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ABSTRACT

In this paper, we will give a necessary and sufficient condition under which O’Hara’s
E7P-energies are bounded. We show that a regular curve has bounded EJ:P-energy if
and only if it is injective and belongs to a certain Sobolev—Slobodeckij space.
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1. Introduction

The search for nice representatives of a given knot class led to the invention of a
variety of new energies which are subsumed under the term knot energies. These new
energies were needed for example due to the fact that other well known candidates
like the elastic energy cannot be minimized within a given knot class (cf. [14]) or
at least their gradient flow can leave the given knot class.

One of the first families of geometric knot-energies were the E7P-energies
introduced and investigated by O’Hara in [7-10]. For a closed regular curve
CY%Y(R/Z,R™) and j,p € (0,00) they are defined by

3,p o 1 — 1 ! "(u "()|dudv
E7(7) /(M (M) — u_w) )] | (@)l dudv. (L)

Note that these energies are known to be infinite for all smooth closed curves if
jp —1 > 2p and fail to be self-repulsive for jp < 2 [2, 9].

Although there are some deep results about the regularity of local minimizers
and the regularity of stationary points of those energies [5, 6, 11] and a few results
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on the gradient flow of the Mobius-energy [3], no necessary and sufficient criterion
is known for the boundedness of these energies so far. The only results in this direc-
tion are that these energies are bounded for embedded regular curves in C1* for
a > (jp—2)/(p + 2) [10, Proposition 1.4] and that on the other hand bounded-
ness of the energy implies that the curve is in C1® for o = (jp — 2)/(2p +4) [2,
Theorem 1.1], [10, Theorem 1.11]. This small note will fill this gap and thereby
extend the above mentioned results.

It turns out, that periodic Sobolev—Slobodeckij spaces are the right setting for
this task. A detailed discussion of these spaces can be found for example in [1, 12,
13]. For s € (0,1) and ¢ € [1,00) we set

W*4(R/Z,R")
g n V2t w) — f(u)
{f € LY(R/Z,R") /UGM/ P dwdu < oo .

1/2

and equip this space with the norm

1/q
V2t w) — f)e L\
weR/Z J—1/2 |w|t+as

I fllwsamzrny == || fllwae + (

Furthermore, we let
WS 9R/Z,R™) .= {f € WHY(R/Z,R™) : ' € W*YR/Z,R™)}.

Theorem 1.1. Let v € CY%Y(R/Z,R™) be an embedded regular curve parametrized
by arc-length and j,p € (0,00) with jp > 2 and s := “’ 2 <1 andp > 1. Then
E3P(y) < oo if and only if v € W1ts2P(R/Z,R"). Moreoven there is a C = C(4,p)
such that

IV 1520 < CEP(9) + 171 2)-

In the forthcoming paper [4], Theorem 1.1 will play a key role in the proof of
long time existence of the gradient flow of the energies E® := E*! o € (2,3).
Furthermore, it is to be expected that this result is of great importance in the
study of the regularity of stationary points and local minimizers of these energies.

Combining Theorem 1.1 with standard embedding theorems for Sobolev spaces
into Hoélder spaces, one immediately gets the following extension of the main
Theorem 1.1 in [2] and Theorem 1.11 in [10]:

Corollary 1.2. Lety € C*1(R/Z,R™) be an embedded regular curve parametrized
by arc-length with E3P(R/Z,R™) < oo for some j,p € (0,00) with jp > 2 and

5= Jp L < 1. Then v € CY*(R/Z,R") where o : “;pz.
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This shows that the Holder exponent a = (jp—2)/(2p+4) in Theorem 1.1 in [2]
and Theorem 1.11 in [10] was not sharp.

Theorem 1.1 also sheds new light on the first part of Theorem 1.1 in [2]. There it
is shown that there are curves with finite £2/?"P-energy which are not differentiable.
In view of our new theorem, this can be seen as consequence of the fact that
there are embedded curves parametrized by arc-length in W1'*+1/27:2P which are not
differentiable.

2. Preliminaries

Let us first prove bilipschitz-estimates for injective curves in W'+s:2p,

Lemma 2.1. For every embedded reqular curve v € C% 1(R/Z R™) parametrized
by arc-length and every (j,p) € (0,00)% with jp > 2, s := &L < 1, and p > 1 the
following holds: If v € W't$2P  then ~ is bilipschitz, i.e. there is a constant C' < oo
such that

s —t| < Cly(s) ()| Vs,t €R/Z

Proof. Let L 5 > 0 > 0 be such that

1/2p
/ 2p
/ / 7t w) —5'(w)] dwdu <1/2
B, (2) J B.(0) |w|7P

for all z € R/Z and all » < §. For z € R/Z and r < § we hence get
V() = o

1/ / / /
— Y (z) =~ (y)|dzdy
2r Jp,(2) 42 Jp,(2) JB.(2)
1
= L/ / 1 (z) =+ (y)[*P dady B
“\4? JB,() IBo2)
Y, \F
(2r)7P—2 —— dxdy
Ix—ylﬂ“
B, (z) /B, (z)

2

1
2r B,(2)

1
' Y (y)dy| dx <

< (20)% = <

N | —
N | —

Since |5 J5,(:)7 W)dy| <1 and jp—2 >0 we deduce that

1
inf — 1V (y) — aldy <
i 20 g, (2)

N =
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For z,y € R/Z with |x —y| <20 let r := % and z € R/Z be the midpoint of
the shorter arc between x and y. Then

y(z) —v(y)| = Sup/ (7' (t), a)dt
(|la€|]§’; BT(Z)

- suF;/ (Y (1), (t) + (a=~'()))
155, o

1 1
> 1—1&-—/' /() — aldt | 1~y > Sle—y
a€ER™ 2r B (2) 2
la|<1

Hence,

(@) ()| > 3l —y

Since 7y is embedded and (z,y) )l defines a continuous positive func-
tion on I := {(x,y) € (R/Z)?: |z — y| > 20}, we furthermore have

v(y) —v(z)]

ly — z|

for all z,y € R/Z with |z — y| < 26.
\v(zl/)fvl(w
y—x

|wm—v@n>mm{ :ww)EA}w—y-

for all (z,y) € Is where min{% : (z,y) € Is} > 0. This completes the proof

of the lemma. O

Lemma 2.2. For ¢ > 1 there is a constant C = C(q) such that for all a,b,c €
(X, lllx), (X, |lllx) @ normed vector space, and € > 0 we have

la+b+c% > (1= (g—1)e)]all% — Ce (bl % + llel%)-
Especially, there are constants 0 < ¢ < 1,C" < oo such that

la+b+cl = cllal% = C(IbI% + llell%)-

Proof. Using the mean value theorem and the Cauchy Schwartz inequality, we get
forz,y € R

o+ y|? > J2]? = qlz] M y| = (1 - (¢ = De)la]? — D y|7,

Combining this with |la + b + c|[x > |[|lallx — [|b + ¢||x| and putting C' = 29,
one gets

la+b+cl% = (1= (a—De)fallk — Db+l
> (1= (¢ De)lall = Ce= I (bll% + [lell%)- O
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3. Proof of Theorem 1.1

In this section C' < co and ¢ > 0 are constants whose value may change from line
to line.

Let us first prove that E’/P(v) is bounded for every embedded regular curve
v € Wits:2p(R /7, R™). Using the definition of E7P(y) we see

1/2 1 1 P
E-”’ / / < - — —) dwdu
r/z )12 \|V(u+w) —y(u)}  |w]

¥ u+w u P
1/2 ] i (1 — %
: dwdu
r/z J—172 \|7(u +w) —y(u)] [w]?

p

Lemma 2.1 1/2 1— v (utw) J”/(u)‘
/ / ) dwdu
R/ZJ—1/2 [w]?
1= SN A- @S- 2 (1 - lebooyeal y@I®\”
/ / dwdu
R/ZJ—1/2 |w|?

P
_C/ /1/2 (1_f0 fo "(u+ tw), ’(u—i—sw))dsdt) dwdu
R/Z

1/2 [w]?

WEL G gp / /”2 (o Jo ' (u+ tw) — o/ (u+ sw)Pdsdr)r
R/ZJ—1/2 |w|7P

Jensen’s 1nequahty 1/2 Tl t _ A~/ 2p
/ / / / '+ tw) =yt SO )y
r/zJ-1/2Jo Jo |w|7P

Using Fubini’s lemma to change the order of integration and successively substi-
tuting @ = u + tw,w = (s — t)w, we get

1/2 / 1~ _ 2p
EiP(y) < C / / / / )=yt (5= W)™ st
R/ZJ 172 |w|7P
|s—t|/2 ) AN ~\|2p
<c/ // / o — aprt V@ =V EE DN ey
R/ZJ—|s— t|/2 |w|7P

<C/ /1/2 ) — v @+ a)f didii < 0o
R/ZJ—1/2 |w|7P

as v € Wits2P(R/Z,R™).

Now, let us assume that v € C%(R/Z,R") is a curve parametrized by arc length
with E9P(y) < M. From now on C = C(j,p) < oo,c = ¢(j,p) > 0 are constants
which only depend on j and p but are still allowed to change from line to line.

bS]
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One calculates

Iy (utw) = (w) !

1/2 ‘w‘ [ 11— R
E?P(y) _/ / ( ) - dwdu
r/zJ—172 \|7(u+w) — y(u)l |wl]d
)= 2 [1-— |ﬁ‘1k+T2‘]w(u)\ r
/ / dwdu
R/ZJ—1/2 |wl]?
—a’>(1-a >1/2(1 a2 12 [1— |’Y(u+1"2‘ Y@\ P
/ / dwdu
R/ZJ-1/2 |w]?
V=1 0/2/ /1/2 fo fo Iy (u + tw) — | v (u + sw)|?dsdt)P dwdu
R/Z J—1/2 wIP
= cE'?(y")
where
B / /1/2 f fo | (u + tw) — ' (u + sw)|*dsdt)? o,
R/Z J—1/2 wir

We will finish the proof of the theorem, by showing that for all functions
f € COYR/Z,R™) we have

||f/H€IZ;5.2p(R/Z7Rn) < CEN‘j’p( M+Clf Hsz (3.1)

Of course we can assume without loss of generality that the right-hand side is finite.
To prove this inequality, let us first assume that f € C°(R/Z,R"™). We get for
0<exl1

dwdu

/ /“2 Jy Jo |f/(u+ tw) = f'(u + sw)[*dsdt)”
R/Z

1/2 lw|7P

Lemma 2.2

> () = CUz(f) + I5()))

where
12 ( + w)|*dsdt
I (f) ::/ / o e ' Jp(u w)l*dsdt)” dwdu
R/Z J—-1/2 |w|
12 ( "(u+w "(u + sw)|?dsdt)P
IQE(f) ::/ / fO fl € ) jj( )‘ ) dwdu
R/Z J—1/2 [w]

172 ( (u+ tw) — f'(u)|*dsdt)?

~1/2 |w|]p
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Note that I5(f) = I5(f)

1/2 2p
IE(f) = &2 / / EAC (;er)‘ disdu,
R/Z J—1/2 ||
and
V(g I () = f'(u+ tw) Pdt)P
/ / |w|JP dwdu
R/Z J—1/2
Holder- mequahty 1/2 f |f (u—|—tw)‘2pdt)
2201
/R/Z/l/2 \w\”) dwdu
~; C€2p 1/ / / t]p 1‘f (u+w)|2pd~dtdu
R/Z —t/2 \w\ﬂ’
e/2 2p
<C?32p 1/ tjp 1dt/ / ‘f (u—i_w)‘ ddu
R/ZJ—e)2 \w|]p
< CPTHT(S).
Hence,
/2 2p
EIP(f) > e(1 — Cer) 2?/ / f'(w) = Flut &)
R/ZJ /2 |w|7P
N () = fut @)
/ / |w‘“) dwdu
R/Z J—e/2
if € > 0 is small enough. With J. := [-1/2,1/2] —[—¢/2,¢/2] and fixing ¢ > 0 small
enough, this leads to
1/2 P (w)[2
[ sy,
R/ZJ—1/2 \w\ﬂ’
2p €/2 / 2p
/ |t w) — J(w)] dwdu+/ / futw) — J@P g g,
R/Z \w\” R/Z \w\’p

V2 ([T (o tw) — ' (u+ sw)[2dsdt)?
1/2 |wP

< OIf)2 + C / duwdu
R/Z

which proves Eq. (3.1) for smooth f.

For general f € C%'(R/Z) for which the right-hand side of inequality (3.1)
is finite, we choose a function ¢ € C*°(R,[0,00)) with support in Bj/5(0) and
[ =1. We set ¢-(z) := L¢(z/c) and define the smoothened functions f.(z) :=

fi{jz flz+2)p(z)dz for € < 1. It is well known that f. € C*°(R/Z,R") and f. — f
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in W14 for all ¢ € (1, 00). Furthermore,

dwdu

/ /1/2 o S 1L (u + tw) — fL(u + sw)|2dsdt)P
R/Z

1/2 [wl|iP

1/2 fo fo |f1/22 G (2)(f (u+tw + 2) — f(u + sw + 2))dz|?dsdt)P
L)

dwdu
1/2 |w‘JP
J.
m:gizrll,tsy/ /1/2 fO fO _162 G (2)|f (w4 tw + 2) — f'(u + sw + 2)|2dzdsdt)P
- dwdu
r/zJ-1/2 |w]7?
Censen 2 V2 (fo Jo 1 (et tw+ 2) = f/(u+ s+ 2) Pdsdb)?
enSsen / / / 0 Jo u w+z U+ sw+ 2z S dwdud
—1/2 r/zJ-1/2 w|iP

/ /1/2 fo Jo I (u +tw)—f/(u+5w)|2d5dt)pdwdu
R/Z '

1/2 ‘w|.7p

and another application of Jensen’s inequality implies

1f2llpze < I1f |2

From (3.1) for smooth functions and the last two inequalities, we hence get

1FL s 20 < CEPP(f) + 1 £ 11 20)- (3-2)

Thus there is a subsequence of f! converging weakly in W*?2P. The limit of the
subsequence is f’ as we already know that f. — f in W4 for all ¢ € [1, 00). Hence,
f € Wi*+s2p_ Since the norm W#*?2P is lower semicontinuous with respect to weak
convergence, we deduce from (3.2) that (3.1) also holds for f.
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