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Abstract

We prove some elementary intuitive estimates on moving boundaries hitting times
by one-dimensional Brownian motion (in R and on the circle). These results give an
alternative approach to Beurling’s radial projection theorem on harmonic measure
in a disc.

1. Introduction

A leading idea in mathematics and physics has always been to see that the
configurations which maximize certain functionals are the most symmetric ones (e.g.
‘the shortest path between two points is the straight line’). All the results this paper
will deal with, can be regarded as consequences of this general principle: We are
going to derive one-dimensional moving boundaries hitting times estimates, which,
very loosely speaking, state that, among a certain class of boundaries, a linear
Brownian motion is least likely to hit the most symmetric one. We shall then also
point out some consequences of these results concerning harmonic measure.

More precisely, if B = (B,,t = 0) denotes a linear Brownian motion started from 0,
and if we fix an open set I in [0, [ (not necessarily bounded nor connected) and a
continuous function a: I 10, oof, we put

US(f) = P(Vtel, —al(t) < B,—f(t) < a(t))

for every function f:/—R. It is a natural question to ask, which function f
maximizes U}. The following answer is not surprising:

ProrpositioN 1. For any function f: I >R,
Ui(f) < Up0).

Similar results hold, e.g. for the symmetric stable processes. The analogous result
for Brownian motion on the unit circle C can be stated as follows:

ProrositionN 2. If M: I C is a continuous function in the unit circle, then
P(Vtel,exp (iB,)) + M(t)) < P(Vtel,exp (iB,) + —1).

Let us now make the link with harmonic measure estimates: the deep connection
between complex analysis (harmonic measure, conformal invariance, ...) and planar
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730 WENDELIN WERNER

Brownian motion has been a constant source of inspiration for both fields (see, e.g.
Dayvis [6] and among the most recent works, Burdzy[3], using McMillan’s Theorem,
Burdzy-Lawler[4] using Beurling’s Theorem, Oksendal[15], [16] giving stochastic
proofs of complex analysis results, Carne[S], Makarov[13] or Lyons [12]). It is worth
noticing that historically, the complex analysis results have often preceded their
probabilistic counterparts; a lot was already known about harmonic measure before
planar Brownian motion aroused interest (see, e.g. Nevanlinna’s book [14]). Our
(modest) purpose is now to shed a new light on one of these ‘old’ results: if K is a
compact set in the unit disc A (in the complex plane), let I1, be its radial projection
on the negative axis:

Iy = {—|2l;2eK}.

If for all ze A\K (respectively A\Il,), w(z,A,K) (resp. w(z,A, 1)) denotes the
harmonic measure of K (resp. I1,) in A at z, then Beurling’s Theorem can be stated
as follows:

TaEOREM (Beurling, [2]). For all ze A,
w(z: A:K) 2 ’LU(IZI,A, HK)‘ (1)

In probabilistic terms, if Z = (Z,,t > 0) is a planar Brownian motion started from
zeA under the probability measure P, and if for all compact sets 4,7T(A4) =
inf{t > 0,Z,€ A} denotes the hitting time of 4 by Z, (1) can be reformulated as
follows:

B(T(K) < T(C)) > B,(T(1l) < T(C)), ()

where C denotes the unit circle.

See Ahlfors[1] for a complex analysis approach making use of Green’s formula,
or Oksendal [15] for a clever and short probabilistic proof, using reflection arguments.
This theorem has turned out to be a basic tool for estimating non-intersecting
exponents of planar Brownian motion and random walks and consequently also to
derive bounds of Hausdorff dimensions of random fractals such as the ‘self-avoiding
planar Brownian motion’ (see Burdzy—Lawler [4], Lawler [10], Duplantier et al. [7]).
For some applications of Beurling’s Theorem in geometric function theory, see, e.g.
Ahlfors [1].

Let us briefly explain how Proposition 2 implies Beurling’s Theorem and shows
that (2) holds in fact independently of the radial behaviour of Z (i.e. independently
of the process (|Z,|,t = 0)). The radial projection in Beurling’s Theorem suggests
heavily that the skew-product representation of planar Brownian motion plays an
important role: if Z, = z€]0, 1],

Z,=exp (B q+ wA(:)),

where R and 0 are independent linear Brownian motions respectively started from
R, =logzand §, = 0, and where 4 (¢} = f:R;2 ds (this well-known representation (see,
e.g. Ito-McKean [9], p. 265) is a straightforward consequence of the conformal
invariance of Z and the analyticity of the exponential mapping). If 7=
inf{u = 0,R, = 0} (so that T(C) = A(7)) and if I = {u€[0,7],32€ K, |2| = exp (R,)}, it
is easy to notice that

{T(K) > T(C)} = {Vuel,exp (i6,) exp (R,) ¢ K}.
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Beurling’s Theorem 731

Therefore, for ‘nice’ compact sets K (for instance if K is a countable union of
connected-by-paths sets), we will see that Proposition 2 shows that independently of
R=(R,u>0),
P(T(K) > T(C)|R) < P(T(Il,) > T(C)|R),

which implies (2).

Our paper is constructed as follows: in the next section, we prove Proposition 1;
in Section 3, we derive Proposition 2 and the last section is devoted to Beurling’s
Theorem.

2. The linear problem
This section is essentially devoted to the proof of Proposition 1. We are going to
derive this proposition as a consequence of its following discrete analog:

ProrositioN 3. For any fired NeN\{0} and 0<t¢ <...<ty, for all
(@, .. an)€(0, 0)Y and (f,,...,fn)ERY,

P(Vie{l,...,N},f—a, < B, < fi+a,) < P(Vie{l,...,N},|B,| < a}.

We will prove Proposition 3 by induction. Let us first state a useful lemma, for
which we need to introduce some further notation. For any measure p in R, we will
say that p is a 1-measure if its total mass |[p|€]0,1]. We define a linear Brownian
motion B starting with initial distribution p/|p| under the probability measure P¥,
and we will use the usual notation P, = |p|P) and P, = P, .

LeMMA 1. Let p and v be two 1-measures on [ —a, a] such that, for all xe[ —a, a] and
>0,
v(la—x,x+B[) < p(1- 4, A1) 3)

then for all x,eR,v > 0,t >0,
P(xy—y <B, <z,+7) st(-'}’ <B,<v).
Proof. We fix x,eR, # > 0, > 0 and put

F(zx)= r P, v) dv,
=Y

where p,(x,v) = (2mt)"  exp ((v—x)?/2t) is the usual Gaussian transition density; in
other words,
F(z) = P,(B,e]—v.7D).

Note that F is even and decreasing on [0, co[. We now define for all ¢ > 0 and for all
n > 0,25 = inf{x > 0, F(x) > ne}, so that

F=¢Z ll—x‘,.,xi.[

n>o

approximates ¥ uniformly : for all ze R, |F(z) — F (z)| < €. The definition of F implies
that

Blxo—y < B, <xyt+7y) = f F(x—x,) v(dx);
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but for all e > 0, (3) yields

fa F'e(x_xo E ef ]—x;,x;[(x—xo) V(dx)

n>0

nf (a, 23)
< XY ef‘ 1(dx)
n>0 —inf (a, 23,)

= f F(x) w(de)
and the lemma follows.

Proof of Proposition 3. 1t is a straightforward induction, using Lemma 1. We fix
N>0, (fi,....fn)ERY, (a,,...,ax)€]0, 0[N, 0 < t, < ... < ty. For n <N, we define
the 1-measures v, and g, by

v(U) =PB, —f,eUVi<nB,elfi—a;fi+al)
and #n(U) = P(B, eU,Vi <n,B, €]—a;,a,)
for all Borel sets U. For 1 € n < N, one has

Vard(U) = B, (B, -ty = (farn =) €U B, 1) = fass = L)l < @pss)
and tnirl0) =P, (B €U, IBe, )| < )

for all Borel sets U.
If for all xe[—ea,,a,] and all g > 0,

va(Jo— .2+ Bl) < pa(1= 5. BD), (4)
then Lemma 1 shows that, for all xe[—a,,,,a,,,], for all §> 0,

Vn+1(]x—ﬂ’x+ﬂ[) < /’Ln+1(]_ﬂ! ﬂ[)

By induction (the case n =1 is very easy), (4) holds for » = N, and consequently
vyl < | nl, which completes the proof of Proposition 3.

ntr n+17tn)

Proof of Proposition 1. If (s;,© = 1) is a dense sequence in I, Proposition 1 is a
straightforward consequence of Proposition 3 and of the following two facts:

Us(f) < P(Vie{l,...,n},f(s) —a(s;) < By, < f(s;) +a(s;))
for any » > 0 and (as ¢ and B are continuous on I, and as [ is an open set)

U3(0) = lim P(Vie{l,...,n}, —a(s;) < B, < a(s;)).
n—-»oo
This proof can be generalized without any single problem, if we replace B by a stable
symmetric process (the only important feature we used was the fact that p,(0, .) is
an even function which decreases on [0, o0).

Let us notice that the asymptotic behaviour of Ufy 5(f) as T— co has aroused
some interest (see Lai—Wijsman [10] and the references therein). We recall that the
explicit value of U, 1(f) is known if both a and f are constant (see Port—Stone[17],
para. 2-8).

We now briefly point out that it is possible to derive directly Beurling’s Theorem
in the special case, where K is a continuous path joining the circles of radius r < 1
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Beurling’s Theorem 733

with centre at 0 to ¢ (which is the version used to estimate non-intersection
exponents) from Proposition 1. The outline of the proof would be as follows. Using
the conformal one-to-one map y-> (r—y)/(1 —ry) mapping A in itself and changing r
(respectively 0) into 0 (resp. r), we can show that it is possible to restrict ourselves
to the case r = 0.

For any T' > 0, for every fixed function (r,, v < T') such that r, = logz, r;, = 0 and
r, < 0 for all u < T, there exists an open set I < [0, 7"] of Lebesgue measure 7" and a
continuous function f: I - R, such that

{Vuel0,T),exp(r,+i0,)¢6 K} < {Nuel, flu)—m < 0, < flu)+mn}.

This part is not straightforward since  is not necessarily increasing.

Now, as briefly explained in the introduction, the skew-product representation
and Proposition 1 imply the result.

We do not develop this proof any further, since we are going to derive Beurling’s
Theorem in a more general pattern later.

3. The problem on the circle

In this section, we are going to prove Proposition 2. Even if the estimates are more
involved, this proof has many similarities with that of Proposition 1: We will derive
counterparts of Lemma 1 in Paragraphs 3-1 and 3-2, and we will then use them in
Paragraph 3-3 to deduce Proposition 2.

3.1. Decreasing rearrangements of functions

We first recall a useful result of F. Riesz[18] (see also Hardy et al. [8]) on
decreasing rearrangements of functions. Let f be a non-negative measurable function
in R. The symmetrically decreasing rearrangement f* of f is the only even non-
negative function defined on R such that f* is non-increasing and right-continuous
on (0, 00), and such that for all y > 0, the sets {z, f(x) = y} and {z, f *(z) = y} have the
same Lebesgue measure (see, e.g. in Riesz [18]). Loosely speaking f* is the smallest
symmetrically decreasing function such that, for all open set 4 in R with Lebesgue
measure 2a, one has [ f(x)dx < fa_af*(x) dz. Inequality (3) in Riesz [18] says the
following (see also theorem 379 in Hardy et al. [8]):

LemMA 2. For all positive measurable functions f, g and h on R,

j f(x)g(y)h(y—x)dxdyéf [*(@) g*(y) k¥ (y —x) da dy.
RXR KxXR

Here is an immediate consequence of this result we shall use. Let A — R be an open
set of Lebesgue measure 2a¢ and, for all zeR, put G(z)=P,(Bred) and
F(x) = P,(IB7| < a).

CorOLLARY 1. Suppose f and g are two measurable bounded functionson [—1/2,1/2],
such that f is even, and such that for all we(0,1/2],

g*(u) < flw), (5)

then jm g(x) G(x) dx < . flx) F(x)dx. (6)

—-1/2 -1/2
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734 WENDELIN WERNER
Proof. One just needs to apply Lemma 2:

/2
J1 g(x) G(x)dx = Lz 1(|z|s1/2)g(5’3) l{yeA}pT(y_x) dzdy

1/2
< J g*(@)prly—z)drdy. (7)
[-1/2,1/2)X[~a, a]
As F(x) = j’fa prlx, y)dy is a symmetrically decreasing function, (5) and (7) easily
imply (6).

3.2. Periodic rearrangements

We will also need an extension of the previous results. Let 4 and B be open sets
in [—1/2,1/2], of respective Lebesgue measure 2a and 2b. We put 4, = (—a,a),
B,=(—bb),Ad=A+Z, B=B+Z,A,=A,+Z and B, = B,+Z. Then:

LeMmMa 3. For all 1-periodic even bounded positive function g which decreases on
[0,1/2], one has

J gly—x)dzdy < f gly—zx)dxdy.
AXB

AXB,

Outline of the proof. We note that we can in fact restrict ourselves to the case where
both 4 and B are finite unions of disjoint intervals. Moreover, as in the proof of
Lemma 1, it suffices to derive the Lemma for g(x) = 1,,.4, where C=(—cc)+Z
with ce(0,1/2). We put

h(x)=J Ly_sepydy for ze[—1/2,1/2].

h is continuous, piecewise linear, h(—1/2) = A(1/2) and its growth rate is —1, 0 or 1.
Moreover f_”;gh(x) dx = 4cb and sup_,,, 1,5;h < 2c. Elementary considerations show
that it implies

h’*(x) < J l{y-zeﬁo) dy (8)

We are now ready to complete the proof of the lemma. The periodicity of 4, B and
C, Lemma 2, (8) and finally the periodicity of A~o7 Bo, C~’0 show that

J ly_gecydzdy = f Ly_zepdrdy = J h{x)dx
AXB AXC A
< f h*(z) dx
-a

a c
< J f liy—zesy dedy = f Ly zecydzdy.
—aJ-¢ AgXB,

Again, we formulate a consequence of this lemma that we will use later. We define
for all x and ¥ in R,

Pr(x,y) = 2 prlx,y+p),

peZ
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which corresponds to the transition density of Brownian motion on the circle.
P70, .) is even, 1-periodic.

If B = (B,,t = 0) is a linear Brownian motion started from 0, if 0 <z <2’ < 1/2,
we put

o=inf{t>0,B,=(x+z")/20r B, = (x+x"—1)/2}.

The strong Markov property and a reflexion argument at time o show immediately
that $,(0,x) > $5(0,2"). Hence p1(0, .) is decreasing on [0,1/2].

Let now 4 < [—1/2,1/2] be an open set of Lebesgue measure 2a, and put

G(x) = J Pr(x,y)dy

and @) = J o,y dy.

Lemma 3 (with g(.) = $,(0,.)) implies immediately the following analogue of
Corollary 1.

CoROLLARY 2. Let f and g be two bounded positive measureable functions on
[—1/2,1/2] such that f is even and for all ue[0,1/2], g*(u) < f(u). Then

Jm g(x) A(z) dx < Juz f@)F(z)da. (9)

-1/2 -1/2

3.3. Proof of Proposition 2

Before writing down consequences of these estimates, let us again introduce some
notation. For any measure v on [ —1/2,1/2], and any a€R, the a-shifted measure
[1l(v) is the measure on [—1/2,1/2] such that for all Borel sets U in [—1/2,1/2],

M) (U) =v({xe[—1/2,1/2],3peZ,x+a—peU}).

For any ¢ > 0, we put

) (U) = X B(B,—pel)
pel
for all Borel sets U = [—1/2,1/2].
For any continuous function A: [0,t]—+ R with A(0) = 0,

I (v)(U) = P,(B,—h(t)yeU,Vs < t,B,—h(s)e]—1/2,1/2])

for all Borel sets U = [—1/2,1/2].

We will say that (v, u) satisfies (P) if v and g are two 1-measures on [—1/2,1/2]
with measurable bounded density functions f and g, if f is even and decreasing
on [0,1/2], and if v(I) € u(]—a,a[) for all open sets I = [—1/2,1/2] of Lebesgue
measure 2a.

We can now state

LeMma 4. For all (v, p) satisfying (P),
(i) for all xR, OL(v, u) = (T13(v), u) satisfy (P),
(ii) for all t > 0, ®(v, u) = (113(v), T ) satisfy (P),
(i) for all t>0 and all continuous functions h:[0,t]>R with h(0) =0,
O} (v, p) = (13, ,(v), T1§ () satisfy (P).
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Proof. (i) is a trivial consequence of the definition of (P); (ii) is a straightforward
consequence of Corollary 2; (iii) follows from Corollary 1 exactly as Proposition 1
does from Lemma 1.

Proof of Proposition 2. We are first going to restrict ourselves to the case where 1
is a finite union of disjoint bounded and bounded-away-from-0 intervals. We fix
0 <m <M such that for all tel,m <t < M. We define the following 1-measures on
[—1/2,1/2]: for all Borel sets U < [-1/2,1/2],

#m(U) = F(3peZ,B,,—pel),
1y (U) = Py(Vtel,|B)| < a(tyandIpeZ,B,,—peU),
vu(U) = Fy(Vtel,|B,—f(t)] < a(tyand Ipe Z,B,,—peU).
It is straightforward to notice that

(VM’/'LM) = lFlo"'o‘Fq(,“m’ﬂm)

where ¢ > 0 and for all t€{l1,...,q}, ¥, = @ or ®? or @] , for some suitable a,t,g.
Therefore, Lemma 4 implies that (vy,, #,,) satisfies (P) and in particular |v,,] < |#yl;
Proposition 2 follows.

We now derive Proposition 2 for general time-sets I: let us first assume that [ is
a bounded and bounded-away-from-0 open set. In that case, I = Un>,l,,, where
(Ip)n>1 18 a sequence of open bounded and bounded-away-from-0 disjoint intervals
(the connected components of I). Proposition 2 holds for Ulsn< »1, and it is easy to
see that

P(vtel,exp (iB,) # —1) = lim P(Vte U I,,exp(iB,) +—1)
Poo 1<n<p

so that Proposition 2 also holds for I. The case where I is not bounded and (or) not-
bounded-away-from-0 follows immediately, considering the approximations
INn]i/n,n[, and letting n— co.

4. Beurling’s Theorem

We are now going to derive Beurling’s Theorem, when K is a countable union of
closed and connected-by-paths sets. In other words K = U,,ZIK,, and for all » > 1,
for all (x,y)eK?, there exists a continuous path joining z to y in K,,. Let us mention
that trying to derive the full version of Beurling’s Theorem (that is, for any compact
set K, including fractal-type sets...) this way would lead to technical trouble: one
would need a generalization of Proposition 2, where the continuity hypothesis on M
is removed, and for which our proof via discrete approximation fails.

The notation in this section are the same as in the introduction and we first
assume that (Z,,t = 0) starts from Z, = z€]0, 1[. We now reduce this problem.

Fatou’s Lemma implies that

P(T(K) < T(C)) = lim P( U Kn) < T(C))
N->w IsngN
and the similar result for the radial projections; hence, we can restrict ourselves to
the case where K = UlsnsNKn.

For all ne{l,...,N}, as K, is compact, one can find (z,,y,)€KZ, such that, for
all zeK,, |z,| € |z| <|y,|- As K, is connected by paths, there exists a continuous
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path L, :[0,1]-K,, such that L(0)==z,,L(l) =y,. Obviously, Il =1, and
{T(L,) < TC} <{TKK,) <T(C)}, so that we can restrict ourselves to the case
where K = UlsnsNL,,.

For all ne{l,...,N}, and p > 1, we define the p-polygonal approximation of L, as
follows:

LE((i+u)/p) = L,(t/p) +u(L,((s+1)/p) — L,(:/p))
for all ve€[0,1] and z€{0,...,p—1}.

As L, is uniformly continuous,

lim ( sup sup LL,’;(s)—L,,(s)l) =0.

p—>o0 \nefl,..., N} sel0,1)

Therefore, for all € > 0,

P(inf{lx—2Z,,xeK,te[0, T(C)]} < €) > lim sup P(T(K?) < T(C)),

P>

where K? = UlsnsNL,’;. As K is compact,

lim P(inf{lx—Z,|,2e K,te[0, T(C)]} < €) = P(T(K) < T(C));

>0

hence, P(T(K) < T(C)) 2 limsup P(T(K?) < T(C)).

D—oo

On the other hand, it is straightforward to show that

P(T(I1,) < T(C)) = lim P(T(Il,;s) < T(C)).

D->00
Hence, we can restrict ourselves to the case where K = K?. In other words,
- ’ ’
K= UlsiSM x5, Yyl
We can again restrict ourselves to the case where for all te{1,...,. M—1},
AR VAR A R 74

in just reducing K without reducing I1y.
We are now ready for the proof itself. We first assume that z + 0. We put

J= U =il lyll.
1<tsM

For all ¢ > 0, we define the time-set I, corresponding to the excursions of the process
exp (R) in J, which are longer than e:

I.={s<7,3€]0,7—¢[,A <8 < A+¢,Vue]A,A+e[,exp(R,)eJ}.
I is a finite union of disjoint intervals. Proposition 2 shows readily that
P(Vuel_,exp(R,+0,)¢K) < P(Vuel ,exp(R,+10,)¢I1x).
But (recall that I = {u > 0, —exp(R,)€1.}),
PNVuel,exp(R,+10,)¢K) < P(Vuel,_,exp(R,+10,)¢K)
and P(Vuel,exp(R,+10,)¢ ;) =limP(Vuel, exp(R,+10,)¢ 1)

0

so that Beurling’s Theorem follows.
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738 WENDELIN WERNER

If z =0, (2) and (1) follow immediately, using for instance the continuity of the
harmonic measure. For z¢[0, 1], one just has to use a rotation argument.
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