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DIMENSIONS OF JULIA SETS OF
HYPERBOLIC ENTIRE FUNCTIONS

GWYNETH M. STALLARD

ABSTRACT

It is known that, if f is a hyperbolic rational function, then the Hausdorff, packing and box
dimensions of the Julia set J(f) are equal. It is also known that there is a family of hyperbolic
transcendental meromorphic functions with infinitely many poles for which this result fails to
be true. In this paper, new methods are used to show that there is a family of hyperbolic
transcendental entire functions fx, K € N, such that the box and packing dimensions of J(fx ) are
equal to two, even though as K — oo the Hausdorff dimension of J(fx ) tends to one, the lowest
possible value for the Hausdorff dimension of the Julia set of a transcendental entire function.

1. Introduction

Let f be a meromorphic function which is not rational of degree one, and denote
by f™, n € N, the nth iterate of f. The set of normality N(f) is defined to be the
set of points z € C such that (f™),en is well defined and meromorphic, and forms a
normal family in some neighbourhood of z. The complement J(f) of N(f) is called
the Julia set of f. An introduction to the properties of these sets can be found in,
for example, [1] for rational functions and in [2] for transcendental meromorphic
functions.

We denote the Hausdorff dimension of a set A by dimg A, the packing dimension
of A by dimpA and, if it exists, the box dimension of A by dimgA. The upper box
dimension dimgA and the lower box dimension dimp A are defined for all sets A;
if they agree, then their common value is the box dimension. These dimensions are
related by the inequalities

We use the following notation concerning singularities:

S(f) = {z:z is a finite singularity of f~1},
P(f) ={z:z is a finite singularity of f~™ for some n € N}.

For a rational function f, it follows fairly easily from results of Sullivan [11,
Theorems 3 and 4] that dimg J(f) =dimgJ(f) if f is hyperbolic; that is, if f satisfies
the following equivalent conditions (see [1, Section 9.7] and [3, Section 5.2]):

(1) P(f)nJ(f)=P;

(2) P(f) is a compact subset of N(f);

(3) f is expanding, in the sense that there exist K >1 and ¢>0 such that

(™) (2)] > cK™ for each z€ J(f), neN.
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These conditions are not in general equivalent for a transcendental meromorphic
function f, but in [7] we showed that, if f is in the class

B= {f: f is a transcendental meromorphic function with
S(f) bounded and P(f) N J(f) =@},

then
(1) P(f) is bounded;
(2) f is expanding in the sense that there exist K > 1 and ¢ > 0 such that
[(f™) (2)] > eK™(|f"(2)| + 1)/(]z] + 1) for each n € N and each z € J(f)
such that f™ is analytic at z.
Thus it makes sense to say that functions in the class B are hyperbolic.

In [10, Theorem 3] we showed that, if f is a meromorphic function and
P(f)n J(f)=®, then dimpJ(f) = dimpJ(f). We also gave examples in [10] of
meromorphic functions in B for which the upper box and packing dimensions of
the Julia set are strictly greater than the Hausdorff dimension of the Julia set. The
arguments used in [10] can be applied only to meromorphic functions with poles,
and more subtle arguments are needed in order to show that there is a hyperbolic
transcendental entire function for which the Hausdorff and box dimensions of the
Julia set are different.

In this paper we consider the function defined by

1 exp(e!)
E(z) = —
(2) = 5 JL i—.

where L is the boundary of the half-strip
G={z+iy:z>0,—1<y<m}

described in a clockwise direction, and z € C\ G. As shown in [6], E can be
analytically continued to a transcendental entire function, which we will also denote
by E. In [9] we showed that, if fx is the function defined by

fr(2) = E(2) - K,

then, as K — oo, dimyJ(fk) tends to one, which is the lowest possible value for
the Hausdorff dimension of the Julia set of a transcendental entire function. In this
paper we prove the following result.

THEOREM 1.1. If K is sufficiently large, then fx € B and is therefore hyper-
bolic, and dimpJ(fx) = dimp J(fx) = 2.

REMARK 1.1. The Julia set of a transcendental meromorphic function is un-
bounded and so, strictly speaking, the box dimension of J(fk) is not well defined.
In [10], however, we showed that the Julia set of a hyperbolic meromorphic function
has constant local upper and lower box dimensions; so, if we can find a subset of
J(fK) that has box dimension two, then it makes sense to say that the whole Julia
set has box dimension two.

REMARK 1.2. In [10, Theorem 3] we showed that, if f is a meromorphic
function and P(f) N J(f) =@, then dimpJ(f)=dimpJ(f). Since dimpJ(f) <2 for
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any meromorphic function f, it follows that, in order to prove Theorem 1.1, it is
sufficient to show that dimpJ(fx)=2.

2. Preliminary results

In this section we give some results that will be useful in the proof of Theorem 1.1.
We begin with the following result, which is known as Koebe’s distortion theorem;
see, for example [4]. (Note that B(z,r) denotes the disk of radius r, centred at z.)

LEMMA 2.1. If f is univalent in B(z,r), then, for 0 < s <,

rgl< (F53) - pon

In particular, we will use the fact that L(1/2) = 81 < 100.
The next result follows from the discussion in [9, Section 2].

sup
v,wEB(z,s)

LEmMMA 2.2. If K is sufficiently large, then P(fk) is contained in a bounded
subset of {x + iy : x < 0} and J(fk) C G.

We note that it follows from Lemma 2.2 that, for large K, fx belongs to B and
is therefore hyperbolic.

We now consider the function h defined by h(z) = exp(e®*) — K. The following
result follows from [9, Equation (3.5)].

LEMMA 2.3. There exists a constant C; > 0 such that, for z € G,
() —h(z)| < C1 and [fi(z) = W(2)] < Cu.

We now show that J(fx) contains all large real values of z. To do this, we use
the following two results proved in [8, Theorems 3(a) and 4(a)].

LEMMA 2.4. If D is a closed disk in N(f), then there exists 0 < C' < oo such
that
In(]f"(z2)[ + 1)

<C for z1,z9 € D and n € N.
In(]f7(21)[ + 2) b

LEMMA 2.5. Let ¢ : (tg,00) — R be an increasing function satisfying ¢(t) > t.
If there exists C' > 1 and t{, > to such that

¢(t) In o(t)

/ 2 TNV NS f > /
¢'(t) = C o ort > tg,
then, for tg < t1 < to,
111@5”(152)
— — 0 as n — oo.
lngb”(tl)

Using these two results, we are able to prove the following.

LEMMA 2.6. Let K > 2C4. There exists K1 > 5C1 such that
fr([K1,0)) C [K1,00) C J(fK)-
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Proof. 'We begin by noting that fx(R) C R (see [6]). We now put ¢(t) = fx(t),
and we note that it follows from Lemma 2.3 that if K is sufficiently large, then ¢ :
[K1,00) — R is an increasing function satisfying ¢(t) > ¢. Also, from Lemma 2.3,

@' (t) = el exp(e’) — Cy
and, since K > 2C',
6(t) < exple’) - K + C1 < explef) - Cy
so that, for ¢ sufficiently large,

¢(t) In¢(t) < e’ (exp(e’) — C1)
< elexp(e’) — C1 < ¢/ ().
It now follows from Lemma 2.5 that, for K7 < t1 < to,

In qj)n (tz)
1I1 ¢n (tl)

The result now follows from Lemma 2.4.

— 0 as n — oQ.

We end this section with the following result.

LEMMA 2.7. There exist Co > 200 and Ko > K such that, for all x > Ko,
Y| <m/4,

{z=a+iy:Y <y <Y +Cy/e"}Nh([K1,00)) #D.

Proof. This follows from the fact that, if z = x + 4y, then exp(e®) is real and
positive if

e’ siny = 27r, where r € Z.

3. Proof of Theorem 1.1

We begin this section with a formal definition of the box dimension of a bounded
set A C C. Suppose that we have a grid composed of lines parallel to the axes, so
that each box in the grid has sides of length d. We count the number Ng(A) of
boxes in this grid that meet the set A. The box dimension of A is defined to be

dimpA = lim 410g Na(4)
d—0 —logd

)

if this limit exists. There are several equivalent definitions of the box dimension of
a set; for more details see, for example, [5].

Now let f be a function fx as defined in Section 1, with K sufficiently large for
Lemma 2.2 and Lemma 2.6 to apply. In order to prove Theorem 1.1, we take a
point z € R and let bp(z,n) denote the box centred at x with sides parallel to the
axes and of length

™

P = Ty
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We then let by(z,n) denote a box within bp(z,n) centred at a point zg4(x,n) with
sides parallel to the axes and of length

600C,
exp(f™(x))(f")(x)
The key step in the proof of Theorem 1.1 is to show that, if x is sufficiently large,
then any box of the form by(z,n) meets J(f).

d(xz,n) =

LeEmMA 3.1. If x is sufficiently large and n € N, then
ba(x,n) N J(f)#D.
Proof. For simplicity, we will let bp = bp(z,n), bg = ba(z,n), z¢4 = z4(z,n)
and d = d(z,n) throughout the proof. We will show that f™(by) meets a curve in
fY(R), and then we deduce from Lemma 2.6 that, if = is sufficiently large, then

bq meets J(f). We first note that, if = is sufficiently large, then it follows from
Lemma 2.1 and Lemma 2.2 that

= (B(f"(x), %)) OB (x, m> Dbp Dby

f"(ba) € B(f"(x),7/4). (3.1)

It also follows from Lemma 2.1 and Lemma 2.2 that, if = is sufficiently large, then

17 (B (e i) B (o sty <t

and so

and so

J"(ba) D B(f"(zd)»#cf(x))) (3.2)

Tt follows from Lemma 2.7 and (3.1) that, if z is sufficiently large, then there exists
a point 2’ such that

/ —1 n 202
z'e h ([K1,0))N B (f (za), —exp(f"(a:))) . (3.3)

It follows from Lemma 2.3 that |f(2') — h(2')|<Ci and so B(f(z'),C1) N
[K1,00) # Q. It follows from Lemma 2.6 that

B(f(z"),C1)nJ(f) #P. (3.4)
Since R(f(2')) = h(z') — C1 =2 K1 — Cy and K; > 5C} it follows from Lemmas 2.1,
2.2 and 2.3 that
_ 100C, 200C,
B, C CB(z’,—) cB<z',/4)
B ) 7)) 7
It follows from equations (3.1), (3.2) and (3.3) that 2 € B(f™(x),n/4). We have
also just seen that |f(2')| > 4C1, and so
2000y 200C, e™/4 200
2! / < n < n :
e f(z)] ~ exp(f™(2))4Cy ~ exp(f™(x))
Since Cy > 200, it now follows from equation (3.5) that

-1 / ! CQ

(3.5)
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It follows from (3.4) and (3.6) that

Cy
Bz —22
( exp(f™(z))
We also know from (3.2) and (3.3) that

)nin#e,

B o) © 8 (760 sty ) < 60

Thus f™(bg) N J(f) # D, and hence by N J(f) # D as claimed.
LEMMA 3.2. Ifx € R is sufficiently large, then, for each n € N,
d(f*(x),n) < d(z,n+1) < d(z,n)/2.

Proof. We have
dlz,n+1)  exp(f*2 (@) (") (@) exp(f"2(x)f' (/" (z))

d(f2(z),n) — exp(frii(@)(fH) () exp(frt(@) f' (@) f(f(=))

It follows from Lemma 2.3 that, if « is sufficiently large, then, for each n € N,

exp(/" @) (@)
exp(f (@) f() P (F(e) ~

and hence d(z,n + 1) > d(f*(z),n) as claimed.
Similarly, if x is sufficiently large, then

d@,n) _ exp(f"(@)(f") (@) _ exp(f* (@) [ (f"())

d(z,n +1) exp(f™(x))(f")'(x) exp(f™(z))

and hence d(x,n) > 2d(z,n + 1) as claimed.

)

We now put
RX)={z+iy: X - 1<a< fAX)+ 1, |yl <1}

and put A(X) = J(f) N R(X). Using Lemmas 3.1 and 3.2, we show that, for large
values of X, the set A(X) has box dimension equal to two. This is sufficient to
prove Theorem 1.1.

LEMMA 3.3. If X is sufficiently large, then dimgA(X) = 2.

Proof. Take d>0. If d is sufficiently small and X is sufficiently large, then it
follows from Lemma 3.2 that there exist z € (X, f2(X)) and n € N such that
d(x,n) = d. It now follows from Lemma 3.1 that, if X is sufficiently large, then
Ny(A(X)) is greater than or equal to the largest number of disjoint boxes of the
form bgy(xz,n) which can be fitted inside bp(x,n). Thus, if X is sufficiently large,
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then

. D(z,n) \°
e ) <d(:c n) 1)

. rexp(f" (@) (/) (@)
ze<Xl,r}f2<X>> (400(f”)( ) X 600C% 1)

. rexp(f* () .\’
se(Xof?(X) ( 24 % 10°Cy 1)

exp(2f"(z))
se(X,f2(x)) 101C2

Na(A(X)) >

It follows that
log N4(A(X)) - 0 log (exp(2f™(x))/(10*C3))
—logd 7 we(X.f2(x)) —1og(600Cs / (exp(f(z)(f") (x))))

- 2f™(x) —log (10"C3)
ze(Xl,I}Q(X)) f(z) 4+ log(f™) (x) — log(600C3)

S i —log (10'*C3)/f™(X)
e 1 +10g(f") (x)/ f(x) — 1og(600Cs)/ f+2(X)
If X is sufficiently large, then it follows from Lemma 2.3 that for z € (X, f2(X)),

n—1
=[] /(f (=)
7=0

n—1
< ] 2exp(f7 (@) 7+ )
7=0

n—1

< [T+ ())?
j=0

< (f"(x))*

It follows that, if X is sufficiently large, then for z € (X, f3(X)),
log(f")'(z) _ 2nlog ["(z)
fr(x) fr(x)
< 2nlog f™(X)

S (X))
Thus, if X is sufficiently large, then
o log Na(A(X)) 2 — log (10" C3) /" (X)
lim inf —=———% > lim
d—0 —logd n—oo 1 4+ 2nlog f7(X)/f™(X) — log(600C5)/ f7*+2(X)

=2.
This completes the proof of Theorem 1.1.
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