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Existence of Embedded Solutions of Plateau’s Problem (*).

FREDERICK J. ALMGREN Jr. (**) - LEON SIMON (***) ()

Consider a uniformly convex open set A c R® such that 04 is (€2, and
let I" be a (3 Jordan curve contained in 0A. The classical approach to
Plateau’s problem, as formulated by Douglas [D], Rado [R], and Courant [C],
together with the work of Osserman [0], Alt [Al, 2] and Gulliver [G] con-
cerning branch points (see also [GOR]), demonstrates that there is a minimal
immersion X from the disc D, = {w € R?: [¢|<1} into R® such that X|oD,
is a homeomorphism onto I'. Furthermore X is area minimizing relative
to all immersions Y from D, into R® such that Y|0D, is a homeomorphism
onto I

Osserman conjectured that (for convex A) the immersion X might be
an embedding; that is, the solution surface might have no self intersections.
This was proved subject to the (rather stringent) condition that I" has total
curvature <4z by Gulliver and Spruck [GS1] (!). Also, there is recent
work of Tomi and Tromba [TT] which, based on an intriguing analysis of
the pathwise connectivity of spaces of suitable minimal surfaces, asserts
that I' bounds a (perhaps unstable) embedded minimal surface.

We here wish to demonstrate by a geometric measure theory argument
(quite different than these other approaches) that one can always find an
embedded minimal surface M c A which is diffeomorphic to D,, satisfies
OM = I', and minimizes area relative to all diffeomorphs N of D, having
ON = I'. (See Theorem 6 in § 8 below.)

(*) This research was partly supported by NSF grants at Princeton and Stan-
ford universities. The research of the second author was also partly supported by
a Sloan Foundation grant.

(**) Princeton University.
(***) Stanford University, University of Adelaide.

(*) Results announced in part in Notices A.M.S. (1977) A-13, Abstract No.
77T - B15.

(1) See also the correction [GS2] relating to Lemma 4.2 of [GS1].

Pervenuto alla Redazione il 13 Giugno 1978.
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We here also discuss (in § 9) extensions of the result to the case when I’
consists of two or more contours, and (in §10) we consider the case when
the surfaces under consideration are allowed to have higher genus; Appendix B
illustrates the fact that surfaces of higher genus will often have smaller area
than the area minimizing discs obtained in §8.

Concerning uniqueness, even in the single contour case, it is clear, by
a slight modification of an argument of Nitsche [N, Section 2], that the
embedded discs of §8 are mot necessarily unique. However, by using the
methods of Morgan [M], it can be shown in a rather straightforward manner
that there is a non-trivial (geometrically natural) measure y defined on C**
curves I' contained in the boundaries of uniformly convex regions in RS,
such that the set of curves which do not bound a unique area minimizing
disc has u-measure zero.

We have also very recently received an announcement by Meeks and
Yau [MY] dealing with similiar questions on three dimensional manifolds
from a somewhat different perspective and by different methods (viz.
showing « Douglas-Morrey » immersed solutions to Plateau’s problem are
in fact embedded). The techniques of our paper extend in a straightforward
manner to yield embedded minimal surfaces in three dimensional manifolds
(provided boundary regularity is guaranteed by convexity hypotheses, etc.).
In this regard, see also [P].

1. — Terminology.

B(x,, 0), U(x,, o) will denote respectively the closed and open balls,
with radius ¢ and centre x,, in R?®.

Je*, k>0, denotes k-dimensional Hausdorff measure in RS,

D, = {we R2: |z|<1}.

M denotes the collection of all surfaces-with-boundary in R® which
are (2 diffeomorphs of D,.

If y is a Jordan curve in R?2, int y denotes the bounded component of
R?~y. More generally, given M € M and a Jordan curve Ac M, we let
int,, 4 denote the (unique) component M’ of M ~ A such that M'N oM = 0.

G will denote the collection of surfaces of the form int,, A, where M € AG
and A4 is a piecewise (02 Jordan curve in M.

A denotes a uniformly convex open subset of R3 with C? boundary 0A4.

I'" denotes a C® Jordan curve contained in 0A4.

The remaining notation concerning varifolds and currents is the standard
notation of [AW1, 2] and [FH].

Now let {M,} be a sequence in A with oM, =T, k=1,2,..., and
Lim 30*(M;) = inf {Jex(M): M e M, OM = I},
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We can assume, by taking a subsequence if necessary, that there is a
varifold V € V,(R?) such that V = ’}ng v(M,). V is of course stationary

in R®*~I" (in the sense of [AW1, 4.2]) because
I VI(U)> [ V(D)

whenever U is a bounded open subset of R® and & is a diffeomorphism of U
leaving a neighbourhood of 06U U I fixed. Also, by the convex hull property
for stationary varifolds (see the appendix), we have

(1.1) spt |[V]jcAdulTI.

Our ultimate aim is to prove that there is an M € A such that oM = I"
and V = v(M). (Of course it will then follow that JC2(M) = inf {JC*(N):
N e and N = I'} because of the manner in which V was constructed.)
An outline of the remainder of the paper is as follows:

In §§2-4 we prove some preliminary results (of a rather elementary
nature). In §§5-6 these are used to prove interior regularity of V: it is
proved that for each x, € spt | V| ~ I" there is a positive integer =, , a posi-
tive g, , and an analytic hypersurface M, such that

V L U, 0) XG(3,2) = "znv(Mxo) .

In §7 the corresponding boundary regularity results are given: we prove
that for each w, eI there is a o = g(#,) > 0 and a C? surface-with-bound-
ary M, such that oM, N Uxy, o) = I'N Uz, 0) and VL (R*~TI)N
N Ulzy, 0)) X G(3, 2) = v(M, N Ulx,, )

In §8 it is shown that these regularity results imply the existence of
the required minimizing M e M. In §9 an analogous existence result is
proved for the case when I is a union of £>2 smooth Jordan curves, and
in §10 we consider the possibility of finding area minimizing surfaces of
higher genus.

2. — Some preliminary lemmas.

LEMMA 1. Suppose F,, F, are oriented compact connected surfaces-with-
boundary, and suppose OF, = OF,. Suppose further that for each j =1, 2,
there is a diffeomorphism p; of F; onto a subset E; of S2.

Then there is a diffeomorphism y of F, onto F; such that y coincides with
the identity map on oOF,.
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Proor. By replacing u; by Oou; if necessary, where 0 is any orientation
reversing diffeomorphism of S2, we can assume that u; is an orientation
preserving map from F; onto K, j =1,2. (We give E,, E, the orientations
induced by the inclusions H;c S2, j =1,2.) Since u,ou;'|0E, is then an
orientation preserving diffeomorphism of 0FE, onto 0K,, it is a standard
fact that we can find an orientation preserving diffeomorphism u of E,
onto E, such that u|0E, = u,ou; *|0H,

We then define y by y = u; ‘ouopu,.

Before stating the next lemma, we need the following additional ter-

minology.
We let I,...,I, be pairwise disjoint C* Jordan curves in R3? and
Dc R? we let be the union of a pairwise disjoint collection D@, ..., D®

of diffeomorphs of D,. Y = Y[, ..., I,) denotes the (possibly empty) col-
lection of Lipschitz maps Y: D — R? satisfying the following conditions

21 UY'(Y)=wmVY...Upu,, where u, ..., u, are pairwise disjoint C?
i=1
Jordan curves contained in D~ 0D;

m
(2.2) for any component U of D~ u;, Y|U is a C* embedding of U
into Rs; i=1

(2.3) for any pair of components U, W of D~ Ju, either Y(U)N
N Y(W)=0, or else Y(U)= Y (W). i=1

n
Notice that the above conditions imply that Y (D)~ (( U I’,») U y<ap))
: i=1
is a 2-dimensional submanifold of R3, each component of which has closure

of the form Y(U), where U is a component of D~ U u;.
Subsequently, for Y €Y, we use the notation i=1

U(y) :.[nj int(u;) (u; as in (2.1))

Un(Y) = {xeD: dist (x, U(Y)) <7} -

(2.4)

If B is a Borel subset of D, then we let A(Y|B) denote the area asso-
ciated with Y|B; that is

(2.5) A(Y|B) =[|4(DY (@) do

(In case Y is 1-1 on B, A(Y|B) is just J*(Y(B)).)
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LEMMA 2. Suppose X €Y. Then there is X €Y such that

UX) = UX); X(x) = X(w), zeD~UX);X(D)cX(D)
(2-6) { A(X|U’) <A(X|U") for each component U of U(X),

and such that for each n> 0 there is a C* embedding X of D into R® with

b [@ =X@), 2eD~UyX); sup |X(@) - X(@)|<n
(2.6) AX|U)<A(X|U) + 7 for each component U' of Uy(X) .

Before giving a proof of this lemma, we note the following corollary.

COROLLARY 1. Suppose M,,..., Mpe M with OM,, ..., OM, pairwise
disjoint and

(2.7) M,~0M,c B~03B, 0M,coB, i=1,.., R,

where B is a diffeomorph of the closed unit ball in RS3.
Then for each 1> 0 there ewist pairwise disjoint M,, ..., My e M with

(2.8) o0M;,=0oM,, M,~0M,cB~0dB, J¥M,)<¥k M)+

for each i =1, ..., R.

Proor oF CorROLLARY 1. The proof is by induction on R. The result is
trivial if R = 1. Hence take R>2 and assume that there exist pairwise
disjoint M, ..., M, such that (2.8) holds with M, in place of I7,,
t=1,...,R—1. Next, let € M be such that 90, = oMy, My~ oM, c
c B~ 0B, JexM r) < J2(Mp) + n, and such that I, intersects each of

r 15 -oy Mp_, transversally. (Such I, can of course be obtained by making
R

-1 n
a slight perturbation of M;.) We can then write o rN ( ﬂ,-) = UI’;,
where I3, ..., I', are pairwise disjoint C? Jordan curves. ‘=1! i=1
‘We now let X be a C? immersion of D into R® such that the restriction

R
of X to each D is a (? diffeomorphism of D® onto A, (Here D=D?
is as defined above.) i=1
It is now easy to see that X €Y and hence by the lemma there is an
embedding X of D onto R?® satisfying X(0D®) = 0M,, X(D~ 0D)c B~ 0B
and Je(X(DW)) <)+, i=1,...,R. Then, defining M, = X(D¥),
1 =1,..., R, we see that (2.8) holds with 27 in place of . This completes
the proof.
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PROOF OF LEMMA 2. For Y €Y we define Y®: D — R3 as follows:

(i) If Y-Y(I}) = 0, define Y® = ¥;

(ii) if ¥Y-1(I%) # 0, then (since Y €VY) we have Y- (I) = Ju, for
i=1
some pairwise disjoint C? Jordan curves gy, ...,Hn in D~ 0D. We let
le{1,...,m} be such that

(2.9) A(Y|int p,) <A(Y|intg;), j=1,...,m,

(notice that then (intw;)Npy; = 0 for j=1), and let Uy, ..., U, be the
components of |J inty,. For j =1,...,p let 0, be any C* diffeomorphism

i=1

of U, onto intu, such that
Ojlan = (Y'lu,)—lo(Y|aU,) .
We then define Y* by

D
Y on D~y U;
Y& — 5L=Jl

Yof, on U;, j=1,.,p.

Of course Y®), so defined, depends on the choice of 0,, ..., 0, (and on
the choice of ! in case there is more than one integer I satisfying (2.9)).

For each j =1,...,n define

YO = {YO: YeY}

(2.10) ¥, — ﬁ Yy |
r=1

We note that Y9 c Y, and ¥ € Y@ if and only if Y €Y and Y-4(I;) = U ps,
i=1

where inty,, ..., int u, are pairwise disjoint and such that there are C? dif-
feomorphisms 6, of intu; onto intu, with Y|intu, = (¥|intu,)ob;, j =
=1, ..,m.

The following properties, except possibly the first, are straightforward
consequences of the definition of ¥®:

(i) Ye¥Y? = Y® ey g j=1,..,n;
(ii) U(Y) = U(Y") (notation as in (2.4));
(iii) Y®(D)c Y(D), Y®|(D~ U(Y)) = Y|(D~ U(Y));
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(iv) A(U®|U')<A(Y|U’) whenever U’ is a component of U(Y).

To check (i), we first let f,, ..., fi, be pairwise disjoint Jordan curves in
r T m

D ~ 0D such that (Y®)™X(I,) = U (3. (Thus Uint # = Uint u;, where
i=1 i=1 i=1

U1y -+ fim aTe a8 in the definition of Y*.) Since ¥ € Y9, one can now check

r
that if a component y of (Y*)~}(I';) is contained in {J int /i,, then any other

i=1

component y' is either likewise contained in |Jint &, or else inty'N
T i=1
N (Uint ,di) = @. (Otherwise it is quite a straightforward matter to de-
i=1
duce that there is an ¢ € {1, ..., r} with g, c int 4,, thus contradicting (2.9).)
Using the above fact, together with the definition of Y™, it then quite
easily follows that Y™ eY? as required.
We are now ready to define X ; we define X = X., where X, is the
final element in the sequence X,, X,, ..., X, defined inductively as follows:

(a) X, = X.
(b) Assume k€ {1,...,n} and suppose X,,..., X, , €Y have already
been defined. Then define X, = (X,_,)®.
By properties (ii)-(iv) above, it is clear that X has the required proper-
ties (2.6). It remains to show that there exists a suitable embedding X for

each 7 > 0.
First, note that by property (i) above we have the implication

YE‘yk_lﬁy(k)e‘yk, k:].,...,’n.

(Here‘we adopt the convention that Y, =Y in case ¥ = 1.) Hence from
definition of X we have X €Y,.

The proof will now be completed by showing that for eack Y €Y, and
each 7 > 0, there is a C* embedding Y of D, into R® with

Y@) =Y (@) for aeD~TULY), sup |[Y— Y| <y
and
A(Y|U)<A(Y|U') +n for each component U’ of U, (Y).

From now on we thus take Y to be an arbitrary fixed element of Y,.

(?) In case (¥®)~}(I;) =@, then Y® = ¥ and hence Y® g YO trivially in
this case.
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We let
k = max {card (Y~'(p): p e R%},

K = {peR3: card (Y- (p)) =k} .

n
We want to show that K is closed. Let y be any component of |J Y-1(I)),
n i=1
and let U;L , U, be the (unique) components of D~ U Y-(I';) such that
— — i=1
ycUFnU,;, intyn U, #6, (D~inty)N US#90. By (2.3) we have
either Y(Uf) N Y(U;)=0or Y(U,; )= Y(U, ). We claim that since Y €Y,
the latter possibility cannot occur. Indeed suppose Y(U)) = ¥( U;), and

let u, denote the outermost component of BU;L . Note that then y, N 0D =@
n

by (2.1), hence g, is a component of J ¥-*(I';). Since Y(U)) = Y(U;),
i=1

it then follows that there is a u,c 0U, with ¥Y(u,) = ¥ (u;) = I'; for some

je{l,...,n}. On the other hand, because of our selection of u,, we have

int u, c int u;. However, since Y(u,) = Y(u,) = I, this contradicts the fact

that Y eY,cY? (in particular, see the characterization of Y following (2.10)).

Thus we deduce that Y(U))N Y(U;)= 0 for any component y of

n
U Y-1(I;). Because of this, it is now quite a straightforward matter to
i=1

show that K is closed. (One now needs only to use the fact that Y €¥Y;
no further use need be made of the fact that Ye¥Y,.)
We let K,, ..., K denote the (compact) components of K, so that

(2.11) card (Y- (p)) =%k, pek,,

and we define L, = Y Y(K,), r =1, ..., R.
If © =1, we simply set ¥ = Y and we are finished. Hence we assume
k>1. Using (2.1)-(2.3) we can see that card (Y-!(p)) is constant on each
n
component of Y(D)~ U I, and
i=1 n
(2.12) oL,c U Y-YTI,).
i=1
Also, if I'; N K, @, then, by (2.11) and the fact that Y eY,cYcY,
we have

Y-y(I'y) = 7;

K3

ic~

for some pairwise disjoint smooth Jordan curves y., ...,y Wwith

k
(2.13) inty! Ninty] =0, 41, UintyicL,.

i=1
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By combining (2.11), (2.12), (2.13) with the fact that K, is closed, we
deduce that
k
(2.14) L=UE,, r=1,..,R,

i=1

n
where EJ, ..., E} are pairwise disjoint diffeomorphs of D, with 0E} c |J Y-1(I))
and i=1

(2.15) Y(E) = ... = Y(E) = K,.

By (2.11) and (2.15) it is clear that Y|E; is 1-1 for ¢ =1, ..., k. Notice
k

also that Y(B~ E}) N Y(E!) = ¢ whenever BN | E; = 0, because other-
1=1,1#i
wise by (2.15) we would have a contradiction to the definition of k. Using

this fact together with the definition of Y, it then follows that we can find
pairwise disjoint subsets F7, ..., F; of D~ 0D having the properties

(2.16) FieM, F;~0F,DE,, Y|F, is1-1, dist{E], oF;} <.

Since Y(0E7) is one of the I, we can also clearly arrange

(2.17) (

i

iC

¥Y(#~ B)) 0 (UT) = 0.
i=1

Furthermore by (2.3) we can arrange to choose the F7 so that, for each
%, =1, ..., k, either

(2.18) Y(F;~E)NYF;~E)=90
or
(2.18) Y(F;) = Y(F)) .

Now let ¥ be a Lipschitz map of D into R® such that
@ 7]

3

is a 0® embedding into R3, ¢ =1, ..., k;

(ii)

n R k R k
)n(UL)=9, (U UF)n ¥(D~U UF)=0;
r=114i=1 i=1 r=1 i=1 r=114=1
N Rk
(iv) Y (@) = Y («) for  in some neighbourhood of D ~ |J | interior (¥7).
r=14=1

(v) sup |¥ — Y| < u;
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(vi) A(F|F) < A(Y|F) +m, i=1,.., k.
Because of (2.16), (2.17), (2.18), (2.18)', it is clear that such a ¥ can be
constructed by a perturbation and smoothing of Y inside the sets F|

R k
(holding Y fixed in some neighbourhood of D~ J U interior (FQ)).

r=1i=1
We now claim ¥ €%Y,. One can readily check this on the basis of (2.16),
(2.17) and (i)-(iv) above. It of course follows from the construction of ¥
that max {card (¥-1(p)): p e R?} < &.
Then in view of (iv)-(vi) and the arbitraryness of 7, the existence of the
desired embedding ¥ now follows by induction on %.

3. — A replacement theorem.

The following theorem guarantees that if U is an open convex subset
of R?® and if M € M intersects 0U in a sufficiently nice manner (to be made
precise below), then we can always replace M by M € A in such a way that
oM = oM, M~ {xeU:dist(x,0U)<0}c M~ {ze U: dist (z, 0U) < 6}
(6 any preassigned positive constant), J2(M)<Je(M), and such that M N T
is a disjoint union of elements of M. The replacement procedure also has
other nice properties. The precise result is given in the following theorem.
In this theorem we use the notation that

Uy = {xe U:dist (x, 0U) > 0} .

THEOREM 1 (Replacement Theorem). Suppose 0 > 0 is given and

(i) U is a C? convex open set in R3;

(i) MeM, OMcR3~ U, and oM ~ oU is contained in the union of the
unbounded components of R~ (U U (M ~ 0M));

(iii) M intersects oU tranmsversally; in case oM N oU £ 0, we will always
take this to mean that there is a C* (open) surface N with M c N, with
(N~M)NoU = 0 and with N intersecting oU transversally.

Then there is M € M such that
(iv) oM =0M, M~UcM~TU, M N Usc M N Us;
(v) I intersects 0U transversally (in the same sense as in (iii));
(vi) Jer() + (M ~ M) N T,) <IH*(M);

k
(vii) M N T is a disjoint union U N, of elements N;€ M (and consequently
McU in case OM c 0U). =
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If in addition to the hypotheses (i)-(iii) we have
(viii) JC¥(M)<I2(P) + 0 for every P € M with 0P = 0M, then there are non-

Lk
negative numbers 0., ..., 0, with > 0,<0 and
i=1

(ix) JC(N;)<I2(P) + 0, for every P e M with OP = ON,, j =1, ..., k.

ProOF. In the proof we will need the following area minimizing property
of subsets F of 0U:

Suppose F c oU and suppose each component of F is a (02 surface-with-
boundary; suppose that F c R3~ U is a C? surface-with-boundary satisfying
0E=ENoU = 0F and EU F = 0G for some open Gc R2t~U. Then

(3.1) JF) < JeX(E) .

The proof of (3.1) consists of an application of the divergence theorem
on G. We note first that since U is convex, then the outward unit normal »
of 0U extends, by defining it to be constant on rays normal to oU, to a
OY(R®~ U) function »* with p*| =1 and divy*>0. Applying the diverg-
ence theorem on G we then deduce that

fv-v*dse2<fn-v*dsez
F E

where 7 denotes the outward unit normal of G at points of E. Since v = »*
on F and n-»*<1 on FE, with equality if and only if = »*, the required
result (3.1) then easily follows.

We now proceed with the proof of the theorem. Let E be any com-
ponent of M ~ U such that BN oM = 0 (3). Since E is connected and
E~F is a union of smooth Jordan curves contained in oU, a straight-
forward modification of a standard topological result enables us to assert
that there is a unique bounded component Uy of R~ (U U E). Let F
be defined by

(3.2) F=0U;Nn0oU.
Then E, F are (2 surfaces-with-boundary (although of course F is not
necessarily connected) with 9F — 0F. Furthermore, given any compo-

nent B’ of M ~ U with E'c Uy, it is clear that oM N E'= ¢ (by condi-
tion (ii) of the theorem) and Ug c Ur. From this last inclusion it follows

(3) Notice of course that (E~E)n oM =@, by (iii).
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that we can select a component E of M ~ U such that oM N E = ¢ and
(3.3) UecNnM=290.

Henceforth it is assumed that E has been so selected, and F is defi-
ned by (3.2).

Now let y be a (C* diffeomorphism of D, onto M, and consider the set
«~(E); this is a compact connected subset H of D, bounded by a finite
collection y,, ..., y, of pairwise disjoint C? Jordan curves. Suppose without
loss of generality that y, is the outermost of these curves. That is, suppose
Yay .-, ¥ are all contained in inty,. Notice that, by the connectedness
of H, we can then write

H =inty,~inty,.
i=2

We now define F* c F' to be the component of F which contains the Jordan
curve x(y,), and we define I = U int y,;, where the union is over those j
such that y(y;) c OF ~ 0F*. Also, define E* = y(I). Then E U E* is dif-
feomorphic to the connected subset H U I of D,, and o(F U E*) = oF*.
Hence by Lemma 1 we can construct a diffeomorphism u of £ U E* onto F*
such that u coincides with the identity on o(F U E*) (= 0F*). We now
define a Lipschitz mapping 7: D, — R3 by

R [ (uox)x) if xeHUI
i) =i

x(x) otherwise ,

and we consider the following two cases:
Case 1. OM N (F*~ 0F*) = . In this case (by (3.3)) it is clear that §
is 1-1 on D,, and we define

M= 4D) (= (M~ (EUE*)UF*).

Case II. oM N (F*~ 0F*) = @. In this case we know by (3.3) and
the hypotheses (ii) and (iii) of the theorem that 0 M c F* ~ 0F*, and hence
4 YoM) = 0D, Uy, where y is a C* Jordan curve in D,~ 0D,. In this
case we define M — 7(inty) and we note that

M c (D) = (M~ (EU E*) U F*.

In either of the above two cases we thus obtain i which is homeo-
morphic to D, (via a bilipschitz homeomorphism). Also, writing E* — E*
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in Case I and E* = E* U j(D,~inty) in Case II, we have
(3.4) Jex(BT) + Jex(B*) < Jex(M) .

To check this we first note that, by (3.1),
(3.5) JHEF*) <KHF) < KX(E) .
Next we note that, by definition of i,
(3.6) J@“’(ﬂ) = Je2(M) — JC2(E) — Jex(B*) + Jex(F*) .
By adding (3.5) and (3.6) we then have (3.4) as required.

The next step in the argument involves a smoothing and slight perturba-
tion of M mnear F* N II, holding the sets oM N oU, M ~TU and M N Us
fixed, and taking points of (F* N M)~ oM into U~ U,. In this way we

can obtain an M, e M with M, intersecting 0U transversally, with

oM, =0oM, M,~UcH~UcM~T,

(3.7) R

M,NUs=MNUs= (M~E*N U,
and with
(3.8) Jex(M,) <Jex( i) + o

for any preassigned 6 > 0. Then, if § is taken small enough, (3.8) together
with (3.4) implies
Jex(M,) + Jex( ) <KX M) .

By (3.7) this of course gives
(3.9) Jex(M,) + (M ~ M) N Usp) <Iex(M) .

Next we note that M, ~ U has fewer components than M ~ U (by con-
struction). Thus, by induction on the number of components of M ~ U,
we obtain a sequence M, = M, M,, M,,..., M, = M, where oM, = oM,
where M ~ U has no components E such that E N oM = @ (notice this
gives conclusion (vii)), and where, for j =1, ..., k¥, M, intersects 0U trans-

versally, 0M; = oM, M;~ Uc M; ,~ U, M;N Usc M;_, N Us, and

(M;) + 362((]”1_1"’ M;) N Us) <K2A(M,;_,) .
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Summing over j in this last inequality, we then obtain (vi). The remaining
conclusions are now evident.

It thus remains to prove the last part of the theorem subject to the
additional hypothesis (viii). Let N, ..., N, be as in (vii) and suppose that (ix)
fails; then we must have inf {J@Z(P) P;e M, OP; = ON,} = J¥N,) — a;,

j=1,..., k where Zoc, > 6. Then choose P,, ..., P, e M with 9P, = ON;
and i=1

(3.10) ¥ (P;) + B;<Jx(N;),
k
(3.11) >Bi>0.
i=1

By applying the first part of the theorem with P, in place of M, we see by
conclusion (vii) that we may take P; such that P,~ oP,c U. By Corol-
lary 1, we can also choose the P, to be pairwise disjoint. We can then define

M* = (M ~UN ) (UP) Clearly M* is homeomorphic to D, and
oM* = oM = 8M Also by (3.10) and (3.11) we have

.
Jer(M*) = Jex (M) — zJez D+ 2 Jex(P;) < Jex(M) — 0 <Je2(M)— 6.

That is
JC(M*) 4 6 < (M) ;

in view of the fact that M* may be smoothed to give M'e A having the
same boundary as M* and area arbitrarily close to M*, this last inequality
contradicts the assumption (viii).

(3.12) REMARK. By applying the above theorem with A in place of U and
with M, (as in § 1) in place of M (%), and noting again that spt |V|c A U [
it is not difficult to see that we can replace the sequence {M,} by a sequence
{fI,}c M such that oM, =T, Mic AUT, Jime(M,) = lim Jex(M,)
(= inf {Je2(M): M e M, 0M = T}) and (lim v(I,)) L (R*~ I') X G(3, 9) =
= VL (Re~T)xG3,2). That is, we may assume that the sequence {M,}

of §1 is such that M, c AV I, k=1,2,..., without changing the varifold
limit V in R3~ 1. We will therefore henceforth make this assumption.

(4) If M, does not intersect o4 transversally, it is necessary to apply Theorem 1
to a slightly perturbed version of M,. That a transversally intersection surface
can be obtained by arbitrarily slight perturbations of M; holding I' fixed follows
from Sard’s Theorem together with the fact that if I c M, ~ I" is a 02 Jordan curve,
then I', I'" are not linked. (This last fact is a consequence or the orientability of M,
and does not depend on the fact that M, has genus zero).
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4. — Filigree lemma.

Here the word « filigree » means (very roughly) «a collection of thread-
like protrusions from a surface ». For example, if M is a surface in R?® with
(M ~ M) N Um,, o) = 0 and J(M N Ulx,, ) = £0?, Where ¢ is small,
then M N U(x,, o/2) would be classed as filigree.

The following lemma will enable us to « prune off » such sets under ap-
propriate circumstances.

LemMmA 3 (Filigree Lemma). Suppose {Yt}te[o,ll is an increasing family of
convex sets with ¥, = {w € R®: f(x) < t}, t > 0, where f is a non-negative func-
tion on R® which is 02 on R*~Y,, Di#0 on Y,~ Y, and

sup [Dfl<e,

T71 “"T’o

for some constant ¢; > 0. Suppose also that there is a constant ¢, << oo such
that, whenever I'y is a C* Jordan curve which is nullhomotopic in 0Y,, then
there is a region Ec oY, with 0E = I'y and

(4.1) Je2(B) < eo(H(I))2. (%)
Finally, suppose M € M> and ¢ > 0 are such that 0M is contained in the

unton of the wunbounded components of R3~(I7tu (M ~0M)) for all
te(0,1), and

(4.2) JAM)<J(N) + &, VYNeM with ON = oM.
Then
(4.3) JM N Y,) <2 whenever t<1—2¢,Ve, VI M N Y,) .

Proor. By Sard’s Theorem, we know M itersects Y. transversally for
almost all ¢e (0,1). Then for almost all ¢ € (0,1) we can apply Theorem 1,
with Y, in place of U, to give M such that Jex(M)<JexM), M N oY, c

(5) There exists such a constant ¢, in the cases when all the 0Y, are spheres,
or planes, or cylinders with circular cross-section; these are the only cases consi-
dered subsequently.

30 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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k
cMnNnoY,, and MNY,= N, for some N, M satisfying

i=1

(4.4) JeN,)<IN) + e;, VYN e with ON = oN,,
k
where > & < e.

i=1

Let je{l,...,k} and let I, = 0N,. By hypothesis we have an Ec oY,
with 0F = I} and with (4.1) holding. However, by (4.4) we have

J(N;) < XX(E) + ¢,
hence
JeX(N ;) < ea(JEH (N, N 0V )2 + ;.

Summing over j, we then have

JM N Y,)<ep(JNI N OY )2 + e
Since; MnNoY,c Mn oY, this gives
(4.5) JeM N Y,)<e (I (M N oY,))2 + ¢.

However Je}(M N Y, <X N Y,) + ¢ (by (4.2) with N = M together
with the fact that i ~ Y,c M ~ Y,). Hence (4.5) gives

(4.6) JAM N Y,)<eo(NM N DY) + 2.

We can now suppose JC)(M N Y,) > 2¢ otherwise the required conclu-
sion is trivial. Then let t, = inf {t: J&3(M N Y,) > 2¢} and define f(t) =
=% (MNY,)— 2, te[t,,1]. By the co-area formula and the definition
of ¢, we see that (4.6) implies

f)<cEe(f' (1), ae. telty,1].

Integrating this inequality (using the fact that f(¢) is an increasing func-
tion of t), we obtain

”f(t0)<\/f—(1_)— 1—~t0 .

However f(1) = X*(M N Y,) —2e < (M N Y,); hence we deduce 1 —t,<
<2 \/cgclv (M N Y,). That is, t,>1—2 \/czcl\/Jez(M N Y,), and the re-
quired result is proved.
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5. — Interior regularity.

THEOREM 2. Suppose {A,} is an increasing sequence of open sets such
that R®~ A, has mo bounded components, {N,} is a sequence in M with

JUN) <IN) + er, VN €M with ON = 0N,

where ¢, — 0 as k — oco. Suppose further that W = klgg v(N,) ewists in V,(R?).

Then W is a stationary integral varifold in |J Ay, with the property that
co k=1

if z, €spt |[W| n( Ak) and if W has a varifold tangent C at x, with
k=1

spt | O] c H, where H is a plane, then there is a o > 0 such that
(5.1) WL U, 0) XG(3,2) = nv(M),

where n is a positive integer and M is an analytic oriented connected minimal
surface containing x,.

Notice that (in view of (3.12) and the fact that spt |V cA4 U I) the
above theorem (in case A, = A, N, = M,) implies that the wvarifold V
of § 1 is a stationary integral varifold in R3~ I', and V is regular in a neigh-
bourhood of any point of R®~ I" where there is a varifold tangent with
support contained in a plane. (By rectifiability there is such a tangent
plane at | V|-almost all points of Rs.)

PROOF OF THEOREM 2. W LU 4,XG(3,2) is stationary in (J 4, be-
k=1 k=1 oo

cause |k, W|(U)> |W|(U) whenever U is a bounded open subset of | 4,
k=1

and & is a diffeomorphism of U leaving a neighbourhood of ¢U fixed.

We first want to show that there is a constant ¢ > 0 such that

(5.2) O (IW], z,)>e

whenever o, € spt |W| N (U 44). (It follows from this that W L U 4,x
k=1 k=1
X G(3,2) is rectifiable by virtue of [AW1,5.5].) Suppose z, e spt |W]
and Uz, o) c U 4, and let ¢, be a constant such that if I is a Jordan
k=1

curve in the unit sphere S2, and if F,, E, are the two components of Sz~ I,
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then
min {JC2(E,), Jex(B,)} < 02(361(]“1)) 2,

By the filigree lemma (which can be applied with f(z) = |#|/o, ¢, = 1/p,
Y, = Uz, o)), we know that if Je(N, N U(@,, @)) <(1/4¢,) 0%, then J2(N, N
N U(wy, 0/2)) < 2e,. Hence if there is a subsequence {k'}c {k} with
32N, N Ulay, 0)) < (1/4¢,) 0%, then we would have (spt [W|) N U(a,, /2) =0,
thus contradicting the fact that =, € spt |W|. Hence for all sufficiently
large & we have

1
(5.3) (N N Uy, 0)) > 1.2
2
from which we deduce

1
(5.4) W] (U(mu Q)) > 4_02 0*.

Thus we obtain (5.2) with ¢ = 1/(4¢,). In particular, W L U 4, x G(3, 2)
is rectifiable by [AW1, 5.5]. k=1

Now let x,, C, H be as in the statement of the theorem. For convenience
of notation we will suppose that x, = 0 and that (0, 0, 1) is normal to the
plane H. We write

D, = {re R jz|<o}, K,,= (D,~ 02D, x(—0,0),

[4

and we let w, denote the transformation of R?® defined by p.x) = tx. By
definition of C, we know there is a sequence {r,} — oo such that

(5.5) Wy W—>0C as k—oo.
By (5.4) it is then clear that for any o,€(0,1) we can find » such that

(5.6) K, ,Nspt|u,W|cK,

500/2 *
We can of course also choose r such that
(5.7) Je2(spt ||, W| N (0D, XR)) = 0.

Henceforth we will suppose that r has been thus chosen.
Now by hypothesis

(5.8) 3ex(u, (V) <Tex(N) + .
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for every N € A, with 0N = 0w (N,). From (5.6) and the co-area formula
we know that for almost all ¢ € (0,y/2, 1)

R (pa(N) N (DX ({— 0} U {0}))) >0 as k — o.

Thus for any given n > 0 we can assert that, for sufficiently large %, there
is a o, € ((3/4)0,, 0p) such that

(5.9) 3, (V) N (DX ({— 0} U {o})) < 7.
Hence, assuming 7 is taken small enough, we can deduce
(5.10) (N N (aDekX {—o3Uia}) =0,

for some g, €(2,1). We can also arrange, by Sard’s theorem, that w.(N,)
intersects both D, x ({— o3} U {0e}) and 0D, x[—1,1] transversally.

We now apply Theorem 1 with w,(Ny) in place of N and with K, , in
place of U (°). Then we find P}, ..., P%, P%*+, .. PPe A6, where R,, R,
are integers depending on %k, such that

0P, ..., 9P%C D, x({— o} U {0,})

OPEH, .., 0P cC 0D, X (— 0, 0,)
and such that (by virtue of Theorem 1)

(5.11) KPL)<JXP) + &,;, VPed with 0P = P,

Rk .
i=1,..., R, where > ¢ ;<r%g, and (by (5.7) and [AW1, 2.6(2) (d)]

i=1

Rx X
(5.12) (g W) L K31 XG(3,2) =lim > o(PiNKy,).

k—>oo i=1

Next we claim that Pi, ¢ = R, +1,..., R, can be discarded without
changing the varifold limit in (5.12); that is, we claim

!

Rk .
(5.13) (g W) L K31 XG(3,2) =lim 3 v(PiN Ky,) .

k—>o0i=1

() To be strictly precise, we first apply Theorem 1 with the « edges » 9D, X
X ({— o} U{o,}) smoothed out; because of (5.10), no modifications are needed in
subsequent parts of the argument.
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To justify this we notice that, by (5.11) and the isoperimetric inequality,
each of the curves oP., i = R, 1 1,..., R, encloses an area A,cD, x
X ({— 0x} U {0x}) which is such that J¢*(4})<(4n)-'n?; hence by (5.11)
Jex(P;)<n? for all sufficiently large k. Thus, applying the filigree lemma
with f(x) = |w,/or], Y= {@: @,/00] <1}, ¢, = 205" and ¢, = (4n)", we de-
duce that, provided # is sufficiently small (n < g,/4 will suffice),

K PL N K, , ) <26

(5.13) now follows from this, (5.6) and (5.12).

Suppose now that ie{l,...,R,} and I}= 0P} is nullhomotopic in
0D, X[— oy, qo]. Then letting Aj be that part of the cylinder 9D, xR
interior to I3}, we clearly have

JE2(A%) < 3e2(3D,, X [— 0y, Gp]) = 470e0, -
By using (5.11) with N = A}, we deduce
KA(Py) < 7m0, + & ; < bro,

for sufficiently large k. Hence we can again use the filigree lemma,
this time with ¥, = {& = (2, 4,, 2;): V& + 22 < tg,}, [(¥) = o5 'V + a2,
¢, = 0; ', and a suitable ¢,. (By homogeneity we can take ¢, to be such
that (4.1) holds for any null-homotopic I} in Yl.) We thus obtain

Jez(I)Izc N K&,l) <2€Ic,i7
provided ¢, is sufficiently small. Hence by (5.13) we have

(5.14) So(PiN Ky ,) — (kW)L K, , X 63, 2),

€T

where §, denotes the collection of those Pi(ie {1,..., R;}) which are such
that 0P is not null-homotopic in 0D, X[— 0,,0,]. For each ieq, we
clearly have

(5.15) n*<IHPLNK,;), o0€(0,0]-

Also, by letting A; denote the component of (9D, X [— 0y, ,]) ~ Pi which
contains the circle 0D,, X {c,}, we define N = A U (D, x{g,}). Clearly N
is homeomorphic to D, (via a bilipschitz homeomorphism) and JC*(N)<
<mo; + 4mp,0,. However we can now use (5.11) (with N is place of P)
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to deduce

(5.16) J(Pi) < mo? + b,

for all sufficiently large k.
Using (5.15) together with the fact that > »(PjN K,,) is bounded

ieTr
(e.g. by (5.14)), we then deduce that card T, is bounded independent of .
Thus we can find a positive integer n and a subsequence {k'} c {k} such

that, after a suitable relabelling of P},
(1) o > 0o €[3,1] as &' — oo;

(ii) for ¢ =1, ..., n, v(y.gi,l(P,f')) converges to a varifold W,, where
(by (5.15), (5.16) and (5.6)), for each ge(0,1],

(6.17) o< | Wi”(Ke,l) ) WK, ,) <7 + 57“"0@0_2
<7 + 320,,

(5.18) spt | W, c Kl,a,,’
and
(5.19) (oo 2 W)L K, ;X G(3,2) = X W, L K, XG(3,2).

i=1
Now by (5.17), (5.18) and the fact that K, , ,c U(0,1)c K,, we have

W (U0, 1)) > | WK, _,q,) = | W ](K,_,)

>7n(1 — 0,)*
and
[W. (U, 1)< |W,| (K, ) <® + 320, .

Then by using the arbitraryness of o,, together with (5.18), (5.19) and the
monotonicity of o=2|W|(U(x,, 0)) ([AW1,5.1(3)]), we conclude that
O(|W|, %) = n for some positive integer n. Thus we have proved that

O(|W|, =) is a positive integer whenever » € spt [W| N {J 4, and W has
k=1 oo

a varifold tangent at z, supported in a plane. Since W L_ U 4, xG(3,2)
k=1

is rectifiable, we know that such a varifold tangent exists for J€2-almost all

zoespt |[W]| N (UAk). Hence we finally deduce that W is a stationary
k=1
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integral varifold in (J A, thus completing the proof of the first part of
the theorem. k=1

We can now apply this first part of the theorem to the sequences {p.g;,l(P;;, )}
(in place of {N;}), and hence deduce that each W, in (5.17)-(5.19) is a sta-
tionary integral varifold in K,,. But then by (5.17) we can apply the
regularity theorem of W. Allard [AW1, §8]; for small enough o, we then
deduce that

W, LK, xG3,2)=v(M), i=1..,n,
where M, is an analytic minimal surface which can be represented in the form

M, = {(x, 2): 2 = u,(«), © € D}

where u; is a solution of the minimal surface equation on D, satisfying

sup |Du|<1. Further, since O(|wW|, %) = n, we easily see from (5.19) that
¥

u(0) =0, ¢ =1,...,n (7). On the other hand, from the construction of
the W, it is clear that for each ¢,j =1, ..., n we have either u;(x)>u;(x)
for all # € Dy or u,(x) <u;(») for all z € D,. But u,(0) = u;(0) = 0, and hence,
since the difference of two solutions of the minimal surface equation satisfies
the strong maximum principle, we deduce #; = w; on D,. Thus by (5.19)
(b W) L K, ; XG(3, 2) = nv(M,). This completes the proof of Theorem 1.

(5.20) REMARK. For later reference we wish to make a note concerning
another consequence of the above theorem and its proof. Suppose instead
of the sequence {v(N,)} of varifolds we were to consider the sequence
{z(N:)} of currents, where t(N) denotes the rectifiable current associated
(in the usual way) with an oriented surface N. With respect to the flat norm
topology ([FH:4.1.12]) we get convergence of some subsequence {z(N,)}
to a rectifiable current 7, with 07 L |J 4, = 0. Now if #, is as in the state-

k=1
ment of the above theorem, then an examination of the proof shows clearly

that we must have
TL U(-xo; o) = n'v(M),

where M is as in (5.1) and »’ is an integer such that |n'|<n and » — »' is
even. (n also as in (5.1).) In particular, if » =1 then »'= + 1.

(?) Of course for all sufficiently large » it follows from (5.17), (5.18) that the
integer m in (5.19) is precisely O(|W|, x,).
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6. — Interior regularity (continued).

THEOREM 3. Suppose {A.}, {N.}, W are as in Theorem 2, suppose B, ..., By
are distinct open discs of radius o which intersect in a common diameter L

of a ball U(.z‘.,, 0), where B(x,, p)C U Ay. Suppose also that spt |[W| N
N Uz, o) C UB and that spt |W| m (B1~L) #@. Then

i=

W L Ulx,, 0) X @3, 2) = nv(B,)

for some positive integer n.

Proor. For each ¢ =1,..., R, let B;”, B be }-dises with common

diameter L such that B} U B,.“ = B;. According to Theorem 2

(6.1) WL U(®,, o) X G(3, 2) z (n;f ©(B;") + n; v(B; ),
j=
where n;", n; are non-negative integers.
We now consider 3 cases:

R
Case I. > (n;" + n;)<2
i=1

Using the fact that W has first variation zero in U(w,, p), the case

> (mf 4+ ) =11is easily' shown to be impossible, hence we need only con-
i=1

sider the possibility z (n;* 4+ n;") = 2. However, using the facts that W
i=1

is stationary in U(w,, o) and that spt |[W| N (B~ L) 0, it is easy to
show in this case that we must have n/ =n; =1 (and n" = n; =0,
j1). Hence the required result, with » =1, is established in Case I.

R
Case II. > (n; + n;) = 3.
i=1
In this case we can find 3 half-dises H,, H,, H, with common diameter L
3
such that W L U(w,, o) XG(3,2) = > v(H,); furthermore, using the fact
i=1
that W has first variation zero in U(x,, o), one easily shows that H,, H,, H,
are distinct. (In fact they must meet along L at angles of 120°.) Now by
the remark (5.20) we know that (provided the H, are appropriately oriented

and provided we use the notation of (5.20))

3

T L U, 0) = z T(H,) .

i=1
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However we then clearly have 071 L U(x,, o) # 0, thus contradicting the
fact that o7L U 4, = 0.
k=1

R
Case III. (n;” + n;)>4.
i=1
We will prove in this case that for each sufficiently small 6 € (0, o),
there is a positive integer n such that

(6.2) WL UsxG(3,2) = nv(B, N Uy),

where, here and subsequently, Us = U(x,, o — 6). This clearly suffices to
establish the desired result.

R
Choose a (2 convex open set G such that U B;c G c U(x,, o), and
i=1

(6.3) JC2(0G) = 4me® — o for some x> 0.

We can suppose N, intersects oG transversally (otherwise modify N, slightly
without upsetting the hypotheses concerning N;), k =1,2,.... By The-
orem 1 (with @ in place of U and N, in place of M) we can then find the
pairwise disjoint P, ..., PT*e G (T, a positive integer) such that Pi~ oPj.c @,
0P c 04,

(6.4) JHPi) <IE(P) + &,;, VPe with 0P = 0P,

Tx
where Y &, ;<¢,, and such that (by conclusions (iv) and (vi) of Theorem 1
i=1

together with [AW1, 2.6(2) (d)])

Tk
(6.5) WL UpxG(3,2) =lim 3 v(PjN Up)

k—>ooj=1

for any preasigned 6 > 0. (Notice that spt |W| N Us is a compact subset

R
of G because spt |W| N Usc ( U B,-) N Us, hence (6.5) does follow from
Theorem 1. =

By (6.4)l and the filigree lemma, there is an « > 0 (independent of &,
but depending on 6) such that if J*(P} N U,) < «, then (P, N Uyy) <28 ;;
hence we have by (6.5) and [AW1, 2.6(2) (d)] that

lim 3 v(PiN Usy) = WL U XG(3, 2),

k—>o0 je€fk
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where T, is the set of j such that J&*(P, N U,) > «. In view of the fact that
lim sup EJ(’F 7N Us) < oo (by (6.5)) we then deduce that card (T) is

iefx
bounded independent of k. Thus we can select a subsequence {k'} c {k}

and assert that (after a suitable relabelling of the P})

lim Y v(Pj NUy) = WL U xG(3,2).

k'—>o0 j=1

We can choose the subsequence {k'} such that each individual sequence
{v(Pi)}, j =1,...,m, has a varifold limit W,; thus

(6.5)' W, =limo(PL), j=1,..,n,

k'—o0

WL Uyx@G(3,2)= szl_UzexG(3,2).

By (6.4) and Theorem 2 (with {Pi} in place of {¥.}), we know that W, is
a stationary integral varifold in @, and since spt |W,| N Upcspt [W]| N
R

N Usc U B;, Theorem 2 also implies that
i=1
R
(6.6)  W,L U,xG(3,2) = 3 (mFv(Bf N TU,)+myo(By NnT,),

i=1

j=1,...,n, where m;, m; are non-negative integers.
Now by (6.4)

J€2(P;c) <min {Jez(s+)7 362(S_)} + Eryio

where S§*, S~ are the components of G ~ 9P,. In view of (6.3), this last
inequality gives

. o
I (Pr) <2m0* — 5 + iy
r
whereupon we must have

IW](Us) < 2n(0 — 0)?

for sufficiently small 6 € (0, 9). But then the m; , m,; in (6.6) must satisfy
Z m; 4 m;)<3, and hence we deduce by Cases I and II above that

(6.7) WL UsxG(3,2) = v(B. N Uy) ,
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for any je{l,...,n} and ke {l,..., R} with spt |W;| N B, N Uss 6. Be-
cause spt [W| N (B~ L)+ 0, we see that (for any 6 € (0, 0) such that
spt |W| N By N Us = 0) there is a j, say j;, such that (6.7) holds with
j = jiand k = 1. If on the other hand there is an 7 > 1 such that spt | W] N
N (B;~ L)+ 0 then (for 0 € (0, o) sufficiently small) there is a j, such
that (6.7) holds with j = j, and k = 1.

Thus we would have

(6.8) v(PiN Uy —>vB,NT,), vP:nU)—>vBNT), i#l.

This is clearly impossible in view of the fact that Pj:, Pi are disjoint ele-
ments of AG for each k. (For example we can argue as follows: since
PiyN P =0, we have disjoint open sets Ui, U in U(x,, o) with
oUr = P&, r=1,2. But by (6.8) and (5.20) we see that the characteristic
functions of U, U’ converge in the L, sense to the characteristic functions
of hemispheres U!, U? of U(w,, p) with 0U' N Ulx,, o) = B, and 0Uz N
N U(x,, o) = B,;. Such convergence is clearly impossible in view of the
disjointness of U, and Uf;,.) Thus we deduce that W, UsxG(3,2) =
= v(B, N Up) whenever W, UsxG3,2)# 0, j=1,...,n. The desired
conclusion (6.2) now follows from (6.5)".

COROLLARY 2. Let V be as in §1. Then at each point x,€spt |V|~ 1"
there is a varifold tangent C of V having the form C = nv(H), where H is a
plane in R3 and n is a positive integer.

Proor. For convenience of notation we suppose z, = 0. Let {t,} — oo
be a sequence such that C :kli_)r{}o W4 V. Clearly we can find a sequence
{N:} c £ such that

Ny = p, (M) (1, — oo a8 k — oo)

v(N,) - C as k — oo,
and
N, <ICN) + &, VNeM with ON = oN,,

where ¢, —~ 0 as k — oo.

If spt |C| is contained in a plane, Theorem 2 applies and the required
result is immediately obtained. If spt ||C| is not contained in a plane, then
it follows (see [AW1, 6.5], [AA]) that we can find 2, 7 0 and ¢ > 0 such that

R
spt | C| N By, o) = L}HM
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where R>2 and H,, ..., Hp are distinet closed half-dises having common
diameter L, L also being a diameter of B(x,, 9). But then we can apply
Theorem 3 with C in place of W, whereupon we deduce

O L Uy, o) XG(3, 2) = n ,v(B)

for some disc B, where » is a positive integer. This complets the proof.
By combining Theorems 2 and 3 the following interior regularity the-
orem is now evident.

THEOREM 4 (Interior regularity of V). Let the varifold V be as in §1.
At each point x, € spt | V| ~ I there is a positive integer n, , a o, > 0, and
an analytic minimal surface M, such that

VL U, 0) X G(3,2) =n, v(},).

7. — Boundary regularity.

In this section z, denotes a fixed point of the boundary curve I'c 04.
Since I" is 0% and A is uniformly convex, we know there are planes

nf ={@eR: (@—a)v* =0}, =z, ={zeR: (v—a)v" =0},
where »*, y~ € 8% satisfy [v* -y~ | <1, such that z} N I'=a,; N I'= {x,} and
(11) I'~S{mlcW={reR% (x—2) v >0, (v—x)v >0}.

We assume that the minimizing sequence {M,} of §1 has been chosen
so that M,~I'c 4, k=1,2,... (By Remark (3.12) this can always be
arranged without any change in V L (R*~ I') X G(3, 2).)

We let V'=V [ (R®~1)%xG(3,2), and we claim that

(7.2) Tcspt |V'] .

In fact some subsequence of 7(M;) (notation as in (5.20)) converges with
respect to the flat norm to an integral current 7' such that 0T = =(I'),
where t(I") denotes the one-dimensional current associated with a suitably
oriented version of I. Thus I'c spt 7. On the other hand (by (5.20))
spt (= spt T L (R®~ I')) c spt | V'], and hence we deduce (7.2) as required.

Now define L = n;: N 7, , and henceforth (for convenience of notation
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only) assume #, = 0 € I. Letting C, = limu, ,V' (r,— oo as k — oo) be
any varifold tangent of V' at 0 ([AWL, 3.4(1)]) we then deduce that the
line L defined above is contained in spt |0, | (by applying [AW2, 3.4(1)]
to each w,,V’'). Furthermore (by applying [AW2, 3.4(2)] to each V')
we deduce

(7.3) 10, 1(Z) =0

(7.4) r=2|C,|(U(w, 7)) is non-decreasing in r for ;€ L.
By using (7.4) with @, = 0, together with the definition ¢, we then see that
(7.5) r=2| 0, (U0, ) =6(|V'],0), Vr>0.

Also, by definition of C,, we can use the sequence {M,} to construct a
sequence {N,} c A6 with the following properties:

(7.6) Nyc WU L(Wasin (7.1)), 0N, N U(0,1)c LN U(©0,1);

(7.7) JCX(N,)<I*N) +1/k, VN edl with oON = oN,;

(7.8) lmo(N,) L (W~L)xG3,2) = C.(= 0. L (RR~L)xG(3,2)) .

k—>o0

Thus by Theorem 2 we deduce that C, is a stationary integral varifold in
R?~ L, and

(7.9) spt O] cW.

Next, define ¢ = O, 4 ¢,C,, where ¢ is the reflection of R* through
the line L. By (7.3) and the reflection principle [AW2, 3.2], C is a stationary
integral varifold in R3. Then by (7.5) and [AWI1, 5.1(2)] it is clear that
p,4 0 = C, Vr > 0, hence

(7.10) p 0o =0, Vr>0.

By Theorem 3 together with the classification of 1-dimensional stationary
varifold tangents, given in [AA], we then know that (since C, is integral and
Lcspt |[CL|c W)

(7.11) C.= >v(H,),

i=1

R —
where H,, ..., Hy are half-planes with common boundary L and UH,cW.

i=1
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Our aim now is to show that R =1. We let
U+(07 0) == {J} = (wu T2, ws) € Re: lxl < 0, T3 > 0} .

and suppose (for notational convenience) that Wc {x € R?: x,> 0}.

By Sard’s theorem we can find g € (2, 1) such that N; intersects 0U*(0, o)
transversally. (Since oU+(0, g,) is not smooth at the edge F = {zr = (,
Xy, @y): 23 =0, |2| = p,} this last statement has to be appropriately inter-
preted; at points in # we require the tangent plane of N, to differ from
both the tangent plane of 9U(0, o,) and the plane z; = 0.) Then N, N

N oUH(0, o) = U I'i, where I'y,...,I'" are pairwise disjoint Jordan curves

such that Iy 1s a union of L N U(0, ;) and a C* Jordan arc y,c oU(0, g;) N

N W, and where Iz, ..., I'™ are C? Jordan curves contained in 0U(0, g,) N W.
Let ¢ > 0 be given. Because of (7.8), (7.11), it is not difficult to show (e.g.
by using the co-area formula) that we can also arrange for g, to be such that

. ng o R
(7.12) > 3¢!( I ~{o: dist (s, UR) >s}) <e,
j=2 i=1
provided k is sufficiently large (depending on ¢). From this it clearly fol-
lows that (for % sufficiently large) each of the curves ch, i=2,.., 0,
encloses an area A} c 0U(0, ) with

(7.13) J(Al) < ce,

where ¢ is an absolute constant.

Now recall that Theorem 1 was stated for the case when U was a O2
convex open set. The theorem is easily seen to be valid (with only minor
modifications in the proof) in case U is the intersection of two C? convex
open sets (like U*(0, o) for example), although in this case we can only
require the N, of (vii) to be elements of ( (rather than .G) and (ix) holds
for all P e A with 0P = ON;. (Here G is as in §1.) Using such a modi-
fied version of Theorem 1, with U*(0, g,) in place of U, we deduce that there

is an N, e M with 0N, = oN,, N, N U+(0, o) UP Pie M, oP; =TI},
P2 ..., P e, 0PLc oU(0,0) N W

(7.15) C. LU0, ) x6(3,2) =lim 3> »(PLN U0, })

k—>oc0 j=1

(using conclusions (iv) and (vi) of Theorem 1 together with [AW1, 2.6(2) (@)]),
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and where
(7.16) JUPi) <¥(P) + &;, VPeM with 0P = 0P},
j=1,...,my. Here g, ;are constants such that > &;<1/k (which Theorem 1

guarantees by virtue of (7.7)). i=1

By (7.13) and (7.16) we then have JC(PF)<(c + 1)e, j = 2, ..., m,, for
all sufficiently large k. Hence by the filigree lemma (for ¢ small enough)
we can discard P%, ..., P* without changing the limit in (7.18). That is,

(7.15)’ O+ LU0, §) % 6(3, 2) = lim v(PL N U0, 1)) .

Also, by (7.16) and Theorem 2 we have a subsequence {k'} c {k} with
(7.17) o >0€[},11, o(Pp) —>Y,

where Y is a stationary integral varifold in U™(0, o) with spt | Y| c W.
Clearly by (7.15)’ and (7.17)

(7.18) Y L U, %) XG(3,2) = C+ L U0, %) xG(3,2).

We next let S+, S- be the two components of (9U(0, o) N W)~ I}
and let D+, D- be the half disecs having common diameter L N U(0, o)
such that o(U(0, o,) N W) = 8+ U 8- U D+ U D-, and suppose the labelling
is such that (D+* N S8+t)~ L 0. Then E+= D+uU8+ and E- = D-U §-
are both bilipschitz homeomorphs of D,, and 0E+ = 9E- = I',. Furthermore

min {Jex(B+), J2(B-)} = J(D+) + min {J3(8*), Jex(S-)}
27— 2 3
<(g+ ﬂ—z—a)gfc :(—;_“)lec

for some o> 0. (2a=}32(0U(0, gu)) — 32(8U(0, i) N W)). Hence by
(7.16) and (7.17) we conclude

3
(1.19) 1Y (U0, 0) <570 -

Also, writing Y'= Y L U+(0, o) X G(3, 2), we then deduce from (7.19) and
the monotonicity of 2| Y'|[(U(0, r)) ([AWZ2,3.2; AW1, 5.1 (3)]) that

(7.20) o(lc.l,0) =06(]Y'],0) <%.
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Thus we can deduce that the integer R in (7.11) satisfies R<2. On the other

hand we know that by (5.20) there is a rectifiable current 7' with
R

(7.21) oTL U(0,0) = T(L N U(0, Q)) y TL U0, ) = Z Xi T(Hi N U(o, Q)) ’

i=1

where each y;,= +1, ¢=1,...,R. (Here we take account of the fact
that the half-spaces H,, ..., H, are not necessarily distinet.) In (7.21)
(L n U(0, 0)) denotes the one-dimensional current associated with a suit-
ably oriented version of L N U(0, ), and the H, are also assumed to have
been given some definite orientation. Now (7.21) clearly implies that R
is odd, hence we deduce finally that R = 1. That is we have

o(1v'], 0) = ©(| 0., 0) = %,

and by the regularity theorem of Allard [AW2, § 4] we then deduce the fol-
lowing result concerning V'’ in a neighbourhood of z,e I

THEOREM 5 (Boundary regularity of V). Suppose V is as in §1, vy l’
and V'=V | (R*~T)xG(3,2). Then there is a 0> 0 and a C? surface-
with-boundary M such that oM N U(x,, o) = I'N U(w,, o) and V'L U(w,, ) X
X @(3,2) = v(M N Ul,, o).

REMARK. The regularity theorem of [AW2, §4] guarantees M is C'
for each y € (0, 1); the fact that M is C? then follows from the fact that I’
is C® together with the fact that M can be locally represented as the graph
of a solution of the minimal surface equation. (The Schauder theory for
elliptic equations with Holder continuous coefficients is thus applicable.)

8. — Main result.

From Theorems 4 and 5 (together with the fact that there exist no com-
pact minimal surfaces without boundary) we now immediately deduce
that V'= v»(M), where M is a compact connected C? surface-with-boundary
such that 0M = I'. It thus only remains to show M € .

In order to do this we first show that there is a C* map y of D, into M
such that y|0D, is a diffeomorphism of 9D, onto I'. Notice that the existence
of such a map y immediately implies orientability of M (because, for ex-
ample, we can use the map y to demonstrate that the 2-dimensional singular
integral homology group H,(M,dM) is non-zero). It then follows from
standard classification theory for 2-dimensional surfaces that either M e A
or else M is a disc with A>1 handles [AS 41G, 46]. However the latter

31 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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case cannot occur because the existence of the map y clearly implies that
the homeomorphism ¢: [0, 1] — I" defined by ¢(¢) = x(¢"), is null-homotopic
in M. (A homotopy is given by F(s, t) = x(se"), (s,?) €[0,1]x[0,1].)
However, if M has h>1, then one can express the homotopy group of ¢
explicitly in terms of generators of the free group n(M) ([AS, 43B]); cer-
tainly one can conclude in this case that ¢ is not null-homotopic.

Thus to prove M € A it merely remains to prove the existence of a map y
as described above. To do this, first note that there is a 6 > 0 such that
there is a O2 retract u of S; = {x € R3: dist (¢, M) < 6} onto M. We can

write R* = |J K,, where K,, K,, ... are closed cubes of edge length /4,

i=1

with pairwise disjoint interiors and with faces contained in the planes
;= ko4, 1 =1,2,3, k=0, +1, 4+ 2,.... Suppose the labelling is such
that for some R

_ R
(8.1) (RE~85)Nn Ac UK,

i=1
and
R

(8.2) Mn UK, =90.

Now let ¢(K;) denote the union of the edges of K, (thus e(K;) is a union
of 12 closed line segments, each of length 6/4). Since J¢? (M [¥a (fj K,-)) -0
as k — oo (by (8.2)), it follows that, for k sufficiently large, we 1c:_m,ln slightly
perturb M, to give N € M, with N~dNc A, oN =1, N N (G o(K ) = 0,
and such that N meets |j(8K,~~ (X)) transversally. o
i=1

Having thus chosen N_ , apply Theorem 1 with N in place of M and
interior (A N Kj) in place of U (8). Then we obtain N e with oN =T,

D R

N~oNc4, NnK,=UP, where P,eM, and with N N (U 8Ki) c
R i=1 i=1

cNN (U E)Ki). It is then clear, since 0P, C (0Kz~ ¢(Kz)) N N, that we can

i=1 R
modify N to give N* e A with ON* = I, N*~ 0N*c 4, N*n (U e(K) =9,
i=1
R R R
N* intersecting |J 0K, transversally, N* N ( U 8K,~) cNNn ( U oK ,-), and
i=1 i=1 i=1

i=

() To be strictly precise, we should here replace A N Ky by a C? convex set U
with UcAN Kz and Un N= Krn N. The subsequent conclusions are then still
valid.
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N*N 0K, = ¢. Thus, by induction on R, we can obtain N € M with
R R

ON=I,N~0NcA,and NN (U@K,) =0 (and hence N N (UK,-)=0).
i=1 i=1

Thus by (8.1) we deduce that N c 8§;. We now let y, be a (2 diffeomorphism
of D, onto N and let u be the retract of S, onto M described above. We
finally define y = uoy,; this gives the desired mapping y.

Thus we have finally proved the following.

THEOREM 6. If A, I' are as in §1, then there is an M € M> such that
OM = I' and ¥*(M) = inf {JC*(N): N € A, ON = I7}.

9. — The k-contour case, k>2.

In this section we wish to point out that the techniques of the previous
sections imply analogous results for the case when I is a disjoint union
rnurlr,u..ul, of k>2 smooth Jordan curves contained in 04. For
simplicity we will here only explicitly consider the case k = 2. We let
I'=1,uT,, where I, I, are disjoint C® Jordan curves in 04, A, denotes
the set of surfaces M c R® which are (2 diffeomorphs of the annulus
{r: $<|®|<1}, and we let

oy = inf {Je(M): M e Mo, OM = I’}
oy = inf {JCX(M): M € My OM = I}
o = inf {JC(M): M e M,, OM = TI'}.

THEOREM. 7. Suppose o < ot; + .
Then there is an M € Moy with OM = I' and (M) = a.

The general approach to the proof is as for the single contour case.
We take a sequence {M,} c Mo, With 0M, = I', Je*(M,) — «, and such that
V = lim v(M,) € V,(R?) exists. We need to show that there is a compact C*
surface-with-boundary M € M, with OM = I" and v(M) = VL (R*~ 1) X
X @(3,2). (The fact that JE(M) = « then of course easily follows from the
construction of V.) In order to show the existence of such an M we need
the following variant of Theorem 1.

THEOREM 1'. Suppose the hypotheses are as in Theorem 1, except that
M e M.
Then either

(@) there exist My, My€ M with oM = oM,V oM, and I¥M,) -+
+ JCH(M,) <J*(M), o1
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(b) there is an M € Mo, such that the conclusions (iv), (v), (vi) of The-
orem 1 hold, and in place of conclusion (vii) we have:

(vii)’ I ~ T has no components E with oM N E = 0; in case 0Mc oU
we deduce M c U as in (vii).

If in addition neither of the two components I'y, I', of O M is contained en-
tirely in 0U, and if there is a single component F of M ~ U containing
OM ~ 0U, then conclusion (vii) of Theorem 1 holds as before; if hypothesis (viii)
holds for every P e M, with 0P = 0M, then conclusion (ix) of Theorem 1
also holds.

Proor. Let y denote a diffeomorphism of G onto M, where G = Sz~
~ (DM D®), with DW, D®c S? disjoint diffeomorphs of D,, and let
I,= X(aD(i)), i=1,2.

Now let Uz, E, F be constructed as in the proof of Theorem 1 (with
OMNE=9and UsN M =0). For i=1,2 let §,c G be the component
of 4 '(0F) such that some component K of G~ y~'(E) contains both 4,
and 0D®. Let F? denote the component of ¥ which contains x(d,),
let I, denote the union of those components W of G ~ y~(E) such that
2(0W ~0GQ) N\ OFf = 0, and let Ef = x(I,), ¢ =1,2. (cf. the definition
of F*, I, E* in the proof of Theorem 1.)

We now consider two cases:

Case 1. I,¢E*or T,¢E.
Case II. I'yc E* and I',c E}.

In Case I we only explicitly consider the alternative ]"2¢E‘{; the pro-
cedure in case of the other alternative is almost identical.

We define a Lipschitz mapping § by setting #(z) = y() for v € G ~
~ ¢ YE U E*) and () = (u,0x)(x) for x € y~}(E U E%), where u, denotes
a diffeomorphism of £ U E¥ onto F* with u, = identity on 0F*. (Notice
that such a w, exists by Lemma 1, because I, ¢ B*.)

It (I, U I,) N\ F* ~0F% = ¢, then 7 is 1-1 on the whole of ¢ and we can
define a Lipschitz surface i = #(@). Then by (3.1) Jex( i) + Je(Ey) <
< Jex(M) and, by making a slight perturbation of i in a neighbourhood
of Fy (cf. the procedure of Theorem 1), we obtain M, satistying

01 MeM,, oM,=0oM, M~UcM~T, M NUjcMnU,
OD N sy + sex((M ~ 11,y A 0) <3e30) .

It (INuI,)NF;~0F;+# 0 (cf. Case II of Theorem 1), then we have a
curve y; c @ with #(y,) = I'; for either 4 =1 or 2 (or both). Suppose for
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example that such a curve y, exists. We consider the possibilities:
(i) %1 is not null-homotopic in G;
(ii) 9, is null-homotopic in G.

In case (i) holds, we define ¥ = #|G', where G’ denotes the component
of G ~y, with closure containing 0D®. In case (ii) holds, we first let x4 be
a diffeomorphism of D® onto inty, (C G) with u[oD® = (£|y.)1o(£|0DW),
and we define @ and 7 by G¢'= (G~inty,)UDW, 7= 4 on GN&,
% = gou on DW. Then (regardless of whether (i) or (ii) holds), if there is
no curve y, C @' with ¥(y,) = I, we can slightly perturb % to give a smooth
embedding 7*: @ — R® such that M, = %*(G') satisfies (9.1). If on the other
hand there is a curve y,c G' with %(y,) = I, then a repetition of the
above argument, starting with ¥, G', y, in place of %, G, y, respectively,
again yields M, as in (9.1). Thus Case I always leads to a surface M,
as in (9.1).

We now turn to Case II. In this case, since 0D ¢ I,, we must have

(9.2) F*+ F}.
Defining i, = (M~ (E VU E}) U F¥, we then see by (9.2) and (3.1) that
Jex( i) + Jex(I,) < Jex( M) ,

and, with the aid of Lemma 1, we also see that o, = Y .(D,), where

Y;: D, — R?® and Y,|int y, is a bilipschitz homeomorphism for some Jordan
curve y;C D, with Y, (y;) = I',. It follows that we can find M,, M,€ A
such that alternative (@) of Theorem 1’ holds. Thus Case II implies that
alternative (a) holds.

We can now complete the proof that there is M as in (vii)’ by using
induction on the number of components E of M ~ U such that oM N E = ¢.
(cf. the proof of (vii) in Theorem 1; the only essential difference here is that
at the inductive step of the argument the occurrence of Case I1 will always
yield alternative (a) and the argument can therefore be immediately ter-
minated.)

To prove the second part of Theorem 1’, we simply note that (vii)’ im-
plies (vii) in case neither component of oM is contained entirely in 0U
and there is a single component F of M ~ U containing 0M ~ 0U. (The
remaining part is then also proved in an almost identical fashion to the
corresponding part of Theorem 1.)

To prove (vii)’ implies (vii) under the above hypotheses, first note that
we can take N in condition (iii) of Theorem 1 to be such that N € A, and




482 FREDERICK J. ALMGREN, jr. - LEON SIMON

(N~M)nU = 9. It then easily follows that there is a N e, with
McN~0N and (N~M)NTU = 0. Furthermore (by conclusion (iv))
FcM; F is thus a component of M ~ U containing all of 0l ~ oU. It
then follows that N ~ U has a component containing all of o, and hence
(by (vii)') N ~ U is connected. Thus if we let y be a (2 diffeomorphism of

{r: 3<|z|<1} onto N, so that y (N N oU) (= y I naol)) = Uy,
i=1

where yy, ..., ¥, are pairwise disjoint (2 Jordan curves in {zr: } < |z| <1},

then we must have inty,,...,int y, pairwise disjoint and contained in

{w:} < |Jz| <1}. (Otherwise we contradict connectedness of N ~U.) It is

then clear that N N'TU (= JI N U) is a union |J y(int y,) of elements of G
as required. i=1

In conjunction with the above modification of Theorem 1, we point out
the following property of the minimizing sequence {M,}.

LeMMA 4. Suppose a < oy + a, as in Theorem 7, and suppose {M,} C M,
satisfies OM, = 1I', k =1,2, ..., and lim R} M;) = «.

Then we have the following conclusion: there is & constant o > 0 such that
if U is any C? open convex subset of A with diameter U< p, if M, intersects 0U
transversally for k =1,2, ..., and if I1'~0U, I'n~ 0U are both non-empty
and connected, then for all sufficiently large k both Iy~ 0U and Iy~ 0U are
contained in the same component of M, ~ U.

PrRoOF. Suppose no such g exists. Then for each ¢ > 0 we can find a
convex set U c A with diameter U<e, with the sets I, ~0oU, I,~0U
non-empty, connected, and contained in different components of M,~ U
for all % in some subsequence {k'} c {k}, and with M, intersecting 0U trans-
versally. We can suppose I3 N oU = 0 and I, N oU = 0; otherwise this
can be achieved, without upsetting the above hypotheses, by replacing U
by a slightly smaller set. We then let X, be a (C? diffeomorphism of
{re R?: < |o|<1} onto M, such that X, (0D,)= Iy and X,(0D,) = I.
Since I, I, are in different components of M, ~ U, we can find a Jordan
curve y C {w € R*: } < |o| <1} such that D,cinty and X,(y)coU. Now
let P, be one of the two components of 0U ~ X (y) and let Y, be a bilip-
schitz immersion of D, into R?® such that Y, (D,) = P, U X, (D,~int y).
Then by Lemma 2 it follows that there is an M}, € A such that

() oML =T,, J ML)<IXP,)+ JXX,(D,~ inty)) + .
Similary we can find MZ € M with

(i) oMZ =T,, J(M%)<KA(P,)+ JXX,(inty~ D))+ &.
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Now Jex(M;,) + J*(MZ)>w, + «,, hence adding (i) and (i), we see that
o + o, <23C3(Py) + (M) + 26°.

Since JC*(P,)<4me* and J*(M,) —a«, we then deduce, because &> 0 is
arbitrary, that oy + «,<a, contrary to the hypothesis of the lemma. This
completes the proof of Lemma 4.

Because of Theorem 1’ and Lemma 4 it should now be clear that the
techniques of §5-8 can be modified in a very straightforward manner to
yield a proof of Theorem 7.

10. — Minimizing surfaces of higher genus.

In this section we wish to show that there is an analogue of Theorem 6
for surfaces of higher genus. The discussion of Appendix B illustrates the
wide range of applicability of the results obtained here.

We let 4, I, M be as in §§1-8, and we also introduce the following
further notation:

M(g, I') (90 an integer) denotes the collection of connected oriented C2
surfaces-with-boundary M with oM = I, and genus M = g;

a, = inf {Je*(M): M € M(g, I")}(= inf {Je*(M): M € Mo(h, I") for some h<g});
{M,} will denote a sequence in (g, I") such that

(10.1) lim Jex( M) = a,

k—o0
and such that there is a varifold V, with

(10.2) V, = lim v(My) .

k—o0

Of course by the convex hull property of Appendix A we have

(10.3) spt V,cAu I

(cf. (1.1)).
The main result we want to prove is the following.

THEOREM 8. Suppose a, << ay_;.
Then there is an M € Mg, I') with (M) = «,.

We will show that, like the main result of §9, this theorem can be
proved by rather straightforward modifications of the techniques of §§ 5-8.
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The key point is to prove interior and boundary regularity of V, in the
sense (cf. Theorems 2, 3) that there is a smooth surface-with-boundary M
satisfying oM = I" and

(10.4) v(M)=V,L (RE~1);

it then remains to prove genus M= g (cf. §8).
We first need the following generalization of Theorem 1.

THEOREM 9. Suppose the hypotheses are as in Theorem 1, except that
M e Mg, I') rather than M € M.

Then there is an integer 0 <h<g and I € M(h, I') such that the conclusions
(iv), (v), (vi) of Theorem 1 hold and such that R*~ (M U U) is connected.
(Consequently M c U in case I'c 0U.)

ProoF. Let H, Uz, F (satisfying (3.2), (3.3)) be as in the proof of
Theorem 1 and consider the cases I'c F~ 0F, I'¢ '~ OF.

Case I. I'¢ F~ oF. In this case we let M* be the compact (not
necessarily connected) oriented Lipschitz surface with boundary I' defined
by M* = (M ~ E) U F, and we let M be the component of M* containing I.
We want to show genus MW <genus M.

To show this we are going to use the Huler characteristic y(Y) of a compact
(not necessarily connected) oriented surface Y; x(Y) has the properties
that it is an integer, and if Y is connected then

(10.5) 2(¥Y)=2— R—2g.

Here R =0 if 0Y = 0 and R is the number of components of 0Y other-
wise; g denotes the genus (number of handles) of Y and is zero if and only
if ¥ is homeomorphic to a compact surface-with-boundary in S2. Thus,
in case Y is connected we always have

(10.6) 2(¥)<2,

with equality if and only if Y is homeomorphic to S2. The Euler charac-
teristic has the additional property that if Zc ¥ with Z also a compact
surface with boundary, then

(10.7) W Y) = 3(Y~ (Z~02)) + (2).

Now let k be the number of components of F and let M®, ..., M® be
the components of M* ~ M®. Using the fact that <k together with (10.5),
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(10.6) and (10.7), we have

l
20k —1) + 2(MD)> 3 2(MD) = y(M*)

i=1

2( M) + x(F) — x(B)
= (M) 4 2k — 2 4 2¢z,

where g; denotes the genus of E. Thus we have y(M®)> y(M), and hence
genus MW <genus M as required. Of course by (3.1) and the construction
of M® we have

(10.8) M~ 3UcC M, X((M~ M) N TU) 4 JeMD) < Iex(M).

Case II. 'c F~0F. Let I"'c M~ 1 be a (% Jordan curve homo-
topic to I'in M, and let N c M be the compact surface with boundary I".
Since M N Uz = @, we can arrange to choose I sufficiently close to I" to
ensure that I''c U. We now write N* = (N ~ E) U F and let N® be the
component of N* containing 1. Exactly as in Case I we show that genus
NW<genus N (= genus M). If I'¢ NV, we write MV = NOU (M ~ N)
and we note that genus MV < genus M and (10.8) again holds. If I'c N
we first want to argue that N® ~ I" is not connected. Indeed U ~ M con-
sists of open components, each lying on one side of the oriented surface M.
Let W be any component of U~ M with I'c W. If N® ~ I' is connected
we could, after letting F* be the component of # which contains I', con-
struet a curve in N® ~ I" joining any two given points on F* ~ I". Since N
is oriented we could then construct a curve in (U U F*)~ M joining any
two given points on F* ~ I'. Thus it would follow that F* c W, and this
in turn clearly implies that there are points of M ~ I' (close to I') which
lie in the interior of W, thus contradicting the fact that W lies on one side
of M. Thus N® ~ I' is not connected. We now let M™ be the closure of
the component of N~ I" which does not contain I”. We then note (by
using (10.5), (10.6), (10.7), together with the established fact that genus
N <genus M) that genus MW<genus M and that (10.8) again holds.

Thus in either Case I or Case II we obtain a Lipschitz surface M™ with
genus MV <genus M and with (10.8) holding. By making an arbitrarily
slight perturbation of M® in a neighborhood of F (and leaving the rest
of MW fixed) we obtain a smooth surface M@ with (MW~ U)U (MDA Ug)c M
and with Je2((M ~ M®) N Us) + Je2(M™) < Je*(M). (Cf. the relevant part
of the proof of Theorem 1.) By induction on the number of components
of M~TU (as in Theorem 1), we thus obtain the desired surface M.
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We next define M@ (g, ") (for o> 0) to be the collection of surfaces
M e Mg, ') with the following property:

If U is an open (2 convex set with diameter <p, if o.M c R®~ U, and if
M and 9U intersect transversally (in the sense of Theorem 1 (iii)), then for
each component A of M N oU there is an N € A with N ¢ M and N = A.

We have the following lemma.

LEMMA 5. Suppose g>1 and M e M(g, I') is such that (M) < a,_;.
Then M € Mg, I") for any o < {(ay_1 — J€2(M))/(8% + 3)}.

Before proving this, we note that the following corollary can be ob-
tained with the aid of Theorem 9 and Corollary 1.

COROLLARY 3. If the hypotheses are as in Theorem 9, with 2(M) < o, _;— f
and diameter U < {§/(8x + 3)} for some B> 0, then the surface I of The-
orem 9 is such that

k
MHU:UN,,
i=1

where Ny, ..., N, are pairwise disjoint elements of AC.
If it is in addition hypothesized that JC(M)<IC(P) -} 0 for each

k
Pe Mg, I'), then there are positive 0., ..., 0, so that > 0,<0 and
i=1

JerN,)<Je(P) - 6,, VPedt with 0P = oN,, j=1,..., k.

Proor or LEMMA 5. Let U have diameter < g, where for the moment
o > 0 is arbitrary, and suppose that M intersects 0U transversally. We
can also suppose 0M N U = 0, otherwise initially replace U by a slightly
smaller set.
Let I, be a component of M N oU which is not null-homotopic in M
such that one of the two components (let us call it P) of 0U ~ I satisfies
either M N P = § or each component of M N P is null-homotopic in M.
(Of course such a component I; of M N oU exists unless every component
of M N oU is null-homotopic in M.) Then (even if M N P is empty) we
R

can find pairwise disjoint diffeomorphs M, ..., My of D,, with U M,c M
R i=1

and (U (M, ~ 8M,-)) NP=MnNP. By Lemma 2 we then have pair-

i=1

wise disjoint I, ..., M, Pe M with oM, = oM;, 0P = oP

(10.9) Jer(JI)<Jex(M,) + o¥R, J(P)<¥P) + o°
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and

(10.10) i, n (M~.U M)=90, i=1,.,R.

(Notice that this last conclusion follows from the first two assertions in (2.6)’
. R R

of Lemma 2.) Then, defining M = (M~ ( U Mi)) U (UM,»), we see
i=1 i=1

that Jf is homeomorphic (via a bilipschitz homeomorphism) to M, and also
MnP=9¢, In@U~P)=MnN (23U~ P).

Since U is convex with diameter <p, we have JC*(P)<4np? and hence
by (10.9) we deduce

(10.11) ¥xP) < (4m + 1),  Jex(M)<IM) + 0.
We now construct a surface N as follows (the construction depends on con-

sideration of two cases):

Case I. If M ~ I is not connected, we let @ be the component of
M ~ T, which does not contain I', and we define N = (J{ ~@Q) U P.

Case II. It M ~1T, is connected, we let 8 = {w e I : dist (», I}) < &},
where ¢ is chosen small enough to ensure that S is diffeomorphic via a dif-
feomorphism X, to the annulus {z:i<|r|<1}. For ¢ sufficiently small,
we can construct E,, E, € M (each being constructed by a slight perturba-
tion of P) such that

(10.12) E,NE, =0, 0B, U0E, =28, (E,UE)NI =28,
KBy + KAE) <2(4m + 1) 0°.
We then define N = (M ~ 8)U F, U E,.
(That is, N is constructed in this case by cutting out the annulus 8 and

replacing it by two dises.)
By (10.11), (10.12) we now have (in either Case I or Case II)

(10.13) Je(N) < JeX (M) + (2(4 + 1) + 1) 2
— JX(M) + (87 + 3) ¢*.

We now claim that (again in either Case I or Case II)

(10.14) genus N < g(= genus M = genus M).
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Of course once (10.14) is established we immediately conclude

oy — JCH M)
8 + 3

2

from (10.13) because otherwise (10.13) would imply JC*(N) < o, ;.
However (10.14) is an immediate consequence of (10.5)-(10.7) and hence
the proof is complete.

Using Theorem 9 and Corollary 3, we can now very directly modify
the method of §§5-7 in order to prove that there is a C2? surface M with
boundary I" as in (10.4). (Also, analogously to Remark 3.12, we note that
Theorem 9 and (10.3) can be used to construct a minimizing sequence
{0} c Mg, I') with My~TI'cA and Jim o) L (R*~T)%xG(3,2) =
= lim »(M;) L (R*~ I') X G(3, 2) (= V,L (R*~T)xG(3,2)); that is, we
may suppose without loss of generality that the minimizing sequence {M,}
is such that M,~I'c A.)

It thus remains only to show that M is orientable and genus M = g.
By virtue of Theorem 9 and Corollary 3, for each > 0 we can use the
argument of § 8 in order to construct a surface N¢ e M(g, ') with No~T'c A
and such that there is a smooth mapping ¢: N¢ — M with ¢|I" a diffeo-
morphism of I, and with dist (@, ¢°(x)) < 6 for each # € N¢. As in §8 this
immediately implies the orientability of M. Letting K,, K, denote the closures
of the two components of A ~ M, we note that the exactness of the Mayer-
Vietoris sequence for the couple K,, K, (together with the facts that
H,(A) = 0, Hy(A) = 0) implies that there is an isomorphism

(10.15) H1(M)(: H,(K, N Kz)) ~ H,(K,)® H,(K,) .
Likewise
(10.16) H\(N°) ~ Hy(K{)D H,(K3),

where K¢, K] are the closures of the two components of 4 ~ N, labelled
so that dist (x, K?)< 6 for each x € K,, ¢ = 1,2. By smoothness of M there
exists a compact C,c interior K,; and a retract r;: K, — C; which induces
an isomorphism H,(K,) ~ H,(C,). Taking § small enough to ensure K?> C;
it then follows that the inclusion map C; c K? induces a monomorphism
of H,(C,) into H,(K?). Thus we conclude that rank H (K, <rank H,(K?),
and hence that rank H,(M)<rank H,(N°) by (10.15) and (10.16). This of
course gives genus M <genus N°. Since J((M) = o, < «,_;, we then have
genus M = g as required, and hence Theorem 8 is completely proved.
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Appendix A. The convex hull property.

THEOREM. Suppose I' is any compact subset of R», suppose V € V,(R")
(k<n) is stationary in R*~ I'y and suppose |V|(R") < oo. Then spt |V|
is contained in the convex hull of I

Proor. It suffices to prove spt | V| c H, for any half-space H, such
that I'c H,. For convenience of notation we will prove this only for the
case when H, = {& = (v, ..., @,): #, < 0} and I'c {& = (@, ..., ¥n) = ¥, <O0}.
(The general case of course follows by considering ¢,V, where ¢ is a suit-
able isometry of R*.)

Since V is stationary in R®~ I" we can write (in the notation of [AW1])

(A1) f 8- Dy(x) AV (x, 8) = 0
Gr(Rn)

whenever g is smooth and sptg is a compact subset of R~ H +- Since
|V](R?) < oo, one can then easily verify that (A.1) holds whenever g is
smooth and sptgc R*~ H . (even if sptg is not compact.)

Then we may choose g(x) of the form (0, ..., 0, y(®,)) in (A.1), where y
is any C'(R) function with spty contained in the positive real numbers.
This choice of g immediately yields

[v@)smavia, s =0,
Gx(R™)

where (s/) denotes the matrix of the orthogonal projection of R» onto S,
so that s»»>0. In view of the arbitraryness of y (for any ¢> 0 we can
_choose y so that y'(t)>0 for all ¢ R and y'(t) > 0 for ¢ > ¢), this of course
implies that V[(R*~ H,)x{8 € G(n, k): s*» 3 0}] = 0. However, since (s*/)
is the matrix of an orthogonal projection (so that Y (s7)2 = s""), s =0
i=1

implies §* = §¢» =0, j=1,...,n. Then choosing g(x) = y(x,)x in (A.1),
and noting that §-Dx =k for every S € G(n, k), we obtain

f p(@) AV (z, 8) =0 .

Gr(R")

Again using the arbitraryness of y, this gives spt | V| c {#: #,<0} as required.
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Appendix B. Comparisons with surfaces of higher topological type.

Our reason for including the discussion of §10 above is that the discs
obtained (in §8) bounding simple closed curves I on the boundaries of
uniformly convex sets A frequently have area which is larger than that of
manifolds of higher topological type such as arise as two dimensional mass
minimizing integral currents having I" as boundary. For example, for suitable
I<m<n<p< oo let

K = {(,y,2): 2* + y2<1},
A = {(x, y,2): 2* + y* + (n2)*<m?},
and I'c 0A be the simple closed curve
[0A N oK ~ {(2,y,2): 2> 0, (py)* < 1}] U [04 N {(z, y, 2): (py)* = 1}]
with smoothing near the four corners
04 N oK N {(z, y, 2): (py)? = 1}

and with the orientation illustrated in Figure 1. For proper choices of m, n, p
it is intuitively clear and readily checkable with the use [FH1, 5.4.3., 5.4.5.,
5.4.15.] and [AW2] that the support of any two-dimensional mass minimizing
integral current 7' having I' as boundary must be an embedded minimal
submanifold of R3 having /I’ as boundary and having genus at least 1. In
particular, when n is large one checks by area comparison that

spt TN {(w,y,2): 0=y =0} =0

and, also, since for large values of p, I' is close in the flat metric topology
to 04 N 0K, it follows that 7 very nearly must lie within K and hence for
most 1 <r<m,

spt TN {(z,y,2):x =7, 2=0}=0.
More generally the references cited above imply that if 7', T,, Ty, T, ... €
€ I,(R®) are mass minimizing, if lim, 7, = T in the flat topology, if L is a

compact subset of R3, and if

lim; Hausdorff distance (sptoZ7,,L) =0,
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Figure 1

then
lim, Hausdorff distance (spt 7;, spt 7U L) = 0.

For such r as above one notes that the homotopy group
(R~ [{(@,9,2): 0=y = 0} U {(2,9,2): ¢ = r,.2 = 0}]; (0, 0, 0))

is the free group Z % Z on two generators and that the homotopy class of I’
is the commutator of two such generators, which commutator is of course
not equal to the identity. In particular then, spt 7' cannot topologically
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be a dise. The support of T presumably resembles the surface indicated
in Figure 1.

For each g =1, 2, 3, ... our construction readily generalizes to produce
smooth simple closed curves I' on the boundary of any uniformly convex
subset of R® such that the genus of the support of any mass minimizing
integral current 7' having such I' as boundary is at least g. Such a curve I"

B
e L

J

schematic view of I

-~ -

blown up view of spt T

Figure 2

on S? corresponding to g = 3 is illustrated in Figure 2. If one whishes,
such curves I, corresponding to any g, can be required to have arbitrarily
short prescribed length; the curve if Figure 2 for example can be slid on S?
to a small neighbourhood of any point.

Curves like that illustrated in Figure 2 have increasingly large curvature
as ¢ increases. Indeed, it follows from [AW1] [AW2] [FH1, 4.2.17, 5.4.5,
5.4.15] that if T' is any collection of twice continuously differentiable oriented
simple closed curves I" lying in, say, S? which is compact in the 02 topology,
then there is a finite number g, = g,(I') such that whenever 7 is a mass
minimizing integral current with 07 € I' then the genus of spt 7' does not
exceed g¢,.

On the other hand William P. Thurston has pointed out that for each
e> 0 and g, < oo there is a C® gimple closed oriented curve I” lying on S2
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such that the length of I" does not exceed ¢, the total absolute curvature of I
does not exceed 47t + ¢, and the genus of the support of any mass minimizing
integral current having I' as boundary is not less than g,. Such a curve I’

oy

Figure 3a

can be obtained as follows for g, = 3. We consider one dimensional integral
cycles shaped like I in Figure 3a and note that in case I3 lies in a plane
and 7, is the unique mass minimizing integral current with 07 = I, then
spt T, does not intersect the open region A U B U C. It readily follows that
if an integral cycle like I lies on a sphere of sufficiently large radius, then
any mass minimizing integral current 7, having I as boundary largely
will not cover the region A U B U (. We now fix such /3 on such a sphere
of large radius and observe that the points on X' at positions a, b, ¢ as in-
dicated in Figure 3a lie somewhat outside the convex hull of /5. If I3 is
now modified to become the C* simple closed curve I} lying on X of Figure 3b
by adding extremely thin bridges as indicated (so that I3 is very close in
the flat topology to I)) one checks, by arguments similar to those above,
that, whenever 7, is a mass minimizing integral current having I, as

32 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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Figure 3b

boundary, the region 4 U B U C still will largely be uncovered and there
will exist straight lines L,, L,, L, as indicated entirely missing spt 7, while
passing just beneath the three bridges and above the main part of spt 7,.
One checks, for example by computing the rank of the intersection matrix
of appropriately chosen elements of the homology group H,(spt 7.; Z,)
as in [AT], that the genus of spt 7, is at least 3. It is clear from the illus-
tration that such I, can be constructed with total curvature as close to 4x
as desired, and, since the radius of 2 is large, the curve I" on our standard
two dimensional sphere S? (which is our desired curve) corresponding to I,
on X will be short.
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