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These slides are based on the text
Fractals in probability and analysis

A more detailed discussion is found there, and can be found in many other texts

on this topic, such as
Brownian motion by Morters and Peres.

Some other standard (offline) textbooks are:
Brownian Motion and Stochastic Calculus by Karatzas and Shreve
Continuous Martingales and Brownian Motion by Revuz and Yor
Probability and Stochastics by Cinlar
An Introduction to Stochastic Processes by Schilling and Partzsch


https://www.math.stonybrook.edu/~bishop/fractalbook.pdf
https://people.bath.ac.uk/maspm/book.pdf

1. CONSTRUCTION OF BROWNIAN MOTION



A real-valued random variable X on a probability space (€2, F,P) has a stan-

dard Gaussian (or standard normal) distribution if
1 oo
IP’X>:1::—/ e V2 du
( )=

A vector-valued random variable X has an n-dimensional standard Gauss-

ian distribution if its n coordinates are standard Gaussian and independent.

A vector-valued random variable Y : Q2 — RP is Gaussian if there exists a
vector-valued random variable X having an n-dimensional standard Gaussian

distribution, a p x n matrix A and a p-dimensional vector b such that

(1.1) Y = AX +b.



Lemma 1.1. I[f O is an orthogonal n xn matrix and X s an n-dimensional
standard Gaussian vector, then ©X is also an n-dimensional standard

Gaussian vector.

Proof. As the coordinates of X are independent standard Gaussian, X has
density given by

fla) = (2m)~Be 2,
where ||- || denotes the Euclidean norm. Since © preserves this norm, the density

of X is invariant under ©. L]



Corollary 1.2. Let Zy, Z be independent N'(0, o) random variables. Then
Z1+ 2y and Z1 — Zy are two independent random variables having the same
distribution N(0,20%).

Proof. 072y, Z5) is a standard Gaussian vector, and so, if

I |1 1
-7l A
then © is an orthogonal matrix such that

(\/50')_1(Z1 —+ ZQ, Z1 — Zg)t = 60'_1<Zl, Z2>t,

and our claim follows from Part (i) of the Lemma. ]



Lemma 1.3. Let Z be distributed as N(0,1). Then for all x > 0,
T 1 2 1 1 2
< P(Z <= —v/2
e > T e .
2+ 1/27 <P = T/ 21

Proof. The right inequality is obtained by the estimate

+00 1
P(Z >x) < / - e 2 du
r  TA2m

since, in the integral, u > .



The left inequality is proved as follows: let us define
+00

flzx) = ve /2 - (2% + 1) / e 12 du.

X

We remark that f(0) < 0 and lim, .« f(x) = 0.
+00

fllz) = (1 —2*+ 2+ 1)6‘332/2 — Zx/ e 12 dy

X

+00
= —2x (/ e~ /2 dy, — leﬁ/?) )
. x

so the right inequality implies f'(x) > 0 for all x > 0.

This implies f(x) < 0, proving the lemma.



A real-valued stochastic process { B; }er is a standard Brownian motion

if it is a Gaussian process such that:

ii. for all k natural and for all t; < --- < ¢, inI: By, — By,_,,..., DB, — By

are independent:;
iii. for all t, s € I with t < s, By — B; has N (0, s — t) distribution;

iv. almost surely, ¢ — B; is continuous on 1.



Recall that the covariance matrix of a random vector is defined as
Cov(Y)=E |[(Y —EY)(Y —EY)'].
Then, by the linearity of expectation, the Gaussian vector Y = AX +bin (1.1)

has

Cov(Y) = AA".



As a corollary of this definition, one can already remark that for all ¢, s € I:
Cov(By, Bs) = s A t,
(where s At = min(s,t)). Indeed, assume that ¢ > s. Then
Cov(By, By) = Cov(B; — By, Bs) + Cov(Bs, By)
by bi-linearity of the covariance. The first term vanishes by the independence

of increments, and the second term equals s by properties (iii) and (i).



We may replace properties (ii) and (iii) in the definition by:
e forallt,s € I, Cov(By, Bs) =t As;
o for all t € I, B, has N(0,t) distribution;
or by:
o forallt,s € I witht < s, B, — By and By are independent:;
o for all t € I, B; has N(0,t) distribution.



Lemma 1.4 (Borel-Cantelli). Let {A;}i—g
let

~ be a sequence of events, and

.....

A; t.0.=limsup A; = ﬂUAJ"
1m0 i=0 j=i
where “1.0.” abbreviates “infinitely often”.
i If >0 P(A;) < oo, then P(A; i.0.) = 0.
. If {A;} are pairwise independent, and » . P(A;) = oo, then



The following construction, due to Paul Lévy, consists of choosing the “right”
values for the Brownian motion at each dyadic point of |0, 1] and then interpo-

lating linearly between these values.

This construction is inductive, and at each step a process is constructed that has
continuous paths. Brownian motion is then the uniform limit of these processes;

hence its continuity.



Theorem 1.5. Standard Brownian motion on |0,00) ezists.

Proof. We first construct standard Brownian motion on |0, 1].

Forn > 0,let D, = {k/2" : 0 < k < 2"} and let D = |JD,. Let {Zi}aep
be a collection of independent N (0, 1) random variables. We will first construct
the values of B on D. Set By =0, and B; = Z;.



In an inductive construction, for each n we will construct By for all d € D,, so
that:

i.forall r < s <tin D,, the increment B; — By has N'(0,t — s) distribution
and is independent of By — B, ;

ii. By for d € D,, are globally independent of the Z; for d € D \ D,,.

These assertions hold for n = 0. Suppose that they hold for n — 1.



Define, for all d € D,, \ D,,_1, a random variable By by
B B, + B+ 2y
(1.2) Ba= 2 1 S
where " =d+ 27", and d” =d — 27", and both are in D,,_;.

Because $(By+ — By-) is N'(0,1/2") by induction, and Z;/2"*V/2 is an inde-
pendent N(0,1/2""1) their sum and their difference, By — By and By, — By
are both N/ (0,1/2") and independent by Corollary 1.2.

Assertion (i) follows from this and the inductive hypothesis, and (ii) is clear.



Having thus chosen the values of the process on D, we now “interpolate” between

them. Formally, let Fy(x) = 71, and for n > 1, let us introduce the function

2-n+b27 for & € D, \ Dy_1,
(1.3) F.(x)=1<¢ 0 for x € D,,_1,

linear between consecutive points in D,,.

These functions are continuous on |0, 1], and for all n and d € D,

(1.4) Bi=) Fi(d) =) F(d)
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We prove this by induction. Suppose that it holds forn—1. Let d € D, \ D,,_1.

Since for 0 < ¢ < n — 1 the function Fj is linear on [d~, d"], we get

. NS> Fy(d) : Fi(d") By : By

Since F,(d) = 2="*D/2Z, comparing (1.2) and (1.5) gives (1.4).



On the other hand, we have by definition of Z; and by Lemma 1.3

P (1Z4] > ev/n) < exp (_C%n)

for n large enough, so the series > " > o P(|Z4] > ¢y/n) converges as soon
as ¢ > +/2log 2.



Fix such a ¢ > y/2log 2.

By the Borel-Cantelli Lemma 1.4 we conclude that there exists a random but
finite IV so that for all n > N and d € D,, we have |Z4| < ¢y/n, and so

(1.6) F oo < cy/n272,

This upper bound implies that the series >~ F,,(t) is uniformly convergent
on [0,1], and so it has a continuous limit, which we call {B;}. All we have
to check is that the increments of this process have the right finite-dimensional
joint distributions. This is a direct consequence of the density of the set D in

0, 1] and the continuity of paths.



Indeed, let t; > ty > t3 be in |0, 1], then they are limits of sequences ¢y, ta,

and t3, in D, respectively. Now
Bt3 — Btg = lim <Bt3k; — Bt2kz>
k—00 ’ ’
is a limit of Gaussian random variables, so itself is Gaussian with mean 0 and

variance lim,, oo (t3., — ton) = t3 — to.

The same holds for By, — By,; moreover, these two random variables are limits
of independent random variables, since for n large enough, t1, > ta2, > t3,.
Applying this argument for any number of increments, we get that {B;} has
independent increments such that for all s < ¢ in [0, 1], B; — B has N (0,t — s)

distribution.

We have thus constructed Brownian motion on |0, 1].



Finally, if { B/'},, for n > 0 are independent Brownian motions on [0, 1], then

=B+ > B

0<i<|t]

meets our definition of Brownian motion on |0, 00).



Let {X;}i>1 be 1.i.d. random variables with mean 0 and finite variances. By
normalization, we can assume the variance Var(X;) = 1, for all . Let S, =

> 1 X;, and interpolate it linearly to get the continuous paths {S; }+>0.

Theorem 1.6 (Donsker’s Invariance Principle). As n — oo,

Stn in law
— — 1B
{ \/ﬁ}ogtg {Btho<ia,

i.e., if ¥ - C[0,1] — R, where C[0,1] = {f € C[0,1] : f(0) = 0}, is a
bounded continuous function with respect to the sup norm, then, as n —

o0,

E¢({S—\;%}O<t<l) — E({ Bt }o<t<1).



Examples:
X, = £1 with equal probability.
X, chosen uniformly in [—1, 1]
X, ={—1,0,1} with equal probability.
X, =1{-1, %} with probabilities %, %

Non-example:

1
m(1+a2)

X,, chosen with distribution
Variance is not finite.

Gives the Cauchy process, a discontinuous random map [0, o0) — R.
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The Cauchy process.
C(x) =y if y = By(t) and t is the first time By(t) = x.



2. NOWHERE DIFFERENTIABLE



We say that two random variables Y, Z have the same distribution, and write
YL Z ifP(Y € A) = P(Z € A) for all Borel sets A. Let {B(t)}>y be a

standard Brownian motion, and let a # 0.

The following scaling relation is a simple consequence of the definitions.
d
{iB(@*t)}i=0 = {B(t) }i=o.
Proof. Continuity of the paths, independence and stationarity of the increments

remain unchanged under the scaling.

[t remains to observe that
X(0) = X(s) = ~(Bla*) ~ Bld’s))
is normally distributed with expectation 0 and variance
(1/a*)(a*t — a’s) =t — s.



Scaling invariance has many useful consequences.

For example, if a > 0 let
T(a) =inf{t > 0: B(t) =a or B(t) = b},
the first exit time of a one-dimensional standard Brownian motion from the
interval [—a, a]. Then, with X (¢) = (1/a)B(a*t) we have
ET(a) = a*2Einf{t > 0: | X ()| = 1}.
This implies that ET(a) is a constant multiple of a*.

Later we will compute the constant ¢ = 1 using Wald’s lemma.

Later we will prove conformal invariance, a powerful extension of scaling invari-

alrce.



Define the time inversion of { B;} as

0 t=0;
Wit) = { tB(1) t> 0.

Lemma 2.1. W s standard Brownian motion.



Proof. Recall that the finite-dimensional distributions (B(t1), ..., B(t,)) of Brow-
nian motion are Gaussian random vectors and are therefore characterized by
E[B(tlﬂ = ( and COV(B(t,), B(t]» — tz' for 0 S ti S tj.

Obviously, {W (t) : t > 0} is also a Gaussian process and the Gaussian random
vectors (W (ty), ..., W(t,)) have expectation zero. The covariances, for t >
0, h > 0, are given by
Cov(W(t+h),W(t)) = (t+h)t Cov(B(1/(t+h)), B(1/t)) = t(t+h)1t+h = t.
Hence the law of all the finite-dimensional distributions

(W(t1), W(ta), ..., W(tn)),

for 0 <t; <-..<t,, are the same as for Brownian motion.



The paths of t — W (t) are clearly continuous for all ¢ > 0. To prove continuity

at ¢ = 0 we use the following two facts.

First, for any rational ¢ > 0 the distribution of {W(¢)} is the same as for a

Brownian motion, and hence

lim W(t) =0

t—0,teQ
almost surely.

Second, the rationals are dense in the reals and W (t) is almost surely continuous

on (0, 0o so that
lim W (t) =0

t—0
almost surely. Hence {W(t) : t > 0} has almost surely continuous paths, and

1s a Brownian motion. []



A function f is a-Holder if for some C' < oo we have

|f(z) = fy)] < Clz —y|*,

1-Holder = Lipschitz

a-Holder for a > 1 is constant.



Corollary 2.2. Brownian paths are a-Holder a.s. for all a < %

Proof. We defined Brownian motion as an infinite sum Y~  F},, where each F,

is a piecewise linear function given in (1.3).

The derivative of F}, exists except on a finite set, and by definition and (1.6)
Fn 0.@)
(2.1) | F)||oo < | 2|7L < C1(w) + cy/n 22,

The random constant C'(w) is introduced to deal with the finitely many excep-
tions to (1.6).

Now for ¢,t + h € |0, 1], we have
|B(t+ h) — |<Z\F (t +h) — F,(t)|



By (1.6) and (2.1) if £ > N for a random N, then the above is bounded by

h Cl(w)Jch\/ﬁT/Q +QZC\/52_”/2

n</t n>/{
< Cy(w)h Vil 2% + Ca(w)VE 272,

The inequality holds because each series is bounded by a constant times its

dominant term.



Choosing ¢ = |log,(1/h)|, and choosing C'(w) to take care of the cases when
¢ < N, we get

2.9) B(t+ h) — B(t)| < C(w)y/hlog, %

A Brownian motion is almost surely not %—Hélder. This will be proven later.



Lemma 2.3. The paths of Brownian motion have no intervals of mono-

tonucity.

Proof. Indeed, if |a, b] is an interval of monotonicity, then dividing it up into
n equal sub-intervals |a;, a;11] each increment B(a;) — B(a;.1) has to have the
same sign. This has probability 2 - 27", and taking n — oo shows that the

probability that [a, b] is an interval of monotonicity must be 0.

Taking a countable union gives that there is no interval of monotonicity with
rational endpoints, but each monotone interval would have a monotone rational

sub-interval. []



Consider a probability measure on the space of real sequences, and let X7, X5, . ..
be the sequence of random variables it defines. An event, i.e., a measurable
set of sequences, A is exchangeable if X, Xy, ... satisfy A implies that
Xoys Xoy, - .. satisty A for all finite permutations o. Finite permutation means

that o, = n for all sufficiently large n.

Proposition 2.4 (Hewitt-Savage 0-1 Law). If A is an exchangeable event
for an i.i.d. sequence then P(A) is 0 or 1.



Sketch of Proof: Given i.i.d. variables X, Xo, ..., suppose that A is an ex-
changeable event for this sequence. Then for any € > 0 there is an integer n
and a Borel set B,, C R" such that the event A, = {w : (X1,...,X,) € By}
satisfies P(A,AA) < e.

Now apply the permutation o that transposes ¢ with ¢ +n for 1 <17 < n, ie.,

it exchanges the blocks

11,...,n] and [n+1,...,2n].
The event A is pointwise fixed by this transformation of the measure space (since
A is exchangeable) and the probability of any event is invariant (the measure

space is a product space with identical distributions in each coordinate and we

are simply reordering the coordinates).



Thus A,, is sent to a new event A7 that has the same probability and P((A7AA) =
P(A,AA) < €, hence P(AZAA,,) < 2¢ (since P(XAY') defines a metric on mea-

surable sets).

But A, and A7 are independent, so P(A,NA%) = P(A,)P(A%) = P(A,)* Thus
P(A) = P(A, N A7) + O(e) = P(A,)* + O(e) = P(A)* + O(e).
Taking € — 0 shows P(A) € {0,1}. ]



Proposition 2.5. Almost surely

B _ B
(2.3) 11nm—>S£p i = 400, hg}gf NG

— —OQ.

Proof. In general, the probability that inﬁnitely many events { A, } occur satisfies

P(A, i.0.) ﬂUAk _nll—{goﬂm UAk > limsup P(A,,).

n=1 k=n k=n =0

So, in particular,

P(B(n) > cy/n i0.) > limsupP(B(n) > cv/n).

n—oo

By the scaling property, the expression in the lim sup equals P(B(1) > ¢), which

1s positive.



Let X,, = B(n) — B(n — 1). These are i.i.d. random variables,

{Z Xi > cynio}={B(n)>cy/nio.}

is exchangeable and has positive probability, so the Hewitt—Savage 0—1 law says
it has probability 1.

Taking the intersection over all natural numbers ¢ gives the first part of Propo-

sition 2.5, and the second is proved similarly. [



The two claims of Proposition 2.5 together mean that B(t) crosses 0 for arbi-
trarily large values of ¢. If we use time inversion W (t) = tB(3), we get that

Brownian motion crosses 0 for arbitrarily small values of ¢.

Letting Zp = {t : B(t) = 0}, this means that 0 is an accumulation point from
the right for Zp. But we get even more.

For a function f, define the upper and lower right derivatives
t+h)— f(t
D*f(t) = limsup fle+h) = >,
110 h

D.f(t) = lirirlliionf St + h}z S )




Corollary 2.6. Fiz ty > 0. Brownian motion W almost surely satisfies
D*W (ty) = +o0, DW (ty) = —o0, and ty is an accumulation point from
the right for the level set {s: W (s) = W (ty)}.

Proof. We have

—
S =
~—

W) —W(0 B
D*W(0) > limsup 1 ) > limsup v/n W(%) = lim sup (n)

n—00 n—+00 n—+00 \/ﬁ

n
which is infinite by Proposition 2.5.

Similarly, D,W(0) = —oo, showing that W is not differentiable at 0. ]



This argument shows that for any fixed time ¢, almost every Brownian motion

1s not differentiable at time ¢.

Using Fubini’s theorem, this implies that for almost every Brownian motion, the

set of times where is not differentiable has full measure in |0, 00).

This is not the same as saying Brownian motion is almost surely nowhere

differentiable. That statement requires more work to prove.



Similarly, for almost all ¢ the set {s : B(s) = B(t)} has no isolated points. But

this is not true of all £, e.g., times when B(t) is a local maximum.

We leave it to the reader to show that for all ¢,
P(t is a local maximum) = 0,

but almost surely local maxima are a countable dense set in (0, 00).



Theorem 2.7. Almost surely Brownian motion is nowhere differentiable.
Furthermore, almost surely for allt either D*B(t) = +00 or D.B(t) = —00.

For local maxima we have D*B(t) < 0, and for local minima, D,B(t) > 0, so

it is important to have the either-or in the statement.
The result is due to Paley, Weiner and Zygmund in 1933.

We give a proof due to Dvoretzky, Erdos and Kakutani from 1961.



Proof. Suppose that there is a ty € [0,1] such that —oo < D,B(t)) <

D*B(ty) < oo. Then for some finite constant M we would have

B(ty+ h) — B(t
2.0 sy [Bllo 1) = Blto)
hel0,1]

< M.

If ¢y is contained in the binary interval [(k —1)/2", k/2"] for n > 2, then for all
1 < 7 < n the triangle inequality gives

(25)  |B((k+5)/2") = B((k+j—1)/2")] < M(2j +1)/2"



Let €2, 1 be the event that (2.5) holds for j = 1, 2, and 3. Then by the scaling
property

P(0.) < P (|BO)] < TM/VET) |
which is at most (7M27"/?)3  since the normal density is less than 1/2. Hence

277,
P (U an> < M (TM272)3 = (TM)32 72,
k=1

Therefore by the Borel-Cantelli Lemma,

277/
P((2.4) holds) <P <U €2y, 1 holds for infinitely many n) =0. O
k=1



3. HAUSDORFF DIMENSION



The Hausdorff dimension of K is defined to be
dim(K) = inf{a : Ho (K) = 0}.

More generally we define
H(K) =inf{ > |U*: K c| U, |Ui| <€},

where each Uj; is now required to have diameter less than €. The a-dimensional

Hausdorff measure of K is defined as

HO(K) = lim HO(K).

e—0



This is an outer measure; an outer measure on a nonempty set X is a function
p* from the family of subsets of X to [0, 0o that satisfies

o 11*(0) =0,

o W (A) < p'(B)it AC B,

o (U2 Aj) < D000 Wi (Ay).

When a = d € N, then H® is a constant multiple of £, d-dimensional Lebesgue

measure.



The construction of Hausdorfl measure can be made a little more general by
considering a positive, increasing function ¢ on [0, 00) with ¢(0) = 0. This is

called a gauge function and we may associate to it the Hausdorft content
HE(K) =ty (U] : K | Ui}
then HP(K), and H¥(K) = lim._,o H?(K) are defined as before.



Lemma 3.1. If H*(K) < oo then HP(K) =0 for any 8 > «.

Proof. Tt follows from the definition of H that
HI(K) < " HIK),

which gives the desired result as e — 0. [

Thus if we think of H*(K) as a function of «, the graph of HY(K) versus «
shows that there is a critical value of o where H*(K) jumps from oo to 0. This

critical value is equal to the Hausdorft dimension of the set.



Lemma 3.2 (Mass Distribution Principle). If E supports a strictly positive

Borel measure pu that satisfies

p(B(z,r)) < Cre,
for some constant 0 < C' < oo and for every ball B(x,r), then HY(E) >
HE(E) > p(E)/C. In particular, dim(E) > a.

Proof. Let {U;} be a cover of E. For {r;}, where r; = |U;|, we look at the

following cover: choose x; in each U;, and take open balls B(x;,r;). Then
u(U:) < p(Blxi, i) < Cri® = ClU|"

whence

Thus HY(FE) > HL(E) > ,u(E)/C’. ]



Lemma 3.3. If f is a-Holder on X —'Y and A C X then
dim(f(A)) < dim(A)/a < min(dim(A)/a, dim(Y)).

Proof. If {U,} is a cover of A, then {f(U;} covers f(A) and

dl&m(f(U])) S C’diam(Uj)O‘.
S diam(£(U) £ 3 diam((U))" 0
for s > dim(A).



Since Brownian motion is Holder of every order § < 1/2 we have:

Corollary 3.4.
dim(GB) S dl_mM<GB> S dl—mM(GB> S 3/2 a.s.

Corollary 3.5. For A C [0, ), we have dim(B(A)) < (2dim(A)) A 1 a.s.



Theorem 3.6 (McKean). For A C |0, 00), the image of A under d-dimensional

Brownian motion has Hausdorff dimension (2dim A) A d almost surely.

Theorem 3.7 (Uniform Dimension Doubling, Kaufman ). Let B be Brownian

motion in dimension at least 2. Almost surely, for every A C |0,00), we

have dim B(A) = 2dim(A).

Notice the difference between these results. In McKean’s Theorem, the null
probability set depends on A, while Kaufman’s Theorem has a much stronger

claim: it states dimension doubling uniformly for all sets.

Kaufman’s theorem fails for d = 1. The zero set of 1-dimensional Brownian

motion has dimension half, while its image is the single point 0.

We will prove McKean’s theorem for A = [0, 1].
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The image of the middle thirds Cantor set under a 2-dimensional Brownian
path. By dimension doubling, this set has Hausdorft dimension log 4/ log 3.



Theorem 3.8 (Frostman’s Energy Method). Given a metric space (X, p), if
1 1s a finite Borel measure supported on A C X and

def //d,u

then HS (A) = oo, and hence dim(A) > a.




Proof. For sufficiently large M, the set

Klz{xeK:/Kg‘i%)'a < M)

has positive ;s measure. One can write this integral as a sum and use summation

by parts to get,

|5’Li<yy>|& > i N({Q_n_l < |y — aj| < Q—H})Qna
= 2. (”(B@Q—")) - M(B(JJ,T”_I)))QW
= G+ o (@ =2 (B2 )

= O +Cy Yy 2u(B(x,27").

n=—r



If x € K;, then the integral, and thus the sum, is finite, so

oy AB@27")

n—00 )—na

= 0.

The Mass Distribution Principle implies H®(K7) = oo, hence H*(K) = co. [



Theorem 3.9. Brownian trace By([0,1]) in RY has dimension 2.

Proof. From Corollary 2.2 we have that By is § Holder for every 8 < 1/2 a.s.
Therefore dim By[0, 1] < 2 almost surely.

For the other inequality, we will use Frostman’s Energy Method. A natural
measure on By|0, 1] is the occupation measure g o LB~ which means that
np(A) = LB71(A), for all measurable subsets A of R?, or, equivalently;

v) dup(z / (B dt

for all measurable functions f



Note that by definition,

dup(x)d
(31) / / pp()dis(y / / dsdt
R Jrd T —y|* | B(t) (s)]”

We want to show that for any 0 < o < 2, this is finite.

Let us evaluate the right hand side expectation:

E|B(t) - B(s)| ™ = E((|t — s|'*|2])™) = It—ff!“/Q/H\W| R,

Here Z denotes the d-dimensional standard Gaussian random variable.



The integral can be evaluated using polar coordinates, but all we need is that,
for d > 2, it is a finite constant ¢ depending on d and « only. Finiteness can
be checked by considering |z| < 1 and |z| > 1 separately (details left to the

reader).

Substituting ¢ into (3.1) and using Fubini’s Theorem we get

dsdt U du
3.2 — —
< ) ,LLB C//\t—s|a/2_ Ou/2<oo

Therefore £,(up) < oo almost surely and we are done by Frostman’s method.
[]




Theorem 3.10. The graph of Brownian motion in R has dimension 3/2.

Proof. We have shown in Corollary 3.4 that
dim GB S 3/2.

For the other inequality, let o < 3/2 and let A be a subset of the graph. Define

a measure on the graph using projection to the time axis:

WA L{o<t<1:(t,B(t) € A)).



Changing variables, the o energy of © can be written as

// lx—yl@ / / \t—s|2+\§fcit B(s)P)

Bounding the integrand, taking expectations, and applying Fubini’s Theorem

we get that
3.3) EE, (1) < 2 / E (2 + B(r?) ) dt.

Let n(z) denote the standard normal density. By scaling, the expected value

above can be written as

(3.4) 2 /+Oo(t2 + 1237 n(2) dz.



Cut the integral into z < v/t and z > /t. Then (3.4) is bounded above by

twice
0

Vi 00
/ (1)~ dz + / (tz2)"n(z)dz = o 4 t_O‘/Q/ 2 n(z)dz.
0 Vi Vi

Furthermore, we separate the last integral at 1. We get

o0 1
/ 27 (z)dz < ¢, —|—/ 2 %dz.
Vi Vi

The latter integral is of order t(1=*)/2_ Substituting these results into (3.3), we
see that the expected energy is finite when o < 3/2. Therefore E,(ug) < oo

almost surely. The claim now follows from Frostman’s Energy Method. ]



4. STOPPING TIMES AND THE MARKOV PROPERTY



A filtration on a probability space (2, F, P) is a family {F(t) : t > 0} of
o-algebras such that F(s) C F(t) C F for all s < t.

A probability space together with a filtration is called a filtered probability space.

A stochastic process { X () : t > 0} defined on a filtered probability space with
filtration {F(t) : t > 0} is called adapted if X (¢) is F(t)-measurable for any
t > 0.



Suppose we have a Brownian motion {B(t) : ¢ > 0} defined on some probability
space, then we can define a filtration {Fy(t) : t > 0} by letting FO(t) =
o(B(s) : 0 < s < t) be the g-algebra generated by the random variables B(s),
for 0 < s < t. With this definition, the Brownian motion is obviously adapted
to the filtration.

Intuitively, this o-algebra contains all the information available from observing

the process up to time t¢.



For each t > 0 let Fy(t) = o{B(s) : s < t} be the smallest o-field making

every B(s), s < t, measurable

Set F..(t) = (),~; Fo(u). This allows us to look “infinitesimally” into the future.
This is a right-continuous filtration; these are sometimes more convenient for

technical reasons.

If F is closed, then inf{t € B(t) € E'} is in Fy(t).

If U is open, then inf{t € B(t) € U} is in F(t), but need not be in Fy(t).



Proposition 4.1 (Markov property). For every t > 0 the process
{B(t+s) = B(t) b0
is standard Brownian motion independent of Fy(t) and F.(t).
[t is evident from independence of increments that { B(t4s)— B(t) }s>q is stan-

dard Brownian motion independent of Fy(t). That this process is independent

of F.(t) follows from continuity.



Corollary 4.2. The process {B(t),t > 0} is independent of the o-algebra
F(0)

Theorem 4.3. (Blumenthal’s 0-1 law) Let A € F.(0). ThenP(A) € {0, 1}.

Proof. Using the corollary above, for any A € o(B(t) : t > 0) is independent
of F,(0). But F.(0) C o(B(t) : t > 0), so A is independent of itself, i.e.,
P(A) = P(AN A) = P(A)? and hence has probability zero or one. ]



We can use this to give another proof of something we proved earlier:

Corollary 4.4. Let 7 = inf{t > 0: B(t) > 0} and 0 = inf{t > 0: B(t) <
0}. Then P(t =0)=P(c =0) = 1.

Proof. The event
{r=0}=[){30<e<1/nwith B(e) > 0}.

is clearly in F,(0). Thus it suffices to show this event has positive probability.
But for ¢ > 0, then P(7 < t) > P(B(t) > 0) =1/2. Hence P(1 =0) = 1.

The argument works replacing B(t) > 0 by B(t) < 0 toshow P(c =0) =1. O



A random variable 7 is a stopping time for a Brownian filtration {F (%) }+>¢
if {7 <t} e F(t) for all t. For any random time 7 we define the pre-r o-field

F(r)={A:Vt, An{r <t} e Ft)}.

Roughly speaking, we stop a Brownian motion at time ¢ based behavior up to

time t.



A simple example of a stopping time is the time when a Brownian motion first
enters a closed set. More generally, if A is a Borel set then the hitting time 74

Is a stopping time.



Theorem 4.5. Suppose that 7 is a stopping time for the Brownian filtration
{F(t)}+>0. Then {B(1+s) — B(7T)}s>0 is Brownian motion independent of
F(7).

Sketch of Proof. Suppose first that 7 is an integer valued stopping time with
respect to a Brownian filtration {F () };>o. For each integer j the event {7 = j}
is in F(7) and the process { B(t + j) — B(j) }+>0 is independent of F(7), so the
result follows from the Markov property in this special case. It also holds if the
values of 7 are integer multiples of some € > 0, and approximating 7 by such

discrete stopping times gives the conclusion in the general case. ]



The following is an elementary fact we need below:

Lemma 4.6. Let XY, Z be random variables with X,Y independent and
X, Z independent. If Y < Z then (X,Y) 4 (X, 2).



Theorem 4.7 (Reflection Principle). If 7 is a stopping time then
B*(t) == B(t)1y<r) + (2B(7) — B(t))1(1>r)

(Brownian motion reflected at time 7) is also standard Brownian motion.

Proof. The strong Markov property states that { B(7+t)— B(7) }+>¢ is Brownian
motion independent of F(7), and by symmetry this also holds for

{—=(B(t +t) — B(7)) }+>0-
We see from Lemma 4.6 that
({B(t) }o<t<r, { B(t +7) — B(7) }+>0)
S ({B(t)hozt<r, {(B(1) = B(t + 7)) }i20),

and the reflection principle follows immediately. L]



Set M(t) = max B(s).

0<s<t

Theorem 4.8. Ifa > 0, then P[M(t) > a| = 2P [B(t) > a| = P||B(t)| > q].

Proof. Set 7, = min{t > 0 : B(t) = a} and let {B*(t)} be Brownian motion
reflected at 7,. Then { M (t) > a} is the disjoint union of the events { B(t) > a}
and {M(t) > a, B(t) < a}, and since {M(t) > a, B(t) < a} = {B*(t) > a}

the desired conclusion follows immediately:. ]



Lemma 4.9 (Wald’s Lemma for Brownian Motion). Let 7 be a stopping time
for Brownian motion in RY.

(i) E[|B;|*] = dE|7] (possibly both o),

(ii) if E|T] < o0, then E|B;] = 0.



Proof. (i) We break the proof of (i) into three steps:
(a) 7 is integer valued and bounded,
(b) 7 is integer valued and unbounded and

(c) general 7.



(a) Let 7 be bounded with integer values. Write

© 9]

(4.1) B> =) (IBil* = [Bi-1/) 1,2

k=1
If Z, = By, — Bj_1 and F; is the o-field determined by Brownian motion in
0, ¢], then
E[|Br|* — |Br_1*| Fi_1] = E[|Zi|* + 2Bi_1 - Zi| Fi_1] = d.
The expectation of | Z;|? is d, since Zj, is Brownian motion run for time 1. Given
the conditioning, Bj_1 is constant and Z;, has mean zero, so their product has

zero expectation. Since the event {k < 7} is Fj_1 measurable, we deduce that
E[(|Be|* — |Br_1|*)11<;] = dP(k < 7). Therefore by (4.1),

E(|B,*) =d) Pk <T)=dE(T).



(b) Next, suppose that 7 is integer valued but unbounded. Applying (4.1) to
7 A n and letting n — oo vyields E|B,|* < dET by Fatou’s Lemma.

On the other hand, the strong Markov property yields independence of B,
and B, — B;p,, which implies that E(|B,|?) > dE(7 A n). Letting n — oo
proves (4.1 ) in this case. By scaling, (4.1) also holds if 7 takes values that are

multiples of a fixed e.



(¢) Now suppose just that Er < oo and write 7, := 27¢[72¢]. Then (4.1)
holds for the stopping times 7, which decrease to 7 as £ — oo. Since we have
0<7—7<2"and E[|B(r;) — B(7)|*] <27 by the strong Markov property,

(4.1) follows.



(ii) We also break the proof of (ii) into the integer-valued and general cases.

(a) Suppose T is integer valued and has finite expectation. Then
oo

B; = Z(Bk — Bi_1)1:5p.
k=1
The terms in the sum are orthogonal in L? (with respect to the Wiener measure),

and the second moment of the kth term is dP(7 > k).

The second moment of the sum is the sum of the second moments:

EB]=d) P(r>k)= deIP(T — j) = dE[r] < oo.



Thus

E[B.] =Y E[(Br — Br_1)l24],
k=1
since taking the expectation of an L? function is just taking the inner product

with the constant 1 function, and this is continuous with respect to conver-
gence in L?. Finally, every term on the right-hand side is 0 by independence of

increments.



(b) We apply Lebesgue dominated convergence to deduce the general case.

Suppose T is any stopping time with finite expectation and define 7, := 27[27].
Note that B(7y) — B(7) almost surely; thus we just want to show this sequence
is dominated in L!'. Define

Y =max{|B(t+s)— B(n)|: 0<s <1}
and note that

Y <2max{|B(t+s)— B(1)|: 0 <s <1},
by the triangle inequality.

The right-hand side is in L* (hence L') since we earlier showed the maximum
process has the same distribution as |By|. Moreover |B(7y)| < |B(m)| + Y, for
every £, so the sequence {B(7;)}>1 is dominated by a single L' function. Thus
E[B(7)] = limy E[B(7)] and the limit is zero by part (a). ]



5. AREA OF 2-DIMENSIONAL BROWNIAN MOTION



Lemma 5.1. If A;, Ay C R? are Borel sets with positive area, then
EQ({.I’ c R? : [,2(./41 M (AQ + I‘)) > O}) > ().

Proof. We may assume A; and Ay are bounded. By Fubini’s Theorem,
/ 14,1 4 (z)dx = / / 14, (w)1g,(w — z) dw dx
R2 R2 JR2

_ /R2 1, (w) (/R2 1, (w0 — ) daz) du

= Lo(A1)Lo(A)
> 0.

Thus 14, * 1_4,(x) > 0 on a set of positive area. But 14, * 1_4,(z) is exactly
the area of A; N (As + x), so this proves the Lemma. ]



Theorem 5.2. Almost surely Lo(BJ0,1]) = 0.

Proof. Let X denote the area of B|0, 1], and M be its expected value. First we
check that M < oo. If @ > 1 then

P[X > a] < 2P[|W(t)| > v/a/2 for some t € [0,1]] < 8¢~ %/*
where W is standard one-dimensional Brownian motion. Thus

M:/ P[X>a]da§8/ e S da+1 < oo.
0 0

Thus the area is finite, almost surely.



Note that B(3t) and v/3B(t) have the same distribution, and hence

ELy(B[0,3]) = 3ELy(BJ0,1]) = 3M.

Note that we have

2
B0, 3]) gz Blj,j+1])

with equality if and only if for 0 <7 < 5 < 2 we have

Lo(Bli,i+ 1N B[j,j+1]) = 0.



On the other hand, for 7 = 0, 1,2, we have ELy(B|j,j + 1]) = M and

2
3M = RELy(B[0,3]) < Y ELy(B[j, j + 1]) = 3M.
=0
whence the intersection of any two of the B|j, j + 1| has measure zero almost
surely. In particular, £o(B|0,1] N B|2,3]) = 0 almost surely.



For x € R?, let R(x) denote the area of B[0,1] N (z + B[2,3] — B(2) + B(1)).

If we condition on the values of B0, 1], B|2,3| — B(2), then in order to evaluate
the expected value of Lo(B|0, 1] N B|2,3]) we should integrate R(z) where x
has the distribution of B(2) — B(1). Thus

0 = E[Lo(B[0, 1] N BJ2,3))] = (27)"" / PR dr,

where we average with respect to the Gaussian distribution of B(2) — B(1).



Thus R(x) = 0 a.s. for Lo-almost all z, or, by Fubini’s Theorem, the area of the

set where R(x) is positive is a.s. zero. From the lemma we get that a.s.

ﬁg(B[O, 1]) =0 or £2<B[2, 3]) = 0.

The observation that Lo( B[0, 1]) and Lo( B[2, 3]) are identically distributed and
independent completes the proof that L9(B]0,1]) = 0 almost surely. ]

This also follows from the fact that Brownian motion has probability zero of
hitting a given point (other than its starting point), a fact we will prove using

potential theory later.



6. THE LAW OF THE ITERATED LOGARITHM



Theorem 6.1 (The Law of the Iterated Logarithm). For 1 (t) = /2t loglogt

I B(t) 1
im su = a.s.
t—>oop @D(t)
By symmetry it follows that
B
lim inf () = —1 as.
t—r00 ¢<t>

Khinchin (1924) proved the Law of the Iterated Logarithm for simple random
walks, Kolmogorov (1929) for other walks, and Lévy for Brownian motion. The
proof for general random walks is much simpler through Brownian motion than

directly.
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Proof. The main idea is to first consider a geometric sequence of times, and later

“fill in” between these times.

We start by proving the upper bound. Fix € > 0 and ¢ > 1. Let
A, = { max B(t) > (1 + e)w(q”)} .

0<t<q"

By Theorem 4.8 the maximum of Brownian motion up to a fixed time ¢ has the

same distribution as |B(t)|. Therefore

P(A,) = P[[B(¢")] = (1 +€)ib(q"),




We use the estimate for a standard normal random variable (Lemma 1.3)
P(Z > 2) < e v/
for x > 1 to conclude that for large n ( recall ¥ (t) = /2t loglog t):

2

P(A,) < 2exp (—(1+€)*loglogq") = (1 1og ¢) (0%

which 1s summable 1in n.

Since > | P(A,) < oo, by the Borel-Cantelli Lemma, only finitely many of these
events occur. So for all large enough n, |B(q")| > (1 + €)1(q").

This is the LIL upper bound for times ¢". Next we consider ¢t € [¢" 1, ¢"].



For large ¢ choose n so that ¢" ! <t < ¢". We have

B(t) ¥(q"
V(g™)P(gnt)

< (1+¢€)g.
Thus

Bl
R

Since this holds for any € > 0 and ¢ > 1 we have proved that

< (l4+¢€)g as.

B
lim sup () < 1.
t—00 (t)

This is the upper bound in the LIL.




For the lower bound, fix ¢ > 1. In order to use the Borel-Cantelli lemma in the

other direction, we need to create a sequence of independent events.

|Borel-Cantelli, part 2:]
If {A;} are pairwise independent, and Y.~ IP(A;) = oo, then

P(A; i.0.) = 1. where “i.0.” abbreviates “infinitely often”.



Let
D, ={B(¢") = B(¢" ") > ("= ¢"")}.

We will now use Lemma 1.3 for large x:

9
Cex/2

P(Z >x) >

X
Using this estimate with # = (¢" — ¢" ) /\/q" — ¢"~! we get

Q#(qn L qn—l) eXp(— 10g 10g(qn - qn—1>)
P(D,) =P|Z> >
(Dn) ( \/q” gl ) c \/210g log(q™ — ¢" 1)

- cexp(—log(nlogq)) . ¢
— /2log(nlogq) nlogn

/




Thus > P(D,) = co. Hence D,, happens infinitely often with probability 1.

Thus for infinitely many n

B(¢") = B(@" ") +¥(q" —¢"") = =20(¢" ") + (" — ¢" ),

where the second inequality follows from applying the previously proven upper
bound to —B(¢"™1).



We claim that that for infinitely many n

B(q") _ =2p(¢" ) +(¢" —q") . -2 ¢ — q”‘lo

(6.1) >

> +
(g (g Va q"
To obtain the second inequality first note that

Yl _ P Vel 1 _ 1
v(g") et vld)Va T Ve

since 1(t)/v/t is increasing in t for large ¢.




For the second term we just use the fact that ¢(¢)/t is decreasing in t. Since

q

n

— ¢" ! < ¢" this implies

Now (6.1) implies that

B(t 2 1
(6.2) lim sup ) > ——4+1—- as.

t—00 (t> \/5 q

Letting q 1T oo concludes the proof of the lower bound. [




Corollary 6.2. If {\,} is a sequence of random times (not necessarily

stopping times) satisfying A, — 00 and A\,+1/ A, — 1 almost surely, then

im sup = a.s.
n—00 w<)\n>
Furthermore, if \,/n — a > 0 almost surely, then
B(\,
lim sup (An) =1 a.s.

n—oo  WP(an)



Proof. The upper bound follows from the upper bound for continuous time.

To prove the lower bound, we might run into the problem that A, and ¢" may
not be close for large n; we have to exclude the possibility that A, is a sequence

of times where the value of Brownian motion is too small.

To get around this problem recall in previous proof we set

Dy, ={B(¢") = Bl¢" ") = ¥(¢" —¢" ")}
. Now define

DZ:Dkﬂ{ min B(t)—B(qk)Z—\/qk} déf DkﬂQk

qutqu—l—l

Note that D;. and €2, are independent events since the depend on disjoint time

intervals.



By Brownian scaling, P(€2) = ¢, > 0 does not depend on k.
By independence, P(D;) = ¢,P(Dy), so the sum of these probabilities is infinite.

The events {D;, } are independent (disjoint time intervals), so by the Borel-

Cantelli lemma, for infinitely many (even) k,
min B(t) > B(¢") — V"

qF<t<gh+!
> vl (1- 5 - =) - VA

Here we have used (6.2).



Now define n(k) = min{n : A\, > ¢"}. Since the ratios \,;1/\, tend to 1, it
follows that g% < Ank) < ¢" ! for all large k. Thus for infinitely many k

Bhuw) _ (") [, 1 2] V¢

Note that as k& 7 oo,

/iy — 1, (@) /0w — 1, V(") — 0.

Thus BOX . )
lim sup (An) >1——-——

n—oo Y(An) q \/6

Since the left-hand side does not depend on ¢, we are done.

For the last part, note that if \,/n — a > 0 then ¢(\,) /¥ (an) — 1. ]



Corollary 6.3. If {S,} is a simple random walk on Z, then almost surely

. Sn
lim sup

= 1.
n—oo  P(N)

Proof. Set
M =0, N, =min{t > \,_1:|B(t) — B(A-1)| = 1}.
The waiting times {\, — A,_1} are i.i.d. random variables with mean 1; see

Wald’s lemma.

By the Markov property, P\, > k] < P[|B(1)| < 2]* for every positive integer
k, so A1 has finite variance. By the Law of Large Numbers A, /n will converge

to 1, and the corollary follows. [



Theorem 6.4 (Strong Law of Large Numbers). Let (X, dv) be a probabil-

ity space and {f,}, n = 1,2... a sequence of orthogonal functions in
L*(X,dv). Suppose E(f2) = [|ful*dv <1, for all n. Then

1 ] —
—Sy = — — 0,
WS 2

a.e. (with respect to v) as n — oo.
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By 1915 Hausdorff had proved that if { f,,} are independent and satisfy [ f,dv =
0 and [ f2dv =1, then

N
, 1
ngnoo T ; folx) =0 for ae. x

and for every € > 0.

After that Hardy—Littlewood, and independently Khinchin, proved

= (0 for a.e. x.

N
1
1. n
Nosoo v N log N nz:% fal2)

The “final” result, found by Khinchin for a special case in 1928 and proved in

general by Hartman-Wintner says

N

1

li g 2(x) =1 for ae. .
ljr\l;l_?;lop V2N loglog N = fulz) s




Proof of SLLN. We begin with the simple observation that if { g, } is a sequence
of functions on a probability space (X, dv) such that

Z/\gnIQdV < o0,

then > |gu|* < oo v-a.e. and hence g, — 0 v-a.e.



Using this, it is easy to verify the Strong Law of Large Numbers (LLN) for

n — oo along the sequence of squares.

The functions { fn} are orthogonal SO
L r 1 , L

Thus if we set g, = #Sng, we have

1
/ dy<ﬁ

This is summable, so the previous observation implies g, = n~2S 2 — 0 v-a.e.



For the limit over all positive integers, suppose that m* < n < (m -+ 1)* Then

1 1 ) 1 - )

k=m?2+1
1 n
= m/ > il dv
k=m2+1
2
S %7

since the sum has at most 2m terms, each of size at most 1.



Set m(n) = |v/n| and
B — Sn B Sm(n)2
©om(n)? m(n)”

Now each integer m equals m(n) for at most 2m + 1 different choices of n.

Therefore,

2
ng_l / |hy|”dp < ng_l e < Em (2m + 1)m3 < 00,

so by the initial observation, h,, — 0 a.e. with respect to v. This yields that
1

m(n)
But m(n)? < n,so =5, — 0 a.e., as claimed. ]

59, — 0 ae.



7. SOLVING THE DIRICHLET PROBLEM WITH BROWNIAN MOTION



Definition 1. Let D C R? be a domain. We say that D satisfies the
Poincaré cone condition if for each point x € 0D there exists a cone
C.(a, h) of height h(x) and angle o(x) such that C(a, h) C D¢ and Cy(cx, h)
15 based at x.



Proposition 7.1 (Dirichlet Problem). Suppose D C R? is a bounded domain
with boundary 0D, such that D satisfies the Poincaré cone condition, and
f is a continuous function on 0D. Then there exists a unique function u

that is harmonic on D, continuous on D and satisfies u(x) = f(x) for all
r e dD.



Proof. The uniqueness claim follows from the maximum principle for harmonic

functions.

To prove existence, let W be a Brownian motion in R? and define
u(z) =E,f(W,,,), where 74 =inf{t >0:W, € A}
for any Borel set A C RY.

For a ball B(x,r) C D, the strong Markov property implies that
u(z) = Eu[E,[f (W, D>|’F7'5(W»)H = Ew[u<WTS($,7~)>] = /S( )U(y)dﬂra

9
where 1, is the uniform distribution on the sphere S(x,r). Therefore, u has the

mean value property and so it is harmonic on D.



It remains to be shown that the Poincaré cone condition implies

lim wu(x) = f(z) for all z € 9D.

r—z,xeD
Fix z € 9D, then there is a cone with height h > 0 and angle o > 0 in D¢

based at z. Let

¢ — Sup P$[TS(0,1) < 700(0471)]'
I’EB(O,%)

Then ¢ < 1.



Note that if x € B(0,27%) then by the strong Markov property:

k—1
k
Px[TS(O,l) < TCO(a,l)] < H Sup Px[TS(OQ—kJrHl) < TCQ(&,Q_kHH)] — gb .
i—0 TEB(0,27FH7)

Therefore, for any positive integer k., we have

P.lTsen < Tosam)] < ¢
for all x with |z — z| < 27%h.



Given € > 0, there is a 0 < § < h such that |f(y) — f(2)| < e for all y € 9D
with |y — z| < 6. For all x € D with |z — x| < 2757,

<7'1> ‘u<x> N ’LL(Z)‘ — |Emf<WTa > o f<Z>| < E:c’f<WTa ) o f(zﬂ

If the Brownian motion hits the cone C,(a, d), which is outside the domain D,
before it hits the sphere S(z,0), then |z — Wryp| < 6, and f(W,, ) is close to
f(2). The complement has small probability. More precisely, (7.1) is bounded
above by

2| fllocPeATs(z8) < Teu(as)} + €PulTop < Ts(z5)} < 2|1 flloc®” + €.

Hence u 1s continuous on D. []



8. 2-DIMENSIONAL BROWNIAN MOTION IS RECURRENT



Given z € R* 1 < |z| < R, we know that
Px[TS(O,R) < 7'5(071)] = a + blOg ‘.I"
The left-hand side is clearly a function of |x|, and it is a harmonic function of x

for 1 < |z| < R by averaging over a small sphere surrounding x.

Setting |x| = limpliesa = 0, and |z| = R impliesb = @. [t follows that

log |z
Paz[TS(O,R) < 75(0,1)] — log|R|'

By scaling, for 0 < r < Rand r < || < R,

(8.1) P.[7s(0.r) < Ts0.r)] =



Definition 2. A set A is polar for a Markov process X if for all x we
have
P.[X; € A for some t > 0] = 0.

The image of (4, 00) under Brownian motion W is the random set

W(s,00) = | {Wi}.

d<t<o0



Proposition 8.1. Points are polar for a planar Brownian motion W, that

is, for all z € R* we have Po{z € W(0,00)} = 0.

Proof. Take z 20 and 0 < € < |z| < R,

PolTsr) < Ts(z00 ) =
Let € — 0+,

PO{TS(z,R) < T{z}} = 613& PO{TS(z,R) < TS(z,e)} =1,

and then
Po{Ts(z,r) < T2y for all integers R > |2|} = 1.



[t follows that
Po{z € W(0,00)} = Py{7.y < oo} =0.

Let f(z) =P.(0 € W(0,00)). Given § > 0, by the Markov property
Po{0 € W(0,00)} = Eo[f(W5)] = 0.
Finally, f(0) = P(U,~,{0 € W(+,00)}) = 0. Hence any fixed single point is a

polar set for a planar Brownian motion. []



Corollary 8.2. Almost surely, a Brownian path has zero area.

Proof. The expected area Ey[Lo(W (0, 00))] of planar Brownian motion is

Bal [ Iewoooy @21 = [ Bofz € W(0,00)}dz =0,
R2 R2

where the first equality is by Fubini’s Theorem, the second from the previous
theorem. So almost surely, the image of a planar Brownian motion is a set with

zero Lebesgue measure. []



Proposition 8.3. Planar Brownian motion W 1is neighborhood recurrent.

In other words,
Po{W (0, 00) is dense in R*} = 1.
Proof. Note that limsup, ... |W;| = oo, so for all z € R? and € > 0,
Po{7p(:e) = 0o} = lim Po{7s:.r) < 7Bz} = 0.

R—o00
Summing over all rational z and € completes the proof. [



Evan’s theorem says that X C R? is a G5 with zero capacity iff it supports a

measure (& whose potential U, tends to infinity everywhere on X.

G.C. Evans. Potentials and positively infinite singularities of harmonic func-
tions. Monatshette fiir Math. u. Phys., 43: 419-424, 1936.

Using this, we can mimic the proof that a point is never hit by Brownian mo-
tion to show that a set of zero capacity is never hit: evaluating the expected
value of the potential function along Brownian paths gives a finite value, so the

probability of visit the set where the potential is infinite is zero.

A recent generalization of Even’s theorem is given in

On Evans’ and Choquet’s theorems for polar sets by Hansen and Netuka.


https://arxiv.org/pdf/2002.08091.pdf




Lemma 8.4. Define
a = P, (Brownian motion W hits S(0,7) before S(0, R)),
where r < |x| < R. Then

_ (o/lel)=? — /Ry
(8.2) a L~ (r/R)2 .

Proof. The given function in harmonic in the annulus, equals 1 on the inner

boundary and equals 0 on the outer boundary. [



In R* a Brownian motion started on {|z| = 2"} is equally likely to firs hit
{lzl =277} or {|2] = 2""'}.

In R? a Brownian motion started on {|z| = 2"} hits {|z| = 2" '} with proba-
bility 1/3 and hits {|z| = 2""!} with probability 2/3.

The corresponding random walk on powers of two has positive mean, so by the

strong law of large numbers, Brownian motion in R? tends to oo.



Proposition 8.5. Brownian motion W in dimension d > 3 1s transient,

i.e., im0 [W(t)| = oo.

Kakutani is credited with summarizing this by saying “A drunk man will find

his way home, but a drunk bird may get lost forever.”



9. 2-DIMENSIONAL BROWNIAN MOTION IS CONFORMALLY INVARIANT



In R? the conformal image of a Brownian motion is not Brownian motion.
In R? Brownian motion tends to oo almost surely.

Reflection through a sphere is conformal, but maps Brownian motion to a process

that converges to the center of the sphere. This image can’t be Brownian motion.

Alternatively, reflect {% < |z| < 2} through the unit sphere. Harmonic measures
w.r.t z = (1,0,0) of the two boundaries are not preserved since they are not

equal.



[f » is harmonic on U and f : V' — U is conformal, then u o f is harmonic on
V. In fact, conformal and anti-conformal maps are the only homeomorphisms

with this property.

Since the hitting distribution of Brownian motion solves the Dirichlet problem
on both domains, it is easy to verify that, assuming f extends continuously
to OV, it maps the Brownian hitting distribution on 9V (known as harmonic

measure) to the harmonic measure on AU .



Does f take individual Brownian paths in V' to Brownian paths in U? This is
not quite correct: if f(z) = 2z, then f(B(t)) leaves a disk of radius 2 in the
same expected time that B(t) leaves a disk of radius 1, so f(B(t)) is “too fast”

to be Brownian motion. However, it is Brownian motion up to a time change.



What does this mean? Suppose f : V — U is conformal and suppose 0 € V.
For a Brownian path started at 0 let 7 be the first hitting time on V. For
0 <t <7, define

(0.1 olt) = / (B dt.

Why does the integral makes sense?  For 0 <t < 7, we know that B(|0,])
is a compact subset of V' and that | f’| is a continuous function that is bounded
above and below on this compact set. Thus the integrand above is a bounded

continuous function. Therefore () is continuous and strictly increasing, and
so o~ 1(t) is well defined.



We will need the following well known result.

Lemma 9.1. (Kolomogorov’s mazimal inequality) Let X; be independent

with mean zero and finite variance. Write S, = Zzzl X;. Then

Var S,
Pl 194 2 A < =55

Proof. Let Ay denote the event that k is minimal such that |Sg| > h. Then

since independence implies orthogonality;,
ES:14, > ESi1y, > h°P(Ay).

Now sum over k,

Var S, = ES; =) ESi1y, hQZPAk — h2P[ max |Si| > h].

1<k<n
k=1



Theorem 9.2. Suppose that V,U C C are open sets with O € V', the map
f V= U is conformal and o is defined by (9.1). If B(-) is Brownian
motion in V and T is the exit time from V', then {X(t) : 0 < t < ¢(7)}
defined by X (t) := f(B(p t(t))) is a Brownian motion in U started at f(0)
and stopped at OU.

Proof. Let Y (t) be Brownian motion in U started at f(0). The idea of the proof
is to show that both X (¢t) and Y (¢) are limits of discrete random walks that
depend on a parameter €, and that as € — 0, the two random walks get closer

and closer, and hence have the same limiting distribution.



Fix a small € > 0, and starting at f(0), sample Y (¢) every time it moves distance
e from the previous sample point. We stop when a sample point lands within
2¢ of OU. Since Y (t) is almost surely continuous, it is almost surely the limit of

the linear interpolation of these sampled values.

Because Brownian motion is rotationally invariant, the increment between sam-
ples is uniformly distributed on a circle of radius €. Thus Y (¢) is the limit of
the following discrete process: starting at zp = f(0), choose z; uniformly on

|2 — zg| = €. In general, 2,1 is chosen uniformly on |z — z,| = €.



Now sample X (t) starting at zj, each time it first moves distance € from the
previous sample. We claim that, as above, z,,1 is uniformly distributed on an
e-circle around z,. Note that if D = D(z,,€) C U, then the probability that
X(t) first hits 0D in a set E C 9D is the same as the probability that B(t)
started at w, = f~1(z,) first hits 9 f~H(D) in ' = f~1(F).

This probability is the solution at w, of the Dirichlet problem on f~1(D) with
boundary data 1p.



Since f is conformal, this value is the same as the solution at z, of the Dirich-
let problem on D with boundary data 1g, which is just the normalized angle

measure of F .

Thus the hitting distribution of X(¢) on 9D starting from z, is the uniform
distribution, just as it is for usual Brownian motion, only the time needed for

f(B(t)) to hit 9D may be different.



How different? The time T, — 1,,_1 between the samples z,_1 and z, for
the Brownian motion Y are i.i.d. random variables with expectation €°/2 and

variance O(e?), (exercise using Wald’s lemma).

So taking t, := ne®/2, the time T}, for Y'(¢) to reach z, satisfies E[|T}, — t,|*] =

O(ne') = O(t,€?). Moreover, by Kolomogorov’s maximal inequality we have

P[ max |T} — ti| > h] < O(ne*/h?).

1<k<n

This remains true even if we condition on the sequence {zj}.



Next we do the same calculation for the process X (). Note that we may pick
the points {z,} to be the same for the two processes X and Y without altering

their distributions — this amounts to a coupling of X and Y.

The exit time for X (¢) from D = D(z,, €) is same as the exit time for B(p*(t))
from f~1(D) starting at the point p = f~1(z,). Since f is conformal, f is close
to linear on a neighborhood of p with estimates that only depend on the distance
of p from OV'.



Thus for any § > 0, we can choose € so small (uniformly for all p in any compact

subset of V') that
€ e(1+9)

P 5 Nk

Therefore the expected exit time for the Brownian motion B(-) from f~!(D)

) C fH(D) € Dip,

starting at p is bounded above and below by the expected exit times for these

two disks, which are

% ((1 n 5)€\f’(p)|>2 wd (S@f\))




As long as B(s) is inside f~}(D), and € is small enough, we have

FOE o
g < M BEP <17 @)P1+ 6

Therefore p(s) has derivative between these two bounds during this time and

so ¢! has derivative bounded between the reciprocals, i.c.,
1 d 14 0)*
2| 1 23_90_13(#)2'

(L+0)*|f'(p)]> — ds f'(p)

Thus the expected exit time of B o ¢! from f~1(D) is between

€ d (1 +0)*
(1 +op >

The bounds are uniform as long as € is small enough and z, is in a compact
subset of U.



Let .S, denote the time it takes X (-) to reach z,. The random variables .S,, —
Sy—1 are not 1.i.d., but they are independent given the sequence {z;}, and have

variances O(€*), so
P[max |Sy — se| > hl {zx}izi] = Olne'/h7)

1<k<n

where s, = E(S,| {z1}7_,)-



We have already proved that
(14+8) < s/t < (1+6)",
so it follows that for n < 2Ce2
Pl max |Sy — Tx| > 5C 4+ 2h | {zk}r_1] — 0 as e — 0.

1<k<n
Using the uniform continuity of Brownian motion on |0, C'], given any n > 0 we

can choose 0 and h sufficiently small so that

Plmax [ X (t) = Y(¢)| = n|{zr}i=] =0

t<C
as € — 0. Since n can be taken arbitrarily small, this coupling implies that X (-)

and Y (-) indeed have the same distribution until the first exit from U. ]



The following elegant result is due to Markowsky:.

Lemma 9.3. Suppose that f(z) =Y. a,z" is conformal in D. Then the

expected time for Brownian motion to leave 2 = f(ID) starting at f(0) is

%Zzozl |an|2-

We give two prootfs, the first relies on Wald’s Lemma and the second on an

exercise involving Green'’s theorem.



Proof 1. We may assume that f(0) = 0 since translating the domain and start-
ing point does not change either the expected exit time or the infinite sum (it

doesn’t include ag). We use the identity
2E[r] = E[|B;[],
where 7 is a stopping time for a 2-dimensional Brownian motion B (Lemma

4.9). W apply it in the case when B starts at p = f(0) and is stopped when it
hits 0f).



Then the expectation on the right side above is

/a o 2),

where w,, is harmonic measure on df2 with respect to p, i.e., the hitting distribu-
tion of Brownian motion started at p. By the conformal invariance of Brownian

motion, we get

E[|B, ] = / |2d9—2\an\2



Proof 2. By definition, the expected exit time from €2 for Brownian motion

started at w = f(0) is (writing z = x + iy)

//ngwdxdy

By the conformal invariance of Green’s functions, this is the same as

/ /D G(z,0)|f'(2)|*dxdy.

The Green’s function for the disk is Gp(z,0) = Llog|z|~* (we leave this as an

exercise), so this formula becomes

1 1
—/ ()2 log —dady.
T™JJD ‘Z‘



This can be evaluated using the identities (writing z = %),

/Ozﬂ | chzn‘z df = /0277 (chzn) (Z ann) Ao — 27TZ \Cn|2,

/ " logtd = " { B m # —1,
m+1  (m+ 1)

as follows:

21
// log—’f Pdwdy = / / 1og—\f re |27"drd9

n=1 0 T
- log r 1 L
>l | (5 (2n>2)]o
. |
_ 2 2_
— Q;n | g
1 )

and




Corollary 9.4. Among all sstmply connected domains with area ™ and con-
taining 0, Brownian motion started at O has the largest expected exit time
for the unit disk.

Proof. It f : D — () is conformal, then
7 = area()) = // L (2) P dzdy
D

or  pl 0 |
— / / | Z na,r" 1e!" Y2 drdp
o Jo
1 o0
— 277/ Z n?|a,|*r*" " dr
0 n=1
o0 0.9
=7y nlal* =7 |a,|*
n=1 n=1

By Lemma 9.3 the expected exit time is < % with equality if and only if |a;| = 1,
a, = 0 for n > 2, so the disk is optimal. [



The expected time for a 1-dimensional Brownian motion started at zero to leave
|—1, 1] is 1 (this was calculated earlier using Wald’s lemma and is the same as the

time for a 2-dimensional path to leave the infinite strip S = {x + iy : |y| < 1}.

This strip is the image of the unit disk under the conformal map

2 14z
=21
flz) = —log-—

since the linear fractional map (1 + z)/(1 — z) maps the disk to the right half-

plane and the logarithm carries the half-plane to the strip {|y| < 7/2}.



Since

f(2) :%[log(lJrz) — log(1 — 2] =%<Z—|—%23—|—é25+"') :

the expected time a Brownian motion spends in S is

1—1 1) 1+1+1+
2\« 9 25 ’
T 1+1+1
8 9 25 '

SO



From this we can deduce

I 1 1
C2) = T+=4-+—F--

49 16
—(1+1+1+ )+(1+1+1+ )
N 2 9 25 4 16 3

T 1

— (2

5t 762

which implies ((2) = 7°/6.
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