A*) similarly. Define

1

S(@)?, o€ AD(A).

(2.9) A(¢)=¢"-3

Then the following basic result holds.
LEMMA 2.3. [TT2] A : AD(A) — B(A) is holomorphic.

We come back our situation. Fix 29 € A*. For € M(A*), let g;° (abbre-
viated to be g,) be the quasiconformal mapping on the extended plane C with
complex dilatation equal to x in A*, conformal in A, normalized by g¢,(0) =
9,,(0) =1 =0, g,(20) = . Then y ~ v if and only if g,,[a = g,|a. Consider the
map L., on M(A*) by setting L, (1) = logg,,. Then U ear L. (M(A¥)) = T,
and U cns Loy (M(A")) = T, N ADy(A) (see [Cu, TT2]). We have the following
result.

THEOREM 2.4. Foreach zy € A*, L,, : M(A*) — ADy(A) is holomorphic.

Proof. We first show L = L, : M(A*) — ADy(A) is continuous. Recall that
L is continuous on M (A*) in the topology of Bloch norm (2.7) (see [Le]), namely,

(2.10) suglNV(Z)—NgM(Z)\(l—\ZIZ)SC(HuHm)HV—uHm, p,v € M(A™).
ze

Then,

IZ() = L(1)2ap

// [Ny, (2) = Ny (=) Pdady
ga(ng Ny, O+ [[ 1= RPN, ()~ N;,M<z>|2dxdy>

2
<, (Hl/—uHi—F//A(l—\zF)z S,,(z)—SM(z))—i—%(Ngzy(z)—Ngzu(z)) dxdy)
<Cs(|lv = pllZ+ 15 (@) = S 15+ (1L ap + 1L (1) [ap) 1 — pll2.)-

By the holomorphy of S : M(A*) — B(A), we conclude that L : M(A*) —
ADy(A) is continuous.
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Since L : M(A*) — ADy(A) is continuous, we conclude that L is holo-
morphic by the infinite dimensional holomorphy (see [Le, Na]). For complete-
ness, we write down the standard proof. For each z € A, define [.(¢) = ¢(z) for
¢ € ADo(A). Then, [, € ADj(A), that is, [, is a continuous linear functional on
the Banach space ADy(A). Set A= {l,: z € A}. Ais a total subset of AD;(A)
in the sense that [, (¢) = 0 for all z € A implies that ¢ = 0. Now for each z € A,
each pair (u,v) € M(A*) x L(A*) and small ¢ in the complex plane, by the well-
known holomorphic dependence of quasiconformal mappings on parameters (see
[Ah, Le, Na]), we conclude that I, (L(u+tv)) = L(pn+tv)(z) is a holomorphic
function of ¢. By a general result about the infinite dimensional holomorphy (see
[Le, Na]), it follows that L : M(A*) — ADy(A) is holomorphic. O

THEOREM 2.5. T, N ADy(A) is a connected open subset of ADy(A), and A
is a holomorphic split submersion from Ty, N ADy(A) onto B(Tp).

Proof. Clearly, Ty N ADy(A) is an open subset of ADy(A). We need to show
that each point of T N ADy(A) can be connected to 0 by a path in T, N ADy(A).

Let log f' € T, N ADy(A). Then f can be extended to a quasiconformal map-
ping in the whole plane whose Beltrami coefficient i belongs to M (A*), and zp =
f!(e0) € A*. Foreach t € [0, 1], let f; € S be the unique mapping whose quasi-
conformal extension to the whole plane has Beltrami coefficient ¢y, and fi(z9) =
oo. Theorem 2.4 implies that log f/, ¢ € [0,1], is a path in T, N ADy(A) joining
log f to log f'. Now, if zp = oo, then fo(z) = z, and we are done. If zy # o, then
fo(2) = 202/ (20 — 2), and log f§(r-), 7 € [0, 1], is a curve in T, N ADy(A) connect-
ing 0 and log f{).

Clearly, Lemma 2.3 implies that A is holomorphic on T} N ADy(A). Choose
2o € A*. Since S = Ao L,,, we conclude that A is a holomorphic split submersion
from T, N ADy(A) onto 3(Tp) since L., : M(A*) — T, N ADy(A) is holomor-
phic, and S : M(A*) — B(Tp) is a holomorphic split submersion. O

3. Some lemmas. In this section, we give some lemmas needed to prove
Theorems 1.1 and 1.2. First we recall some basic definitions and results on Sobolev
spaces, the harmonic Dirichlet space and the BMO space that will be frequently
used in the rest of the paper (see [Gar, RS, Tr]).

For any s > 0, the Sobolev space H*® consists of all integrable functions u €
L'(S") on the unit circle with semi-norm

oo 2
G.D [l zrs = ( > Inlzs\an(U)V) :

n=-—oo

where, as usual, a,,(u) is the n-th Fourier coefficient of u, namely,

2
(3.2) an () ! / a(0)e""M0dg.
0

T
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In this paper, the two cases we are concerned are s = % and s = % Recall that

3 . e . . [
u € H?2 if and only if u is absolutely continuous with v’ € H2. It is also known
that an integrable function u on the unit circle belongs to H 3 if and only if

27 2w ~ S) ’LL )|2
(3.3) / / (s s <+

We need another description of the space H 2. Let D(A) denote the space of
all harmonic functions w in the unit disk A with semi-norm

1
(1 :
(3.4) llullp = <—/ (\8Zu|2+ |8Zu|2)dxdy>
™ A

Then, D(A) = AD(A) & AD(A), or precisely, for each u € D(A), there exists
a unique pair of holomorphic functions ¢ and ¢ in AD(A) with ¢(0) —u(0) =
1(0) = 0 such that v = ¢ +1). Here it is a convenient place to introduce two basic
operators on the Dirichlet space D(A). They are P+ and P, defined respectively
by P*u=¢and P~u=1)(Z) for u= ¢+1). It is well known that each function u €
D(A) has boundary values almost everywhere on the unit circle, and the boundary

function, still denoted by u, belongs to H %, and conversely each function in H :
is obtained in this way (see [Zy]). In fact, the usual Poisson integral operator P
establishes a one-to-one map from H?2 onto D(A) with ||Pu|lp = ||u\|H !

Let I, be a connected (closed) arc on the unit circle S'. An integrable function
u € L'(Iy) is said to have bounded mean oscillation if

. 1
(3.5) Jullasion, = w0 /I fu(z) — ug]|dz] < oo,

where the supremum is taken over all sub-intervals I of I, while u; is the average
of u on the interval I, namely,

(3.6) uy = |—}|/Iu(z)|dz|

In particular, ugi = ao(u). If w also satisfies the condition

1
3.7 lim — —ugl||ldz| =0
6.7 tim e u(z) =

we say u has vanishing mean oscillation. These functions are denoted by BMO( /)
and VMO(1), respectively. In the following, we are mostly concerned with the
case Ip = S'. Then it is well known that H 1C VMO(S!), and the inclusion map
is continuous (see [Zh]).

We need some basic results on BMO functions. By the well-known theorem of
John-Nirenberg for BMO functions (see [Gar]), there exist two universal positive
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constants C and C; such that for any BMO(Ij) function u, any subinterval I of I
and any A > 0, it holds that

I: — > _
58 {z€1:|u(z) uzl_A}ISCIeXp< =G )
1] ||UHBM0(10)

For any p > 1, by Chebychev’s inequality, we have
1 1 [~
—/(elu@ufl C1)|dz] = —/ {z e 1 fu(z) —url = A} d((e — 1)P)
1| Jr 1] Jo

§pCl/ (e* —1)PTerexp <¢> dA.
0 )

HUHBMO(IO

When pl|u|lgmo(r,) < C2, we obtain

pCIHUHBMO(IO)
C —pllullsmocry)

1
(3.9) —/(e“(Z>“1—1)”|dz| <
11 i

We will repeatedly use the following basic result:

LEMMA 3.1. Letu € BMO(ly) and p > 1. Then " € LP(ly) when pl|u||gmo(1,)
is small. In particular, if u € VMO(1y), then e* € LP(1y) for any real number p > 1.

Proof. When p||u||gmo(z,) < O, it follows from (3.9) that

pCil|ullBmo(r)
Cy —pllullsmocry)

1 u—u p_ 1 w(z)—u P
(3.10) mHe IO_IHP_W Io|e o —1[P|dz| <

Consequently,
1
el < el (e — 1], + |To|P) < +eo.

Now suppose u € VMO(1), and p > 1 is any real number. By (3.7), for any
sufficiently small subinterval I of I, w has small BMO norm on [ so that e“ €
LP(I). Decompose Iy as the union of finitely many small subintervals /; so that
e" € LP(1;), we conclude that e € LP () as required. O

LEMMA 3.2. Let u € VMO(S') and u,, € BMO(S!) on the unit circle. Sup-
pose that ||u, — ulgmost)y — 0 and ao(un —u) — 0 when n — oo, then for any
p > 1, we have |le" —e"||, = 0 asn — oo.

Proof. By (3.10),

2pC1||un — ullgmo(st)
~ Gy —2pllun — ullgmocst

T 0 ne
P
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On the other hand, since v € VMO(S!), Lemma 3.1 implies that e* € L?(S).
Consequently,

le —e*ll, < fle" " = 1], lle" l2p

< Heuuzp<eaMunfu)H€@hf40*aMun7u)__IHZP%_Headunfu)__1H2p>’
which implies ||e"» —e"||, — 0 as n — oo O

Recall that for each sense-preserving homeomorphisms h of the unit circle
onto itself, there exists some strictly increasing continuous function ¢ on the real
line with ¢(6 + 27) — ¢(6) = 27 such that h(e™?) = €'¢(®). Then

(3.11) W () =00 ().

Furthermore, & is absolutely continuous on the unit circle if and only if ¢ is abso-
lutely continuous on the real line.

Note that in the statement of Theorem 1.1, the quasi-symmetry of the home-
omorphism h is not assumed. The following result gives a sufficient condition for
an absolutely continuous sense-preserving homeomorphism to be quasisymmetric,
which will be used in the proof of Theorem 1.1.

LEMMA 3.3. Let h be an absolutely continuous sense-preserving homeomor-
phism on the unit circle such that logh' € VMO(SY). Then h is a quasisymmetric
homeomorphism.

Proof. Partyka (see [Pal, Theorem 3.4.7]) asserted that A is actually a sym-
metric homeomorphism in the sense of Gardiner-Sullivan [GS], namely, for any
pair of adjacent subintervals I; and I, in S! with |I;| = |I,|, it holds that

[h(1)]
h(12)]
A detailed proof of this fact was given in [Pa2]. Here we give a fast proof for
completeness.

Set v = log |l'| for simplicity. Then v € VMO(S!). For any small subinterval
I in S! such that the BMO-norm of v on I is small, we conclude by (3.9) (with
p=1) that

(3.13)
[ < 1) (14 O oy, 1.

||U||BM0 1)

DF/M%WM=/M%M=W/M”WM,
I I I

(3.12)

=1+4+o(1), |Li|=]|L]—0+.

Noting that
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we obtain from (3.13) that, as |I| — 0,
(DI < e [ eE-ide) < 1ie (14 of1)),
I

2 vr
()] > e / ey > e > e (1+o(1).
I

fle‘v(z)*vludz
and so
(3.14) |h(I)| = |I]e" (14+0(1)), [I|] —O.

Now let I and I, be two adjacent subintervals in [0,27] with |I;| = || =1
being small such that the BMO-norm of v on I; U I, is small. It holds that (see
[Gar, (1.3) in Chapter VI])

(3.15) ‘2)]] —2)]2‘ = 2‘2)]] _7)11UIZ| < 4HUHBMO(11UIZ) = 0(1), [— 0+.

Then (3.12) follows from (3.14)—(3.15) immediately. U

LEMMA 3.4. Let h be an absolutely continuous sense-preserving homeomor-
phism on the unit circle. Then logh' € H? if and only if log |V | e Ho.

Proof. Let h(e'?) = e(%) as before. Without loss of generality, we assume that
h(1) = 1 so that $(0) =0, ¢(27) = 2. Then |4/ (¢?)| = ¢/(6), and

(3.16) logh/ () =log |W' ()| +i(¢(0) — 6).

It is clear that log |W/| € H? if logh' € H?.

Conversely, we suppose that log|h/| € H2. Set u = Slogh’ so that @(0) =
#(0) — 6. We will show that u € H', which implies that logh’ € H 3. In fact, the
n-th (n # 0) Fourier coefficient of  is

1 o ~ —inf 1 o —inf
1 2w ) - 1 27 0 -
— _ 1 —n — / 2 _ 1 —in ]
s [ @O e s = [T - e as

Thus, by Parseval’s equality, we conclude by Lemma 3.1 that

1
D lanl = 5>
n#0

n#0

2
2
= [[[B] = 1[5 < toe.

2
/ (‘h/(ew)‘_ 1)67in6d9
0

This completes the proof. (]
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4. Pull-back operator revisited. In this section, we deal with the pull-
back operator on the Sobolev space H : (and also on the Dirichlet space D(A))
by a quasisymmetric homeomorphism. The results will be used in the following
sections to prove Theorems 1.1 and 1.3 and have independent interests of their
own.

Let A be a quasisymmetric homeomorphism. Then & induces a pull-back oper-
ator by

4.1) Pou=uoh, uecH:?.

P, is a bounded isomorphism from H 3 onto itself with P '= P, 1. By the well-
known quasi-invariance of Dirichlet integral under quasiconformal mappings, we
have

4.2) HPhH = Sup{HPh’LLHH% : H’LLHH% = ]} < eT(O’h)-

This operator has played an important role in the study of Teichmiiller the-
ory (see [HS, NS, Pal, SW, TT2]). As stated in the introduction, the univer-
sal Teichmiiller space has a quasisymmetric homeomorphism model, namely,
T = QS(S')/Mob(S'). Nag-Sullivan [NS] proved that the universal Teichmiiller
space 1" can be embedded in the universal Siegel period matrix space by means
of the operator P}, (see also [TT2]). Notice that P, (or more precisely, P o Py,
the composition of P, with the Poisson integral operator P) is also a bounded
isomorphism from D(A) onto itself, and P, ' = Py, 1.
We will need the following result.

PROPOSITION 4.1. Let h and hy be quasisymmetric homeomorphisms which
keep the points 1, —1 and i fixed. Then for each fixed u € H?, || Pru— PhoUHH% —
0 when 1(h,hg) — O.

As far as the author know, Proposition 4.1 is not available in the literature. We
will prove it in the final Appendix section. A natural question to ask is:

QUESTION 4.2. Under the assumption of Proposition 4.1, is it true that || P, —
Py, || = 0 when 7(h,hy) — 0?

We proceed to investigate the pull back operator P, induced by a quasisym-
metric homeomorphism. When restricted to AD(A), Pj, (more precisely, P o Py)
is a bounded operator from AD(A) into D(A). So we may define two further op-
erators Ph+ =PToP, and P, =P~ oP,.Both Ph+ and P, are bounded operators
from AD(A) into itself. For completeness, we recall that P, is a compact operator
if and only if h is symmetric, while P, is a Hilbert-Schmidt operator if and only
if h belongs to the Weil-Petersson class WP(S!) (see [HS]). We will not use this
result in this paper.

The following result will play an important role in the proof of Theorem 1.1.
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PROPOSITION 4.3. P;" is a bounded isomorphism from AD(A) onto itself.
Moreover, it holds that

(4.3) 1P 61 = 612 + 1P, dlop, ¢ € AD(A).

Proposition 4.3 may be a known result, but, to the best of the author’s knowl-
edge, a proof does not appear in the literature. We will give the proof in the final
Appendix section.

We now establish a technical result used to prove Theorem 1.1. We consider
the harmonic conjugation operator H in the usual sense. Precisely, for a real valued
integrable function u on the unit circle, there exists a unique harmonic function v
on the unit disk with v(0) = 0 such that Pu+ 4v is analytic. Then Hu = v|g1.
When u is complex valued, set Hu = HRu+ iHS3u. Then, Hu = Hu, and Hp =
—i(¢ — ¢(0)) when ¢ is holomorphic. We have the following basic result:

LEMMA 4.4. For each ¢ € AD(A), it holds that
(HPy+ PyH) ¢ = —i(2P, ¢ — P, ¢(0) — $(0)).
Proof. The proof goes as follows:
(HPy+PyH)¢(2) = H (P ¢(2) + Py ¢(2)) — iPh((2) — 6(0))
= —i(Py¢(2) = P 6(0)) +iP, ¢(2)
—i( P d(2) + ;I ¢(2) — ¢(0))
—i(2P, ¢(2) — B, $(0) — $(0)). 0

COROLLARY 4.5. Letve H > be real valued. Then there exists some u € H 2
such that ||(H Py, + P, H)u — UHH% = 0. Furthermore, 2H’U,HH% < HUHH%

Proof. Set 1) =i(v+1iHwv)/2. Then Py € AD(A). By Proposition 4.3, there
exists ¢ € AD(A) such that P;"¢ = Pi. Letting u = R¢, we obtain by Lemma
4.4 that

(HPh —l—PhH)u = %(th—i-PhH)(f) = S(2Ph+¢— (P];r(f)(()) — (f)(O)))
— =3 (P 6(0) - 6(0).

Consequently, ||(H P, + P,H)u— UHH% =0, and by (4.3),
Alul? 4 =206l <201PYILp =[] , - O

5. Proof of Theorem 1.1. In this section, we will give the proof of Theo-
rem 1.1. We first recall the normalized decomposition of a quasisymmetric home-
omorphism. For any quasisymmetric homeomorphism h, there exists a unique
pair of conformal mappings f € Sg and g on A and A*, respectively, such that
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f(0)=f'(0)—1=0, g(eo) =00, h = f'og on S'. We call this a normalized
decomposition of h. Conversely, for each f € Sg which maps the unit disk onto a
bounded Jordan domain, there exists a quasisymmetric i with the normalized de-
composition h = f~!og. It is clear that h is uniquely determined if (1) = 1, and
in this case we say h is the normalized conformal sewing mapping of f.

Proof of “only if” part. Suppose h € WP(S!). Consider the above normalized
decomposition h = f~!og. Then, log f' € AD(A), logg’ € AD(A*). For details,
see [TT2] and also [Cu]. Then, k& is absolutely continuous on S I and from foh=g
we obtain (f'oh)h' = ¢'. Thus,

(5.1) logh’ =logg' —log f'oh =1logg — Plog f'.
Consequently, logh’ € H 2. O

Proof of “if” part. The proof of this direction is more difficult. Suppose A is
an absolutely continuous homeomorphism on the unit circle such that logh’ € H 3.
Lemma 3.3 implies that h is a quasisymmetric homeomorphism so that Corollary
4.5 may be used. Without loss of generality, we assume A (1) = 1. Then h(e'?) =
¢ where ¢ is a strictly increasing and absolutely continuous function on the
real line R such that ¢(0) =0, ¢p(0+27) — ¢(0) = 2.

We first assume ||log A’ ||H1 is small. By Corollary 4.5, there exists some u €

H? and a real constant c1 such that
(5.2) (HP, + PyH)u=—Hlog|h'| —Slogh' + ¢y,

and 2HuHH% < ||H1log|h'| +Slog h’HH% is small. Then there exists a locally uni-

valent analytic function f on the unit disk with f(0) = f/(0) — 1 = 0 such that for
some constant ¢,

(5.3) log f'(2) = P(u+1iHu)(z) + ca.

Since ||log f'||ap = ||[u+iH uHH y is small, by the continuity of the inclusion of
AD(A) into B(A), ||log f'|| 5 is also small. It is well known that f is univalent in
A and can be extended to a quasiconformal mapping in the whole plane (see [Be]
and also [AG]). Consequently, log f’ € TN ADy(A).

Now we set v = P,u+log |h'|. Then ||v||H% is small. In fact, when || log h’||H%
is small, ||log 7’| gmo(st) is also small by the continuity of the inclusion H ? into
VMO(S') € BMO(S'). Then h can be extended to a quasiconformal mapping in
the unit disk whose Beltrami coefficient x4 has small norm ||u||. (see [AZ, Be]),
which in turn implies by (4.2) that ||PhuHH 1 is small and so H’UHH 1 is also small.

By the same reasoning as above, there exists a quasiconformal mapping g on the
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whole plane with g(ee) = oo such that g is conformal in A* with logg’ € AD(A*)
and

logg' =v—iHv+ (2 +icy)

(5.4) oo . / .
= Pyu+log|h'| —iH Pyu—iHlog|h'| 4+ ¢ + icy.

Now it follows from (5.2)—(5.4) that

Pylog f' —logg' = (Pyu+iPyHu+ c;)
— (Phu-+log|W|—iH Pyu—iHlog|h'| + ¢y +icy)
= i(PyHu+ HPyu) —log|h'| +iHlog|W'| —ic,
= —i(Hlog|h'| +3logh’) —log|h'| +iH log|h/|
= —logh'.

Consequently, adding some constant to g if necessary, it holds that g = f o h. Since
log f' € Ty, N ADy(A), we conclude that h belongs to the Weil-Petersson class
under the assumption that ||logh’ HH 3 is small. It should be pointed out that the
above reasoning was inspired by David [Da] in an other setting of BMO theory of
the universal Teichmtller space.

When ||logh’/ HH 1 is not necessarily small, we use an approximation pro-

cess. Since logh’ € H %, there exists a sequence (u,) of real valued (real)
analytic functions such that ||u, —log|h’/ |||H ; = 0 as n — eo. Replacing u,, by
up, — ao(un) + ap(log |1'|) if necessary, we may assume that ag(uy,) = ag(log|h’|).
Define h,, (e?) = e»(%) by

2w ? i
(5.5) on(0) = ———— | Odt, feR.
Jo e ®dt Jo

Then, h,, € WP(S!) since ¢, is a real analytic diffeomorphism.

We first show that ||logh!, — logh’HH% — 0 as n — . By our construc-
tion, ||log|hl | —log|h’|\|H% — 0 as n — . We need to show that ||Slogh!, —
Slog h/HH% — 0 as n — 0. For simplicity, we set A, = Slogh!, — 3logh’ so that
X = ¢ — é. Recall that H P C VMO(S!), and the inclusion map is continuous.
Noting that

1

Un) _ 1] = —
ao(e) ~ 1 = 5

2
/ (e'n(t) — elog @ () gt| < |etn — gl |
0

we conclude by Lemma 3.2 that ap(e“") — 1 as n — . Now (5.5) implies that
log |h,,| = u, —logag(e*), which implies ag(log |1, |) = ag(u,) —logag(en) —
ap(log|h'|) as n — . By Lemma 3.2 again, we conclude that, for any p > 1,
A7, | —[A'|]|, — 0 as n — eo. Now since the m—th (m # 0) Fourier coefficient of
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1 2

Am = —
m 27'('0

1 2

=5 |, (@n0) (@) as

1 2 / / —im0
| /0 (¢1,(6) — & (6))e ™" dp

~

Xn(0)e ™0 dp

2mmt

2
: / (I 1) — 1)) im0 o

N 2mmi 0

we conclude by Parseval’s equality that

[Anllzn = Zmz‘am|2 71-2 Z

2

/ ‘h/ 29) . |hl‘(ei€))67im6‘d9

m#0 m#0
2
= |[Ir] = 1X1][5,
which implies ||\, H 1 < [[Anllzn — 0 as n — eo. Thus, ||log hl, —10gh’|| —0

as n — oo,
Now we consider ﬁn = h,oh~ 1. Then h,, is absolutely continuous. Noting that

log hy, = (loghl, —logh') oh™' = P, ' (logh, —logh'),

we find that || log 7/, ||H 1 = 0as n — co. By what we have proved in the small norm

case, h,, € WP(S"). Since WP(S") is a group (see [Cu, TT2]), we conclude that
h € WP(S!). Now the proof of Theorem 1.1 is completed. O

Remark 5.1. By means of Theorem 1.1, we can give a new model of the Weil-
1
Petersson Teichmiiller space. More precisely, let Hy denote the subspace of all
1
real-valued functions in H?. By Theorem 1.1, log |I/| € HZ for h € WP(S!). Con-

1
versely, suppose u € Hy. Adding to a constant if necessary, we may assume that
fozw M dt = 27. Set h(e") = ') by

6
(5.6) P(0) = / "Mt g eR.
0

Then h is an absolutely continuous sense-preserving homeomorphism of the unit

circle with log|h/| = u. By Lemma 3.4 and Theorem 1.1, we get h € WP(S!).

Consequently, the correspondence h — log|h/| establishes a one-to-one map from
1

WP(S!)/Rot(S') onto HZ/R. By means of the H? metric, a metric can be as-
signed to WP(S!)/Rot(S!). This will be done in Section 8.
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6. A counterexample: Proof of Theorem 1.2. Combining Theorem 1.1
with the following result gives the proof of Theorem 1.2.

THEOREM 6.1. Fix o > 1. Define h(e'?) = ¢'#(%)

0 2 2
(6.1) gp(@):ca/ <<loga—logsin%> + (m 4t) )dt, 6 € 10,27,
0

where co, > 0 is a constant so that ¢(2m) = 27. Then h is a sense-preserving home-

1
omorphism which is absolutely continuous such that logh’ € H?2, but h is neither
3
in H?2 nor Lipschitz.

Proof. We first point out that ¢ can be extended to the whole real line R by
means of p(6 4 27) — p(f) = 2x. Consider

2
(6.2) g(z) :loglog1 a

g is holomorphic in A, and except for ¥ = 1, lim,_, .o g() exists and equals

j 0 -0
Q(ew) =log <loga—logsin§ +z’7T 5 > .

We first show that g € AD(A). Noting that

1

/
9(2)= ———>,
(l—z)log%

it is sufficient to show that

// |g'(z)|2dxdy < oo,
{|z—1]<1}

This can be be done as follows:

1
// |9 (2)|*dxdy :/ 55 dudv
{l=—1]<1} {jwl<1} [wlog 75|

1 27 do
— [ pd / L —
/0 ") p?(log® 22 4 62)
b 27
= 5o arctan ———dp
o plog - log ==

)
+° arctan 2?”
= — T dx
1

og2a x

e 2
< 27T/ —2da: ] .
log2a T log2«
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Thus, g € H 2, which implies that Rg € H 2. By Lemma 3.1, we obtain that
exp(2Rg) € L' (S'). Noting that

- 0 -0
Rg(e?) =1log loga—logsini +z'7r2 ‘

1 6\ (m—0)?
_510g<<loga—logsm§> + )

when 0 € (0,27), we conclude that our function ¢ defined in (6.1) is well defined,
strictly increasing and absolutely continuous with

2 _n\2
(6.3) 0'(0) = ca <<loga—logsing> + (r—96) ) , 6€(0,2m).

2 4

Thus, A is an absolutely continuous sense-preserving homeomorphism of the unit
circle onto itself. Since ||¢’|| = oo, h is not Lipschitz. On the other hand, since
log|h/| =logeq, +2Rg € H?2, we conclude by Lemma 3.4 that logh/ € H?.

It remains to show that A is not in H %, or equivalently, &/ is not in H 2. By
means of (3.3), it is sufficient to show that |/| is not in H 3. To do so, we consider
the function

(6.4) f(z)=1log(1-=2)

which is analytic in the unit disk. Then, except for ! = 1, lim,_, .is f(2) exists and
is equal to

T—0

(6.5) f(e”) =log(1—¢") = 10g2—|—10gsin§ —1i 7

It is easy to see that f does not belong to AD(A), which implies that R f is not in
H?2.By (3.3) we have

™ |logsins — logsint|? B
(6.6) / / eyt =t

Fix 0 < e < /4, and set [, = [w/2 —e,w/2+¢€], (I x I)¢ = [0,7] x [0,71] —
I x I.. Noting that log(1 4 z) <  when x > 0, we find that

|logx —logy| < =yl

< — , >0,y>0.
min(z, )

On the other hand, since sinx > (2/7)x when 0 < x < 7/2, we conclude that

2 |sins — sint|? 2 - 2 el
—, s .
) Y €

|logsins —logsint|> 7
|sin(s —1)|2 ~ 4 |s—t[>min(sin®s,sin*t) ~ 4cos’e ~ 2
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Thus,

logsin s —logsint|*
/ |logsins — logsint| dsdt < oo,
1.J1.

|sin(s —t)[?

It follows from (6.6) that

// |10g8i?8_10gszint|2dsdt S
(I.xI.)° |sin(s — 1)

Noting that logsins < logcose < 0 when s € I, we conclude from the above
equality that

log o — logsin s) — (log o — logsin)?|?
// |(log v —logsins)” — (logaw — log sint)“| dsdt
(IexIe)©

|sin(s —t)|?
logsin s — logsint|*
> log?(a? cose) // | OgSlTls ogszln | dsdt = +oo,
(Iex1.)° |sin(s — )]

which implies that

6.7) /” /” |(log o — logsin s)? — (loga — log sint)?|?
' o Jo |sin(s —¢)[?

dsdt = +oo.

On the other hand, consider the function u on the unit circle defined by
u(e?) = (m—0)2, 6 € [0,27]. Then, u € H 3. Actually, a direct computation will
show that the n-th (n # 0) Fourier coefficient of u is

o = 2Wa(e)e*“"bede _ L / h(n —0)%e ™dp = 2
" 2w Jo ~ 21 Jg S on?

Combining this with (3.3) and (6.7), we conclude that |A/| is not in H > This com-
pletes the proof of Theorem 6.1. U

7. Proof of Theorem 1.3. We first prove two general results.

LEMMA 7.1. Given a continuous vector field u(t,-) € C°([0, M], A*) with the
normalized conditions (1.4) and (1.5), the flow maps h(t,() of the differential equa-
tion

dh
7.1 a = ult;h)
(7.1) { T

are quasisymmetric homeomorphisms, and h(t,-) : [0, M] — T is continuous.

Proof. As stated in Section 1, Reimann [Re] proved that, for each fixed ¢ €
[0, M], h(t,-) is a quasisymmetric homeomorphism. In fact, Agard-Kelingos (see
[AK, Theorems 1 and 2]) already proved that h(¢,-) : [0, M] — T is continuous
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under the assumption that u(¢,-) can be extended to a so-called quasiconformal
deformation U (¢,-) to the unit disk with AU (¢,-) € C°([0, M], L=(A)), which was
proved to be true by Gardiner-Sullivan (see [GS, Section 8]) and Reich-Chen (see
[RC, Theorem 2.2]) independently. A detailed proof of Lemma 7.1 can be found in
our paper [HWS]. O

LEMMA 7.2. Let hy, t € [0, M] be quasisymmetric homeomorphisms which
keep the points 1, —1 and i fixed. Suppose uy : [0, M] — H> and hy : [0,M] —-T
are continuous. Then Pp,,u; : [0, M] — H 3 is continuous.

Proof. Fix ty € [0, M]. By (4.2) we have

[Py = Pryy g ||y < A1Pngtie = Phyusgll 3 4 [ Phytiag = Py usol 3

< e ||y, — UtoHH% + (| Phy gy — Phtouto”H%'

We conclude that Py, u; : [0, M] — H > is continuous by Proposition 4.1 and the
continuity of u; and hy. O

Now we begin to prove Theorem 1.3. It is contained in

THEOREM 7.3. Given a continuous vector field u(t,-) € C°([0, M],H%) with
the normalized condition (1.4), the flow maps h(t,-) of the differential equation
(7.1) belong to the Weil-Petersson class, namely, h(t,-) € WP(S') for each fixed
t € [0, M]; Furthermore, the mapping t — logh/(t,-) from [0, M| into H? is con-
tinuously differentiable such that

d / /
(7.2) alogh (t,-) =u'(t,h(t,-)).

Proof. Without loss of the generality, we assume that the vector field u(¢,-)
also satisfies the normalized condition (1.5) so that the the flow maps h(t,-) keep
the points 1, —1 and ¢ fixed. We first point out that by Figalli’s result (see [Fi]),
for each fixed ¢ € [0, M], h(t,-) is absolutely continuous. As done by Figalli [Fi],
differentiating both sides of the equation

d

(7.3) ah@@):u@ﬁ@@ﬂ

with respect to ¢ yields

d

%M@Q:w@ﬁmowﬁih

that is,

d / !
T logh'(1,0) = (t.h(1,0))..
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Noting that 4(0,() = (, we obtain
t
(7.4) logh'(t,¢) :/ ' (s,h(s,¢))ds.
0

Recalling that the inclusion of H 2 into A* is continuous, we conclude that
W' (t,h(t,")) : [0,M] — H? is continuous by Lemmas 7.1 and 7.2. Now Theorem
7.3 follows from the following Lemma 7.4 immediately. (]

LEMMA 7.4. Suppose u(t,-) : [0, M] — H? is continuous, and
t
as) U0 = [ uls.0ds, e
0

Then for each fixed t € [0,M], U(t,-) € H2, and U(t,-) : [0, M] — H? is contin-
uously differentiable with

d

Proof. For simplicity, we set U (¢,-) = Uy, u(t,-) = us. By definition we have

27 t
an(Up) = %/o (/0 us(ew)ds> e~ dp
t 1 2 ) )
:/ <—/ us(ew)eme(w) ds
0 \27 Jo

= /Ot an(us)ds.

t
lan(U)P <t / Jan (us) Pds,
0

Then,

400
||Ut||2% = Z |”||00n(Ut)|2

n=-—oo

+oo t
<t Z |n|/0 lan (us)|*ds

n—-—oo
t fee

= nauzg
—t/OZH\n(s)\d

n=-—oo

t
—t / lusl , ds
0 H?2

< t? max |ul® ..
s€[0,t] H?2
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Consequently, for each fixed t € [0, M], U(t,-) € H?.
It remains to show (7.6). Fix ¢y € [0, M]. Noting that

to+t
Uy 14(C) — Usy (€) — tugy () = / (us(C) — gy (€))ds,

to

we conclude by the reasoning as above that

_ _ < _
HUt0+t Uto tUto”H%_|t|\sI?(ﬁé|t\”us uto”H%ﬂ

which implies that

Uit — U,
lim ||t gy, <lim{ max |lus—uyl 1]=0,
t—0 t gy =0 \Js—to|<[t] Hz
that is, U, is differentiable at ¢, and (7.6) holds. O

Remark 7.5. Here it is an appropriate place to relate a result of Figalli [Fi].
In an attempt to study the regularity of the elements in WP(S'), Figalli [Fi] in-
vestigated the smoothness of the flows of the H 3 vector fields and showed that
there exists some H> vector field whose flow is neither Lipschitz nor H 3. Now
our Theorem 7.3 says that the the flow maps of the H 3 vector field in Figalli’s ex-
ample must also belong to WP(S!), which in turn implies (Theorem 1.2) that there
exists some quasisymmetric homeomorphism which is in WP(S') but is neither
H> nor Lipschitz. Our proof of Theorem 1.2 relies neither on Theorem 7.3 nor
on Figalli’s result. Moreover, it gives an explicit expression of a quasisymmetric
homeomorphism of the Weil-Petersson class being neither H 3 nor Lipschitz.

8. Proof of Theorem 1.4. Recall that the universal Teichmiiller space has
a quasisymmetric homeomorphism model, namely, 7' = QS(S')/Mob(S'). Now
T =QS(S")/Rot(S") is a fiber space over 7" and in fact is a model of the universal
Teichmiiller curve (see [Ber, Te, TT2]). Each point in 7 can be considered as a
quasisymmetric homeomorphism which keeps 1 fixed. There exists a one-to-one
map ¥ from 7 onto Tb (another model of the universal Teichmiiller curve) which
sends A to log f’ under the normalized decomposition h~! = f~log. Via ¥, T is
endowed with a standard complex Banach manifold structure such that ¥ : 7 — T,
is a bi-holomorphic isomorphism (see [TT2] for more details).

Now we consider the Weil-Petersson class. Set 7o = WP(S!)/Rot(S'). Then
T establishes a bijective map between 7g and 7, N ADy(A). As stated in Remark
5.1, a natural metric assigned to 7y is the following H > metric:

(8.1) d(hl,hz) = Hlog\h’2| —log\hll hl, hz S 76

0,4
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Examining the last step in the proof of Theorem 1.1, we see that the metric is
topologically equivalent to the following metric:

(8.2) d'(h1,h2) = |[loghy —log R I, Phiha€To.

Then we have the following result.
THEOREM 8.1. W : (To,d) — Ty,NADy(A) is a homeomorphism.

Proof. We first recall the fact that |logh’ H y is small if and only if
| log(h~") || 1 is small. Examining the proof of Theorem 1.1, we find out
that || (h )H Ap is small if |[logh’/ HH y is small. Thus, W is continuous at the

base point id. Conversely, suppose log f’ € T, N ADy(A) has small norm. Let
h~!' = f~'og be the normalized conformal sewing mapping of f. We need to
show that ||log /|| 44 is small, or equivalently, [[log(h~1Y|| 1) is small.

Since Sy = (log /') has small norm (2.5), by means of the well-known
Ahlfors-Weil section (see [AW]), f can be extended to a quasiconformal mapping
in the whole plane whose complex dilatation p has the form

8.3) u(z) :—%(|z|2—1)2sf(z*1)z*4, ze A

Thus, © € M(A*) with small norm ||x||wp. By means of Lemma 1.5 in [TT2], we
have f,(e0) = oo,

We first consider the special case that f = f,|a. Let w,, be the unique quasi-
conformal mapping of A* onto itself with Beltrami coefficient p and keeping the
points 1 and e fixed. Extending w), to the unit disk by symmetry, we obtain a quasi-
conformal mapping w,, in the whole plane with w,,(0) = 0. Then g = f, 0 w;l
and h = w,|g1. Now Lemma 2.5 in [TT2] implies that the Beltrami coefficient v of
w;l has small norm ||v/||wp. On the other hand, it is easy to see that h = g~ ' o f is
the quasisymmetric conformal sewing mapping corresponding to rj o g o j, where
j(z) = 27! is the standard reflection of the unit circle and r is a constant such that

r(jogoj)(0)=1. Now rjogoj=rjo fuow, "0 j|a has the quasiconformal
extension rjo f,ow, !0 j| o+ which keeps the p01nt at infinity fixed, we conclude
that log(rjogoj) has small norm in ADy(A) since the Beltrami coefficient v of

*1 has small norm HI/HW p. Thus, log ¢’ has small norm in AD(A*). It follows
from (5.1) that ||log(h~1)'|| ! is small.

In the general case, since f and f, have the same complex dilatation p, we
conclude by the normalized conditions f(0) = f,(0) =0, f'(0) = f,,(0) = 1
and f)/(0) = 0 that f = v o f,, where v1(2) = =5 with A = f”(0)/2. Since
log f" € T, N ADy(A) has small norm, we conclude that A = f”(0) /2 is small (see

[Te]). To find the normalized conformal sewing map of f,,, we set z; = g~ ! (—%),
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. l-z
z) = Zl(lizfl),and

11—z z— 2

’YZ(Z) - 1—Z2 1—Z_2Z

A direct computation yields that 7,(1) = 1, y2(ee) = z;. Noting that g(eo) = oo,
we conclude that z; tends to infinity and 2z is small when A is small. Consider
g= fyfl 0go~,. Then g is a conformal mapping from A* onto f,,(A*), and §(1) =
Ju(1), g(eo) = eo. Consequently, the normalized conformal sewing map of f, is

hl=fleg=f"or ogom=flogom=h""om,

which implies that h =y, 0 h. By what we have proved in the first (special) case, we
conclude that || log i’ HH y is small when |llog f'|| 4p is small. On the other hand,

when ||log f’|| 4p is small, 2, is small, which implies that

4|22 1
1 ———dxdy = 4log ———
H Og’Yz”AD // = 22‘2 ray Ogl—\zz\z

is also small. Therefore, we conclude by log i’ = log~} o h+log i’ that || log i’ ||H !

is small when || log f’|| 4p is small. This completes the proof that ¥ ! is continuous
at the base point 0.

We now handle the general case by changing a general point to the base point.
We only sketch the standard procedure by using the so-called allowable mappings
(see [Ber, Na, TT2] for more details). Let h € Ty be fixed. Consider the map R},
defined by Ry, (k) = koh~!. Then Ry, is a bijective map from 7y onto itself. Noting
that

(8.4) d'(Ru(k1), Ru(h2)) = [|(logky —logk{) o h ™"y,

we conclude that Ry, is a quasi-isometric map from 7 onto itself under the d'-
metric. Now let w be a quasiconformal extension of A to A* such that w is quasi-
isometric under the Poincaré metric with Beltrami coefficient ;1 € M(A*). The
existence of such a quasiconformal extension is guaranteed by means of the well-
known Douady-Earle [DE] extension of a quasisymmetric homeomorphism (see
[Cu]). As stated in Proposition 2.2, R,, induces a bi-holomorphic isomorphism
w* from Ty onto itself with w* o ® = & o R,,. In fact, it is known that R, also
induces a bi-holomorphic isomorphism w* from T N ADy(A) onto itself which is
related to Ry, by w* o ¥ = Wo Ry,. By using the allowable mappings w* and Ry,
we conclude that both W : (7g,d) — T, N ADy(A) and its inverse are continuous
at a general point i (or V(h)). O

Proof of Theorem 1.4. Let A denote the natural projection from 7Ty =
WP(S')/Rot(S') onto Ty = WP(S')/Mob(S'). The metric d on Ty descends
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down to a metric on 7T, still denoted by d, as follows:
(8.5) d(hl,hz) = inf{d(ﬁl,ﬁz) : /N\(}Nll) = hl,]\(flz) = hz}, hl, h, € Tp.

By Theorem 8.1, ¥ establishes a homeomorphism from (7, d) onto T, N ADy(A).
On the other hand, Theorem 2.5 says that A : T, N ADy(A) — B(Tp) is a holomor-
phic split submersion. This already implies that W : (75, d) — 7, N.ADy(A) induces
a homeomorphism from W : (T, d) onto 3(7p), which implies that the metric d and
the Weil-Petersson metric induce the same topology on Ty = WP(S')/Mob(S).

U

9. Open problems. It is known that 7o = WP(S')/Rot(S!) inherits a stan-
dard complex Hilbert manifold structure from ADy(A) by the bijection ¥ : Ty —
TN ADy(A) (see [TT2]). Meanwhile, Hlé /R provides 7Ty with a real Hilbert man-
ifold structure by the correspondence h — log|h/| (see Remark 5.1). Now Theorem
8.1 says that theses two Hilbert manifold structures induce the same topology on
To. It is not clear whether these two manifold structures are compatible with each
other. We believe this is the case and propose the following:

CONJECTURE 9.1. Under the normalized decomposition h™' = f~1og, both
the bijective map log f' +— log || and its inverse are real analytic.

In the recent paper [GR], Gay-Balmaz-Ratiu made the following:

CONJECTURE 9.2. [GR] Given a continuous vector field u(t,-) € C°([0, M],
H %) with the normalized condition (1.4), the flow maps h(t,() of the differential
equation

dh
h(0,¢) =¢

belong to the Weil-Petersson class, namely, h(t,-) € WP(S') for each fixed t €
[0, M]; Furthermore, the mapping t — h(t,-) from [0, M| into WP(S") is contin-
uously differentiable under the standard Hilbert manifold structure introduced by
Takhtajan-Teo [TT2].

The first assertion in Conjecture 9.2 is true by our Theorem 7.3. Furthermore,
1
Theorem 7.3 implies that the mapping ¢ — log |1/ (¢, -)| from [0, M] into H} is con-
tinuously differentiable. It is clear that if Conjecture 9.1 were true, then Conjecture
9.2 would also be true.
Based on Lemma 7.1, it is natural to propose the following:

Problem 9.3. Given a continuous vector field u(t,-) € C°([0, M], A*) with the
normalized condition (1.4) and (1.5), let h(t,-) be the flow maps of the differential
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equation (9.1). Determine whether or not the flow h(¢,-) : [0, M] — T is continu-
ously differentiable.

10. Appendix: proof of Propositions 4.1 and 4.3. In this section, we will
prove Propositions 4.1 and 4.3 as we promised in Section 4. We restate them as
follows.

PROPOSITION 10.1. Let h and hg be quasisymmetric homeomorphisms which
ull g —
H?2

0 when 7(h,hg) — O.

PROPOSITION 10.2. P;" is a bounded isomorphism from AD(A) onto itself.
Moreover; it holds that

(10.1) 1P ¢1ap = 612 + 1Py 0l2p, ¢ € AD(A).

Here it is an appropriate place to point out that, though not stated in this form,
Proposition 10.1 has appeared in the unpublished Master thesis [Li] of Q. Liu.
To prove Propositions 10.1 and 10.2, we need two related operators. Let A%(A)
denote the complex Hilbert space of all holomorphic functions % on the unit disk
with norm

| %
(102) lolle = (£ [ 1o Ragan)

Then D¢(z) = ¢/(z) determines an isometric isomorphism from ADy(A) onto
A2(A).

For a quasisymmetric homeomorphism #h, two kernel functions were intro-
duced in the previous paper [HS] by Hu and the author. They are

(103)  on(¢.2) = 5 /S e Cw)’jﬁ”)_zh(w))dw, (C.2) e AxA,
(104)  ¥u(C2) = 271”/51 = w)zh(lw—)zh(w))dw’ (¢,2) €A XA,

The two kernels ¢, and 1, induce two bounded operators on A?(A) as follows:

(10.5) / (¢ 20 ()dady, e A(D), C €A,
and

106)  Tr(0) / (¢ 2)(2)dedy, & e A2(A), (€ A.
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Then, Theorem 3.1 in [HS] says that on AD(A),
(10.7) DoP, =1, oD, DoP,j:Th*oD,
while Lemma 2.3 in [SW] says that
(108) 1T 6120 = 612 + 1T e, &€ A(A).
We first prove

LEMMA 10.3. Let h be a quasisymmetric homeomorphism which keep the
points 1, —1 and i fixed. Then

(1) ||P, || = 0 when 7(0,h) — 0.

(2) For each fixed ¢ € AD, | P,"¢ — ¢|| ap — 0 as 7(0,h) — 0.

Proof. By the definition (2.1) of the Teichmiiller metric, there exists a so-called
extremal quasiconformal extension f of / so that its complex dilatation y satisfies

2 (0h) _
[l = 270 11
Thus, as 7(0,h) — 0, ||/l — 0. Since h keeps the points 1, —1 and i fixed, we
conclude by Strebel’s approximation theorem (see [St]) that 0f(z) — 1 for a.e.
z € A, and f(z) — z locally uniformly in A.
(1) Proposition 3.1 in [HS] says that

(10.9) 1T, || < lel-

VI=[ul2

which implies that, when 7(0,h) — 0, ||} || — 0 and consequently that || P, || — 0
by (10.7).

(2) By (10.7) we need to show that for each fixed 1) € A2, | T} 1) — || 42 — O
as 7(0,h) — 0. Clearly,

2
1010) 570w = [T 0 e+ 9iBe = =% [ TroyatCiaean

Proposition 3.2 in [HS] says that

(10.11) TJQ/)(C):%//A Wdudv,
and
(10.12) |TF| < !

VI=[ul2
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Then,
/] T woicagan
Of (W) (f(w)) -
—‘// (// 1——<w2d“d“> (e

(10.13)

- ( // d§d77> 0. (w)(f () dudo

/ of (w P(w)dudv.
By (10.10)—(10.13), we only need to show that

. 2
(10.14) Jim [ (P = S@roi) =0

Noting that

0 < |l —afe(f)dl+ [P = 0fv(f)Pl < 2P,

we conclude by Lesbegue’s dominated convergence theorem that

. 2 - 2 A
lim //A (102 = BF6(FYB|+ [ — |2 6(1)B)

4]l —0

_ //A lim ([0 = f (£ + [0 — |0 f(f)B) =

[l 4ll-—0

On the other hand,

(/[ 1osuts w|> < [[[ 10 [[ 1wpriore
YIRS
—m(//A'W)'

Combining these two inequalities together we obtain

(10.15) / 1> — o fv(f

IWH°°

Now (10.14) follows from (10.15) by noting

1> = R@FY)D)] < > =D f(f)P].
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Proof of Proposition 10.1. Let u = ¢ + 1) be given. Noting that

Pru(z) —u(z) = Prd(2) + Putp(2) — ¢(2) —9(2)

= Py ¢(2) = ¢(2) + Py vh(2) —¥(2) + Py 6(2) + Py ¥(2),

we conclude by Lemma 10.3 that || P,u — uHH% — 0 when 7(0,h) — 0. Conse-
quently,

1Puts = Prgual, 3 = 1Py (Proports =)l . < 11 Phg [ Bygovta =y —0

when 7(0,hohy ') = 7(h, ho) — 0. O

To prove Proposition 10.2, we also need the so-called Grunsky operator. Con-
sider the normalized decomposition h = f~! o g as before. Set

(10.16) U(f,C,2) = FOfE 1 (¢,2) € Ax A,

FO=FRIF ((—2)*

Then Sf(z) = —6U(f,2,z) is the Schwarzian derivative of f. f determines the
so-called Grunsky operator on A?(A), defined as

(10.17) G (C) :%//A U(f,¢,2)1(2)dady.

It is known that G is a bounded operator from A?(A) into itself with |G| < 1
(see [Pol, Sh, TT2]). The following relation was proved by the author and Wei
[SW]:

(10.18) Tion:JoT}:oJ,
where .J is the operator defined by J$(z) = ¢(Z) so that J?> =id, and JoD = Do J.

Proof of Proposition 10.2. (10.1) follows directly from (10.7) and (10.8). Now
let v € AD(A) be given. Choose w € ADy(A) so that Dw = —G¢JDv. By
(10.18) it holds that

JT, D+ T, Dw = JT, Dy — T, GJ D =0.
By (10.7) we obtain
D(Pfw+ JP, ¢) =T,  Dw+ JT, Dy =0.
Then,

PPy(p+w) =P+ JP, Y+ Plw+ JJP, w= P+ JP, w+ P w(0).
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Set ¢ =

Y. SHEN

P+ JP; w+ P w(0). Then ¢ € AD(A), and Py,-1¢ = ¢ + w. Con-

sequently, P}j, ¢ =1, and P]:[ , is surjective. Replacing h~! with h, we conclude
that P;’ is surjective. O
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