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Intentions

Despite many previous opportunities and a brush with conformal dynamics in the
form of Kleinian groups, I had never worked on the iteration of holomorphic functions
until April 2011 when I met Misha Lyubich on the stairwell of the Stony Brook math
building he told me that Alex Eremenko had a question for me. Alex was visiting for
a few days and his question was the following: given any compact, connected, planar
set K and an € > 0, is there a polynomial p(z) with only two critical values, whose
critical points approximate K to within € in the Hausdorff metric?

It turns out that we can assume the critical values are =1 and then ' = p~([-1, 1])
is a finite tree in the plane and Alex’s question is equivalent to asking if such trees
are dense in all compact sets. Such a tree is conformally balanced in the sense that
every edge gets equal harmonic measure from oo and every subset of an edge gets
equal harmonic measure from either side. This makes the existence of such trees
seem unlikely, or at least requiring very special geometry, but I was able to show that
Alex’s conjecture was correct by building an approximating tree that is balanced in
a quasiconformal sense and then “fixing” it with the measurable Riemann mapping
theorem.

When I asked for the motivation behind the questionm, Alex explained that entire
functions with a finite number of critical points play an important role in transcen-
dental dynamics because they mimic certain properties of polynomials, e.g., Dennis
Sullivan’s “no wandering domains” theorem can be extended to such functions. He
wanted to know if the geometry of polynomials of high degree but with a low num-
ber of critical points was somehow “special”. At least in the case of this particular
question, the answer is no.

This discussion led to an analogous question for entire functions. If f is entire
and has only two critical points, say +1, then T' = f~!([—1,1]) is an unbounded tree

in the plane. Conversely, given an unbounded tree in the plane can we approximate
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it by a tree of this form? We need to impose a few conditions, but the basic answer
is yes, any “reasonable” tree T can be approximated. The “reasonable” conditions
include that the tree has uniformly bounded degrees, the edges are uniformly C? arcs,
adjacent edges have comparable Euclidean lengths and one more technical looking
condition. Since 7" is connected and unbounded, its complementary components are
simply connected and can be conformally mapped to a half-plane with co mapping
to infinity. Pulling back Lebesgue measure on the boundary of the half-plane to T
defines a conformal length for each side of each edge. We require that each side of
each edge in the tree has conformal length that is uniformly bounded away from zero.
Given this, we can approximate the tree in a precise sense by a tree T” of the form
F7Y([—1,1]) where f is entire and has exactly two critical values.

With this construction in hand, one can create a large number of new entire
functions with finite singular set S(f) (critical values and finite asymptotic values).
This collection is called the Speiser class. With a small variation we can also build
functions in the larger Eremenko-Lyubich class (bounded singular set). One of the
first applications was to build an entire function in the Eremenko-Lyubich that has
a wandering domain; as noted above, this is impossible in the Speiser class, but was
previously known for more general entire functions. Another application of the ideas
(though not of the precise method) led to the construction of an entire function whose
Julia set has Hausdorff dimension 1. Noel Baker had proven in 1975 [] that the Julia
set of an entire function always contains an non-trivial continuum, so its dimension is
always > 1, and Gwyneth Stallard [] had given examples with dimension 1+ ¢ for any
e > 0. Furthermore, the new example has packing dimension 1 and is the first entire
function known to have packing dimension < 2. At this writing, no known examples
have packing dimension strictly between 1 and 2 (but I hope this will change shortly).

In the course of thinking about my examples, I looked at many papers in the field
and benefited greatly from a number of well written surveys, especially by Bergweiler
and Schleicher. However, I felt that I needed to learn some of the basic theory in
more detail and the standard way to do this quickly is to offer to each a graduate
course on the topic, which I volunteered to due during Spring 2013. These notes are

my attempt to record and organize some of the topics I hope to cover.
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First, there are topics from complex analysis that are not usually covered in the
standard first year graduate course, such as the hyperbolic and spherical metrics,
the uniformization theorem, Koebe’s %‘—theorem, normal families, the Ahlfors 5 is-
lands theorem, Arakelian’s approximation theorem (or is it Arakeljan?), Hausdorff
and packing dimensions, and Wiman-Valiron theory describing the behavior of holo-
morphic function near a boundary point of maximum modulus. We will also need a
certain amount of quasiconformal theory, especially the measurable Riemann map-
ping theorem, and some extensions of to more general homeomorphisms, but at this
stage I am only planning to quote the results, since developing the theory seems too
time consuming for a one semester course.

Second, there are the topics from transcendental dynamics that are the real goal
of the course. I will interpret “transcendental dynamics” as the iteration of entire
functions. One can also develop parallel theories for holomorphic functions mapping
C* = C\ {0} to itself, for meromorphic functions on the plane, or even for maps
between domains on a Riemann surface, but I will limit myself to entire functions
(except in a few cases If f is entire let {f} denote the iterates of f. The basic objects
of study are the Fatou set

F(f) ={z: {f! is a normal family on a neighborhood of 2},

its complement the Julia set, J(f). However, the escaping set

I(f) ={z: f"(2) = oo},

plays a crucial role in the theory and we will spend a great deal of effort trying to
understand its geometry. Indeed, the first “dynamical” result we prove (after some
background material) is that I(f) # 0, a fundamental result of Eremenko. Some of
the ogther results we will cover include:

e The Julia set is non-empty, the closure of the repelling fixed points and the boundary
of the escaping set. It is either the whole plane or nowhere dense.

e The Fatou set has no unbounded multiply connected components. Thus the Julia
set can’t be totally disconnected and must have dimension > 1.

e Multiply connected components of the Fatou set must be wandering domains. Ex-

amples exists with all connectivities 2,3, ..., co.
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e Properties of various subsets of the escaping set defined in terms of rates of escape,
especially the “fast escaping set”.

e Special results for the Speiser and Eremenko-Lyubich classes, e.g., the Julia set con-
tains the escaping set, the Hausdorff dimension of the Julia set is strictly bigger than
1, but the escaping set can have dimension 1. The Julia set has packing dimension
2. How to construct such functions with prescribed geometry near infinity.

e The Julia set of exp(z) is the whole plane. Examples where the Julia set has positive
area, but is not the whole plane, where it has zero area but Hausdorff dimension 2,
examples of dimension < 2.

e Periodic components of the Fatou set of an entire functions inclue all the possibilities
for polynomial plus one other. There can be Baker domains, i.e., unbounded periodic
domains that iterate to oo, a sort of analog to a the petal associated to a rationally
neutral fixed point. We will give examples, estimate the escape rate in such a domain
and show that they force the presence of nearby singular points (although the Baker
domain itself need not contain any singular points).

e Progress on Eremenko’s question: is every component of the escaping set is un-
bounded? Among other partial results we know this is false for path components,
true for the closure of the escaping set, and there is always at least one unbounded
component.

e Progress on Baker’s conjecture: an entire function that grows slower than exp(y/z)
has only bounded Fatou components. This is known to be true under various extra
conditions such as very slow growth or some regularity on growth (e.g., the maximum
modulus on the circle of radius r is “nice” as a function of r).

Well, this should be enough to get started. In general, I am most interested in
topics where the behavior for entire functions contrasts with that for polynomials.
For example, the “simplest” examples of transcendental Julia sets have dimension 2;
it requires work to build one of dimension < 2 and more work to reach the minimum
value 1. For polynomials, the situation is reversed; it is easy to build Julia sets that
are small Cantor sets but required sophisticated methods to construct examples with

dimension 2 [?], [?] or positive area [?], [?].
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The prerequisite for reading these notes is to be Lars Ahlfors, or failing this,
to have read Ahlfors’ books “Complex Variables” and “Lectures on Quasiconformal

Mappings”, or at the very least, to believe results quoted from these books.

Chris Bishop
Stony Brook, NY
January, 2013
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CHAPTER 1

The hyperbolic metric

1. Schwarz’s lemma

The hyperbolic metric on D is given by dp(z) = 2|dz|/(1 — |2|?). This means that
the hyperbolic length of a rectifiable curve v in D is defined as

2|dz|
o(7) :/ :
g 41— ]z[?

and the hyperbolic distance between two points z, w € I is the infimum of the lengths

of paths connecting them (we shall see shortly that there is an explicit formula for
this distance in terms of z and w).
We define the hyperbolic gradient of a holomorphic function f: D — D as
1— |2
1= f2(2)*
More generally, given a map f between metric spaces (X, d) and (Y, p) we define the

Vif(2)]=If(2)]

gradient at a point z as
: p(f(2), f(x))
V2 f(2)| = limsup ——-—2~,
| df( )| s p d(l‘, Z)
In these notes, the most common metrics we will use are the usual Euclidean metric

on C, the spherical metric
ds

1+ 27

on the Riemann Sphere, C and the hyperbolic metric on the disk or on some other
hyperbolic planar domain (these will be defined in Section ??7). To simplify (?)
notation, we use E, S and H to denote whether we are taking a gradient with respect
to Euclidean, Spherical or Hyperbolic metrics. For example if f : U — V', the symbol
VEH f means that we are taking a gradient from the hyperbolic metric on U to the
hyperbolic metric on V' (assuming the domains are clear from context; otherwise we
write Vi or V2 it we need to be very precise).

1



In this notation, the spherical derivative of a function, usually denoted

is be written |V f(2)| since it is limit of quotients where the numerator is mea-
sured in the spherical metric and the denominator is measured in the Euclidean
metric. Similarly V7, denotes a gradient measuring expansion from a hyperbolic to

the spherical metric. This particular gradient will be important in Chapter ?? when
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e
7O=Tep

we characterize conformally invariant normal families.

EXERCISE: Show that the linear fractional transformations that map D 1-to-1,
onto itself are exactly those of the form z — Az — a)/(1 — @z) where |a|] < 1 and

A = 1.

LEMMA 1. Mébius transformations of D to itself are isometries of the hyperbolic

metric.

ProoOF. When f is a Mobius transformation of the disk we have

Thus

Vi f(2)]

Z—a
f(z)zl—&z’
/ o 1_|a’|2
)=y

L—la* 11—z

(1 —az)?1—[f(2)]?

L—laf? 1]z

(1—az)21—|=4p

(1 — o)1 — |2*)

1 —az|?— |z —al?
(1 —al*) (X — =)

(1—az)(1—az)—(z—a)(z—a)
(1 —la*)(1 — |2*)

(1 —az—az+laz|?) — (|z]? —az — za + |a|?)
(1 —lal?)(1 = |2*)

(1 + Jaz[* = [2]* = |a]?)
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Note that

Co(f()) §/|VHf|(Z)1|_dT|Z|2'

Thus Mobius transformations multiply hyperbolic length by at most one. Since the

inverse also has this property, we see that Mobius transformation preserve hyperbolic

length. U

The segment (—1,1) is clearly a geodesic for the hyperbolic metric and since
isometries take geodesics to geodesics, we see that geodesics for the hyperbolic metric
are circles orthogonal to the boundary.

On the disk it is convenient to define the pseudo-hyperbolic metric

|.

The hyperbolic metric between two points can then be expressed as
1+ T(w,2)

1-T(w,z)

On the upper half-plane the corresponding function is

T(z,w) = |[———

1 —wz

p(w,z) = log

Z—w
T =
(zw) = |22,

and p is related as before.

EXERCISE: Show a hyperbolic ball in the disk is also a Euclidean ball, but
the hyperbolic and Euclidean centers are different (unless they are both the origin).
Compute the Euclidean center and radius of a hyperbolic ball of radius r centered at

zin D.

LEMMA 2 (Schwarz’s Lemma). If f : D — D is holomorphic and f(0) = 0 then
|f/(0)] < 1 with equality iff f is a rotation. Moreover, |f(2)| < |z| for all |z] < 1,
with equality for z # 0 iff f is a rotation.

PROOF. Define g(z) = f(z)/z for z # 0 and ¢g(0) = f’(0). This is a holomorphic
function since if f(z) = >_ a,2" then ay = 0 and so g(z) = >_ a,2" "' has a convergent
power series expansion. Since max| =, [¢(z)| < * max, -, |f| < 1. By the maximum
principle [g| < + on {|z| < r}. Taking r /1 shows [g| < 1 on D and equality
anywhere implies ¢ is constant. Thus |f(z)| < |z|] and |f'(0)] = |g(0)] < 1 and

equality implies f is a rotation. 0
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In terms of the hyperbolic metric this says that
p(f(0), f(2)) = p(0, f(2)) < H,(0, 2),

which shows the hyperbolic distance from 0 to any point is non-increasing. For an
arbitrary holomorphic self-map of the disk f and any point w € D we can always
choose Mobius transformations 7,0 so that 7(0) = w and o(f(w)) = 0, so that

oo for(0) = 0. Since Mébius transformations are hyperbolic isometries, this shows
COROLLARY 3. If f : D — D is a holomorphic then p(f(w), f(z)) < p(w, z).
Another formulation is
COROLLARY 4. If f : D — D is holomorphic then |VEf(2)| < 1.

EXERCISE: Show that the only isometries of the hyperbolic disk are Mobius
transformations and their reflections across R.

It is a useful curiosity that the hyperbolic gradient of f can be well defined even
if f itself is not well defined. Consider f(z) = z/? on D. There is a not a well defined
branch of f on the whole unit dist, but if z # 0, and we take a small disk D around z,
then f(z) does have two well defined branches in this disk. If we use either branch to
compute the hyperbolic gradient at z we get the same answer since we take absolute
values in the definition and the branches differ by +1.

Since 22

maps the disk to itself, it strictly contracts the hyperbolic metric; a more
explicit computation shows we know that |V f|(z) > 1.
|l R

L—1z]* 14122
Thus f(z) = /2 is locally an expansion of the hyperbolic metric and for z # 0,

1 1—|Z|2> 1+ |z

Vu(2?) = 22| <1.

\Y = .
‘ Hf|(z) ’2\/5‘1—‘Z|_ 2\/;
For z =0
0
IVEfl(0) = limsupp(’—\/g) =00
z—0 p(O,Z
Similarly, if a > 0, then the map p,(z) = 2 sends D to D, and satisfies
Vipal(2) =l 22 ED <
AP« 1 — |z]2 ’

hence is a hyperbolic contraction if a > 1 and an expansion if a < 1.
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EXERCISE: If @ > 1 and 0 < r < 1 show that
1—1?
1 ol <
( ) ar 1— r2a )

fa>land0<r<1.

LEMMA 5. [Product rule] If F,G are multivalued maps D — D, but |F|,|G| are

single valued, then
NFE)I+1GE)
L+ |F(2)G(2)|”

(2) [VEFG|(2) < max(|VEF|(2), [V5G|(2))

and if they are both holomorphic,
< FE)|+]G()|
— 1+ [F(2)G(2)]

(3) VEFGI(2) =T(IF(=)], -IG()]) < 1.

ProoOF. We copy the usual proof of the product rule to get
1GEIA - |27)
1—|F(2)G(2)]?

)1 — [2*)
1= [F(2)G(2)?

[VEFG|(z) = |[ViF|(2) +|VEG(2) -

The first claim follows from the equality
1—? 1—a? r+y
T + Yy - )
1—x2y? 1—a22y?2 1+ ay
which can be proved by simple algebra. The second claim is then immediate from

Schwarz’s lemma. O

LEMMA 6. If F : D — D is holomorphic and every zero has order at least m, then
[VEFY™(2) < 1.

PROOF. We may assume that F' is holomorphic on a neighborhood of I; otherwise
we replace F'(z) by F((rz) and let 7 1 at the end of the proof. We can write F' = GB
where G = H™ has a holomorphic m-root and B is a finite Blaschke product

z— Zn
B = B = Ak
@ =I1ae =116
where aj, > m for all k. Then by (2)
IVEFY™(2) < |VRHBY™|(2) < |[VEBY™|(2).

Using (3) and induction gives

VEFY™(z) < max|VEB/™|(2).



6 1. THE HYPERBOLIC METRIC

However, Bj is the composition of two maps: z — foz;f? and z — 2z™/™ and
z — z1/™ The first is an isometry and second is a contraction by (?7?). O

COROLLARY 7 (Schwarz’s lemma for multiple roots). If F' : D — D is holomorphic

and every zero of F' has order at least m, then

F/(0)" < m™ [F(0)]"".

PRroOOF. The stated inequality follows by setting z = 0 in

i ptymyg oy _ [P F R0 = 2P)
IVEF() = e R S L

2. Uniformization for planar domains

let p: E— B be continuous and surjective. An open set U C B is evenly covered
if the inverse image p~'(U) can be written as a disjoint union of sets V, so that
p restricted to each V,, is a homeomorphism onto U. If every point b of B has a
neighborhood U that is evenly covered by p, then p is called a covering map. A space
X is simply connected if it is path connected and if its fundamental group is trivial,

i.e., every closed loop in X can be homotoped to a point.

LEMMA 8 ([?], Lemma 8.4.1). Let p: E — B be a covering map; let p(ey) = by.
Any path f[0,1] — B beginning at by has a unique lift to a path f i B beginning at

€o.

LEMMA 9 ([?], Exercise 8.4.12(a)). Let p: E — B be a covering map; let p(eg) =
bo. Let f 1Y — B be continuous with f(yo) = bo. If Y is locally path connected

and simply connected then f can be lifted uniquely to a continuous map f (Y yo), —
(E, 60).

The theory of covering spaces says that every Riemann surface has a universal
covering surface that is also a Riemann surface. Koebe’s uniformization theorem
says that there are only three simply connected Riemann surfaces (up to conformal
isomorphism): D, C and C. Any other Riemann surface (and there are many) is the
quotient of one of these by a discrete group of Mobius transformations. An element of

such group can’t have a fixed point, and this implies that the sphere covers only itself
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and the plane covers only genus 1 tori and the once punctured plane C* = C\ {0}.
Every other Riemann surface is the quotient of the disk by a Fuchsian group (i.e., a
discrete group of Mébius transformations acting on D).

We will not prove the complete uniformization theorem here, although there are
proofs using potential theory that take only about a dozen pages (e.g. see Don
Marshall’s paper []). However, we will give the proof for hyperbolic planar domains,
a case that we will occasion to use throughout these notes. A planar domain 2 is

called hyperbolic if C \ € has at least two points.

THEOREM 10. Ewvery hyperbolic plane domain € is holomorphically covered by D

(i.e., there is a locally 1-to-1, holomorphic covering map from D to §2).

We will first prove this for bounded domains, then for general simply connected
domains, and then finally general hyperbolic domains. The proof will use Montel’s
theorem that a sequence of uniformly bounded holomoprhic functions on D has a
subsequence that converges uniformly on compact sets. We will also need the follow-

ing.

LEMMA 11. If {f.} are holomorphic functions on a domain € that converge uni-
formly on compact sets to f and if z, — z € Q, then f,(z,) — f(2).

PROOF. We may ssume {z,} are contained in some disk D C Q around z. Let
E ={z,} U{z}. This is a compact set so it has a positive distance d from 9f2. The
points within distance d/2 of E form a compact set F' on which the functions {f,}
are uniformly bounded on F, say by M. By the Cauchy estimate the derivatives are
bounded by a constant M’ on E. Thus

£ (2) = fulzn) S 1F(2) = ful2) + [ fa(2) = fulzn)| S 1f(2) = ful2)| + M|z — 2],

and both terms on the right tend to zero by hypothesis.
O

PrROOF OoF THEOREM 10 FOR BOUNDED DOMAINS. If €2 is bounded, then by a
translation and rescaling, we may assume 2 C D and 0 € ). We will define a
sequence of domains {€2,,} with Qg =  and covering maps p,, : ,, = Q,,_1 such that
p(0) = 0. We will show that 2, contains hyperbolic disks centered at 0 of arbitrarily
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large radius and that the covering map ¢, = pio---op, : 2, = Qy = Q converges
uniformly on compacta to a covering map ¢ : D — €.

If Qg = D we are done, since the identity map will work. In general assume
that we have ¢, : Q, — Qo and that there is a point w € D\ €,. Let 7 and o be
Mébius transformations of the disk to itself so that 7(w) = 0, choose a square root
a of 7(0) and choose o so o(a) = 0. Then p,11(2) = o(+y/7(2)) and let £, be the
component of U = p, 1, (€2,) that contains the origin (the set U will have one or two
components; two if w is in a connected component of D \ €2, that is compact in D,
and one otherwise). Since o and 7 are hyperbolic isometries and /z expands the
hyperbolic metric, we see that 2,1 contains a larger hyperbolic ball around 0 than
2, did. Suppose dist(9€2,,0) < r < 1 for all n. Then (??) says that
1+r
2yr

and hence |V#¢,|(0) increases by this much at every step. But |V#q,|(0) < 1, which

VDl (0) > > 1,

is a contradiction. Thus d,, — 1.

Thus {g,} is a sequence of uniformly bounded holomorphic functions on the disk.
By Montel’s theorem (we shall dicuss this in the next chapter), there a subsequence
that converges uniformly on compact subsets of D to a holomorphic map ¢ : D — Q.
It is non-constant since it has non-zero gradient at the origin; moreover, by Hurwicz’s
theorem, ¢’ never vanishes on ID since it is the locally uniform limit of the ¢,” which
never vanish (g, is a covering map). Next we show that ¢ is a covering map D — Q.

Fix a € Q and let d = dist(a, 92). Since ) is bounded, this is finite. Let D =
D(a,d) C Q. Since g, is a covering map, every branch of ¢! is 1-to-1 holomorphic
map of D into D and hence each g, is a contractio from the hyperbolic metric on D
to the hyperbolic metric on ID. Thus every preimage of %D has uniformly bounded
hyperbolic diameter.

Now fix a point b € ¢ '(a). Since g,(b) — q(b) = 1, ¢,(b) € iD for n large
enough, so there is branch of ¢! that contains b. Since these branches are uniformly
bounded holomorphic functions, by Montel’s theorem we can pass to a subsequence

so that they converge to a holomorphic function ¢ from %D into ID. Moreover,

q(9(2)) = lim (g, ' (2)) = 2,

by Lemma ?7?. 0
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This proves the existence of a covering map for bounded domains €2. If Q is
bounded and simply connected, then we have proved the Riemann mapping theorem
for €2. To deduce Riemann’s theorem for all proper simply connected plane domains,

we only need:

LEMMA 12. Any simply connected planar domain, except for the plane itself, can

be conformally mapped to a bounded domain.

ProoF. If the domain €2 is bounded, there is nothing to do. If 2. omits a disk
D(z,r) then the map z — 1/(z — x) conformal maps 2 to a bounded domain. Oth-
erwise, translate the domain so that 0 is on the boundary and consider a continuous
branch of /2. The image is a 1-1, holomorphic image of 2, but does not contain
both a point and its negative. Since the image does contain some open ball, it also
omits an open ball and hence can be mapped to a bounded domain by the previous

case. O

Next we want to deduce the uniformization theorem for all hyperbolic plane do-
mains (we have only proved it for bounded domains so far). It suffices to show that
any hyperbolic plane domain has a covering map from some bounded domain W, for
then we can compose the covering maps D — W and W — Q.

To do this, it suffices to consider the case C** = C\ {0,1}. ¢ : D — W is a
covering map and if {a,b} € C\ Q then h(z) = bg(z) + a is a covering map from
U=hnr1Q) C DtoQ Choose a connected component of U shows that 2 has a
covering from a bounded plane domain, finishing the proof.

Thus we are reduced to proving:
THEOREM 13. There is a holomorphic covering map from D to W = C\ {0,1}

PROOF. Let
. 1 1
Q:{z:x+zy:y>0,0<x<1,\2—5\>§}CH.

This is simply connected and hence can be conformally mapped to H with 0,1, oo
each fixed. We can then use Schwarz reflection to extend the map across the sides of
Q). Every such reflection of €2 stays in H maps to either the lower or upper half-planes.

Continuing this forever gives a covering map from a simply connected subdomain U
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of H to W. Since U is simply connected an not the whole plane (it is a subset of H)

it is conformally equivalent to D and hence a covering g : D — W exists. U

EXERCISE: Show that the domain U formed by repeated reflections across 0f)
is, in fact, all of H.

EXERCISE: The conformal map A :  — H is called the modular functions and
has a explicit formula. Here we state give the formula and outline how to prove it is
correct. see Section 7.3.4 of [7].

There is an explicit formula for the covering map from the upper half-plane to
C\ {0,1}. in terms of the Weiserstrass P-function. See [].

3. Estimates for hyperbolic metric

If Q C C has at least two boundary points then we can define a hyperbolic metric
on Q by pa(z)ds where

(w)]
2) = |p'(w w) = P .
where p : D — Q is a holomorhpic covering map and p(w) = z. Different choices of
p and w give the same value for pg(z) since they differ by an isometry of D. Thus
every hyperbolic planar domain has a hyperbolic metric. In this section we want to
give some useful estimates for pg in terms of more geometric quantitities, such as the
quasi-hyperbolic metric, defined as
ds
po(2)ds = ————.
palz) dist(z, 02
For simply connected domains, p and p are boundedly equivalent; for more general
domains this can fail, but some useful estimates are still available.

Recall Green’s theorem,

ov ou

(4) //Q ulAv + vAudrdy = , Uz + va—nds,

where n denotes the inward pointing normal vector of 9€2. We will also use Green’s

theorem in the following form:

_ ([ % _0f
) [t -+ gledy = [[ 52 = SLacay
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and its simple consequence that the area of a region €2 is given by

1 1
(6) area((2) = —/ xdy — ydx = —,/8(2§dz.
2 a0 21

We now come to some well known estimates for univalent mappings. The first

step is to prove:

THEOREM 14 (Area theorem). Suppose g(z) = = + by + biz + ... is univalent in
D. Then > 7 jnlb,|* < 1. In particular, |by| < 1.

PROOF. For 0 < r < 1let D, = C\ g(D(0,r)). If 2 = g(w) and w = € then
dw = iwd#, so by (19),

area(D // dedy = — zZdz = g(w)g' (w)dw.
X D, 22 aD(0,r)

To evaluate the right hand side note that
1

1
Jd(z) = 1§+0+b1+2b22+...,

so that

g’wg'wdw = 3 g’wg'wwd@
= i/(—;+l_)0—|—51w—|—...)(——;—i—blw—l—Zbgw—f—...)dG

1
= 27TZ(_?“_2 + ’b1‘27’2 + 2‘[)2’7“4 +...0

Thus,
1 - 2..2n
0 <area(D,) = W(ﬁ — ;n|bn| ).
Taking r — 1 gives the result. 0

COROLLARY 15. If f(2) = 2z + Y .7, a,2" is univalent on the unit disk, then
|CL2| S 2.

PROOF. Let g(2) = (f(2%))"Y2 = 1/2 — ayz/2 + .... We claim g is one-to-one.
To see this suppose g(z) = g(w). Then f(2?) = f(w?), so z = +w. Note that g is

odd, so z = w. Since by = ay/2, the previous result implies |as| < 2. O
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THEOREM 16 (Koebe 1/4 theorem). If f is univalent on D, then

PFEI0 — |2P) < dist(£(),00) < [£/()](1 ~ |2P).

PRrOOF. By pre-composing with a Mobius transformation and post-composing by
a linear map, we may assume z = 0, f(0) = 0 and f’(0) = 1. Then the right hand

inequality is just Schwarz’s lemma applied to f~!. O

COROLLARY 17. If f is univalent on D, then
1 !/ : /
T I = [2F%) < dist(f(2),092) < [F()](1 = [2]).

PRrROOF. By pre-composing with a Mobius transformation and post-composing by
a linear map, we may assume z = 0, f(0) = 0 and f’(0) = 1. Then the right hand
inequality is just Schwarz’s lemma applied to f~!'. The right side is the previous
result. O

Because of Koebe’s theorem we have

COROLLARY 18. For simply connected domains, the hyperbolic and quasi-hyperbolic

metrics are bi-Lipschitz equivalent, i.e.,
(7) dpa < dpg < 4dpq.

COROLLARY 19. Suppose €2 is simply connected, z,w € 2. Then
dist(z, 092) |
dist(w, 0Q) "

PROOF. Suppose v is a curve in €2 connecting the two points. Then the quasi-

p(z,w) = | log

hyperbolic length of v is at least

| dist(w,00 dt| N dist(z, 092 |
—| = |log ——————|.
dist(z,0Q) t & dlSt('LU, 89)
By our previous remarks, the hyperbolic distance is at least i of this. 0

COROLLARY 20. If U C V' are both hyperbolic, then py > py .
This is immediate from Schwarz’s lemma.
COROLLARY 21. If U is hyperbolic and V =D* C U, then
ds
d =0(————
pU(Z) (|Z|10g|2”
for |z| > 1. If {1} € OU, then the two sides are comparable.
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Proor. Compare to a hyperbolic metric on the punctured dist V', which can be
explicitly computed via the covering map exp : H, — V. This gives the first claim.
Then lift U and v into H by the covering map on C\ {0,1}. V lifts to a simply
connected subdomain V of H lying above a curve that is 1-periodic and lies below

some horizontal line {y = C'}. U lifts to a domain U and we have the containments
H+iC C VEU C H.

Above the line {y = 2C'} the hyperbolic metrics for H and H + iC' have ratio 1 — %
which is between 1 and % Thus the hyperbolic metrics on V and U have the same

ratio bounds, and hence so do the hyperbolic metrics on U and V. U

The twice punctured plane is one of the few domains for which there is an explicit

expression for the hyperbolic metric. Assuming the punctures are 0, 1, the metric is

L ww-y
p(z) _W//@’(z(z—l)(z—w)d dv.

See [?], [?]. For C \ {a, b, c} it has the more symmetric looking form

RN w-a)w-Dw-c)
= e e

We will not prove these formaulas since the estimate Corollary 21 will be good enough

p(z)ds where

for our purposes. For example, it suffice to prove:

LEMMA 22 (Schottky’s Lemma). Suppose f is a holomorphic function on a hy-
perbolic domain 0 and that f omits the values 0,1. If K C ) is compact, then there

s are constants B, C', depending only on K, so that
< i “
max | f(2)] < B(1L+min |£(2))

PRrOOF. f is a holomorphic map from Q to C* = C\ {0,1} and hence is a
contraction of the hyperbolic metrics. Since K C €2 is compact, it has finite hyperbolic
diameter in © and hence f(K) has finite hyperbolic diameter d in C*. We may also
assume f(K) is connected (if not, replace it by a covering hyperbolic ball of at most

twice the diameter).
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Let 7o = 1, r; = 2 and, in general, 7, = (r,_1)? = 2%". By Corollary 21 the

hyperbolic distance between these circles is at least

22n+1

> loglog22"+1 —loglog2®" > (n+1)log2+log2—nlog2—log2 = log 2.
gon  Tlogr

Thus the circles are a uniformly positive hyperbolic distance apart in C** and hence
f(K) hits at most a bounded number of them and hence is trapped between r and
rr+nm some k (depending on f) and some M (depending only on d). This proves the
result with B =2 = C = 2M+1, O

4. Maximum modulus

If f is entire we define its minimum and maximum modulus on the circle of radius

r as
m(r, f) = min{[f(2)| : |2] = 7},
M(r, f) = max{[f(2)| : |z| = r}.
The iterates of M are defined iteratively as
M"(r, f) = M(M"X(r, [), f),
where M(r, f) = M(r, f). Note that
M(r, ") < M™(r, f),

and strict inequality is possible, but we shall see later (Theorem ?7) that the two
quantities are always close in a certain sense. Also note that if |z| < M™(rmf) then
[f5(2)] < M™E(r, f).

The most important properties of M (r, f) are described in the following results.
LEMMA 23. Forr >0, M(r, f) is an increasing, convex function of logr.

PRrooFr. Clearly M (r, f) increases with r by the maximum principle. Since g(z) =

f(e?) is entire, log |g(z)| is subharmonic on the plane. Hence

M(e”, f) = sup{log |g(x + iy))| :€ R},

is a subharmonic function of x alone and hence convex (a supremum of subharmonic

functions is subharmonic). U
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As a consequence of convexity we see that

IOgM(va) —10gM(1,f)
log r

increases with r > 0 and hence has a limit in [0, 00] as  — oo. If f is a polynomial
of degree d then it is easy to check the limit is d. Conversely, if the limit is < d, then

for |z| large we have
log M(r, f) <log M(1, f) + dlogr,r > 1

or
[f(2)] < ML )2l ]2] > 1

which implies f is a polynomial of degree < d by a well known argument (use the

Cauchy estimates to show all derivatives of order > d vanish at the origin). Thus

LEMMA 24. If f is a transcendental entire function,

. log M(r, f)
im ——————* =
r—00 lOg '8

LEMMA 25. If f is a transcendental entire function and X\ > 1, then
M(Ar, f)

lim —— )
o M(r.f)

PROOF. Since log M (r, f) is an increasing convex function of log r, log(M (Ar, f)—
log M (r, f) is increasing in r if A > 1 is fixed. If this difference is bounded above by

A < oo for all » > 0, then setting r,, = A" and summing a telescoping series shows
g g g

Ml ) < (n+ DA = (14 1)

which implies f is a polynomial of degree d < Alog A by Lemma 24. U

log ry,,

LEMMA 26. If f is a transcendental entire function and A > 1, then there is an
R > 0 so that for allr > R and all ¢ > 1,

lOgM(T‘C,f) > )‘(C_ 1) logM(r, f)

PROOF. Since log M (r, f) is an increasing, convex function of logr it is the inte-

gral of some positive, increasing function, say

logr

log M (r, f) :/ a(t)dt.

—00
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Choose R so that a(t) > A if t > log R. Then if r > R,

clogr

logM(rC,f)—logM(r,f)—/ a(t)dt > Mc — 1) logr-

logr

t

THEOREM 27. For any increasing function ¢ : [0,00) — [0,00) there is an entire
function f so that M(r, f) > ¢(r) for all sufficiently large r.

NOTE: For an entire function f, we let

m(r) =min[f(z)],  M(r) =max|f(z)].

|Z|:7“ |z|:7’

Wiman proved in [?] that for any € and any non-vanishing entire function f
m(r) > M(r)~'7,

for some sequence of 7’s tending to co. He conjectured this was true in general and
this was verified by Beurling [?] in the special case |f(r)| = m(r) (i.e., the minimal
values are attained along R1), but was disproved by Hayman in general [?]. We can

show Hayman’s counterexample can be taken in S;.

COROLLARY 28. There are A > 0,71y < oo and an entire function f € Ss so that
(8) m(r) < M(T)—AIOgIOglogM(r)

for all r > ro. Hence m(r) < M(r)=C for every C' and r large enough.

LEMMA 29 (Bohr's lemma). If0 < r < 1 there is a number s = s(r) > 0 so that
whenever f is holomorphic on D and |f| < 1 onrD, then toD C f(D) for somet > s.

Proor. Replacing f by a slight dilation and passing to a limit we may assume f
is holomorphic on D. Note that U = f(rD) has a single unbounded complementary
component W and this component is bounded by piecewise smooth curve. Therefore
OW contains a point z closest to the origin. Let s = |z| and let 2 = C\ W (this is
the polynomial hull of U). By the Schwarz lemma, the f-image of rD lies within a
p-hyperbolic neighborhood of 0. If w € €2, then

1
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so any point w € f(rD) satisfies
lw| < s(e*” —1).
Since f(rD) contains a point of modulus 1, we deduce

S 1
s_—€4p_1.

Taking r = % gives p = %logl+r1—r: %log?) and s = 1/8.

LeEMMA 30 (Polya’s lemma [|). Suppose g, h are entire and define an entire func-
tion f = goh. Then

M(f,r) 2 Mg, gM(h, 51).

PROOF. Apply Bohr’s lemma to h(rz)/M(h,3r) to deduce that this function
covers a circle centered at the origin of radius R > £ M (h, 7). So if w is a point on

ROD where |g| takes a maximum value then there is a z € rID so that h(z) = w and

M(M(Gh) < Mg, B) = lg(w)] = g(h(2))] < M(f,r).

O
EXERCISE Use Polya’s lemma to prove: if g and h are entire functions such that
f = g o h has finite order then either

(1) h is polynomial and ¢ has finite order, or

(2) h transcendental of finite order and g is zero order.

5. I(f) #0
If f is holomoprhic on C,

I(f) ={z: ["(z) = oc}.
Our first step is to show this set is non-empty. This was first proven by Eremenko in

[], but here we follow a later proof by Dominguez [|. We shall give Eremenko’s proof

late whenn we study the rate of escape of iterates of f.

THEOREM 31. If f is a transcendental entire function then I(f) # 0. In fact,

I(f) intersects every circle {|z| = r} for all sufficiently large .
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PROOF. Let 7, = dD, where r is chosen so large that M(3s, f) > 16s for s > r.
It follows from Bohr’s lemma (Lemma ??) that f(D,) contains a circle 0D for some
s > %M(%'r’, f) > 2r. Let 7, be the boundary of the unbounded component of
C\ f(D,). Tt is a subset of f(ID,), so Ky = f~'(72) is a compact subset of v; and
|f] > 2r on K.

Now repeat the argument with D, replaced by the region D, bounded by ~s.
Bohr’s lemma implies f(D,) contains a circle D, for some s > $M(5(2r), f) > 4r.
Let 3 be the boundary of the unbounded component of C\ f(D5) and K3 = f~2(3).
Thus K3 C Ky C 7, and |f?| > 4r on K3.

Continuing in this way we build a sequence of nested sets vy D Ky D K3 D ...
so that |f"| > 2"7! on K,,. Clearly N, K, is non-empty and contained in I(f). O

The lower bound on the rate of escape we have given is rather slow. Later we
will give another proof, due to Eremenko and based on Wiman-Valiron theory, that

constructs points that escape as fast as possible.



CHAPTER 2

Normal families

1. Definitions

A family F of functions from one metric space (X, d) to another (Y, p) is called
equicontinuous if for each € > thereisa d > 0so that d(z,y) < J = p(f(x)—f(y)) <
€ for every f € F. This is the same as the definition of continuity at a point, except
that 0 can be chosen independent of the point and of the function f.

A family F of functions is normal if every sequence in F contains a subsequence
that converges uniformly on every compact set or converges uniformly to oo on every

compact set.

LEMMA 32. If a sequence of meromorphic functions converges uniformly on com-
pact sets in the sense of spherical distance, then the limit is meromorphic or identi-
cally oo. If a sequence of homomorphic functions converges in the same sense, then

the limit is either holomorphic or identically oco.

PROOF. O

If a sequence of homomorphic functions converges uniformly on compacta to a
holomorphic limit, then the derivatives also converge uniformly on compacta. How-
ever, if F is a normal family, 7/ = {f’ : f € F} need not be normal. i.e., {n(z*—n)}.

THEOREM 33 (Arzela-Ascoli). A family F of continuous functions from a planar

domain Q to a metric space (X,d) is normal if and only if
(1) F is equicontinuous on every compact £ C Q.
(2) For any z € Q, {f(2) : f € F} is pre-compact (lies in a compact subset).
In the case that (X, d) is C with the Euclidean metric we get

THEOREM 34 ( Montel’s theorem). A family F of holomorphic functions on ) is

normal iff the functions are uniformly bounded on every compact subset of €.

19
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THEOREM 35. There is a conformal covering map from D to C\ {0, 1}.
PRrROOF. U

THEOREM 36 (Montel’s theorem). If Q is a planar domain and F is a family of

holomorphic functions on € that all omit the values {0,1} then F is a normal family.
ProOOF. O

THEOREM 37 (Marty’s theorem). A family F of meromorphic functions is normal
uof
supsup [ V5 £(2)] < oo,
fEF z€E

for every compact E C ().

PROOF. One direction is easy; if the spherical gradient is bounded at each point
then F is equicontinuous, hence normal. Conversely, suppose F is normal but there
is a sequence {f,} C F such that [V°f(z)| — oco. By passing to a subsequence if
necessary, we may assume f, converges uniformly to a meromorphic function f on
an open disk around z (f = oo is allowed).

If the limit function f is finite at z, then it is bounded on some disk around
z and hence f’ is bounded on a smaller disk. Since f, — f on this disk, f} is
uniformly bounded. Since |[V®f| < |f’|, the spherical gradient is uniformly bounded
on a neighborhood of z.

If f(z) = oo, then consider 1/f. Since z — 1/z corresponds to a rotation of the
sphere by 180 degrees, its spherical gradient is 1 everywhere and hence

§<z>| V5 (2)].

Thus the argument above, applied to 1/ f, again shows that the spherical gradient of

'

{fn} is uniformly bounded on some neighborhood of E. Since E' is compact, it can
be covered by a finite number of these neighborhoods and we deduce that |V f]| is
uniformly bounded over z € E and f € F. O

The following lemma, due to Zalcman, is extremely helpful. It turns the failure
of normality into a useful property. We shall use it again and again in our study of

Julia sets.
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LEMMA 38 (Zalcman’s lemma). Suppose €2 is a planar domain and F is a family
of meromorphic functions on . If F is not normal, then there is a sequence of
points {zx} in Q0 converging to a point zy € 2, a sequence {py} of positive real
numbers converging to 0 and a sequence {fr} C F so that fr(zx + prz) converges

uniformly on compact sets to a meromorphic function f on C. Moreover, f has

satisfies |Vsf(z)] <1 =1|Vsf(0)| for all z € C.

PROOF. By Marty’s criterion, there is a sequence {f,} € F and {w,} € Q so
that w, — wy € Q and |Vgf,(w,)| / 0. Without loss of generality we assume
2z =0and D C Q. Since (1 — |2])|Vsfa(2)| is continuous on D and vanishes on its
boundary, it attains a maximum M,, at some point z,, € D. Note that M — oo since
My, > (1 — |w,|)| Vs fu(w,)| — co. Define

B 1 1=z
= Vs fa(zn) M,

and

gn(2) = fu(2n + pnz).
Note that 0 < p, < 1/M,, — 0 and |z, + pnz| < 1 if 2] < (1 — |z4])/rho, = M,,.
Thus g, is defined on Dy, and for z € Dy, ,

|VSgn(Z)| = pn|v5fn(zn+pnz)|
1— n
1=z + a2l
1 — |2,
<
1 — |zn| = |pn2|
< 1
— 1—2z/M,|

By Marty’s theorem, {g,} has a subsequence that converges uniformly on compact
subsets of C to a function f. Passing to another subsequence, if necessary, we may
assume 2, converges to some point zp € D C Q. Since |Vgg,(0)] = 1 for all n,
|Vsf(0)| =1, hence f is non constant and |Vgf| < 1 everywhere on C. O

A meromorphic function f on D is called a normal function if the family

F={foo:0e AD),},
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is a normal family. A family of functions on D is called a conformally invariant normal
family if
G={foo:feF,oecAD)},

is a normal family.

THEOREM 39. f is normal on D iff V3 f| is bounded on D. F is a conformally

invariant normal family iff V3, f| is uniformly bounded over D and F.

PRrROOF. Let
z+a
o(z) = —.
1+az
This is a Mobius transformation of D to itself that maps 0 to a. Thus by Marty’s
theorem, |V2 f o |(0) is uniformly bounded, say by M. Thus

M > |Vifool(0)

= |Vif(@(0)) - [Viol(a) - [VEId|(0)
= |Vifl(a)-1-1,

which proves the first claim. The second follows by essentially the same argument. [

A function f on a hyperbolic plane domain is called normal if f op is normal on
the disk, where p : D — € is the covering map. A family of meromorphic functions
on € is called a conformally invariant normal family on Qif G = {fop: f € F}

is conformally invariant normal family on the disk.

THEOREM 40. Suppose ) is a hyperbolic planar domain. f is normal on € iff
V% f| is bounded on Q2. F is a conformally invariant normal family iff V3 f] is

uniformly bounded over ) and F.

LEMMA 41. [Lehto, Lehto-Virtanen] If f is meromorphic in D} and has an es-
sential singularity at oo, then

limsup |z| - |Vaf!(2) > 1/2.

|z]—o00

PROOF. Recall that points w, z are antipodal on C iff zw = 1. For any |\ =1,
F(z) = f(Az)f(Z) is meromorphic in D* and for some choice of A, F' has an essential
singularity at oo (if F' meromorphic at co, the vanishing of its Laurent series for large

negative indices implies A is in some countable set, so for a.e. \).
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If F(z) = —1 let r =—2— and note that f maps z and Az to antipodal points on
C and hence y = f(0ID,) has spherical length at least 7. This means that VS f| > :
somewhere on JD,. This if F' takes the value —1 infinitely often near oo the result
is proved. If not, f takes values 1 — e arbitrarily close to co and the argument above

then shows |V3 f| — % along some sequence tending to oo. O

This immediately gives its contrapositive:

COROLLARY 42. [Lehto, Lehto-Virtanen] If f is meromorphic in D and

limsup |z] - [V5f|(2) < 1/2,

|z]—o0

then f is meromorphic at oo.

THEOREM 43. Suppose f is a normal function on a hyperbolic planar domain 2.

Then f has a meromorphic extension to any isolated boundary point of 2.

Proor. Without loss of generality, we may assume the boundary point is oc.

Since f is normal

Vi) = |VETd|(z) - [Vif|(z)

1
= O(———)-0(1
NErTIE
1
= = 0(_)7
2|
so by Corollary ??7, f has a meromorphic extension at oo. O

2. Picard’s theorem and beyond

THEOREM 44 (Picard’s little theorem). If f is a non-constant entire function,
then E = C\ f(C) contains at most one point.

PRrOOF. If E contains two points {a, b}, then using the covering map p : D —
C\ {a, b}, f can be lifted to a holomoprhic map f : C — D. By Liouville’s theorem,

the lift must be constant and hence so must f. O

THEOREM 45 (Picard’s great theorem). If f is a non-constant entire function,
then for every r > 0, E = C\ f(D}) contains at most one point.
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PROOF. Suppose for r sufficiently large, f(D*) omits two points. Then f is a
normal function on D, and hence has a meronorphic extension to oo by Lemma 43,

a contradiction. O

THEOREM 46 (Montel’s theorem). If F is a family of holomoprhic functions on
a planar domain Q all taking values in W = C\ {a, b} for some a # b, then F is a

normal famaly.

FIRST PROOF. If not, then by Zalcman’s lemma we can form a sequence

gﬂ('Z) = fn(pn =+ Zn)

so that f, € F, p, \(0 and z, — z € Q and g,, converges unifromly on compact sets
to a non-constant entire function g. If g ever took the value a, then so would f,, for
n sufficiently large (apply Rouche’s theorem to a small disk around some g-preimage

of a). Thus g omits a,b and is constant, a contradiction. l

SECOND PROOF. One can also prove this by using the covering map p: D — W
to lift G be the family of bounded holomorphic functions obtained by lifting elements
of F via p. Then

Vi f1(2) = VA2V (2)[VEld|(z) < 1-1-0(1),

because the hyperbolic distance between points in W is smaller that a fixed constant
times the spherical distance. On €, |VZId| is bounded on compact sets, so this

implies |V%| is locally bounded, which implies normality by Marty’s theorem. O

Thus omitting two values has two consequences: it implies normality when ap-
plied to functions on a hyperbolic domain and it implies constantcy when applied to
functions on C. This is a common phenonmenon and Bloch’s principle say that
a proprety P implies one of these conclusions iff it implies the other. This is not
always true, but it does hold for a number of interesting cases and can be made into
a precise mathematical statement. See Bergweiler’s paper [?].

Our next goal is a result that contain both Picard’s theorem and Montel’s theorem
as speical cases, as well as various results of Ahlfors, Nevanlinna and others. We will
state the general result first, then a number of corollaries and then prove the general

statement.
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THEOREM 47. Suppose £ = {Ey,..., E,} are connected sets that are contained
in Jordan domains {$,...,Q,} on C that have pairwise disjoint closures. Suppose
m = {my,...,m,} CN satisfy

(9) S -—)>2

m
k=1 k

IfQ C C is a domain let F = F(E,m) be the collection of meromorphic functions f
on Q so that every compact connected component of f~*(E;) contains critical points

whose degrees sum to at least mj. Then F is a conformally invariant normal family.
Recall from Theorem 40 that the conclusion holds iff
sup [V f(2)] < oc.
feFr

and that if  is not hyperbolic (i.e., C \ © has two or fewer points), then F contains
only constants. Also recall that every function in an conformally invariant normal
family is normal and has a meromorphic extension to any isolated boundary point of
Q.

If a € E; is an omitted value of f then f~'(E) has no pre-compact components.
Thus the hypothesis is trivially fulfilled for any m;. In this case we may take m; = oo
in (9). Thus a meromorphic function on €2 with 3 omitted values is normal and if € is
not hyperbolic, then it is constant. Similarly, holomorphic function with two normal
values is normal and an entire functions with two omitted values is constant; thus
this result contains Picard’s little theorem. It also contains Picard’s great theorem,
for if an entire function f omits two values on some neighborhood D = {|z| > r}
of 0o, then it has a meromorphic extension to oo and hence is a polynomial. Thus
Theorem ?7 also contains Picard’s great theorem.

An a-point of f is any point z € f~1(a). It is called simple if f'(z) # 0 and a is
called perfectly branched if there are no simple a points (hence f(z) = a = f'(z) = 0).

A map Q — C is said to have a simple island over an Jordan domain D if there is
a component W of f~!(D) that has compact closure in Q and so that f: W — D is
conformal (1-to-1). If W is compact in €, then this occurs iff f has no critical points
in W.

In some sources, the requirement that an island have compact closure is dropped.

Saying there are no islands over D then becomes a stronger conditions, since more
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components of f~}(D) have to be checked for critical points. However, the weaker
version that checks only pre-compact components is sufficient to prove normality.

Thus we get:

COROLLARY 48. Suppose €2 C C and F is one of the following families:

H1: Meromorphic functions on ) with no simple islands over five Jordan do-
mains with disjoint closures.

H2: Meromorphic f with five perfectly branched values.

H3: Holomorphic functions on €0 with no simple islands over three Jordan
domains with disjoint closures.

H4: Holomorphic functions with three perfectly branched values.
Then all the following hold

C1: F is a conformally invariant normal family.
C2: F contains only constants if €2 is not hyperbolic.
C3: Fach element of F extends to be meromorphic at any isolated boundary

points of §2.

The implication “H1 = C1” is called the Ahlfors 5-Island theorem. “H1 = C2”
is due to Nevanlinna [?, ?, ?], [?, ?, 7, ?], while “H1 = C1” appears in the work of

Boch [?, ?] and Valiron [?, ?].

PROOF OF THEOREM 47. It is clear that F is conformally invariant; if we re-
place f : Q) — C by pre-composing with a covering map ¢ : D — (2 then a component
W (fop) *({E;}) is compact iff (W) is and the critical points W contains corre-
spond 1-to-1 with the critical points in (W) and have the same degrees. Thus we
only have to show F is a normal family.

If F is not a normal family, then we can use Zalcman’s lemma (Lemma 38) to

build a sequence
f(pnz + zn),

that converges to a non-constant, meromorphic f on the whole plane that has bounded
spherical gradient and still satisfies (9). If we can prove any such f must be constant,

we get a contradiction and can deduce F is indeed a normal family.
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We first do the case when each set E; is a single point {a;}. Our hypothesis now
means that every preimage of a; is a critical point of degree at least m;. If {a;} is an
omitted value of f, then we can choose any m; € N and the proof below will work.

So assume that f is a non-constant and meromorphic on C, that it has bounded
spherical gradient, and that every preimage of a; is a critical point of degree at least
m;, where the {m;}] satisfy (9). We will prove f is constant.

Let m be the least common multiple of {m,...,m,} and define

()™

Y = ML) — a7

This function is entire; near a preimage w of a; we have

1(2) = a0 |z — s

Y

f'(2)] == |2 = w] 70N,

so g has removable singularities at these points. If m = > (1 — =) > 2 then

1
m;

/()] 2

lg(2) "M < e = O (2)P7).

£ (2)™
Thus g is small whenever f is large. Since g is entire and not constant, it is unbounded
along some sequence {z,}. Because f has bounded spherical gradient, Marty’s the-
orem says we can find a convergent subsequence of h,(2)f(z + z,) that converges to
a meromorphic h. This h must be constant and equal to one of the a; for otherwise

(R ()™

((z) — a0 DT

g(z+z,) — 7
=1

contradicting the fact that g(z,) — oo.
The function F(z) = f(z + z,) — ax only has zeros of order at least my so we can

apply the Schwarz Lemma for myth roots (Lemma 7). This gives
[f' ()™ = [F )™ < my*[FO)™ ™" = mi*[f(z0) — ax[™ ",
or
[f ) < mg | (2n) — ag e DM

Thus

mmM

1 (f(2) = a;)(mi—DM/m;°

lg(2)] <
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However, this is impossible since f(z,) — h(0) = ax and g(z,) — o0o. The contradic-
tion proves that
k 1
d1-—)>2
— m;
7=1
is impossible.

We have now completed the proof of Theorem ?7 in the case when the sets {£;}
are all points. Next we consider all E; as in the theorem. Suppose F(C,{E;}{)
contains a non-constant function f.

Choose any five distinct points {as, . .. a5} and choose € so the disks D; = D(aj, €)
have pairwise disjoint closures. There is a smooth quasiconformal map ). defined on
C that maps each Q; into D; for j = 1,...,5 (and hence the set E; is also mapped
into D;). By the measurable Riemann mapping theorem (Theorem ?7), there is

another quasiconformal map ¢, so that

g=1v "o oo,
is meromorphic and in F(C, {D;}3).

Fix any sequence of ¢, N\, 0.We may suppose that {g,, } is not normal, for otherwise
replace ¢g.(z) by g.(Mz) for m large. Then by Zalcman’s lemma, we can form a
sequence

9er (Pr2 + 21)
that converges uniformly on compact sets to a, non-constant meromorphic function
g that is perfectly branched over each a; with degree at least m;. By our previous
arguments, such a g must be constant, and the contradiction shows that f must have

been constant after all. This completes the proof of the theorem. 0

3. The Julia set

The Julia set is completely invariant

J(f) =T

Julia set has no isolated points (assuming non-empty)

Julia set is in accumulation set of every backwards orbit with at most one excep-
tion.

The Julia set is either the whole plane or has empty interior.

The Julia set is the minimal closed completely invariant set.
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J(f) = C is possible.

LEMMA 49 (Rosenbloom, 1952). If g is entire and h(z) = (¢*(2) — 2)/(g(z) — 2)

15 constant then g is constant or linear.

PROOF. If h = 0, then ¢*(z) = z implying g is i-to-1, hence linear. If h = 1, then

g*> = g s0 g is constant or g(z) = 2. So assume h is a constant ¢ # 0, 1, i.e,

9°(2) — 2 = clg(2) - 2),
and differentiate to get

or
924 (g(2) —c)=1-c
Since ¢ # 1, the left side is never zero, hence both factors are never zero. Thus ¢’

omits both 0 and ¢ and hence is constant by Picard’s theorem. 0

EXERCISE: Show that if A is rational, then g must be rational too.

THEOREM 50. If g is entire and not constant or linear then it has at least two pre-

periodic points. If g is transcendental, there are infinitely many pre-periodic points.

PROOF. Out assumption im[plies that 4 in Lemma is a non-constant meromorphic
function. If h(z) = oo then g(z) = z, so z is a fixed point of g. If h(z) = 1, then
g*(z) = g(z) so g(z) is a fixed point of g. If h(z) = 0 then ¢g?(2) = 2z so z is a fixed
point of g%

If h is a rational of degree d > 1, then each point has d preimages counted with
multiplicity and there are at most 2d critical points counted with multiplicity, so the
number of distinct preimages of three points is at least 3d — 2(d — 1) =d+ 1 > 2.

If h is transcendental, then Picard’s great theorem says that it takes on at least
one of the values {0, 1,00} infinitely often. If 0 or co are taken infinitely often then
g or g* has infinitely many fixed points and we are done. If h(z) = 1, then g(2) is
a fixed point of g. If g(z) = z for infinitely many such z’s then there are infinitely
many fixed points of ¢g. If g(z) # z then at least one of z or ¢g(z) has infinitely many

preimages, all of which are pre-periodic. U

THEOREM 51. If f is entire, J(f) = 0I(f).
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PROOF. Suppose z € J(f) and a neighborhood V' of z. Then {f"} is not normal
on V, so takes every complex value except possibly one (Theorem ?7). For any
w € I(f) we have f(w) # w (since fixed points don’t escape), so f™*(V') eventually
contains either w or f(w). Hence V contains escaping points. Thus the Julia set is
contained in the closure of the escaping set.

On the other hand, if D is a disk in I(f), then f™(D) never hits a non-escaping
point. We know that there are at least two pre-periodic points, so {f™} is normal on
D, hence D C F(f). Thus the Julia set is disjoint from the interior of the escaping
set. U

The same proof shows

THEOREM b52. If f is entire and V is any neighborhood of any point z € J(f)

then U, f"(V') covers the whole plane with at most one exception.

Since we know that there are at least two pre-periodic points and since preimages

of such points are again pre-periodic, we get:
COROLLARY 53. If f is entire, J(f) is the closure of the pre-periodic points.

A stronger result, that the Julia set is the closure of repelling fixed points will be
proved later, Theorem ?7?7. Another strengthening is that a finite number of iterates

of V suffice to cover any bounded part of the Julia set (?)

COROLLARY 54. If g is entire, and not constant or linear, then J(g) # 0. In
fact, the Julia set is infinite.

PROOF. Pre-periodic points don’t escape, so we now know that both escaping
set I(g) and its complement are non-empty Thus J(g) = 0I(g) # (. In fact, we
have shown that I(g) is infinite and its complement has at least two pre-periodic
points. Thus J(g) = 0I(g) has at least two points. By Picard’s great theorem, one
of the points in 7 (g) has infinitely many preimages, and all are in 7 (g) since it is an

invariant set. O

ALTERNATE PROOF THAT J(f) IS INFINITE. Suppose J(g) contained only one

point. Conjugating by a translation we can assume this point is 0 and hence that
g '(0) = 0. Thus f = log(g(e*)) is a well defined entire function and fm =
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log(g"™(€*))). Thus F(g) C exp(F(f)) and hence J(g) D exp(J(f)). Since f has a
non-empty Julia set, g has a non-zero point in its Julia set, i.e., its Julia has at least

two points and hence infinitely many by Picard’s theorem. U

The opposite inclusion F(g) D exp(F(f)) (and hence equality) is also true, but
more difficult to prove. See [?], [?], [?]. Bergweiler’s proof is based on the density of

repelling fixed points.

4. Repelling fixed points are dense

M are functions meromorphic off a compact countable set.

LEMMA 55. Let aq,...,a5 be be distinct complex numbers. Then there is an
e > 0 so that for any meromorphic f and any domain D hitting J(f), there is a

j€A{l,...,5} and a simple island over D; contained inside D;.

PROOF. For a disk centered on the Julia set of f, the iterates of f form a non-
normal family and the Ahlfors island theorem may be applied. Inside each of the five
disks Dy, k = 1,...5, choose 5 disks centered on [J and with disjoint closures. By
Theorem ?7 each of these 25 disks contains a simple island for some iterate of f over
one of the D;’s. Thus one of the D;’s occurs at least 5 times. Choose a D; and five
smaller disks containing an island over D;. Then D, contains a simple island over

one of these disks and hence over itself. O

LEMMA 56. Let ay,...,as be be distinct complex numbers and let € be as in Lemma
??7. Let 0 < § < € and let Vi,..., Vs be be domains that hit J(f) and V; C D; for
all j € {1,...,5}. Then there is a U in one of the V; that is mapped by some f"

unwalently to D;.

PRroOOF. For a disk centered on the Julia set of f, the iterates of f form a non-
normal family and the Ahlfors island theorem may be applied. Inside each of the five
domains v, k = 1,...5, choose 5 disks centered on J and with disjoint closures. By
Theorem 77 each of these 25 disks contains a simple island for some iterate of f over
one of the D;’s. Thus one of the D;’s occurs at least 5 times. Choose a D; and five
smaller disks containing an island over D;. Then D; contains a simple island over

one of these disks and composition gives an island over itself. U
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THEOREM 57. Suppose f is a transcendental entire function. Then J(f) is the

closure of its repelling periodic points.

PRrOOF. Repelling periodic points are clearly in J so we only need show every
disk D hitting J contains such a point. Since J is perfect, D N J contains at least
five points ay, . .., as. Choose € > 0 so small that the disks D; = D(a;, €) have disjoint
closures and Lemma 7?7 applies. By Lemma 56 there is a domain U inside one of the
D; that is mapped univalently to D; by some f". The inverse branch is a mapping
of D; into itself and must have an attracting fixed point (U must be a proper subset
of D;, otherwise f™ would be a Mébius transformation, which is impossible). This

fixed point is clearly a repelling periodic point for f. 0

LEMMA 58. Let ay,...,as be be distinct complex numbers in J(f) and let € be as
in Lemma 55. Let 0 < v < § < e. Then there exists a disk of the form Dy = D(ag,"y)
and domains Uy, Uy C Dy, so that some iterate f™ of f maps each domain univalently
to Dk

PROOF. O

5. dim(7(f)) >0

THEOREM 59. If f is an entire function and not a linear polynomial, then the set

of points in J(f) with bounded orbit has positive Hausdorff dimension.

PROOF. O

It is easy to construct polynomials whose Julia set is a Cantor set with dimension
close to zero. However, we shall see later that a transcendental Julia set always has
dimension at least 1. The result above is still sharp since it it possible to construct

examples where the set of points with bounded orbits has dimension close to zero.



CHAPTER 3

Rates of escape

1. Slow escaping points

THEOREM 60 (Rippon Stallard). Let f be a transcendental entire function. Then
given any sequence {a,} C (0,00) such that a, /' oo there is a point z € J(f)NI(f)
such that |f"(2)] < ay.

THEOREM 61 (Bergweiler-Peter). Let f € B. Then given any sequence {a,} C
(0,00) such that a,, /* oo the set of points z € J(f) N I(f) such that |f*(z)| < ap
has Hausdorff dimension > 1.

Equality is possible since Rempe-Stallard have shown dim(/(f)) = 1 is possible.
Def slow escaping set

Def moderately slow escaping set

2. Logarithmic measure

If E C [1,00) is a measurable set, we let log(E) denote the image of E under the
map and define |log E|, the logarithmic measure of E, as the Lebesgue measure of
log E, i.e.,

dt
T
LEMMA 62. Suppose 0 <r, /oo and 0 < p, /L <oco. The the complement of

| log E| =

Un(PnTn, PrsTne1) has finite logarithmic measure.

We introduce this because many interesting properties of M (r, f) fail to hold for
all r, but do hold except on a set of finite logarithmic measure. Here are two results

that we will use later.

PROOF. The complement is covered by intervals of the form [r,pn — 1,7,, p, that
has logarithmic length log p,, — log p,. Summing the telescoping series shows the
complement has total logarithmic length < L — py. 0

33
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LEMMA 63. Suppose N(r) is an increasing function on I = [rg,00) and a > 0.
Then there is a set E of finite logarithmic measure so that |h| < N(r)~® implies

IN(r) — N(Teh)| <aN(r),rel\E.

PrOOF. Let X C I be a compact set where the inequality fails. Each point of
log X is contained in an interval (a,b) = (logr — |h|,logr + |h]) so that N(eb) >
(14 a)N(e*). By the easy form of Vitali’s covering lemma, there is a finite, disjoint
subcollection of these intervals that covers a fixed fraction of the length of log X.
Ordering the intervals as {Iz} = {(ax,br)} from left to right, we get N(e) >
(1+ a)*N(e*) and hence

[Tl = 2[] < N(e™)™ < (1+a)™,

andsoif A=(1+a) <1,

llog X| = (3" 1) = O(Y_ A") == ()
k=1

(1+a) (1+0) 2 (1+0) 3

FiGURE 1. Proof of Lemma ?7; an increasing function can have ex-
treme growth only a set of finite total length, hence finite logarithmic
length.
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3. The Wiman-Valiron method
4. The central index

If f is entire, then is has a Taylor series expansion

f(z) = Z AnZn.-

Since the radius of convergence is oo, the coefficients satisfy

lim |a,|"™ = 0.
n—oo

Thus for any fixed r, |a,|r"™ — 0 and hence the supremum
p(r) = p(r, f) = sup |an|r",

is attained. We let N(r) = N(r, f) denote the largest index n where the maximum is
taken. This is an increasing step function and is right continuous at the jump points.
Note that the jumps are > 1 when the maximum of |a,|r" is attained at several
different indices. This is called the central index of f at r. (From now on we will fix
f and simply write M (r), u(r), N(r) unless we need to stress the dependence on the
function f.)
Let
rn =71o(f) =inf{r: N(r) > n}.
Note that r, / co. Also note that if r, = r,, then

n __ n+1
|an|ry, = |an+1|rn+1-
Hence
n
Any1 T 1
-, nt+l — )
[07% T+l Tna1
since r, < rpy1. Thus
an a, ai Qs ay, 1
(10) n_n T2 D= '
Qg Gp Go A2 An—1 mre---Tp

LEMMA 64. p(r) < M(r).

PROOF. By rescaling we may assume r = 1, u(r) = 1 and ay = 1 where N =

N(1). Then g(z) = f(z) — 2" is perpendicular to 2" in L? of the unit circle, so
0= / Ng(z)ds = / Nf(z) — 2Nds = / N f(2)ds — 2.
|z]=1 |z|=1

|2=1
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This implies f|z|:1 |f|lds > 27 and hence |f| > 1 somewhere on the unit circle. Thus
M(1) > u(1), as desired. O

One of the remarkable consequences of Wiman-Valiron theory is that this inequal-
ity can be reversed a in certain sense. There are several ways to make this precise;

one says that for any § > 0, we have

M(r) < p(r)(log pu(r))"/?(log log u(r))***,

for all r > 0 except a set of finite logarithmic measure. See Theorem 6 of [?]. We will
not pursue this particular line of reasoning. Our goal is to use the Wiman-Valiron
method to show that near a point where f attains a circular maximum, i.e., a point
z such that

[F(2)] = M([=], f),

it behaves like the power function w™ ). Before making and proving a precise state-
ment, we will deal with a number of more technical details.

As noted above, the sequence {|a,|r"} attains a maximum value at n = N = N(r).
By definition, moving to the left or right of NV gives smaller terms, but we would like
these terms to decay quickly to zero as we move away from N. An ideal estimate

would be
|an|r™ < p(r) exp(—bk?),

where n = N + k and ¢ > 0, but this is too much to ask for. However, the estimate

is true if we replace the constant b by a function of N + |k| that tends slowly to zero.

LEMMA 65. If f(2z) = >_ a,2" is an entire function, and b(z)0 is a positive, strictly
decreasing, integrable function on [0,00). Then there is a set E of finite logarithmic

measure and a constant K > 0 so that for r € [1,00) \ E
1
an|r™ < p(r) exp(=5b(max(N, n))(N = n)°).

PROOF. Set B(t) = fg b(s)ds. This is an increasing, concave down function that

approaches as finite limit as t — oo. For integers n > 0 define

o, = exp(— /On B(t)dt), p, =exp(B(n)).
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Note that the a’s are decreasing to zero, and the p’s are increasing with a finite limit.

Since b is strictly decreasing,

(679 Oy,
log > —log p, > log H,
Qp—1 Ay,
or equivalently,
Qo o
O<pp<—<pp<—...
(05} (%)
Using a telescoping product, this implies for n > N,
(11) fn _ O ...aN+1§ 1 '._igp%*n
QN Q1 an Pn—1 PN
Similarly,
D> pNon
an
Op41 > i’
Qn  Pn
a telescoping product gives be the smallest r such that
o, 1
— 2

Qo preccpa
If m < n, the definitions above and integration by parts give

ﬂp"m_m = exp(— /" B(t) — B(m)dt)

[67%% m

= exp(— /n(t —m)b(t)dt)

m
n

< exp(— [ (t—m)b(n)dt)

b(m)(n —m)?)

N | —

< exp(—

Thus

noa_ 1
i = exp(—5b(max(m, n))(n — m)?).
Am
To finish the proof we must show that for all » ¢ E and for all n € N,

(12) |an|r™ < mu(r) - apanpl ™

First let us estimate the set of r’'s we must throw away when n = 1,..., N.

this case oy, > ay, so (12) holds if

janlr™ < lanlr™ o™,

In
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or equivalently
aul(=-)" < lan](-—)".
PN PN
This holds by definition if N(r/py) = N, ie., 7 € pyIn = (pnTN, pnTN+1) fOr some
N. The complement of this union of intervals has finite logarithmic measure by
Lemma 62.
Next we estimate the set we must omit due to indices n > N. Note that (12)
follows from
lan|(rpn)" _ anply
- anl(ron)¥ = ano

since (11) implies the right hand side is < 1. We cancel the py,’s and rewrite this as

(14) Mr" < —laNer
|an an

or

(15) e < enr™

where we set ¢, = |ay|/a,. Suppose for the moment that F'(z) = > ¢,2" is entire,
so that the central index makes sense. Then (15) holds as long as N(r, f) = N(r, F).
(13) implies this is true if r € (R,pn, Rni1pn), and hence the exception set of r’s is

the union of complementary intervals

Un(Rnpn—l ) Rn+1pn+1

, which has finite logarithmic measure by Lemma 62.
Finally, we have to prove that the {c,} are the Taylor coefficients of an entire
function, i.e., that
lim c}/™ = 0.
Combining (10) and (11) gives

An \1/n Qo P11 Pnyi/n
In < (20 P
(Lo (LI P,

and this tends to zero since the p,’s are bounded above and the r,,’s tend to co. [

Now that we have the pointwise estimate, we show that the sum of terms far from

the central index is small.
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LEMMA 66. Suppose f is a transcendental entire function, r > 0, and N =

N(r, f). Assume b has been chosen to be positive, decreasing, integrable and satisfy

g <) < tllfgﬂ),
and
b (t) = O(b(t)/1).
If

k= [Vb(N)log b(N)]],
|logp/r| < 2/k and o < (y—1)/2 , then

Sl e,

In—N|>k lan|p

uniformly as r — oo outside a set of finite logarithmic measure.

PRrooOF. On difficulty with the desired estimate is that our estimates of the terms
on the left hand side from Lemma 77 involve the central index of p, whereas the
right hand side only involves the central index of r. This will be a problem if the
central index changes rapidly near r, so our first step is to exclude the set of finite
logarithmic measure where this happens.

Given any € > 0 our assumptions on b imply that there is an 0 < 7 < 1 so that

b((1+n)t) = (1 = €)b(?).

Fix € so that o < (1 — €)%y and choose 7 so the inequality above is true.

Next choose a < /2, and set A = exp(N~%) and M = N(Ar, f). By Lemma 63
N < M < (1+ «a)N, outside a set of finite logarithmic measure. Assume that we
exclude this set, as well as the exceptional set for Lemma ??. Since M is the central

index for Ar, we have
|an| ((Ar)" < lan|(Ar)™

for every n. Using the fact that N and M are central indices for r and Ar we get

n Ap)” M
e ol (A" ol

lanlp™  awl(Ap)N  lan|rY r

2 1-1- Aan<£)nfM'
r
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First assume that n > (14 n)N. Since M < (1 + «a)N < (1+7n/2)N, we have

n—M>n—(14+n/2)N >nn/2

hence
AM=m < A2 — exp(—%nnNa).
Also,
(B < exp((n — M)2/k).
Hence
||C§LJ$:Z?V < exp(—%nn]\f_o‘ + 2n/k).

Our definition of k and assumptions on b imply

= O(\/b(N)[1og b(N)]) = O((Nlog N)"1/2)) = o(N~%),

since a < 77/2 < 1. Thus

|an|pn ]' —
|aN|pN = eXP(_gnnN )7

if r is large enough (and hence n is large). Thus by the geometric sum formula

|an|pn 1 _
< ——ngnN~¢
DR Tl D L

n>(14+n)N n>(1+n)N
_ O(eXp(—%n(l +n)N'™)
1 —exp(—nN~—*/3)

— O(Nexp(-nN' )

= O(N )
= O(b(N)*?)
for any > 0.
Next assume n < (1 —7)N and repeat the argument above, replacing Ar by r/A.
Since M > (1 —a)N > (1 —n/2)N, we have
M—-n>(1-n/2)N—n> Nn/2

and hence

1
AnfM > Aan/Q _ eXp(_ianfa)'
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We get

(079 p” 1 —« 1 e

using the definition of k as before. Now we are summing < N terms of the same size,

SO

" 1
D G N exp(—nN' ™)
= O(N7P)

for any 5 > 0.
Finally we consider (1 —n)N <n <N —kand N +k ><n < (1+n)N. Recall
that b((1 +n)N) > (1 — €)b(N) and p = re' where t < 2/k. Lemma ?? implies that

for N — p| < nn (except for a set of finite logarithmic measure),

|an|l)n < ‘anKret)n
lan|pN T an|(ret)N
|an|r™ e
< n
= Janlr™*
|an|r" t|
< nlt tlpl
= JanlrV©
1
< exp(—5b(N +nN)p* + t|p|)
1
< exp(tlpl — 5(1 - €)b(N)p®)

< exp(|p[(t = blpl))

where b = (1 — €)b(N). Recall that 1/k = O(y/b(N)/[log b(N)|) = o(Vb), so
t = 2/ko(Vb) = o(b/V/b) = o(bk) < eb|p],

if r is large enough. Thus

anlp"
||aN:ZN < exp(—(1 —€)bkp)
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and thus by the geometric formula

Z Janl " Zexp (1 —€)bp*/2)

k<|p|<nN jaxp™

= Oy exp(~bK/2)

_ o(% exp(—5 (1 - Pb(N)b(N) | logb(N)])
= O(b(N)*/? exp(—%(l — ¢)*[log b(N)]))

= O(b(N)™)

O

Most of the hard work is finished now. All that remains is a simple lemma about
polynomials and then we can state and prove the main consequence of the Wiman-

Valiron method that we will need for dynamics.
LEMMA 67. Suppose P is polynomial of degree m and |P| < M on D,. Then
|P'(2)| < eMn|z|™ 'r—™
Moreover, if |P(z)| = M, then
SIPE) < 1Pw)] < 21PE)]
for |w —z| < r/8m.
PROOF. Since P(z)/2z™ is holomorphic on D} with a removable singularity at oo,

the maximum principle implies p(Z) < M|z|™. The Cauchy estimate on a circle of

radius ¢t = |z|/m around z gives

1
|P'(2)] < — max |P(z) Mr="™|z|™(1 + ) <emMr~™|z|™ 1.

o] [PG) < 1

If |z| =7 and |z — w| < r/8m, then on the line segment between z and w we have

1 dmM
Pl < M —-m 1 _ m71<
P < emdir (o1 4 -yt <
% dmM 1 1
m
() - P < 2~ w2 < Ly = L),

which implies the desired estimate. U
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THEOREM 68. Suppose f is entire, v > 0, N = N(r, f), |z| = r, and |f(2)| =
M(r, f). Suppose that b and k satisfy the conditions of Lemma 66. Then there is a
set E of finite logarithmic measure so that forr & E,

f(w) = F()(Z)N(1 4+ 0(5) + (1)),

z

whenever |z —w| < d/k and r S oo.

Proor. Taking o =4 in Lemma 66 we get
N+k

f(z)= Zanz” = Z anzn + o|ay]||z|Nb(N)?,
n=0 N—k

for all large r outside a set of finite logarithmic measure. Using Lemma 64 and our
assumption b(N) = O(1/N),
N+k
f(2) = anza +ollanl[z|VN ™) = 2N FP(2) + o(M(|2], )N,

N-Ek

where P is a polynomial of degree < 2k. On the circle of radius r,
PP = [ f(2) = oM()NTH] < [F(2)] + o(M(r, f)) = (1 + o(1)) M(r, ).

Fix an € > 0 and set M = (1 + €)r* Y N(r, f). Then if r is large enough, we have
|P| < M on the circle of radius . Suppose z is the point on this circle where |f|

attains its maximum, m(r, f). Then

PP = | (2)] = o(M(r, f)) = (1= o(1))M(r, f),

SO

1 _
1P(2)] > (1—o(1)M, > 1—+ZM° > (1 - 3¢) My,

if r is large enough (and not in F) and e is small enough. Thus by Lemma 67

%|P(2)] < |P(w)| < g!P@)!,
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for |z — w| < (1 — 3€)r/16k. For these same w, we have for p = |w|

w ¥ fw) = w*P(w) +ofjan|N7)
= w P(w) 4+ o(r Nu(r, )N
= w P(w)+o(r N M(r, f[)N*)
= w"P(w) +o(r "MN~*)
= wtP(w) + o(p FMNY)
= w*P(w) 4 o(p *P(2))

which is uniformly bounded above and below. Setting w = z gives

f(z) = 2N7FPR) +o(rNTFP(2))

o f(2) o(rN—Fk
— ZN-kP(2) +ol )

and multiplying equations gives

_ w N— P<w) pN_kP<w) N—
flw) = f(2)(=) km +0(W) +o(rVFP(2))

ek o P =PI
flw) = JEYE L+ O 5 ) + o/ ()

flw) = f(Z)(%)N_k(lJrO(%IZ—wI)+0(f(2))

flw) = JEE)V 1+ 0() + (1))

5. The fast escaping set
Define the escaping set of f as I(f) = {2z : f"(z) — oo}. Out first goal is to show

there always are such points.

THEOREM 69. If f is entire, then I(f) # 0. In fact, if R is sufficiently large,
there is a point zy so that |zg| > R and f™(z) > M™(R, f) for alln > 1.
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PRroOF. This is easy for polynomials, so we assume f is transcendental. Suppose
E is the exceptional set in Theorem 68 and fix R so large that the logarithmic measure
of X = EN[R,00) is less than 1/2. For r € X, let z; be the point where |z1| = r;
and where |f(z1)| = M(ry, f). Let N = N(ry, f) be the central index for r;. Let

w w 5
Ss(z) ={w: |log;1| < 5N,|arg;1| < N’

and note that under the map w — f(2)(%)" the image of S covers the annulus
Ay(z) ={w: e ®|f(z1)| < |w| < €®|f(#1)|} for s = 5. Since by Theorem 68,

() = F(z)(= N[ < e £(2)],

Z1
if R is large enough, we can deduce that f(S5(2)) covers Ay(z).

Since [ef(z),ef(z)) C Ai(z) N [R,00) has logarithmic length 1, it contains a
point ro not in E. Let 2z satisfy |za] = ro and |f(z2)] = M (re, f). We now repeat
the construction above, obtaining a sector Ss(z2) C A4(z1). Thus f~1(Ss5(22)) has
a component U C Ss(z — 1) which maps univalently to Ss(z2) via F. Note that
22] > |f ()] = M(ry, f).

Continuing in this we way we obtain a sequence of sectors Ss(z,), each of which
contains a preimage under f of the next sector. Thus S5(z;) contains a nested se-
quence of closed sets {U,} mapping univalently to ,, under f. The intersection of
these sets is non-empty and contains only escaping points.

The final claim follows because we always choose 7, > M (r,_1, f)e > M (r,_1, f)e>/Nn),

so the sector S5(z,) lies outside the circle of radius M (r,_1, f). O

It is easy to show the sets {U,} have diameters shrinking to zero. This will be
helpful in some later arguments, so we record it as a corollary.

The power map covers the annulus at least three times, so sector has at least two
univalent preimages inside the previous sector. Thus the nth sector has 2"~! closed

preimages in the first sector. Thus we obtain an uncountable set of escaping points.
THEOREM 70. If f is transcendental entire then dimp(A(f)) = 2.
COROLLARY 71. If f € B then dimp(J(f)) = 2.
Alternate definitions of A(f).

THEOREM 72. The different definitions are equivalent.






CHAPTER 4

Multiply connected components of the Fatou set

1. Multiply connected components are bounded

LEMMA 73. If Q) is multiply connected Fatou component of an entire function f,

then f* 7 oo uniformly on compact subsets of ).

PROOF. Suppose 7 is closed curve in €. By normality any subsequence of {f"}
contains a subsequence that converges uniformly, either to co or to a bounded func-
tion. In the latter case, the maximum principle implies it converges uniformly to a
bounded on the whole interior or v, and therefore the interior of 4 is in the Fatou
set. Thus if the Fatou set contains a curve v surrounding a point in the Julia set,
every subsequence of f™ must converge uniformly to co on v. Normality then implies

it converges to oo on every compact subset of component containing ~. U

LEMMA 74. If Q is multiply connected Fatou component of an entire function f,
and v C § surrounds a point of the Julia set, then f"(v) has positive index with
respect to O for all sufficiently large n.

PROOF. Suppose the index is zero for an infinite subsequence of iterates { f™}.
Thus f™ never vanishes inside «, and tends to oo uniformly on +. The minimum
principle implies f™ tends to oo inside . This contradicts that pre-periodic points

are dense in the Julia set, Corollary 53 . 0

LeEmMMA 75 (Topfer). If the Fatou set of a transcendental entire function has an

unbounded component, then all other components are simply connected.
PRrROOF. O

THEOREM 76 (Baker [|). If f is a transcendental entire function, then multiply

connected component of the Fatou set is bounded.

47
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PROOF. Suppose not, i.e., suppose €2 is an unbounded multiply connected Fatou
component. By replacing f by f™ if necessary, and normalizing by linear maps, we
may assume 0 and 1 are fixed points (repelling?) and that 0 has infinitely many
pre-images under f.

By Lemma 7?7, 2 contains a closed curve v on which f™ converges uniformly to
oo and surrounds 0. Thus for any large r we can choose n so that 44 = f™() has
distance at least r from the origin. We choose r so large that ¢ > r implies

1

gM(it, f)>t.

Let R be the greatest distance of () from the origin and choose a second closed
curve v, = f™(7) so that its distance to 0 is s > M (2R, f?)). Now join v, to 7, by a
arc 3 in 2. Let K = ; Uy U vs.

The iterates of f on €2 omit all values in the Julia set and hence omit at least two

distinct values. By Lemma 77 there are constants B, C' so that
(16) mas | f(2)] < Blmin| f"(2)])C.

However, by the choice of s, if zo € 79 is the point where |f"| is maximized on s,
then

‘fn(ZQ)‘

v

M(s, f*)
M(MQ2R, f*), f*)
(
(

v

v

M 2R, fn+2)

v

M(GMR, ™), f),

by Polya’s lemma (Lemma ?7). Since f is transcendental, M(r, f) grows faster than
any polynomial. In particular M(r, f) > Br® for the constants B and C chosen
above, if r is large enough. Since M (R, f*™') " oo as n * oo, we can therefore
choose n so large that

1

MGM(B, ™), 1), > BOM(R, *)°
> BOM(GMR/2, ), ")
> BM(R, ")
>

B(min| f(2)))°
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since K contains ; which is contained inside Dg. This is a contradiction to (16) and

proves the result. 0

COROLLARY 77. The Julia set of a transcendental entire function contains a non-

trivial continuum.

COROLLARY 78. If f is a transcendental entire functions then every multiply

connected component of the Fatou set is a wandering domain.

Proor. We already know that multiply connected components are bounded and
iterate to infinity uniformly on compact sets, so they can’t be periodic. If they were
pre-periodic they would have to land on a periodic domain that iterates to infinity,
i.e., a Baker domain. However such a domain is unbounded, whereas f(U) must be
bounded. Thus there is a point w € V' \ f(U) and a sequence {z,} in U so that
f(2,) — w Since U is bounded we can pass to a subsequence such z, — z € U. If
z € U, thenw = f(2) € f(U), a contradiction. If z € QU then z is in the Julia set, so
w is in the Julia too, also a contradiction. Thus there are no pre-periodic, multiply

connected Fatou components. O

We just proved that a bounded Fatou component cannot map into an unbounded
component. In fact, if f is a transcendental entire function and U,V are components
of F(f) such that f(U) C V, then E =V \ f(U) has had most one point. This is
due to M. Herring [], with another proof give by Bergweiler and Rohde [].

COROLLARY 79. If f is transcendental, any completely invariant Fatou component

15 simply connected.

PROOF. A completely invariant Fatou component {2 must be unbounded (since
by Picard’s great theorem f~1(2) contains unbounded sets) and hence is simply

connected by Baker’s theorem. U

COROLLARY 80. If f is a transcendental entire function with an unbounded Fatou

component, then all Fatou components are simply connected.

ProoF. By Baker’s theorem the unbounded component €2 is simply connected. If
U is a multiply connected component, then by Lemma 7?7, it contains a curve v whose

iterates f™() intersect Q. Thus € contains a closed curve that winds around D, for
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any r > 0. Since the Julia set is non-empty this means 2 is not simply connected,
contradicting Baker’s theorem. Therefore there are no multiply connected Fatou

components. [l

COROLLARY 81. If f is a transcendental entire function that is bounded along a
curve o tending to 0o, then all Fatou components are simply connected. In particular,

this happens if f has a finite asymptotic value.

PROOF. As in the previous proof, if there were a multiply connected Fatou com-
ponent, then there would also be a closed curve v in it whose iterates tend to oo and
wind around zero. All iterates of v eventually hit ¢ and f at the intersections tends
to oo, contradicting that f is bounded on ¢. Thus there are no multiply connected

Fatou components. [l

THEOREM 82 (Baker, 1970, EL ). There is at most one completely invariant Fatou

component.

THEOREM 83. If f is a transcendental entire function with an completely invariant

Fatou component, then f is univalent on all other Fatou components.
THEOREM 84. If f is a transcendental entire function then J(f)NI(f) # 0.

PROOF. There are two cases depending on whether there are multiply connected
Fatou components or not.

If there is a multiply connected component €2, then by Lemma 7?7 there is a closed
curve v in €2 that eventually surrounds every point in the plane. Since {2 wanders
and iterates to oo, Q,, = f(£2) is eventually outside v, = f"() and hence 0%, is
outside 7,. Thus 0f) escaping points in the Julia set.

If there are no multiply connected Fatou components, consider the escaping point
z constructed in the proof of Theorem ??. It is the intersection of nested sets B; D
By D ... whose diameters shrink to zero and with the property that f"*1(B,) covers
an annulus A, that eventually surrounds every point. If z is in the Fatou set, so
if B, for large n and hence so are the annuli A,,. Thus the Fatou set has multiply

connected components, a contradiction. Hence z € J(f) N I(f). O

THEOREM 85. The closure of the escaping set has no bounded components.
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PRrOOF. Since J(f) C I(f), if there is a bounded component of I(f), it is sur-
rounded by a curve in a non-escaping component of the Fatou set. But this component

is then multiply connected component, hence it does escape. U

Eremenko conjectured that all the components of I(f) are unbounded. This is
still open, but the so called “Strong Eremenko Conjecture” that all path components
of I(f) are unbounded has been disproven by 77777?. See Theorem ?7?7. Partial
progress towards Eremenko’s conjecture has been given by Rippon and Stallard who

showed that I(f) always contains at least one unbounded component.

2. Multiply connected components are fast escaping

DEFN of fast escaping:

equivalence of different definitions
THEOREM 86. Multiply connected Fatou components are in A(f).

THEOREM 87 (Zhang). If f is a transcendental entire function with multiply
connected Fatou component U and v C A C U s closed curve surrounding a Julia

point and v C A C U is any domain then
{z:r, < |2| < R} C f2(A) C f~(U)}

where Ry, /r, — oo.

Thus iterates of multiply connected Fatou components contain large round annuli
centered at the origin. In particular, the Julia set is not uniformly perfect in this
case.

Stronger version:
THEOREM 88 (Bergweiler, Rippon, Stallard). If f is a transcendental entire func-
tion with multiply connected Fatou component U and D = D(zy,r) C U, then
{z:r <2l <R} C f/(D) C f*(U)}
where lim inf, log R,/ logr, > 1.
There are examples where the liminf is as close to 1 as desired.

Every point in the multiply connected component U eventually iterates into a

maximal round annulus in f*(U) (actually into a smaller annulus).
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3. Eventual connectivity

THEOREM 89 (Kisaka and Shishikura). The eventual connectivity of a multiply

connected Fatou component is 2 or oo.

THEOREM 90. If f s a transcendental entire function with multiply connected
Fatou component U.
(1) If ¢(U,) = 2 then UX_, U, contains no critical point of f.
(2) If c¢(U,) < o0, then ¢(Uy,), m > n is non-increasing and eventually equals 2.
(3) If c(U,) = oo then c(U,,) = m for all m > n.

THEOREM 91 (Kisaka and Shishikura). There exists a transcendental entire func-

tion with a component with eventual connectivity 2.

THEOREM 92 (Bergweiler, Rippon and Stallard). If f is a transcendental entire
function with multiply connected Fatou component U.
(1) c(Uyn) =2 iff Uo_, Uy, contains no critical point of f.
(2) 2 < e(Uy) < oo iff USe_, U, contains a finite number of critical points.
(3) If c(Uy,) = oo iff UX_, U, contains infinitely many critical points.

4. Buried points of the Julia set

THEOREM 93. If f is a transcendental entire function that has multiply connected
Fatou components, then J(f) has connected components that are single points and

not on the boundary of any Fatou component. Moreover, such points are dense in

JI(f)-



CHAPTER 5

Baker domains

1. Rate of escape

THEOREM 94. If f is a transcendental entire function and z € §2, a Baker domain
for f, then there is a 1 < C' < oo so that
C

S <WEI<cl

. Thus
log | f"(2)] = O(n).

2. Classification of Baker domains

Baker domains are simply connected.

Invariant domain; f corresponds to iteration of inner function converging to
boundary.

Denjoy-Wolff theorem

Classification based on conjugacy.

THEOREM 95 (Baker-Dominguez). Let 2 be a Baker domain on which f is not
univalent. Then 0 has uncountably many different ends to oo and 0S) has infinitely

many components.

3. Singular points

We have already seen (Theorem ?7) that if S(f) is bounded, then f has no Baker
domains. In fact, if there are Baker domains, then there large singular points must

be fairly common in the following sense.

THEOREM 96 (Bargmann). If f is a transcendental entire function that has a
Baker domain, then there is a 1 < C < 0o so that S(f)N{z:r <|z| <Cr} #0 for
all sufficiently large r > 0.

53



54 5. BAKER DOMAINS

LEMMA 97. There is a [ transcendental entire function that has a Baker domain

Q that contains no singular values.

THEOREM 98 (Bergweiler). If f is a transcendental entire function that has a
Baker domain Q such that QNS(f) = 0, then there is a sequence of complex numbers
pn — 00 such that p, € P(f) (the post-singular set of f), |Pui1/pn| — 1 and
dist(pn, €2) = o(|pnl)-

THEOREM 99 (Bergweiler). Let f be transcendental entire of finite order such
that
f(z) =z+a+o(1),
as z — o0, |argz| <n for some a,n > 0. Then f has an invariant Baker domain Q
which contains
{z=x+iy:|argz| <n,>z > R},
for some R >0 and QN S(f) is unbounded.

4. Examples



CHAPTER 6

The Eremenko-Lyubich class

1. The singular set

Suppose f is a transcendental entire function. A critical point of f is a zero of f’
and a critical value is f(z) where z is a critical point. A asymptotic value is a w € C
so that lim f(z) = w along a curve v : [0, 00) that tends to oo.

The assumption that v tends to oo is stronger than we need. If f has a limit along
a path ~ that is unbounded, but returns to some compact set infinitely often, then
there is some annulus A = {z : r < |z| < 2r} that gamma crosses infinitely often and
hence subarcs 7, C A with endpoints on different boundary components such that
|f —a|] < 1/n on 7,. This implies f = a at some point on every circle {|z| = ¢} for
r <t < 2t and hence f is constant. Thus to check that a is an asymptotic value of f,
we only need verity f has limit a along some unbounded path (the fact that v tends
tooo is then automatically satisfied).

The singular values of f, S(f) is defined as the closure or the union of critical
values and finite asymptotic values. This is not completely standard; some authors
do not take the closure in this definition. The primary importance of the singular set

is that f acts as a covering map off S(f)., i.e.,

LEMMA 100. Ifa € C\S(f), then a has a neighborhood U so that f : f~1(U) — U

is conformal map on each component of f~H(U).

PROOF. Choose a disk D = D(a, ¢) around a that misses S(f). If f~*(3D) has an
unbounded component W, then cover %D by a finite number of disks of half the radius;
one of these must have an unbounded preimage as well. Continuing in this way we
can can construct a point b € D and a sequence of nested disks Dy C Dy D D3 D ...
shrinking down to b so that each has an unbounded preimage W7 D Wy D W3 D ...
Choose a point z, € W, with |z,| > n and let 7, be a arc in W, that joins z, to
Znt1. Then joining these arcs end-to-end creates an unbounded path  and since
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f(vn) C D,, it is clear f approaches b € D along . Thus f has a finite asymptotic
values in D, contrary to assumption.

Therefore there is an € so that every preimage of D is bounded. If W is such a
component, then each point of W must map to dD. Thus f : W — D is a proper
map and so must be a finite-to-1 branched covering. Since D contains no critical

values, W contains no critical points, so the covering must be 1-to-1, O

Singular values are further classified by the behavior of f. For a € C let D, be
a disk of radius r around a in the spherical metric and let {U,} be a component of
f~Y(D,) chosen so that U, C U, if r < s. Then E = Nr > 0U(r) is a connected
set and f = a on E, so either E = ) or E is a single point (otherwise f would be
constant on a non-trivial connected set, hence constant everywhere). If F is a single
point z and f'(z) # 0 then z is called a regular a-point. If £ = {z} and f'(z) =0
then z is a critical a-point. If E = () the a is an asymptotic value of f (argue as in

Lemma 100). In this case, the tract {U,} is called an asymptotic tract of f.

LEMMA 101. Suppose f attains the value a € C only finitely often. Then a is a

direct asymptotic value.

2. Class B

Suppose [ is a transcendental entire function. If S(f) is finite, we say f is finite
type or in the Speiser class, denoted S. If S(f) is bounded, we say f is bounded
type or in the Eremenko-Lyubich class, denoted B. A little care needs to be taken
with the terms “finite type” and “bounded type” since these are also used to mean
something different in Nevanlinna theory.

Suppose f € B and choose R > 0 so that S(f) C Dr. Let Q = f~}(D%). By
Lemma 100, f is a covering map from each component of €2 to D}. Since D3 is
unbounded, each component of €2 is unbounded, but |f| = R on the boundary. Thus
by Corollary 81 we get

LEMMA 102. If f € B, then every component of F(f) is simply connected.

The right half-plane H, = {z + iy : x > 0} is a simply connected covering space
of D%, with the map z — Rexp(z) = exp(z + log R). Thus if W is a component of 2
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we can lift f: W — D%, to a conformal map 7: W — H,, so that f(z) = Rexp(7(z))
on W.

Choose a point a AnW and let U = log(WW — a). Since W is simply connected,
this is well defined and single valued and the domain U intersects each vertical line
in length < 2I1. In particular, no point of U is more than distance 7 from some
boundary point. If R > |f(0)| then we can take a = 0; we shall make this assumption
from here on.

Define F' : U — H, by F(z) = 7(a + exp(z)). Then F is conjugate to f in the

sense that

exp(F(2)) = f(a+ exp(2)),
and

exp(F"(z)) = f"(exp(z)),

if the orbit of z stays inside {2. We refer to F' as “f in logarithmic coordinates”.
LEMMA 103. [F'(z)| > =R(7(z)).
Proor. If we apply the Koebe i—theorem at z, we get

7| F'(z)| > dist(z,0U)|F'(z)| > idist(F(z),@Hr) = E%F(z)

THEOREM 104. If f € B then I(f) C J(f).

PROOF. Suppose not, i.e., suppose there is a point z € F(f)NI(f) and let D be
a closed disk centered at z and inside F(f). Then f™ converges uniformly to oo on
D and hence f"*1(D) C D% for n large enough. This means f"(D) C Q = f~1(D%)
for all n > m, for some m. By replacing D by a disk centered at z,,, we may assume
m = 0.

Let w = log(z) € U and let V = log D C U. Then the iterates of V under F'
stay in U forever, Then w, = F™(w) = log(f™(z)). Since |f"(z)] — oo, we have
REF(w,) — 400, and hence

HF, wk > ﬁ wk+1
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Since wy, is never a critical point of F' and since Rw;, — oo, the product on the right

tends to oco. However, by Koebe’s }l—theorem
|(F™(w))'] < 4dist(w,, U)/dist(w, V) < 47 /dist(w, V),
is bounded independent of n. ([l

Note that although Fatou points don’t escape, they can have unbounded orbits

(but these orbits return to some compact set infinitely often).

COROLLARY 105. If f € B then J(f) = (I(f)).

PRrOOF. For any transcendental entire function we have J(f) = 0I(f) C I(f).
U

We have just proved I(f) C J(f), hence I(f) C J(f). Thus equality holds.

3. Geometry of bounded type level sets
4. The strong Eremenko conjecture fails in B
5. The Speiser class

Cosh coordinates

Finite dimensional

Non-wandering

QC folding with two critical values

QC folding in general

6. Completely invariant domains

LEMMA 106. If f is a transcendental entire function and €2 is a completely in-
vartant Fatou component, then all critical values and logarithmic singularities of f

are contained in )

THEOREM 107. If f € S has a completely invariant Fatou component then it is

the only Fatou component.

7. J*)=C

The Julia set can be the whole plane. The classification of Fatou components

implies this is true whenever all the singular values are strictly pre-periodic, but
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it is fairly easy to see that it is also true for other examples such f(z) = exp(z).
This was first verified by Misiurewicz [|, but we will give a proof due to Rempe and

Mihaljevi¢-Brandt and Rempe.
THEOREM 108. J(e*) = C.

PROOF. Since f(z) = e* has no critical points and one finite asymptotic value,
it is in the Speiser class and hence the Julia set is the closure of the escaping set.
Suppose the Fatou set is non-empty and let W be a component. Let z € W. Since
R C I(f), W must avoid f~'(R); the latter set consists of horizontal lines at heights
mn, n € Z and f is 1-to-1 on the strips

Sp={rx+iy:nr <y < (n+1)r}.

is univalent on W and hence |V (2)| = 1, where we take the hyperbolic metric on
W and f(W). Since f is conformal from S to the upper or lower half-plane H it is
an isometry from the hyperbolic metric on S,, to the hyperbolic metric on the half-
plane. However inclusion map S,, into its corresponding half-plane is a contraction
of hyperbolic metrics; a strict contraction if |y| > e. Thus |Vyf(x + iy)| < n(ly|),
where 7 is strictly decreasing and 7(0) = 1 and we consider the hyperbolic metrics

on U = {|y| > 0]}. Since

1= |VIf(2)| = |V Id(z)] - [V (z)] - [V V(£ (2))]
= |VRId@)| - [ IVUEE @) -1
> (VY1) - [T #(S(+)),
k=0

we see that lim, S(f*(2)) = 0. However, |(2)| < 1/3 implies R(f(2)) > R(z) + (1 —
In2), so that Rf"(z) / +o0. However, x > 1, |y| < 7/4 implies S(f(z + iy) > =.
Thus the sequence {|(f™(2))|} is both eventually increasing and converging to zero.
This contradiction proves that F(f) = 0. O

8. I(e*) is connected

THEOREM 109. Let f,(z) = exp(z) + a. Then one of the following holds
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6. THE EREMENKO-LYUBICH CLASS

FIGURE 1. The inverse image of R under e* is R + 747Z; the collection
of parallel lines shown at upper left. A preimage of one of these lines
is added at upper right. Every other image is a horizontal translate
of this by log(§n) or a vertical translate of one of these curves. We
wish to show that if we continue taking inverses, the resulting system
of curves is dense in the plane.

(1) fa has a unique attracting or neutral rational cycle and the Fatou set is the
attractive region for this cycle. The area of the Julia set is zero and the
singular point a belongs to the immediate basin of the periodic cycle but is
not pre-periodic.

(2) fa has a cycle of Siegel disks.

(3) J(fa) =C.



CHAPTER 7

Dimension of the Julia set

1. Some basics

THEOREM 110. Suppose f is a transcendental entire function. Then dim(J (f)) >

2. Explosions
3. Positive area
4. Zero area, dimension 2
5. Any dimension between 1 and 2
6. Packing dimension 2
7. Growth rates and dimension

8. Dimension 1
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CHAPTER 8

Dimension results for class B.

1. EL implies dimension > 1
2. Zero area for EL class
3. dim(I(f) =1 is possible

Rempe-Stallard
Any dimension in [1,2] is possible for I(f) in B.

4. Affine invariance of dim(/(f)).
5. Packing dimension is always 2 in B

6. Eventual dimension
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APPENDIX A

Background material

1. A first course in complex analysis

Cauchy integral therorem
Cauchy estimates
Uniform convergece

Harnack’s inequality

THEOREM 111 (Weierstrass). If {f,} are holomorphic on Q and converge uni-
formly on compact sets of Q2 to f, then f is holomorphic and f — f' uniformly on

compact sets.

2. Distortion of conformal maps

In this section we give the “usual” proof of Koebe’s % theorem, via the area

theorem and deduce the sharp version of the distortion estimates. An alternate

derivation using symmetry properties of extremal length is given in Section 77 of the

Appendices.
Recall Green’s theorem,
(17) //Q uAv + vAudxdy = , ug—z + vguds,

where n denotes the inward pointing normal vector of 0f2.
COMPLEXVERSION

We will also use Green’s theorem in the following form:

(18) Fy)dz + g(z,y)dy //———gdd

o0
and its simple consequence that the area of a region € is given by
1 1
(19) area(Q)) = —/ zdy — ydx = —,/8Q2dz.
2 o) 21

65
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We now come to some well known (but perhaps not as well known as the results
above) estimates for univalent mappings. The basic idea is to show that a univalent
map f on D is well approximated by its linear Taylor approximation f(zo)+ f(20)(z—
2p) in a hyperbolic neighborhood of zp, with estimates that do not depend on f or
z. These so called “distortion estimates” are fundamental to most arguments in

geometric function theory. The first step is to prove:

THEOREM 112 (Area theorem). Suppose g(z) =1 +by+biz+... is univalent in
D. Then Y>> n|b,|* < 1. In particular, |by]| < 1.

PROOF. For 0 < r < 1let D, = C\ g(D(0,r)). If 2 = g(w) and w = € then
dw = iwd#, so by (19),

—1
area(D // drdy = — zZdz = g(w)g' (w)dw.
N D, 20 aD(0,r)

To evaluate the right hand side note that

1
g(z) = ;—I—bo—i-blz—l—...,

1
g/(2> = 1;+0+b1+2b22—|—,

g(w)d (w)dw = i g(w)q (w)wdb
/w rg( )9( ) /9( )g( )
= i/(—;—i—bo—i—blw—l—...)(——i}+b1w+2b2w+...)d9

1
= 27TZ<_7‘_2 + |b1|27”2 + 2|b2’7"4 + ... 0

Thus,
1 - 2..2n
0 <area(D,) = W(ﬁ — ;n|bn| ).
Taking » — 1 gives the result. U

COROLLARY 113. If f(2) = 2+ Y 7, a,2" is univalent on the unit disk, then
’CL2| S 2.

PROOF. Let g(2) = (f(2%))"Y2 = 1/2 — ayz/2 + .... We claim g is one-to-one.
To see this suppose ¢g(z) = g(w). Then f(z?) = f(w?), so z = +w. Note that g is

odd, so z = w. Since by = ay/2, the previous result implies |as| < 2. O
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THEOREM 114 (Koebe 1/4 theorem). If f is univalent on D, then
1. . ,
@I = 12%) < dist(f(2),092) < [F(2)I(1 = |2).

PRrROOF. By pre-composing with a Mobius transformation and post-composing by

a linear map, we may assume z = 0, f(0) = 0 and f’(0) = 1. Then the right hand
inequality is just Schwarz’s lemma applied to f~!. To prove the left hand inequality,
suppose f never equals w in . Then
9(z) = _wilz)

w— f(z)
is univalent with f(0) = 0 and f/(0) = 1. Applying Corollary 113 to both f and g

gives

1
=z+4 (ag + =)+ ...,
w

<|a2]—|—|a2—|——|<2+2—4

Thus the omitted point w lies outside D(0,1/4), as desired. O

3. The distortion theorems for conformal maps
LEMMA 115. Suppose [ is univalent on D, f(0) =0 and f'(0) = 1. Then

R
Ay <@ g

PRroOF. Fix a point w € D and write the Koebe transform of f,

() — Fw)
F&) = 0wl fw)

where
Z 4w

m(2) = 1—wz
This is univalent, so by Corollary 113, |as(w)| < 2. Differentiation and setting z = 0

shows
PG
FE = 0 wp )
PR T ()
Flz) = 0P i)
(0) = 1 [w], 7(0) = —2(1 — [uf).

F"(0) = ";/((ww)) (1 — |w|*) — 2w.
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This implies that the coefficient of 22 (as a function of w) in the power series of F' is

"
aalw) = 501~ ) )~ 2),

Using |ay| < 2 and multiplying by w/(1 — |w|?), we get
|wf"(w) _ 2P | 4lw]

frlw)  T—=fw’ = 1w

Thus
Sl —4ful _ wf"(w) _ 4wl + 2w
L—fwP = fw) = 1—|wf
Now divide by |w| and use partial fractions,
_ _ "
1 N 3 < 1 wf(w) < 3 N 1
L—fw| 14+ w] 7 |u| f(w) — 1—|w] 1+ ]w|
Note that
0 , 0
1 / 16 - 1 /
5, logf (re”)] 5, Relog f(2)
z 0
= Re——1 !
1 zf"(2)
= —Re
ERNVIeR

Since w = re? and f'(0) = 1, we can integrate to get
log(1 —r) — 3log(1 + 1) <log|f'(re”)| < —3log(1 — ) + log(1 +r).

Exponentiating gives the result. U

4. Quasiconformal maps

Three definitions of QC maps
Quasisymmetry

Holder continuity

Compactness of K-QC maps

3-point condition

Measurable Riemann mapping theorem

Removable sets
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5. Approximation theorems
Given a compact set £ C C, the “holes” of E are the bounded complementary

components of E. FE does not separate the plane iff there are no holes.

THEOREM 116 (Runge’s Theorem). If K C C does not separate the plane and f
is holomorphic on a neighborhood U of K, then f can be uniformly approzimated on

K by holomorphic polynomials.

PROOF. Surround K by a piecewise smooth curve vin U (e.g., set € = dist(K,9U)/10
and cover K by e-boxes and take the boundary of the unbounded complementary

component). Then use the Cauchy integral formula to write

)z%/ﬁ%dm

For any € > 0 we can find a finite set of points {w;} on 7 so that
|L / f(w) Z Slw;)
2mi ), w — 2mi w; — z

for all z € K. Thus

— 2L Z | <,
J
gives an approximation of f by rational functions with poles off k.

Next we use a “pole-pushing” argument to show that each pole can be uniformly
approximated on K by a polynomials. Choose a disk I, large enough to contain K
and choose one of the n poles w = w; as above. Fix € > 0 Connect w w; to dD, by a
piecewise linear path and choose a finite collection of points w = zg, 21, ... 2, € 0D,
so that D(z,2|zx — zx_1]) N K = 0. Then any rational function r,_; with poles
only at z,_, has a Laurant expansion at z, that converges on K and ny truncating
this series, r,_; can be approximated to within 27%¢/n by a rational function with
poles only at z,. When we reach r, we can approximate r, by its Taylor series in
D, to obtain a polynomial approximation to (w — z)~! that is within €/n. Summing
over all the simple poles on v and letting ¢ — 0 we obtain a uniform polynomial

approximation to f on K. [
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Suppose E is a closed set that does not separated the plane. F is called an
Arkelian set if the holes of £ U D form a bounded set for every closed disk in C.
This can also be stated by saying that £ is locally connected at oco.

THEOREM 117 (Arakelian). If E is an Arakelian set and f is holomoprhic on a
neighborhood of E, then for any € > 0 there is an entire function g such that

sup [f(2) — g(2)] <e.

zeE

Proor. We follow the proof of Rosay and Rudin [?].

Choose nested closed disks { Dy }7° centered at the orgin and filling the plane so
that %‘Dkﬂ contains Dj, and Hj, the closure of the union of holes of £E'U Dy. Let Ej
be the £ U Dy, U H;,. Note that £ has no holes.

Set hg = f and assume by induction that we have a holomorphic function hy_;
on neighborhood U of Ej_;. Choose a differentiable function v such that ¢» =1 on
%Dk+1 C Dy U Hy and v = 0 off Dyyq.

Since Ej_; has no holes, neither does Fy_1 N Diy1, so Runge’s theorem gives a

polynomial P so that both
i1 — P| < g27" e,

on Fy_1 N Dy and

L = P <2t

|2 = w]

for all z € C. The latter holds because 9y = v, + iy is zero off Dyyq and |z —
w|™! has a uniformly bounded integral over Dy, independent of where the pole is.
Because the integrands are bounded, the same inequality holds if E,_; is replaced by
a sufficently small open neighborhood V' C U of Ej_;. Thus

- l B d:cdy

is holomophic off V', r is bounded by 27*~1e everywhere and
Or = (hg_1 — P)Oy.

Set
hk = ¢P + (1 — Q,D)hk_l + T,
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inVu %Dkﬂ‘ Then, since 9P =0 on C and Ohy_qy =0 on V,
Ohy, = POy — hj_10v — Or = 0,

S0 hy is holomorphic on V. Since % is constant on %Dkﬂ, 0v» = 0 there, and hence
r is holomoprhic there. Since hy = r + P, it is also holomoprhic on %Dkﬂ.

Thus hy, is holomorphic on %Dk+1 UV, an open neighborhood of E; and
|hk — hk_1| = |(P — hk)@/J + Tl < 27 ke

on Fj_ 1. Since Uy Fy, = C, this implies that h; converges uniformly on compact sets

to an entire function g that satisfies the theorem. 0

We can improve Runge’s theorem by getting the same conclusion from a weak

hypothesis:

THEOREM 118 (Mergelyan’s Theorem). If K C C does not separate the plane and
f is continuous on K and holomorphic on the interior of K, then f can be unifromly

approximated on K by holomophic polynomials.

Proor. By Runge’s it suffices to prove that f can be approximated by a holo-
moprhic function on some neighborhood of K. First extend f to be continuous on
compact set E containing K in its interior. We also denote the extension by f.
The extension is uniformly continuous on E so given any J, there is any € so that
|z — w| < 10e implies |f(z) — f(w)| < §. Convolve f with a smooth, positive bump
function h of total mass 1, supported in an e disk and with all first partial bounded
by O(1/epsilon). Call the result F'. By the mean value property F = f at the points
U of the interior of K that are more than distance € from the boundary. Furthermore,
|0F ()| = O(8/¢) everywhere (note that OF = O(F — F(z)) = (0h) * (f — f(z0))
which is less than § on the support of h).

Cover K \ U by boxes from an e-grid. For each such box Q;, 4Q); \ K contain a
of diamter € and the Riemann map ; from the complment of this arc to the interior
of D satisfies

|V (2)] >a >0,z €Q,

1j(2)] < be/dist(z, Q;), z € C\ 8Q,
for constants a, b that independent of ().
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Let ¢(j) be a partition of unity with repsect to the doubles of the e-boxes and set
1 1 oj(w)oF (w)
H(z) = HE : dxd
()= D gy J i

satisfies 9H = F on the union of the boxes and
3

€ _ o .
= Zj:O(bg(l + dist(z, ;)3 e 76p8Zl0n) =00,

Since the sum (1 + |z|)~® over a square lattice is finite. Thus O(F — H) = 0 so
F — H is holomorphic and |f — H| < |f — F| + |F — H| = O(9) is small. This proves
Mergelyan’s theorem. U

If Runge’s theorem is replaced by in the previous proof of Arakelian’s theorem,

we get:

THEOREM 119. If E is an Arakelian set and f is continuous on E and holomo-
prhic on the interior of E, then for any € > 0 there is an entire function g such
that

sup[f(z) —g(2)| <e

zeE
We can easily strenghen this to
COROLLARY 120. If E is an Arakelian set with empty interior and f is continuous

on E and holomoprhic on the interior of E, then for any continuous, positive function

€(t) on [0,00) there is an entire function F such that

F(z) = F(2)] < e(]z])

forall z € E.

PROOF. Apply the second version of Arakelian’s theorem to deduce that there is
an entire function g so that Rg(z) < loge(|z]) for z € E and an entire function h so
that |h — fe9 < 1. Then F' = he? is entire and

[F' = fl = |he? — f] = [e?] - |h = fe™?| < [e?] < e(]2]).
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6. Dimension

Suppose K is a bounded set in R? (or a totally bounded set in any metric space)
and let N (K, €) be the minimal number of open balls of diameter € needed to cover
K. We define the upper Minkowski dimension as

S— . log N(K,e€)
d K)=1 _—
iy (K) msup e
and the lower Minkowski dimension

. .. log N(K,e)

If the two values agree, the common value is simply called the Minkowski dimension
of K and denoted by Mdim(K). When the Minkowski dimension of a set K exists,

—Mdim(K)+o(1) ase — 0

the number of balls of diameter € needed to cover K grows like €
. Minkowski dimension is sometimes called the box counting dimension.

In the definitions of dim;(K) and dim,,(K) it is equivalent to replace N (K, e¢)
by Np(K,€) where the covering sets of diameter < e are not required to be balls.
This is because N (K, 2¢) < Np(K,¢) < N(K,¢€). Also, for a bounded A, dimy(A) =
dimy;(A) and dim,,(A) = dim,,(A), where A denotes the closure of A. We leave the
proofs to the reader. The Minkowski dimension has several drawbacks. For example,
it need not exist for a general set (see Example 7?7 and Exercise 77).

EXERCISE: Show that {0} U{1,3,3,...} has Minkowski dimension 1.

EXERCISE: Construct a compact subset of [0.1] that has different upper and
lower Minkowski dimensions.

Also, for 1 C Ey C ..., it is possible that

Mdim(U,E,,) # lim Mdim(E,,)

n—oo

and the Minkowski dimension of a countable set can be non-zero (see Example 7).
Thus the Minkowski dimension of a countable union of sets is not necessarily the
supremum of the individual dimensions. There are (at least) two ways to “fix” these
problems by modifying the definition of Minkowski dimension. The first is to break
the set into pieces and cover each piece separately; this gives packing dimension. The
other is to allow coverings by balls of different sizes; this gives Hausdorff dimension.

We will investigate Hausdorff dimension first and return to packing dimension later.
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Given any set K in a metric space we define the a-dimensional Hausdorff content

HEL(K) = inf{z Ui},

where {U;} is a countable cover of K by any sets and |E| denotes the diameter of a
set .
The Hausdorff dimension of K is defined to be

dim(K) = inf{a : Ho (K) = 0}.

This is equivalent to the original [?] definition, using Hausdorff measure, see Propo-
sition 123.

More generally we define

HO(K) = inf{)_|U;|*: K C WU, |Ui| < e},

where each U; is now required to have diameter less than e. The a-dimensional

Hausdorff measure of K is defined as

HO(K) = lim Ho (K.

e—0

This is an outer measure; an outer measure on a nonempty set X is a function p*
from the family of subsets of X to [0, co] that satisfies

o 1*(0) =0,

o w(A) < p(B)if AC B,

o ,U*(U;?ilAj) < Z;)il w(Aj).
(For background on real analysis see [?].) The a-dimensional Hausdorff measure is

even a Borel measure in R? if o < d (proved below).

THEOREM 121. Let p be a metric outer measure. Then all Borel sets are p-

measurable.

For a proof see [?].
The construction of Hausdorff measure can be made a little more general by
considering a positive, increasing function ¢ on [0, 00) with ¢(0) = 0. This is called

a gauge function and we may associate to it the Hausdorff content

HE(K) = mf () (Ui,
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and H?(K), as well as H?(K) = lim._,o H?(K) just as before. The case ¢(t) =t is
just the case considered above. We will not use other gauge functions in the first few

chapters, but they are important in many applications.
LEMMA 122. If HY(K) < oo then HP(K) = 0 for any B > «.

Proor. It follows from the definition of H¢ that
HI(K) < 979U (K),
which gives the desired result as e — 0. U

Thus if we think of H*(K) as a function of «, the graph of H*(K) versus a shows
that there is a critical value of o where H*(K) jumps from oo to 0. This critical
value is equal to the Hausdorff dimension of the set. Note that H% (K) = 0 if and
only if H*(K') = 0. This gives us the following proposition.

PROPOSITION 123.
dim(K) = inf{a : H*(K) = 0}.
The following relationship to Minkowski dimension is clear
(20) dim(K) < dim), (K) < dimy (K).

Indeed, if B; = B(z;,€/2) are N (K, €) balls of radius €/2 and centers in x; that cover
K, then consider the sum

N(K,e)
Se = Z |B;|* = N(K, €)e* = ¢ T,
i=1

log N(Ke)
log(1/€)
inequalities in (20) are possible.

where R, = . For a > liminf, ,y R, = dim,,(K) we have inf..q S = 0. Strict
Upper bounds for Hausdorff dimension are computed using explicit covering of
the set. Lower bounds are given by constructing measures supported on the set. The

simplest version of this idea is:

LEMMA 124 (Mass Distribution Principle). If E supports a strictly positive Borel

measure [ which satisfies
w(B(x,r)) < Cre,
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for some constant 0 < C' < oo and for every ball B(x,r), then H*(E) > HL(E) >
w(E)/C. In particular, dim(F) > a.

PRrROOF. Let {U;} be a cover of E. For {r;}, where r; > |U;|, we look at the
following cover: choose z; in each U;, and take open balls B(z;,r;). By assumption,
w(Ui) < p(B(wy,1m;)) < Cri®.

We deduce that p(U;) < C|U;|, ie.,

a M(Ul) #’(E)
;le’ Z; c ZT-

Thus H*(E) > H(E) > u(E)/C. O

A more refined version of the mass distribution principle is

LEMMA 125 (Billingsley’s lemma). Let A C [0,1] be Borel and let jv be a finite
Borel measure on [0,1]. Suppose u(A) > 0. If

1 I
o < Timint 28 #Un(2)
nse log |I,(z)]

forall x € A, then oy < dim(A) < 5.

S 617

For a proof see [?]. Billingsley’s lemma has a further refinement by Rogers and
Taylor which we will not discuss here (see []).

For any compact set K C R? we can define an exponent of convergence
(21) k=r(K) =inf{a: Y [Q|* < oo},

Qew

where the sum is taken over all cubes in some Whitney decomposition W of (2 = K¢
that are within distance 1 of K (we have to drop the “far away” cubes or the series
might never converge). It is easy to check that s is independent of the choice of

Whitney decomposition (see Exercise ?77).

LEMMA 126. For any compact set K, k < dimy;(K). If K also has zero Lebesque

measure then k = dimy (K).

PROOF. Let D = dimy,(K). We start with the easy assertion, x < D. Choose
¢ > 0 and for for each n € N, let Q,, be a covering of K by O(2"P+)) dyadic cubes of
side length 27". Let W denote the dyadic Whitney cubes that are within distance 1
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of K and let W,, C W be the cubes with side ¢(Q)) = 27". For each Q € W,, choose
a point z € K with dist(z,Q) < 3|Q| and let S(z,Q) € Q, be a cube containing
x. Since |S(z,Q)| = |Q| and dist(Q, S(z,Q)) < 3|Q|, each S € Q, can only be

associated to a uniformly bounded number of )’s in W,,. Hence
#(Wn) _ O(QH(D+€)),

and thus
Z |Qj|D+26 _ O(Z #(Wn)Q—n(D—l—Ze))
n=0

Qew
= 00> 27
n=0

< o0,

which proves k < D + 2¢. Taking € — 0 gives K < D.
Next we assume K has zero Lebesgue measure and will prove k > D. Let € > 0.
We have

N(K,27") > 2"P=9),

for infinitely many n, so suppose n is a value where this occurs and let S = {Si} be a
covering of K with dyadic cubes of side 27". Let U,, be cubes in the dyadic Whitney
decomposition of 2 = K¢ with side lengths < 27". For each Sy, € S let U,,,, C U,, be
the subcollection of cubes that intersect Si.. Because of the nesting property of dyadic
cubes, every dyadic Whitney cube intersecting the interior of some Sy is contained

in that Si. Since the volume of K is zero, this gives

Skl = Z Q[

Qeunk'

(The right side d%/? times the Lebesgue measure of S; \ K, and the left side is d%?

times the measure of S; these are equal by assumption.) Since —d + D — 2¢ < 0, we



78 A. BACKGROUND MATERIAL

get
doRIP = ) Qe
Qeunk Qeunk
> ST Y QL
QEunk
— |Sk|D_2€

Hence, when we sum over the entire Whitney decomposition,

>ler =z 33 e

QEeUy SkES QEUL

> Z ‘Sk|D72e

SKES
> N(K, 2—71) . 2—n(D—2e)

= 2
Taking n — oo, shows k > D — 2¢ and taking € — 0 gives K < D. U

Tricot [?] introduced packing dimension, which is dual to Hausdorff dimension in
several senses and comes with an associated measure.
For any increasing function ¢: [0,00) — R such that ¢(0) = 0 and any set E in

a metric space, define first the packing pre-measure (in gauge ¢) by

S . ’
PY(E) = leligl (Supjzlgo(dlam BJ)) )

where the supremum is over all collections of disjoint closed balls { B;}52, with centers
in E and diameters diam(B;) < e. This pre-measure is finitely sub-additive, but not

countably sub-additive, see Exercise ?7. Then define the packing measure in gauge

p:
(22) P#(E) :inf{iﬁ“"(&-) . FEC GE}

It is easy to check that P¥ is a metric outer measure, hence all Borel sets are P¥-
measurable, see Theorem 121 in Chapter 1. When ¢(t) = Y we write P? for P¥ (PY

is called #-dimensional packing measure).
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Finally, define the packing dimension of E:
(23) dimp(E) = inf {6 : P*(E) = 0}.
We always have
(24) dim(E) < dimp(FE) < dimy(E).
The setK = {0} U {1, %, %, }1, ...} is of packing dimension 0, since the packing
dimension of any countable set is 0. Thus

dim(K) = 0 = dimp(K) < 1/2 = dimy(K).

(See Example ?? in Chapter ?77.)
Packing measures are studied in detail in Taylor and Tricot [?] and in Saint-

Raymond and Tricot [?]; here we only mention the general properties we need.

PROPOSITION 127. The packing dimension of any set A in a metric space may

be expressed in terms of upper Minkowski dimensions:
(25) dimp(A) = inf {supﬁM(Aj) Ac | A]} ,
Jj=1 i
j=1

where the infimum is over all countable covers of A.

(See Tricot [?], Proposition 2, or Falconer [?], Proposition 3.8.)

For the proof see [?].

LEMMA 128. Let A be a separable metric space.
(1) If A is complete and if every non-empty open set V in A satisfies dimy (V) >
a, then dimp(A) > .

(i) If dimp(A) > «, then there is a closed nonempty subset A of A, such that
dimp(gﬂ V) > a for any open set V' which intersects A.

COROLLARY 129. [Tricot [?], Falconer [?]] Let K be a compact set in a metric
space which satisfies
dimy (K NV) = dimy (K)
for any open set V' which intersects K. Then
dimp(K) = dimy; (K).
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A gauge function ¢ is called doubling if

. ©(2m)
o0 o(x)

THEOREM 130. Assume {f1,..., fe} are contracting self bi-Lipschitz maps of a

< 00

complete metric space, i.e.
ejd(z,y) < d(f(2), f;(y)) < ryd(z,y)
forall1 < 7 </ and any x,y, where
0< €; < ri < 1.

Denote by K the compact attractor satisfying (77). Then
(i) dimp(K) = dimy (K).

(ii) For any doubling gauge function ¢ such that K is o-finite for P¥ we have
P?(K) < oc.

7. Extremal length and harmonic measure

A conformal invariant is a number which is invariant under conformal mappings.
We are often in the situation where we wish to know the value of some conformal
invariant (e.g., that harmonic measure of the edge of a polygon) and are able to
estimate some other conformal invariant (e.g., the modulus of some path family in
the polygon). Using a known relation between the invariants, we can turn an estimate
for one into an estimate for the other.

Probably the most important example of a conformal invariant is the (conformal)
modulus.

Suppose I is a family of locally rectifiable paths in a planar domain €2 and p is a

non-negative Borel function on 2. We say p is admissible for I if

((T") = inf /pds > 1,
y

vyerl

and define the modulus of I as
Mod(T") = inf/ pidxdy,
Q Ju

where the infimum is over all admissible p for I'. This is a well known conformal in-

variant whose basic properties are discussed in many sources such as Ahlfors’ book [?].
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It reciprocal is called the extremal length of the path family. Modulus and extremal

length satisfy several properties that are helpful in estimating these quantities.

LeEmMMA 131 (Conformal invariance). If F is a family of curves in a domain Q
and f is a one-to-one analytic mapping from € to Q' then M(F) = M(f(F)).

PRrROOF. This is just the change of variables formulas

/ po fds = /pds,
fo) gl

/ (po f)dxdy = / pdzdy.
() Q
These imply that if p € A(F) then po f~! € A(f(F)), and thus M(f(F)) < M(F).

We get the other direction by considering f~1. 0

LEMMA 132 (Monotonicity). If Fi and F, are collections such that every v € Fy
contains some curve in Fo then M(Fy) < M(Fz) and AN(Fy) > AN(Fa).

The proof is immediate since A(F;) D A(F).

LEMMA 133 (Grotsch Principle). If Fi and Fy are families of curves in disjoint
domains then M(Fy U Fp) = M(F1) + M(Fz).

LEMMA 134. If Fi and F5 are families of curves in disjoint domains and every
curve of F contains both a curve from Fy and Fo, then N(F) > A(F1) + A(Fa).

Proor. If p; € A(F;) for i = 1,2, then p = tp; + (1 — t)py is admissible for F.

Since the domains are disjoint we may assume p;ps = 0 everywhere so taking
t=t*M(F)+ (1 —t*)M(F),
gives
m(F) < M(F) + (1= )M(F) = (M(F) ™" + M(F2)™) 7
as required. O
The fundamental example is to compute the modulus of the path family connect-
ing opposite sides of a a x b rectangle; this serves as the model of almost all modulus

estimates. So suppose R = [0, ] x [0, a] is a a long and b high rectangle and I" consists

of all rectifiable curves in R with one endpoint on each of the sides of length a. Then
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each such curve has length at least b, so if we let p be the constant 1/b function on

/pdszl,
8

for all v € I'. Thus this metric is admissible and so

R we have

a

1
2
Mod(T") < //Tp dxdy = ﬁab =3

To prove a lower bound, we use the well known Cauchy-Schwarz inequality:

([ soix) < ([ fany [ #ao).

To apply this, suppose p is an admissible metric on R for «. Every horizontal segment

in R connecting the two sides of length a is in I', so since 7 is admissible,

b
/ p(x,y)dr > 1,
0

and so by Cauchy-Schwarz

b b b
1< / (1 p(z,y))dx < / 1%dx - / p*(z,y)dz.
0 0 0

Now integrate with respect to y to get

a a b
/ ldy < b/ / p*(z, y)dxdy,
0 0 0
2< / / pPdady,
b R

which implies Mod(T") > g Thus we must have equality.

or

Another useful computation is the modulus of the family of path connecting the
inner and out boundaries of the annulus A = {z : r < |z| < R}. An argument similar
to the one above shows that the modulus of this family is % log %.

The usefulness of extremal length is its ability to estimate a conformal invariant
in terms of geometry (length and area). Our main application of this idea is the

following special case of a theorem of Pfluger:

THEOREM 135. Suppose K C D is compact with a smooth boundary and contains
0 in its interior and and E C 0D is compact and let F be the family of curves in
D\ K separating 0 from E. Then there is a C (depending only on K) such that
HY(E) < Cexp(—mM(F)).
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This is not sharp since the right hand side can be positive for sets of zero length.
The sharp version uses logarithmic capacity in place of H! measure on the left hand

side. See Exercise ?? for the sharp version of Pfluger’s theorem.

ProOOF. We assume E has positive length, since there is nothing to prove other-
wise. Furthermore, we may assume FE is actually a finite union of closed intervals.
Let i be Lebesgue measure restricted to E, normalized to have mass 1. Define the

potential function
1
U, = log — * u,
#(Z) g |Z| 1%
and set
1
v(z) = Upu(2) + Uu(;)-
Then v is symmetric with respect to the unit circle, has negative logarithmic poles
at 0 and oo and bounded above by 2|log H'(E)| + O(1) (to prove this note that
since — log |z| is decreasing with |z|, the integral defining U is maximized when E is
an interval and z is its midpoint). Since v is symmetric with respect to T we have
Ov/On = 0 on ID \ E. Now suppose v € F and let Q be the component of D — ~

containing 0. Since v is harmonic in D except for a logarithmic pole at 0 we can

apply Green’s theorem to get

/ |Voulds > —ds = lim a—ds = 2.
e—0 an

Thus |Vv|/27 € A(F), s

vE s [ Elyanay

D\K 4T

Note that [Vv|?> = 1A(v?), and use Green’s theorem

// Vo’ dedy = // v?)dxdy
D\K ]D)\K

1 v? 1 2
= —= ds——/ aials

Using Green’s theorem gives
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Hence,
1

(2m)?
as desired. 0

M(F) < 121log H'(E)|27 + O(1),

COROLLARY 136. Suppose 2 is a Jordan domain, zy € Q with dist(zg, 02) > 1
and E C 0. Let F be the family of curves in Q which separates D(zo,1/2) from E.
Then w(zy, F,Q) < Cexp(—mM(F)).

PROOF. Since both harmonic measure and modulus are conformally invariant we

need only verify this when 2 = ID. But this is the previous theorem. U

If E C 092 is an arc then the inequality is actually a similarity.

COROLLARY 137 (Ahlfors distortion theorem). Suppose Q is a Jordan domain,
2o € Q with dist(29,00Q) > 1 and x € 0. For each 0 <t < 1 let 6(t) be the length of
QN{|w—z| =t}. Then there is an absolute C' < oo, so that

dt

w(zp, D(x,1),Q) < Cexp(—ﬂ/ %)

PROOF. Let K be the disk of radius 1/2 around z, and let F be the family of
curves in € which separate D(z,r) NS from K. Let F; C F be the collection of

curves of the form
L =Qn{|lw— x| =t}

if p is admissible for F then it is admissible for F; and hence

1< / pds < (/ p?ds)0(t),
Ly L
2dsdt > / —.
[ /Lf . 0()

M(F) > / %

which proves the result by the previous corollary. 0

SO

This proves

For an alternate version of this using line segments instead of circular arcs, see

Exercise ?77?.
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COROLLARY 138 (Beurling’s estimate). There is a C' < oo so that if Q is simply
connected, z € ) and d = dist(z,00) then for any 0 <r <1 and any x € 0L,

w(z, D(z,rd), Q) < Cr'/?
PROOF. Apply Corollary 137 at x and use 0(t) < 27t to get

4 qt 1
o 2y < _Zlogr) < C/T.
exp( ﬂ—/rd 9(15)15) < Cexp( 5 ogr) < Cvr

LEMMA 139. If Q is simply connected then

r
D Q) < O]———]V2
("J(ZOa (;E,?”), ) —= C[dlst(z,(‘?Q)]
PrROOF. Use extremal length. O

COROLLARY 140. If Q s simply connected and w € OS2, then

1 r
1 dw, <Ol——MM
/D(w,r)ﬂaﬂ [log |z — wl wa(2) [dist(z, o00)

ProOOF. Cut the disk into concentric annuli a, = {z : 27"r < |z —w| <

]1/2‘

27"tlrl By Beurling estimate the singleton {w} has zero harmonic measure, so
Jp = > [, - However, the integral over A, is bounded by n27"/*1og + log 2 which
sums to O(]logr/dist(z,092)|). O

If v is a path in the plane let 74 be its reflection across the real line and let
vt = (yNH) U~ NL, where H, L denote the upper and lower half-planes. If T' is a
path family in the plane then T = {¥:y € '} and I'" = {4+ : y € T'}.

LEMMA 141. IfT' =T then M(T) = 2M (T'F).

PRrROOF. We start by proving M(I") < 2M(I'"). Given a metric p, define o(z) =
max(p(z), p(2)). Then for any v € T',

/+’7+O‘d8 2/ pds > inf/pds.
yF Vel J,

Thus if p admissible for I'", then o is admissible for I" Thus, since max(a, b)? < a?+b?,

M(I) < / o?dxdy < / p?(2)dxdy + / p*(2)dzdy < 2 / P (2)dxdy.
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FIGURE 1. The curves v and v

Taking the infimum over admissible p’s for 't makes the right hand side equal to
2M (T'"), proving the claim.

For the other direction, given p define o(z) = p(z) + p(z) for z € H and 0 = 0 if
z € lhp. Then

L s = L pl)+ (s
— /WHP(Z)CZS+/70Hp<2)d8+/mlp(2)+[10Lp(2)d8
_ / p(2)ds + / p(2)ds

> 2inf ho/pds.
" v
Thus if p is admissible for I, o is admissible for I'*. Hence, since (a+b)? < 2(a*+b?),
1
MIH) < / (50)drdy

1
= 1 [0+ o)y

<3 / d:cdy—i—/Hp Z)dxdy

1
= §/p2dmdy.

Taking the infimum over all admissible p’s for I" gives M (T") on the right hand side,

proving the lemma. U
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LEMMA 142. Let D* = {2z : |z| > 1} and Qy = D* \ [R, 00) for some R > 1. Let
Q =D*\ K, where K is a closed, unbounded, connected set in D* which contains the
point {R}. Let T'y,T" denote the path families in these domains with separate the two
boundary components. Then M (I'g) < M(T).

PRrROOF. We use the symmetry principle we just proved. The family T’y is clearly
symmetric (i.e., I =T, so M(I'") = %M(FO).The family I' may not be symmetric,
but we can replace it by a larger family that is. Let I'g be the collection of rectifiable
curves in D*\ { R}which have zero winding number around {R}, but non-zero winding
number around 0.Clearly I' C I'g and 'y is symmetric so M (') > M (T'g) = 2M (T'}).
Thus all we have to do is showM (I'}) = M(T'{). We will actually show I';, = I'§.

Since I'y C I'g is obvious, we need only show FE - I‘ar .

FiGURE 2. The annulus on top has smaller modulus than any other
annulus formed by connecting R to oo.

Suppose v € I'g. Since v has non-zero winding around 0 it must cross both the
negative and positive real axes. If it never crossed (0, R) then the winding around 0
and R would be the same, which false, so v must cross(0, R) as well. Choose points
z_ €yN(—00,0) and 2. € yN (0, R). These points divide « into two subarcs v, and
v2.Then 4+ = ~;F U~y But if we reflect v, into the lower half-plane and join it to ;"

it forms a closed curve 7, that is in Ty and g = v*. Thus 4" € T'§, as desired. [

Let Qcp = {2 : |2| > €} \ [R,00). ThusQ p is the domain considered in the

previous lemma. We can estimate the moduli of these domains using the Koebe map

Ko = a5

=2—-2224323 42 +525— ...,
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which conformal maps the unit disk to R? \ [{, 00) and satisfies k(0) = 0, ¥/(0) = 1.
Then k:*l(ﬁzz) maps {2 r conformally to an annular domain in the disk whose outer
boundary is the unit circle and whose inner boundary is trapped between the circle

of radius5(1 + O(5). Thus the modulus of Q. gis 27 log & + O(%).

LEMMA 143. Suppose z,w € D and K s a compact connected set in D which
contains both these points. Let T be the path family that separatesK and T. Then
the modulus of this family is maximized when K 1is the hyperbolic geodesic between z
and w in which case the modulus is2m logﬁ(z,w) + O(p(z,w)), where p denotes the

hyperbolic distance.

PRrOOF. By conformal invariance we may use a Mobius transformation to move z
to Oand w onto the positive axis. Applying an inversion, the path family is mapped
to one as in Lemma 142, showing that the radial line from z to w maximizes the

modulus. The estimate of the modulus follows from our previous remarks. 0

THEOREM 144 (The Koebe i Theorem). Suppose f is holomorphic, 1-1 on D and
£(0) =0, £(0) = 1. ThenD(0,1) € f(D).

PRrROOF. This proof is from [?]. Recall that the modulus of a doubly connected
domain is the modulus of the path family that separates the two boundary com-

ponents (and is equal to the extremal distance between the boundary components).
Let R = dist(0,0f(D)). Let A., = {# : € < |z| < r} and note that by conformal

invariance

o log% — M(Ay) = M(f(A.).
Let § = minj,— | f(z)].Since f'(0) =1, § = e+ O(e?). Note that f(D)\ D(0, delta) D
f(Aer), so

M(f(D)\ D(0, €2)) = M(f(Aca))-
By Lemma 142

M(f(D)\ D(0,€2)) < M(, ) = 27 log %2 +0(3).

Putting these together gives

4 ) 1
27 log TR + O(E) > 2w log p
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or
log4R — log(e + O(€?)) + O(}%) > —loge.
Taking € — 0 shows log4R > 0, or R > i.
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