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Introduction

QOur study of the asymptotic behavior of area-minimizing locally rectifiable
currents in hyperbolic space consists of two parts. In this first part, we shall
concern ourselves with the aspect of geometric measure theory of the problem.
The p.d.e. aspect of the problem will be treated in the second part.

In the upper half-space model, (n + k)-dimensional hyperbolic space is given
as the set

Hn+k={(x,y)€Rn+k—lxR+}’ k;l, ngz,

equipped with the hyperbolic metric y~*(dx? + dy?). A standard compactifica-
tion of H"** involves adding the boundary (R"**~! X {0}) U () so that H"**
is simply the one-point compactification of the Euclidian closed half-space
R"*%~1 % {0, c0). Suppose 0 < a < 1, and T is a compact (n — 1)-dimensional
Ch* smooth submanifold of R”**~! x {0}. In [4], M. Anderson proved that
there exists an area-minimizing locally rectifiable n-dimensional current T, com-
plete without boundary, in H"** asymptotic to T at infinity (see also [5]). By the
interior regularity theory due to F. Almgren [2], the support M of any such
hyperbolic-area-minimizing 7 is a relatively closed subset of H"** which is a real
analytic submanifold away from a relatively closed singular set of Hausdorff
dimension at most n — 2. Anderson’s construction gives M for which, in the
ordinary Euclidian metric, M ~ M = I'. The question of the behavior of M near
I’ was raised in [4] and, for the hypersurface case (i.e., kK = 1), was first studied in
[11]. In that paper one proved the “boundary regularity at infinity” result that,
for any such hyperbolic-area-minimizing 7, the union M U T, in the ordinary
Euclidian metric, is, near T, a finite union of C'® hyper-surfaces with boundary
I'; these have disjoint analytic interiors and meet R” X {0} orthogonally at T.
(For the particular T constructed by Anderson only one hypersurface will occur.)
It follows that, for n < 6, M U T has finite topological type, and for n > 7, any
interior singularities of M must remain in a bounded region of hyperbolic space
H”*1, Near points of I' (in the Euclidian topology), M U T may thus be locally
described as the graph of a function. This function is the solution of an elliptic
partial differential equation that becomes degenerate along the part of the
boundary corresponding to I. The author had recently established in [13] a
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boundary higher-regularity result of this equation, which implies, in particular,
that M U T is, near I, a C"* smooth hypersurface with boundary T' provided
that I' is a C%* submanifold for 0 < « < 1 and for / = 2,3,- - -, .

The asymptotic behavior of an n-dimensional area minimizing locally rectifi-
able current M in H"** at its asymptotic boundary I' has been unknown since
the arguments in [11] cannot be generalized to the higher codimensions. The main
difficulties involved are the following:

(i) the interior mass bound for certain indecomposable, n-dimensional area-
minimizing integral currents in R"**, k > 2 (see the open problem 1 in Section 3
below);

(ii) the local regularity theory for area-minimizing submanifolds of R"** (see
the open problem 2 in Section 3 for details).

These are crucial in [11].

The purpose of this paper is to show the following

THEOREM. Let T be a compact (n — 1)-dimensional C*. 0 < a < 1, smooth
submanifold of R™**~1 X {0}. Then there exists a complete, area-minimizing
locally rectifiable n-dimensional current T in H"** asymptotic to T at infinity.
Moreover, the set spt(T) U T, in the ordinary Euclidian metric, is, near T', a C**
submanifold with boundary T which meets R"**~! X {0} orthogonally at T.

In the second part [14], we shall show, in particular, that spt(T) U T is
smooth near I" if T is smooth.

Unlike the case in [11], where one has the “boundary regularity at infinity”
for such hyperbolic-area-minimizing hypersurfaces which have smooth asymp-
totic boundary (which may even have higher multiplicity), we are in fact only
able to show here that the solutions we constructed are smooth near the
asymptotic boundary. I' may in general bound more than one area-minimizing
locally rectifiable current in H”*X. In fact, even when T is a smooth Jordan curve
in R% X {0}, T may still bound at least two distinct area-minimizing surfaces in
H?3 (see e.g. [S]). The study of stationary currents (even in the Euclidian space) is
much more difficult than that of minimal hypersurfaces. The nonexistence,
nonuniqueness and irregularity of solutions to the Dirichlet problem for the
minimal surface system were shown by B. Lawson and R. Osserman [15). On the
other hand, W. Allard [1] proved a general boundary regularity theorem, which
implies in particular that stationary varifolds near smooth, extreme boundaries
are smooth submanifolds with boundary. Due to the convexity of asymptotic
boundaries in hyperbolic space H"**, our regularity theorem was in some sense
expected. o

The paper is organized in the following way: In Section 1, after some
preliminary discussions, we show that the proof of the C** regularity theorem of
[11] can be modified to obtain the same C!'* estimate for any area-minimizing
flat chain modulo 2 in H”** with C! “-asymptotic boundary. This uses, however,
a universal interior mass bound for area minimizing flat chains modulo 2
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obtained recently by F. Morgan [16]. In Section 2, we use area-minimizing flat
chains modulo 2 as comparison surfaces to show that the constructed solutions
satisfy a uniform mass ratio bound up to the asymptotic boundary. In proving
this mass ratio bound, we also need to solve a free boundary problem. Finally, in
Section 3, we list a few open problems.

For convenience, we adopt the following convention: All unspecified state-
ments about metric and topology will refer to the usual Euclidian metric
on R"**~1 X R, and the word “hyperbolic” will be stated explicitly when appro-
priate.

1. Boundary Estimate for Area-Minimizing Modulo 2

Let p be an integer, p > 2. The definition of various quantities associated
with a flat chain modulo p can be found in [6], 4.2.26. By the compactness
theorem of Federer-Fleming (see [6], 4.2.26) and by the monotonicity formula for
the volume growth of stationary varifolds (see [1),[4]), the proof of the existence
theorem in [4] can be easily generalized to obtain

THEOREM 1.1 (Existence). Let T be an (n — 1)-dimensional CY* submanifold
of RM*% "1 x {0}, 0<cax<, k21 Then there exists a complete hyperbolic
area-minimizing flat chain modulo p, p > 2, T in H"** without interior boundary
and asymptotic to T at infinity.

In this paper only flat chains modulo 2 will be used. For p = 2, by the
interior regularity theory of geometric measure theory, the spt?(T) of any such
hyperbolic-area-minimizing flat chain modulo 2, T, is a relatively closed subset of
H"** which is a real analytic submanifold away from a relatively closed singular
set of Hausdorff dimension at most n — 2 (see [7]). Here we shall show the
“boundary regularity at infinity”.

THEOREM 1.2 (Regularity). For any such hyperbolic area-minimizing flat chain
modulo 2, T, the set spt*(T) U T, in the ordinary Euclidian metric, is, near T, a
C® submanifold with boundary T, and meets R"**~1 X (0} orthogonally at T.

The proof of this theorem is based on the following lemmas.

LemMMma 1.3 (Mass bound). For 1 < n, k < oo, there is a positive constant
C,(n, k) such that if T is an n-dimensional hyperbolic area-minimizing flat chain
modulo p in the open ball BJ*%(0,2) of H"** with dTLB%(0,2) = 0 (mod p),
then

MP(TLB14(0,2)) < pCi(n, k).
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Proof: A hyperbolic area may be described by the parametric integrand (see
[6], 5.1.1) ®((x, y), £) = |y|"|€}. On the ball B}*%(0,2) = {(x, y) € R""*~1 x
R: |x|* + |y — 2|* < 1}, this integrand is (with respect to the Euclidian metric)
elliptic (see [6], 5.1.2) with ellipticity bound 37". Since T is a hyperbolic
area-minimizing flat chain modulo p, it has locally finite mass, and, for all
0 < r <1, we may define

(1.1) T,=TLB**(0,2),  f(r) = M’(T).

Since f(r) is increasing, it is differentiable for almost all r. Slicing theory (see [6],
4.2.26) with u(x, y) = (|x|2 + |y — 2|*)!/? implies that, for almost all 0 < r < 1,

) 2 MXT, u,r™)
(1.2) = M?(39T, - (9T)LB"**(0,2))
= M?(0T,);

the last equality holds since 7L B}*%(0,2) = 0 (mod p). Moreover,
(1.3) f(r)h = MA(T) T < Mr(8,) T3k
here S, is an area-minimizing flat chain modulo p with dS, = 47, (mod p). Thus

Fr)<t < 3k magp(s) )
(1.4)

< ¢ 3% VpMP(AT,)* forsome ¢, = ¢o(n, k),

by the isoperimetric inequality of [16], 2.5.
Combining (1.2) and (1.4) we see that

(1.5) f’(r)f(r)_(k“)/k gp—l/k(c03(k+1)n)*1/k for ae. 0<r<l1,
and hence, integrating from } to 1 we obtain

(1.6) F3) = F)7TVE 2 bk A (g3 Om) TV

In particular,

M?(TLB50,2)) = £(3) = per(n, k).
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We shall sometimes identify R"*%~! with R"~! X R* and use the projection
PR"!'XRcXR->R"I!XR,

(1.7) P((w,2),y) = (w, ).
LemMa 1.4 (Interior regularity). For any positive number €, there exists a

positive 8 such that if S is an n-dimensional hyperbolic area-minimizing flat chain
modulo 2 in H"** with

spt?(S) < By 7(0) x B¥(0) x [4,4],
spt?(3s) c P71a(Bs1(0) x [4,4]),
and
P,S = (E".B;7'(0) x [4,4])?,

then SLP~Y(By~Y(0) X [1,2]) is a graph of a real analytic function z = u(w, y)
with |lul|qa £ &

Proof: The parametric integrand ®((x, y), £) = |¥|""|¢| on the region
R"**~1 X% [4,4] is elliptic with ellipticity bound 4~". Since S is ®-minimizing
modulo 2, one obtains, from Lemma 1.3, that

(1.8) MY SLPY B35 (0) X [2,3])) < a(n, k).

Hence SLP~'(B;,'(0) X [3,3]) is also a representative modulo 2 (see [6], pp.
430-431), that is, S has density at most 1 almost everywhere, so that

w9 M(SLP™Y(B;51(0) x [3,3])) = M?(SLP~Y(B154(0) % [3,3])),
' Spt(S) = Spt3(s).

By the upper semi-continuity of the density of a varifold with bounded first
variation, we also conclude that S has density greater than or equal to 1

everywhere.
Now we can apply the standard squashing deformation (see [12], 3.2)
(1.10) F((w, 2), y) = ((w,n(w, y)z), »),

here p: R” — [0,1] is a C*-function, and such that

0 for (W, y) € B;/:;l(o) X [%’% »
1 for (w,y) ¢ B}5'(0) x [,3];

(1.11) p(w, y) =
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and that
|Dp| <9,

to obtain
M(SLP~H(BL4(0) x [4,3])) - M(Bg'(0) x [, 3])
= M(SLP Y (B151(0) x [4.3])) - M(SLP™Y(4))

_M(F#(SLP (35/41(0) X [4’4 )))
(1.12)

< M{F,(SLP1(B5:(0) x [3.3]))) — M(SLP™'(4))
—M(F,(SLP7Y(B2}(0) x [£.3])))
= M(F,(SLP Y(4))) - M(SLP~1(4)),

where 4 = B} ;'(0) X [,3] — By ,(0) X [3, 3]. In view of the computations in
[12), 3.2, and (1.8), we have

(1.13) M(F,(SLP~Y(4))) — M(SLP Y(4)) < c5(n, k)8.

Combining (1.12) and (1.13) with [18], we conclude that there is a positive
number & = 8(e, n, k) which satisfies the assertion of Lemma 1.4.

Remark 1.5. Let M = spt?T. As in [11], Section 1, one has the following
facts about the location of M near I':
@) if x e R""*"! and 0 < r < d(x) = dist(x, T), then M N B,(x,0) = &,
where B,(x,0) = {(w, y) ER"™ I X R, [w— x>+ y? < 1};
(il) there is a positive number pr (depending only on the C'-character of T)
such that M N {y < pr} is contained in the set

w=[R"*1x(0,p:)] ~ U B,, (x,0) ~ U Byo(x,0);

d(x)>2pr 0<d(x)g2pr

(iii) at each edge point (a,0) € T, the tangent cone of the containing set W
equals the vertical half n-plane tan(T', @) X (0, o0).

Let N, be the normal bundle of T in R"**~! and, for (¢,0) € T and r > 0,
let

8(a,r) = min {d(a+rv) lv] = 1}.

vE N, (a
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Then one has that

(i) r~8(a,r) > 1 as r > 0if T is differentiable at (a, 0);

(i) sup,er{l — r8(a,r)y > 0asr - 0if Tis C};

(iii) sup, [l — r*(a, r)] < cpr* if Tis CH® for 0 < a < 1;

(iv) r~'8(a, r) = 1 for 0 < r < 1/|jmax. principle curve{| ;o if T is C1L.

We also note that if (x, y) € W, and (a,0) € T’ with |x — a|] = d(x), then
x = a + d(x)v(a) for some v(a) € Ny(a), |v(a)| = 1. Let r = d(x) + y2/d(x);
we see that the three points (g, 0), (x, y) and (a + rv(a),0) are vertices of a right
triangle. Let 8 be the distance between the latter two vertices; then

172

ok

since r £ 2d(x), 6(a,r) <d(a+mw(a))gsd<r.
We finally conclude that d(x)/y = 0 as (x, y) » I x {0} if T is CL.

d(x) _ [r*-8]" =[
y [

———
| =

1.6. Proof of Theorem 1.2: We first want to show:

If T is C', then there exists a positive p < pr so that
(%) (MUT)N {y <p)} is a C'-submanifold, and that
M UT meets R"**~! x {0} orthogonally at T.

To see this, we choose an arbitrary point (a,0) € I'. For convenience, we may
assume that @ = 0 and that tan(T,0) = R" "%, For each sufficiently small positive
p < pr, one may choose a map @ that projects I' N [ B}, 1(0) X B£(0) x {0}]
C'-diffeomorphically onto Bj, '(0) X {0}. It then follows from Remark 1.5 that
M N [B}1(0) X dB(0) X (0,4p)] = @ for some sufficiently small positive 8.
Also one knows that

0.(TL(Bg;(0) x BE(0) X (0,4p))) = (E"LBL(0) X (0,4p)) .

Next we scale T by a factor 1/p about (0,0). Since the homothety map g,
that sends (x, y) to (1/p)(x, y) induces a hyperbolic isometry of H"**, the flat
chain

S = ppu[TUB3H(0) X BE(0) X (0,40)[L P BL71(0) X (30, 40)]

is a hyperbolic area-minimizing flat chain modulo 2. Moreover, one verifies that
S satisfies the hypothesis of Lemma 1.4, from which we may conclude that
(MuI)nC isaC Lgraph over a subregion of the vertical cylinder I' X R,
where C, = {(x, y) € R"**"1 X R, |x| < 2y < p}. Since the point (0,0) € T
is chosen arbitrarily, by the compactness of I we obtain the statement (*).
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Let 0 < a < 1; we wish to show now that (M UT) N {y <p}is, in fact, a
C' = submanifold.

If T is C!, then as in the first part of our proof we may view (M U ') N
{y < p} locally, near (0,0) € T', as lying in the graph of a vector-valued function
z = u(w, y) that is C' on a region B,~'(0) X (0, p).

For any compact K C Bp"‘l(O) X (0, p), the hyperbolic area of the graph U| ¢
is

[ (deu(s,)"y ey,

Where (tl" . "tn~l’ tn) = (wl,. RN wn—l’ y), l]l = aU/at,, and
gij=8ij+ U U for igj, j<n.

The minimality of T leads to the Euler-Lagrange equation
(**) —1/2_‘2_[ if 1/2U]__n_ inU=0
g a1, 88 /j y gY; .

Here g = det(g,;), (g"/) is the inverse matrix of ( g;;), and we have used the
summation convention for repeated indices. Thus U = u(w, y) is a C'-solu-
tion of (* *) on the region B~ 10y X (0, p). By Remark 1.5, one obtains, as in
[11], Section 3, that {U(w, y)i < ep(lw| + p)*** for (w, y) € B}10) X [0, p),
0 < a < 1. The C"* estimate follows from arguments in {11], Sectlon 3 and the
interior estimates of [8], Chapter VL.

2. Boundary Estimate for Hyperbolic Area-Minimizing Currents

Let T' be a compact (n — 1)-dimensional C*% 0 < a < 1, submanifold of
R""*~1 x {0}, and let S be hyperbolic area-minimizing modulo 2 with asymp-
totic boundary T. By Theorem 1.2, spt?(§) U I' is, near T, a C*** submanifold
with boundary T, and meets R"**~1 x {0} orthogonally at T. From the orienta-
tion of T' one thus obtains an orientation for spt?(St{y < 2pr}), for some
positive number pp (depending only on the C!-character of T). Using _this
orientation we obtain a multiplicity 1 rectifiable current § with spt(S) =
spt’(SL{y < 2pr})-

Now let {¢;} be a sequence of positive numbers which tend to zero, and let
T, = (S, y,¢), for ¢ < 2pr We consider a sequence of solutions 7, of the
orlented Plateau problem in H"** with given boundaries I. As in [4] one can
verify easily that 7, > T in F'*(H""¥) (by taking a subsequence if neces-
sary). Moreover, T is a local hyperbolic area-minimizing rectifiable current in
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H"** with asymptotic boundary T. We wish to show that spt(T) is, near T,
a C%* submanifold with boundary T. For this purpose, we consider a point
(a,0) € I. For simplicity we may assume that a = 0, tan(T,0) = R”"}, and let
P:(R"!X R XR —->R"!XR, P(w,z), y)=(w, y); then, by the above
construction, by the convex hull property of stationary varifolds in H"** (see
[2],[11]), and by the constancy theorem (see [6], 4.1.7), we have

P.(TLB(0) X (p, p] X BE(0)) = E"LB}"*(0) X (0, p]
(2.1)

for 0 <p <pry.

Note also that spt(T) N { y < pr} is contained in the set W defined in Remark
1.5. In particular, one sees that

(2.2) spt(T) N B~1(0) x (0, p) X 9BX(0) = @,
and that
(2.3) Tu(Br%(0) x (0, p) X BX(0)) = TL(B;~1(0) X (0, p) X B (0))

for p < pr.
The following lemma is the key point in proving the theorem stated in the
introduction.

LEMMA 2.1. There is a positive number p, (depending only on the C'-character
of T') such that, if

4, = BY71(0) X (8,38) x BE(0),
then
(2.4) M(TLA4) < C(n,k,T)8" for 0<8<pq,
and for some constant C(n, k, I').

Proof: The proof is divided into three steps.

Step 1. To show (2.4) it suffices to show, for all sufficiently small ¢, that
M(T, LAs) < c(n, k, T')87 (see [6], 5.4.2). For this purpose, we let

(2.5) R,=Si{g<y<pr} + T,



238 F. H. LIN

where T, is a solution of the oriented Plateau problem in H"** with
dT, = =T, + a(§L{€i <y<pr})

= <§9 Vs pI‘>'

Since M,,(af,.) < Cy(n,k,T), one can use cone comparison to obtain
MH(T;) < c2(n9 k, r) Then

My (Su{y > &}) < My(T;) < My(R))
(2.6) < MH(§L(£i <y <prp)+cn, k,T)
< My(Su(y > &) + cy(n, k, T)
(note that R, is an integral current), and
(2.7) 0 < My(T,) - My(SL{y > &}) < cp(n, k. T),
for all sufficiently small «,.

Step 2. Since the homothety map p,; which sends (x, y) € R"* ¥ X R, to
87 Y(x, y) is an isometry in H"*¥, one obtains, from (2.7),

(2.8) 0 < My(S) — My(S*) < ep(n, k,T),

where S, = ppuThy S = Boa(SL{y > &)).
Next note that

(2.9) M(S*LA,) < c3(n, k, T).
In fact (for ¢; < 8), S;*L A4, can be represented by a graph of a smooth function
z=u/w, y) on the region B} }0) X (1,3), with |ju|lc: < c4(a, n, k, T)8°
provided that & < {p. and that T is C** (here 0 < @ < 1, a = 0 means that
c4(a, n, k, T') can be arbitrarily small for sufficiently small &).

Note also that inequality (2.4) will follow, by scaling, from M (S;L4)) <
cy(n, k, T') because
(2.10) M(SLA;) £ 3"My(S,LA4,).

Combining (2.8), (2.9) and (2.10) we see that it now suffices to show that

(2.11) M, (S*LAS) — My (SLAS) < es(n, k, T).
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To do so, we consider a solution Q; to the following partial free-boundary
hyperbolic area-minimizing modulo 2 problem:

Minimize M (Q), for all Q satisfying
(i) Q is a flat chain modulo 2 in H"*¥,
(i) 9Q = psul; + fi (mod 2),
where
(iii) spt? (L)) c (msut) N [3(Br1(0) X (1, 3)) x BY(0)]
and P,(T) = (E"'La(Br2(0) x (1,3)))®

(2.12)

(W is the set in Remark 1.5.) The existence of a solution Q, to (2.12) follows
again from the standard direct method of the calculus of variations and the
compactness theorem (see [6], 4.2.26).

Since S;L A{ and S;*L Af satisfy (i), (ii) and (iii), it is clear that

My(Q;) < min{ My (S;L A7), My (S*LA7)}.
Therefore, (2.11) will follow from
(213) My (S*LA47) - My(Q;) < c6(n, &, T).

We claim that Q,.(B]~'(0) X [§,4] X B§(0) — By ,,'(0) X [3,2] X B5(0))isa
graph of a smooth function z = i;(w, y) on a subregion of By 1(0) X [4, 4] with
il € (e, n, k, T)8% By Theorem 1.2, we may also assume that
S*LB21(0) X [4,4] X BX(0) is a graph of a smooth function z = u,(w, y) on
B Y0) X [4,4] with |juj| s £ e4(a, 1, k, T)8% This implies, in particular, that
both Q;,LB¢ and S;*LB¢ are hyperbolic area-minimizing flat chains modulo 2
w1th boundaries p.s#I‘ + I‘ and p,,TI; + I/*, respectively. Here B = B} /41(0) X

3,121 X BX¥(0) and I‘,, F,* are graphs of functions #,, and u; over the set
d(B57,'(0) X [3, 1), respectively. Hence

MH(Si*LAf) - MH(Q:’)
(2.14)
< My (S*LB¢) — My(Q,LB¢) + ¢;(n, k, T).

Finally, we also have
(2.15) My (S*LBY) = My (0, LB) < ¢5(n, k. T)

which follows from a simple comparison (by adding a vertical piece resulting
from the homotopy formula to the 2-graphs {(1 — t)id(w, y) + tu(w, y),
0 <121, (w,p) € d(B7L0) X [3,#D).
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Step 3. We wish to show the claim in Step 2. Consider Q,L(B (0) X
[0,5] X B¥(0)). It is a hyperbolic area-minimizing flat chain modulo 2 such that

spt?(Q, L(B21(0) x [0,5] x B(0))) € By~(0) x (0,5) X BX(0).

Here 7 < ¢o(a, n, k, T')8% if 0 < @ < 1, and n may be chosen arbitrarily small if
a =0 and if § is sufficiently small (which depends only on T'). This, in fact,
follows from Remark 1.5 about the containing set W and a rescaling.

One may apply Lemmas 1.3 and 1.4 to see that, for all sufficiently small ¢,
the claim is true.

Remark 2.2. The proof of the regularity theorem which is stated in the
introduction is similar to that of Section 1 and [11]. One uses (2.1) and Lemma
2.1 instead of Lemmas 1.3 and 1.4.

3. Open Problems

We would like to conclude the paper by discussing a few open problems
which arise very naturally along the lines of our study.

PrOBLEM 1 (Interior mass bound). Let T be an indecomposable, n-dimen-
sional area-minimizing integral current in R"**, k > 1, and let

D, = B(0) x {0} = {(x, ) eR" X R, |x] <r, y =0},

C, = B"(0) X R*, and P = R" X R* — R" which is defined by P(x, y) = x, for
(x, y) € R" X R*. Suppose that
(i) P,T = mE"LD; (m is the multiplicity of the projection, m > 1),

(i) dTL.C, = @,

(iii) the Hausdorff distance p(D,,sptT) = 8§ < 1.

Is there a positive number §, = 8,(m, n, k) such that, for any such indecom-
posable area-minimizing current T which satisfies (i), (i) and (iii) with § < §,,
M(T\C, ) £ C(m, n, k)?

Even if one assumes that m = 1, and that T is a smooth graph over D, the
answer to the above question is unknown. We should point out, indecomposable
currents in higher codimension may be rather complicated. For example, one can
easily construct an integral 2-dimensional indecomposable current T in R* which
satisfies (1), (ii) and (iii) (for any given positive integer m, and any 8 > 0), and
such that T.C, ,, = mE"LD, ,, and that Tt(C, ~ C,) is a smooth embedded

surface (which is also a graph over D, ~ D,), for any r > 3.

PrOBLEM 2 (Local regularity). Let 7' be as in Problem 1. Suppose

M(TLC,) < (m+1)M(D,);
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then, is it true that Tt C, ), can be represented as a graph of a Ch* m-valued
function, for sufficiently small §? For m = 1 the answer is yes, and it is well
known (see for example [6], 5.3) when m > 2, Almgren gave several counterex-
amples in [2].

PrOBLEM 3 (Boundary regularity). Let T be an nr-dimensional, complete,
area-minimizing locally rectifiable current in H"*%, k > 1, with smooth, embed-
ded submanifold I' as its asymptotic boundary. Suppose, in addition, that T is a
normal current in the ordinary Euclidian topology with T = TI'. Is spt(T) U I’
smooth near I' in the Euclidean metric?

It seems most likely that the answer will be yes. In general, the additional
hypothesis in the above question may be replaced by the following multiplicity 1
condition.

Let C(I') be the convex hull of T in H"**, and, near T, P = C(I') » I' X R,
the horizontal nearest point projection. One defines 37 = mI' if P,T = mI' X R
(in a neighborhood of T'). The multiplicity 1 condition means simply that m = 1.

ProBLEM 4 (Higher multiplicity boundary). Let T be an n-dimensional,
complete, area-minimizing locally rectifiable current in H"**, k > 2, with 9T =
mI. Here T is a smooth submanifold of R"*¥~! x {0}. Isspt T U I, near T, a
union of at most m distinct smooth submanifolds with boundary I' in the
Euclidian metric?

If n = 2, and if the total Euclidian mass of T is bounded, then one can easily
verify that the interior mass ratio of T is uniformly bounded up to I' provided
that T is C!'!. In general, one can construct an area-minimizing n-dimensional
integral current T in H"** whose asymptotically smooth, embedded boundary is
I' with multiplicity m (i.e., 3T = mI') via Anderson’s construction. Moreover,
such a construction will imply automatically that the Euclidian mass of T is
bounded.

A related question for the hypersurface has been studied by B. White (see
[19]). The following is, however, unknown:

PrROBLEM 5. Let I" be an (n — 1)-dimensional smooth, embedded (extreme)
submanifold of R"*¥, and let T be an area-minimizing integral current modulo
2p. Suppose that 3T = pI" (mod2p). Is spt(T), near T, a union of at most p
distinct smooth submanifolds with boundary?

If the answer to the above is yes, then how about the solutions of the oriented
Plateau problem with higher multiplicity boundary?
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