CHARACTERIZATION OF SUBSETS OF RECTIFIABLE
CURVES IN R*

KATE OKIKIOLU

1. Introduction

By a cube @ in R™ we mean a closed cube with sides parallel to the axes. Let /,
denote the sidelength of Q and for 4 > 0 let AQ denote the cube concentric to Q with
sidelength /,, = Al,. We say Q is a dyadic cube if

Q = []lm,27%,(m+1)274), keZ,mel.
jm1

Let 2 denote the set of all dyadic cubes. Given a set I' = R" define the cylinder radius
of I'in Q, ry = ry(I'), to be the minimum radius of a cylinder containing I' N Q, that
is, the maximal distance from points of I’ N Q to a best approximating line. Write [(E)
for the one-dimensional (outer) Hausdorff measure of a set E. In this paper we prove
the following.

THEOREM. If T is a connected set in R™ then

2
¥ B¢ < cum),
Qe IQ

where C = C(n).

The special case of n = 2 was proved by Peter Jones using complex analysis (see
[3], for applications see [1, 2]) and the converse of the theorem is included in the
following result (see [3]).

If A = R" then there exists a connected set T such that A = T and

(T) < (1+ ) diameter (A)+C ¥ ’3—@1@
Qe? Q

for 6 > 0, where C = C(n, ).

It is well known that if " is a connected set in R" then there is a tour of length 2/T")
that hits every point of I'. So if A is any set in R", the minimal length of a tour that
hits every point of A is comparable to the minimal value of /(I'), where the minimum
is taken over connected sets I' containing A. By the results stated above, this is
comparable to the quantity

2
diameter (A)+ Y. M.
Qe IQ

Received 14 September 1990; revised 15 April 1991.
1991 Mathematics Subject Classification 28A.
J. London Math. Soc. (2) 46 (1992) 336-348



CHARACTERIZATION OF SUBSETS OF RECTIFIABLE CURVES IN R" 337

I would like to thank John Garnett for a lot of very helpful advice.

Notation and outline of the proof of the theorem
We write

x,yl={Ax+(1-D)y:0<Ai< 1}, x,yeR",

By(x) ={y:|x—yl < 4}, xeR", AR,
E+x={e+x:ecE}, xeR* E = R",
x-E={x-e:eckE}, xeR", E<c R",
x, for the jth coordinate of x, xeR",

E, ={e;:ecE}, Ec R",

OF for the boundary of E, Ec R

For keZ, 2, is the set of dyadic cubes of sidelength 27,

Let Q° be a cube in R™. Choose a new origin and coordinate axes in which Q° =
[0,1]*. We define the dyadic decomposition of Q° to be the set of dyadic cubes (with
respect to the new coordinates) contained in Q° and we denote this set by (Q°). We
define the kth generation of Q° to be set of cubes in 9, contained in Q° and we denote
this set by <Q*,.

Let A > 1. In Lemma 1 part (b) we show how to associate to a cube Q° a finite
number of larger cubes containing Q° such that if Q is a cube in the kth generation of
Q°, then AQ is contained in some cube Q* in the kth generation of one of these larger
cubes. Furthermore, the number of cubes Q in the dyadic decomposition of Q° giving
rise to the same cube Q* under this association, is bounded. This association will be
used several times during the proof. First we use it to reduce the theorem to proving
the following:

If T is a connected set in R™ and Q° is a cube in R" then

2
L FE<cm),
Qe(@™ ‘e

where C = C(n).

To prove this result we write

r2 r2 r2
y leo yleyyle
e le  cewle qemle
where &/ is the set of cubes Q€<{Q°> such that ' n Q* is ‘almost’ a union of two or
more straight line segments with endpoints in 0Q* (where Q* = 0*(Q,0%4), A =
A(n)) and & is the set of cubes in {Q°> which are not in &/. We now describe &/
precisely.

We may assume that I" is closed. There exists an arclength preserving map
y:T— T, where T is a circle with /(T) = 2KT’), such that »(T) = T" and y hits almost
every point of I' twice. Let Q be a cube in R”. Let {T*: € A,} be the set of connected
components of y~(Q), where A, is an indexing set.

Write

I = (7).
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We have that ' n Q= |

aeA

o I« Write
. f[y(x), y(y)] if T* # T, where x, y are the endpoints of the arc T,
o ifT*=T.

If T* # T then I'* is (the image of) a curve with endpoints in dQ and L?is the line
segment joining these endpoints. Write

L

supdist(z, L% if T*#£T,
5, = zel®
o ifTe=T
and
Sq = Sups,.
aeAQ

Notice that s, depends on our choice of y. Also notice that if s, is very small then
I' n @ is “almost’ a union of straight line segments with endpoints in dQ. We shall
set

o ={0€{Q" :5q. < Org},

B ={Qe(Q% 150 > I,
where é = d(n) > 0, Q* = 0*(Q, 0% 4) and A = A(n) > 0. Lemmas 1 and 2 enable us
to bound
r

I

)y
Qe

while Lemmas 1 and 3 enable us to bound

~

Q

2
To
Qesf lQ

Lemma 2 states that if I is connected and /(I') < co then

2
Y E<arno,
Qe ‘e
where C = C(n). The main ingredient in the proof (which follows Peter Jones [3]) is
the Pythagorean theorem.

Lemma 3 states that

Y. re < CKT n2Q°%
Qesf
where C = C(n).

In Section 2 we prove Lemmas 1 and 2 and put together Lemmas 1, 2 and 3 to
prove the theorem. The proof of Lemma 3 is lengthy and is given in Section 3. To
illustrate the proof consider the case where I' N AQ° is just a union of two straight
segments with endpoints in dAQ°. Then for each cube Qe {Q°) we can choose an
interval E, = I' n 2Q such that

ro < cl(Ey)
and such that any point of T is contained in E, for at most C cubes Q€{Q°). Then

Y oro<c Y, UE,) <cCIT n 20.
Qe<@™ Qe
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REMARK. The theorem is equivalent to the following result. If A’ > 4> 0, if
I' = R” is a connected set and if Q° = R™ is a cube, then

2
v Le g coqrn 1),

Qe® ‘e

where C = C(n, 4,4"). We do not prove this here.

2. Proof of the theorem
LeMMA 1. (a) Let A > 0. If F< R" then for k=0,1,2,...,

diameter (F)

K(Qe D, F 1 A0 % &) < ( o +a+1) .
(b) Let A > 1. If Q% is a cube in R” then for k = 0,1,2, ... and each cube Q€<{Q°),
there exists a cube which we denote by Q* = Q*(Q, Q°, A) such that

2Q € 0*e QU )y
where V is the set of the 2" vertices of the cube [0, 1]" and
0°(A,e) = 4&Q°+%e.
If
Qe lJ<Q(4, &),
eV
then

#({Qe<Q%:0* = 0)) < (4N

Proof. (a) Now F is contained in a cube, QF, of sidelength diameter (F). If
Q€9 and Fn AQ = & then Q is contained in the cube concentric to QF with
sidelength equal to diameter (F)+(A+1)27*.

(b) We prove (b) for

1 11 17
LI e I
= [2 8N’2+8N]
(s0 4NQ° = [0, 1]"). The result follows for any other cube by dilation and translation.
y

Suppose that ke{0,1,2,...} and J < [}, 1] is an interval of length /, < 27%/3. Then
there exists an interval I* € ([0, 1]), such that

JS *+e/3 @.1)

where either ¢ = 0 or e = 1. To see this, suppose that there is no interval * € ([0, 1]),
with J < I*. Then there is an interval in ([0, 1]), with an endpoint xeJ. Since
J [0, 1]+1, there is an interval I*€{[0, 1]), with xe I*+3}. Let y be an endpoint of
I*+31 Write x = 27%p, y = 27%¢ +1 with p,qeZ. Then

k

2 -k
—xl=2"%|g— ===,
ly—x| 9-p+3 3

Since I, € 27*/3 we conclude that J = I* +31. This proves (2.1).
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Next, let I° = [;—1/8N, 3+ 1/8N] (so 4NI° = [0, 1]). If ke{0, 1,2, ...} and Te {I*),
then NI < [3, 1] and [, = 27%/4 < 27%/3. By writing J = NI in (2.1), we see that there
exists *e ([0,1]), and e = 0 or 1 such that

NI<S *+e/3. 2.2)

Let Q° = [;—1/8N, 3+ 1/8N]"* and Qe<Q°),. By writing I = Q, in equation (2.2)
for 1 <j < n, we see that there exists I} ([0, 1]), and ¢, = 0 or 1 such that

(NQ)j = NQj 911*"'81/3‘

Thus
vo<T](n+2) =TI+ < ore (01 45),
1 3) 3 3/
where e = (e, ...,e,)E V.
Finally, if

el <[0,1]"+§>

eeV

and Qe{Q° is such that 0* = 0 then 0 = 0 and ly = l5/4N. There are at most
(4N)" such cubes Qe<(Q%.

Proving the Theorem is now reduced to proving the following.

If T is a connected set in R™ and Q° is a cube in R™ then

2
Y ‘e<crn),
e le
where C = C(n).

To see this let Q° be a cube in R™, Then

r2 r2* r2
Y opEsn p o<y Y &

Qe(e® lo Qe(@™ lQ" eeV Qe<Q%3,0)) tQ

where Q* = 0*(Q, Q% 3), by Lemma 1.

LeMMA 2. IfT is a connected set in R™ with (I") < o0 and Q° is a cube in R" then

T Se<urn o,

ece® le
where C = C(n).

Proof. Let Q be a cube in R™ and let xe A,. Write
A, ={B:T° = T*,Be A, for some Q' €{Q),}, k=0,1,2,...,
sup dist(x,L*), T*# T,

BeA,

t =
YR %)) =T
PeA,
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Let a(k)e A, , be an index such that

fay = SUP 1,  k=0,1,2,....
ey i

Then

+)
50 < Yt 2.3)
k=0
To see this, suppose that a, is a sequence such that o, = &, %, €A, ,. Then the
sequence s, is eventually non-increasing and s, — 0, so

[oo]
Sy = Z (sak—sakﬂ)‘
k=0
Let a, be such that

S, = Sup s

X41
Behq,

Then s, — 5, <ty SO We get equation (2.3).
We also have
t

)

)

aeAQ
Qe(@™

< CIT v QY,

S|

Q

where C = C(n).
To see this, let xe A,. By the Pythagorean theorem,

gs wn( 5 I(L/”)—I(L“))

BeA,,,
Hence
t2
) ,—“sC( L ow)- o)
acAQ ‘@ BeAg aeAQ
Qe Qe ks, Qe

for k=0,1,2,..., where C = C(n). Hence

2
Y ;—“SCsup Y (L)< Csup Y KT
aeAg ‘Q k acAQ k acAQ
Qe<e% Qe Qe

— Csup f Y o) dix)

k Jy @ @ed@,
< 2"Cl(y™(Q%) = 2"*'CIT n Q°),

where y, denotes the characteristic function of the set Q and C = C(n). Putting
equations (2.3) and (2.4) together, we get

(5 5<( 5 S <g s %)

aeAq aeAq k=0 \ aeAq lQ
Qe(@® Qee® Qe(@®
0 t2 % \
- ¢ ) <curn o)
k=0 aeAq 2 IQ
Qe¢@®

where C = C(n). From this, we get Lemma 2.
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ReEMARK. Suppose that I' is the image of a closed, rectifiable, chordarc Jordan
curve with chordarc constant k. That is, suppose that there is a circle T and a length
preserving bijection y: T — T and if x and y are in I then the (shorter) arc between
x and y has length bounded by k|x—y|. Let Q° be a cube in R If Qe{Q°) and
Q* = 0*(Q, Q% A), where A = k+/n+ 1, then at most one component of ' N Q* meets
Q and there is one arc in T mapped onto this component. Hence r,, < 54, = 5,.(y) and

2 2
L < L E<arng),
Q@D ‘e Qe@® ‘e

where C = C(n,K), by Lemmas 1 and 2. This proves the theorem for closed,
chordarc, Jordan curves.

LeMMA 3. IfT < R" is a connected set with [(I') < co and Q° = R" is a cube then

Y ro < CUT N 200,

Qe
where st = {Q€{Q" :5¢. < Iy}, @* = 00, Q% A), A = A(n), 6 = d(n) and C = C(n).
Before proving Lemma 3 we shall now complete the proof of the theorem.

Proof. Let d,4 be the constants in Lemma 3. Let

o ={0e{Q 54 < Iry),
B ={Qe{Q% 5. = 0y}
Then
r2 r2 r2
L s YA+ r A
Qe ‘e  Qex e qeamle
Now

zd;—z < YD Y ro < CKT n 20,
Qe Q

2 Qegof
where C = C(n), by Lemma 3, and
rr o1 3. 42 s2.
LrRcny ey E

2
Qe®‘Q Qe IQ é Qe lo'

G s v Secarr n gy,

o eeV Qe 0)) fQ
where C = C(n), by Lemmas 1 and 2.

<

y/

3. Proof of Lemma 3

First we give a brief outline of the proof beginning with some simple Euclidean
geometry. Let Q < R™ be a cube and let #* and % be lines meeting 3Q. We define
two line segments

P < #* n AQ\interior(2Q)

Pc % n20



CHARACTERIZATION OF SUBSETS OF RECTIFIABLE CURVES IN R" 343

having the same length, comparable to the maximum distance of points of #* n 20
to £°.

In Lemma 4 part (a) we will show that there exists a unit vector w® such that the
length of the interval w- I* N w- ¥ is comparable to this maximum distance for all unit
vectors w close to w°.

In Lemma 4 parts (b) and (c) we use this to show that if I" is a connected set, Q°
is a cube, Q is in the dyadic decomposition of Q° and s,,. is small (thatis ' n Q* is
‘almost’ a union of straight line segments), then we can find sets /* and P which
are ‘almost’ straight line segments with

I*< T n AQ\interior(2Q)
FPcTn20
and a unit vector w® such that the length of the interval w-* n w+ P bounds (up to a

constant) r, for all unit vectors w close to w®. Hence for such cubes Q, r, is bounded
by the length of the interval

w-I' nA0\20) n (w-T n 2Q).

To complete the proof of Lemma 3, we show in Lemma 5 that we can sum the
lengths of the above intervals over all cubes Q in the dyadic decomposition of Q°, and
the result will be bounded by a constant multiple of T n 2Q%. This is a slightly
subtle fact which would be false if the number 2 were replaced by the number 3. The
main ingredient in the proof (see in Lemma 5 part (a)) is the fact that if I is a dyadic
interval (that is, a dyadic cube in R?) then the right endpoint of 27 is the midpoint of a
dyadic interval of the same length as I. If however J is a dyadic interval longer than
I, then the right endpoint of 2J is an endpoint of a dyadic interval of the same length
as I. Hence these two right endpoints are separated by a distance at least half as long
as I.

We now embark upon the full proof.

Let Q = R be a cube and let #* and #* be lines meeting $Q. We define points
x* y*e #* and X, X £ as follows. Let %, v*, ¥, ¥#e R" be such that
L ={u"+ 1 teR},
PP =W+ 1h:.1eR},
¥ =1 =1 v*¥>0,
W —vh) v* = (W —u*) 1P,
By replacing (v%,v%) by (—v*, —v#) if necessary we can assume that
LN 20 = [u*+ s, u* + %],
PP n 20 = [+, u/’+tf’vﬁ],}

where s* < 14, s < ¥ and max {|s%,|s¥]} < max{#, #/}. Relabel #* and % if necessary
so that 1* < . Write

(3.1)

x* = u*+ th°, X =+ P,
Y= u“+(l‘3+l—2—g) v*, ¥ = uﬂ+(t’3—£29) #, (3.2)
F=[x*%)7 P =[x,y
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Then
dist (X%, %) = sup dist(x,.£% (3.3)
:efﬁn 2Q
and
|x*—xf| < v/2dist (x%, £%) < 2/ (2m) .
S
° I* < AQ\interior (2Q), 3.9
where 1 =4+1/(2n)+3,
rPc20
and
1
P =P Zmlx"—x"l. (3.5)

At this point we need two auxiliary lemmas.

LemMa 4. (a) Let Q = R be a cube and let #* and ¥* be lines meeting 3Q. Define
x*, x*, P, P as in equations (3.2). Then there exists a unit vector w®eR" such that
|x*—xf| < Cl(w-I* n w-IP)

for all we B,(w°), where C = C(n) and ¢ = c(n) > 0.
(b) Let A, > 1. Let Q be a cube in R, & a line meeting Q and z a point in £. Given
A=A, let [x,y] =% n AQ. We have that if d = min{|x—z|,|y—z|} > 0, then

B.(2) n 6(AQ) = &,
where & = g(n, 1,) > 0.

(c) IfTis a connected set in R™ with I(T') < co, if Q° is a cube in R™ and if Qe {Q°)
is such that s,. < Or, then there exists a unit vector w’€R" such that

re <Cl(w-T'n20)n (w-T niQ\2Q))

for all we B, (w"), where § = d(n) >0, O* = 0*(Q,0%4), A=An), C=C(n) and
¢ =c(n)>0.

Proof. (a) We can assume by translating that x = 0. We can assume that
x* # xf. Consider the orthogonal projection P onto a plane IT spanned by either

(i) v* and ¢¥, or

(ii) v*+¢f and w*—.

For either of these choices of IT, P will satisfy

(r
() = 1) > )

and for one of them, P will satisfy
'x“v"z"ﬂ | < 1P — P

Fix II so that P satisfies this inequality.
Identify IT with C by choosing the orthonormal vectors 1, i€ Il such that

P(x*—xf) = x>0,
P =Re?® R>0,n<6<1in
Then P()®) = x+ Re' and by equation (3.5), 0 < x < C, R, where C, = Cy(n). Write
r=min(x,R), P =[0,re*, I'=[x,x+re"). (3.6)
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Then I° < P(P), I' = P(I) and
m<o<<qm, O<r<x<r, (3.7
where 7 = 5(n).
To prove (a) it suffices to show that if I° and I are intervals in IT satisfying
equations (3.6) and (3.7) then there exists a unit vector w®eIl such that

x<Cw-Pnwl (3.8)
for all we B,(w"), where C, = C,(x) and ¢ = ¢(n) > 0.
Write w® = ¢*. Then

w’-I° = [0, rcos (0+ ¢))],

w- I = [xcos ¢, x cos ¢ + rcos (6 — @)].
It is easy to check that if we choose ¢ to satisfy xcos¢@+rcos(f—¢) =0 then

x < ClwW*- P n w1,

where C, = C,(n).

Let we B,(w°). Let j = 0 or 1. If z is an endpoint of I’ then |w-z—w°-z| < 2cx. So
w- I is an interval containing points within 2cx of the endpoints of w°- .

H
ence x < C(lw-I° n w-I")+4cx).
Choosing ¢ sufficiently small, we get (3.8).

(b) The idea of this proof is that since .# meets Q, £ cannot meet any face of AQ
(where 1 = 4, > 1) at too small an angle.

Suppose that ze AQ so d < 3A+/nl,. Let F be a face of 1Q. Choose new axes so
that F lies in the hyper-plane x, = 0 and Q lies in the region x, > 0. Relabel x and y
if necessary so that x, < y,. If x; > }(A—1)/, then

A—1 A—1 2
> s () (2 )

If x, < §(A—1)1, then let u be any point in L N Q and write v = (u—x)/|lu—x|, so v
is parallel to .#. Then

S HA=Dl—iA-Dl_ 21
12 /i, 4i/n

$0 J
z, 2 x +v,d> ﬁd.
If z¢ AQ then relabel x and y if necessary so that y¢[x,z] and let F be a face of
AQ containing x. By choosing new axes and a point ue L N Q as we did above, we find

that z, < —d(A—1)/24+/n.

(¢) Let 0 <6 < 1and A =4+/(2n)+3 (see (3.4)). Suppose that s,. < Jr,,
Let e A,. be such that I'* meets Q. Then L* meets

(2

ly
which is contained in §Q if ¢ is sufficiently small. Let #* be the line containing L*.
Then '
ro < sup dist(z, £%). (3.9)

zel'n@



346 KATE OKIKIOLU
Let zeI" n Q attain this supremum and let fe A, be such that zeI'’. Then
re < sup dist(z, £%) + s,
zelfnie
)
ro <2 sup dist(z, &%)

zeL"n%Q

if ¢ is sufficiently small. By (3.3) and part (a), there exists a unit vector w®e R" such
that
ro < Cllw-IF n w-P)

for all we B,(w®), where I* and P are defined in (3.2) and «,f may have been
interchanged. Now let ¢ = &(n, ) be as in part (b). For j = a, § let ¥/, j’e AQ be such
that
! =% = |y =) = squ/e,  [F,7) = [¥, ),
where x/,y’ are as in (3.2) and J is small enough so that 2s,./e < I(F).
Then
B, (¥, J']) = {z:dist (z, [¥/, ]) < 5.}

< [AO\20 ifj=ua,

120 ifj=p,
by part (b). By a simple argument we can find a connected set "ein B, (%", 7))
such that I'/ meets B, (%) and B, (7). Since I/ contains points within (1 +1/é) s,
of the endpoints of F it follows tohat w-T"7 is an interval containing points within
|w|(1+1/€) 5. of the endpoints of w- . Hence by (3.9) and part (a)

re < CUw-T* n w I +C,54.)
for all we B,(w°), where C, = C,(n). By choosing d sufficiently small we get part (c).

LemMA 5. (a) Let A> 2, x,yeR. Write

H = AH(x,y)
= {keZ: there exists an interval 1€ @, with x€2I and y € Al\interior 2I)}.

Then # (') < 2+log, (24).
(b) Suppose that Q° is a cube in R®, xe R" and F = R". Write
E=8Ex,F)={0e(Q%:xe2Q,Fn20=G,Fn i@ # &}

Then # (&) < C, where C = C(n, ).
(c) Suppose that T is a closed subset of R*, Q° is a cube in R™ and w is a unit vector
in R*. Then

Z w-Tn20)n(w-TniQ\2Q)) < CT n 20%,
Qe(e™

where C = C(n).

Proof. (a) By replacing x,y by —x, —y if necessary we can assume that x < y.
If Ie ¢ then the right endpoint of 27 lies in [x, y]. There exists I'e 2 with /,. = [, such
that the right endpoint of 27 is the midpoint of I. Now if I,Je 2 and I # J then

[right endpoint of I—right endpoint of J| > imin{/,,[,}.



CHARACTERIZATION OF SUBSETS OF RECTIFIABLE CURVES IN R" 347
Hence there exists at most one interval Ie X" with 2(y—x) </,. If Ie A then
x,yeAlso (y—x)/A <,
(b) Let yeclosure(F) be such that [x—y| = dist(x, F). If Q€& then
|centre (Q) —y| < |centre (Q) — x| +|x—y| < (2+4) v n) L,
So ye2(2+4)vn)l, = A, Q. Thus
& ={0€e(0" :xe2Q,ye i Q\interior (2Q)}. (3.10)

Recall that @, = {g,:qe @}. If Q is in the right-hand side of equation (3.10) then
there exists j, 1 <j < n, such that x,€20,, y,e 4, O,\interior (2Q,). Hence by part (a)
we have

#{k:6 0 Q%) # &} < n(2+10g, (24))).

& n<0%, ={QeQ",:xe20}
so by Lemma 1 part (a),

For each k,

#(€ n <O%, <3
(¢) Let xeR". For 1 <j < n write
P(x)={yel'wy=w-x,y,>x},
F(x)={yel:wy=w-x,y;, < x;}.
Let Q be a cube in R”. For 1 < |j| < n write
I'(,0)={xel N2Q:F(x)n20 =G, F(x)niQ # I}
Then
w-Irn20)nw-Tnig\20)c U w I, 0). 3.11H)
[NFES
To see (3.11) write
0= Hjn-l [m-js mj]'
Suppose that xeI' n 20, yeI' n AQ\2Q and w-x =w-y is a point in the left-
hand side of (3.11). There exists j, 1 <j < n, with y, > m, or y, < m_,. Suppose that
y;>m,. Let ze{z’el’ N 2Q:w-z’ = w-x} = E be such that z, = sup E,. Then

F(zyn20=g, F()nig\2Q0+# .

So zeT'(j,Q) and w-x = w-z belongs to the right-hand side of (3.11). If y, < m—j the
argument is similar. Now

L Aw-Tn2)nw - Tnig\20)< Y Y UG, Q)

Qe(@" I<lil<n QedQ@%

< X Y g o) dlx)

I<lil<n JTn2e Qe

< CIT n 20,

where x,; o, denotes the characteristic function of the set I'(j, Q) and C = C(n). The
last inequality holds because the function in the integrand is uniformly bounded by
part (b).

We can now complete the proof of Lemma 3.
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Proof. Let ¢ = c(n) be as in Lemma 4 part (c). Since the unit sphere S*! is
compact there exists a finite set W < S*~! such that

S™t< |J B(w).

weW

Let § = d(n) and A = A(n) be as in Lemma 4 part (c). Then if Qe o,
re <C Y w-Tn20)n (w-T niQ\20)),

weW

where C = C(n). Hence
res<CY Y lw-T'n2Q)nw-TniQ\20) < C T n 2Q°%,

Qes wew Qe(Q%)

where C, = C,(n), by Lemma 5 part (c).
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