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Abstract

Let f be a transcendental entire function such that the finite singularities of f~* lie
in a bounded set. We show that the Hausdorff dimension of the Julia set of such a
function is strictly greater than one.

1. Introduction

Let f: C— C denote a nonlinear rational or entire function and f*, ne N, the nth
iterate of f. The set of normality, N(f), is defined to be the set of points, zeC, such
that the sequence (f*) forms a normal family in some neighbourhood of z. It is easy
to see that N(f) is open and has the property of complete invariance under f, that is
zeN(f) if and only if f(z) e N(f). The complement, J(f), of N(f) is known as the Julia
set. This set is clearly closed and completely invariant under f. More details of these
and other basic properties of the sets N(f) and J(f) can be found in [7] and [8].

It was shown by Baker(3, corollary to theorem 1] that if f is a transcendental
entire function then J(f) must contain continua and so the Hausdorff dimension of
J(f), dim J(f), lies in the range 1 < dim J(f) < 2. In [10] we constructed a family of
transcendental entire functions, f, which satisfied the following result.

THEOREM 1. Given 8 > 0, there exists K () such that

dimJ(fy) <1+
forall K > K.

It remains open whether there exists a transcendental entire function whose Julia
set has dimension equal to one. We put

S(f) = {z: z is a finite singularity of f~1},
B = {f: f is transcendental entire and S(f) is bounded}.
In this paper we study the class B and obtain the following result.
TueorREM 2. If f 15 a function in B then dim J(f) > 1.

When J(f) = C the result of Theorem 2 is obvious. If fe B and J(f) # C then, in
order to prove Theorem 2, we construct a measure g, on a subset of J(f). We do this
by taking a point z,€J(f) and taking sets

I, < {2: f"(2) = 2,
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For each zel, we define

d(z) = (1+1z)/[1(f") @ (L +1=*)]
and then put
s = inf{t: § > d(z) <oo}. (1-1)
n=1zel,

For s <t < 2 we define measures g, by

B)y=c¢ X X2 d),
n=1zel,NB
for each set B — C, where ¢, is chosen so as to ensure that u,(C) = 1. We then take
s to be a weak limit of the measures g, as ¢ \( s. By choosing the point z, and the sets
1, carefully we can use the properties of the measure g, to prove the following two
results, which together imply Theorem 2.

THEOREM 3. The value s defined by (1-1) lies in the range
l<s<2
THEOREM 4. The value s defined by (1-1) satisfies
dim J(f) = s

The motivation for looking at measures of this type comes from Sullivan’s paper
[11] where similar measures are used to obtain results on the Hausdorff dimension of
Julia sets of rational functions.

In the last section of the paper we give an example of a function in B whose Julia
set lies in a domain of finite Lebesgue measure.

2. Preliminary results

We begin by giving a formal definition of the Hausdorff dimension of a compact
set K. If, for each 1 > 0, we put
H (E) = liminf} (r,)
>0 i
where the inf is taken over all possible covers of £ with sets of diameter r; < ¢, then
the Hausdorff dimension d of the set £ is defined to be the unique value satisfying

oo for pu<d

(&) ={O for u>d.

For more details see, for example, [9, p. 220].
We now give a list of the notation that will be used throughout this paper.
(i) d(z,w) = |z—wl/[(1+ =) (1 +Fof2)3],
(i) B(w, T)—{Z lw—z| <7},
(iii) diam B = sup, ,..plz—wl,
(1v) am B = sup, ,.pd(z, w),
(v)

Di
@) =1 & L+ =21 /(1+f@)),
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(vi) C(r) ={z:|o| =1},

(vil) D(r) ={z: 12| = r}.

The next two results are due to Koebe. The first is known as Koebe’s quarter
theorem and the second as Koebe’s distortion theorem.

LeMma 21 (See, for example, [5, theorem 2-33)). If f is univalent in B(w,r) then

fB(w, 7)) 2 B(fw), |f (w)|r/4).

LEmMMa 22 (See, for example, [5, p. 32]). If f is univalent in B(w,r) then, for
O0<s<r,

sup | f )I/1f (z)l < L(s/r) = [(r+3)/(r—s)]".

2y, 2,€B(w, s)
We put L(1/2) = L and apply this result to functions in the class B.

Lemwma 2:3. If S(f) < B(0,7,/2), lw| = r = r, and 4w|/5 < |2| < blw|/4 and if we take
a branch g of f7 that is defined at w and continue g analytically along a curve y which
lies within {t:4lw|/5 < |t| < 5lw|/4} such that y winds at most once around 0, then

lg")/L*® < lg'(2)| < L* g’ (w)l.

Proof. If z = Rexp (i¢) then the circle C(r) can be covered by the discs B,, =
B(rexp[i(0,,+¢)],r/4), m=0,1,2,...,24, where 0, =27m/25. We take a point
25,€B,, N By and, for each 0 < m < 23, we take a point z,€B,, N B,,.,. Asr =1,
each branch g of f~! is univalent in B(rexp (i(0,, + ¢)),7/2). As 2ze B, and weB,, for
some 0 < M < 24, it follows from Lemma 2-2 that

lg"(=)] < Llg'(zo)l < LPlg'(2))l < ... S LM g/ (zp)] < LM*2|g' (w)| < L**|g"(w)].
Similarly, we find
lg"(2)| = |g’ (w)| /L.

LemMMa 2:4. If f is a transcendental entire function with S(f) < B(0,r,/2) and
|f0)] < 7y then, if |f(2)] > rq, we have

lf"(2)l = |f(2)| [log | f(z)| —log(ro)]/[4m |2]].
Proof. In [6, lemma 1], Eremenko and Lyubich show that, if 4 = C\ B(0,7,), G =

f1(4) and U = In(G), then there exists a map F such that, for all we U, f(e*) = ¢F®
and |F’(z)| = [Re(F(z)) —log(r,)]/(4m). Lemma 24 now follows.

As a direct consequence of this result we have

Lemma 2:5. If f is in B then there exists R,(f) > 0 such that

) if |f2)] > By(f) then |f'(2)] > | f(z)|log | f(2)|/[8m 2],
(i) if [2| > B,(f) then, for each branch g of 7, |g'(2)| < 8m|g(2)|/[l2|log |2]].

Using Lemma, 2-2 together with Lemma 2:5 we are able to prove:

LemMA 2-6. If f is in B then there exists R,(f) = R,(f) such that, if |f%(z)| = R,(f) for
each O < k < n, the branch g of " that maps f™(z) to z satisfies:
i) for each 0 < k < n—1 and each K > 4, ffg(B(f"(2), |f*(2)|/K))

< B(f*(2), 1f*(2)l/ (4K))
(ii) g is univalent in B(f™(z),|f"(?)|/4),
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(i) if weB(f*(2),|f"(2)/8) then |g'(f* (/L < lg'(w)| < L g’ (f" @),
(iv) if weB(f"(2),1f"(2)|/8) then g*(f"(2))/ (3L) < g*(w) < 3Lg™(f™(2))-
Proof. In what follows we write R, for R,(f) and R, for R,(f). If S(f) < B(0,R,/2)

then, for each 1 < k < n, the branch g, of f~ that maps f¥(z) to f¥7!(z) is univalent
in B(f*(z),|f*(2)|/2) and so, from Lemma 2-2,

geB(f*(2). |f*(2)N/K)) = B(f*(2), Lgi(f*(2) |f*(2)l/K) (2:1)
for each K > 4. As R, > R,, it follows from Lemma 2-5 that

lgi(f* ()] < 8m ¥ (2)l/[If*(2)| log | f*(2)

If R, > exp (32nL) then
AVACI) R VA G VICIAVA(CIN)

and so, from (2-1),

(B(f*(2), |f*(2)/K)) = B(f*"}(2),|f*7(2)l/ (4K))

This proves part (i).

If S(f) = B(0, R,/2) then g, is univalent in B(f*(z), [f*(z)|/4) and so, from part (i),
g =012 --9n-19. 18 univalent in B(f"(z),|f"(z)|/4). This proves part (ii), and
part (iii) then follows from Lemma 2-2.

If we B(f"(z),|f"(2)|/4) then, from (i), g(w) € B(z,|?|/4) and so

[1+@Bf)/4)%] [1+(51f"(2)1/4)°] 7
[1+(51g(f"(2))I/4)*] [1+@Blg(f"(/4)*]

Combining this with part (iii) gives, for we B(f"(z), |f"(2)|/8),

lg’ (W)l < g™(w) <

x( fn 9L+ ")) lg (f"(2)
7"/ BL) < =5e +|g(f < )

1+|f” Ig f"
3Lg*(f"(2)).

The next two results were proved by Eremenko and Lyubich[6, pp. 5, 6].

Lemma 2-7. If f is in B then there exists Ry(f) = R,(f) such that, for each R = R, there
exists an analytic curve T" joining a point zg to oo such that |f(z)] = R for each zeT.

LemMma 2:8. If f is in B then J(f) = I(f), where I(f) = {z: f"(z) >o0}.
As a direct consequence of Lemma 2:8 we have:

LeMmMa 2-9. If f is in B then, for each v > 0, there exists a point ze J(f) N D(r) for
which
If*2)| =r, for mneN.

We now give a couple of results concerning the basic properties of Julia sets. Put

O(w) ={z: f"2) =w for some mneN},

E(f) ={w:0 (w) is finite}.
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If f is nonlinear entire then E(f) contains at most two points [8, p. 338].

Levma 2-10 ([8, p. 356]). If U is compact, U N E(f) = &, z€J(f) and V is an open
neighbourhood of z then there exists Ne N such that, for all n = N, we have

[y = U.
As a simple consequence of Lemma 2-10 we have:
LemMa 2-11. If 2ze C\ E(f) then J(f) = O (2)’.
Using Lemma 2:10 we are able to prove:

Lemma 2-12. If fis in B, ze J(f) and |f*(z)| = R, for each neN then, given K > 0,
there exists neN such that

I(f™) () = K |f"(2)].

Proof. Suppose that [(f*) (z)| < K|f"(z)| for each neN. From Lemma 2-6 we know
~that the branch g of = that maps f"(z) to z is univalent in B(f"(z), |f"(z)|/4) and so,
from Lemma 2-1,

g(B(f™(z), |f"(2)|/4) 2 B(z,|f"(2)l/[16](f") (2)]) = B(z,1/(16K)).
As B(f™(2),|f™(2)|/4) n B(0,R,/2) = &, it follows that
fM(B(z,1/(16K))) n B(0,R,/2) = &

for each ne N, which contradicts Lemma 2-10.

We conclude this section with a result concerning the weak convergence of
measures.

LEMMa 2-13 (See, for example, [1, theorem 4-5:1]). Let {u,} be a sequence of finate
measures on the Borel sets of a metric space Q. If the measures p, converge weakly to a
measure p as n—>o0 then, for every closed set 4 < Q,

p(A) = lim sup 1, (4).

n—>o0

3. Construction of the measure u,
We take a function feB with J(f) & C and a value R’ satisfying

R > Ry(f), S(f)<=B(0,R’/2), log(9R’/10) > 1600m2L*C, (3:1)

where E,(f) is as defined in Lemma 27 and C > 4800L®. Now take a point
zo€[J(f) N I(f) N D(4R’)]with|f"(z,)| = 4R’ foreachn e NandB(z,, |z,//4) N E(f) = &.
This is possible by Lemma 2:9. We put

R=|z|, 4=DB(z,R/C), E =DB(z,2R/C).
These definitions remain in force for the whole of Sections 3, 4 and 5.

LeMMA 3-1. There exist weC, r > 0 such that
(i) U=B(w,r) = N(f) n 4,
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(ii) of, for i=1, 2, g, is a branch of f~"® satisfying
fkgz(U) < D(R/)7
Jor each 0 < k < n(3), and g, |y *+ g.ly then

9:(U) n g(U) = &.

Proof. As J(f) % C, there is a component N, of N(f). We claim that there exists an
open set V c N(f) with f*(V) n V= for each neN. If f*(N,) N N, = & for each
n €N then we can take V to be any open set in N,,. If &, is periodic (i.e. fP(V,) = N, for
some p €N) then there are two possibilities (see, for example, [4, theorem 2-2]).

Case I. If f*?(z) > ¢, for some constant ¢, as n—>o0, for all zeN,, then N, contains
a set V of the required form.

Case I1. If f"?(z)4>c for all ze N, then N, is a Siegel disc or a Herman ring and so
there exists a component N, # f?"}(N,) of N(f) with f(IV,) = N,. Thus f*(¥,) N N, =
& for each ne N and so we can take VV to be any open set in N,.

We now take a point ze V\E(f). It follows from Lemma 2-11 that there exist
weA, n’ €N such that f*(w) = z. It then follows that there exists » > 0 such that
U=Bw,ryc A and f*(U)yc V.

If f~mo @) n f5U) + & for some m, keN, then f*(U) n f**™(U) + & and
hence V n f™(V) % ¢J which is a contradiction. Thus

f7mRO) 0 ) = O
for all &k, meN.
Finally, suppose that, for some neN, there are two branches g, and g, of f~" such

that
f¥(g(U)) « D(R') = D(R,(f)),

fort=1,2,0<k < n. As U= B(w,r) = A we must have r < |w|/4 and so it follows
from Lemma 2:6 part (ii) that g, and ¢, are each univalent in U. Thus

gilv = .1y or g,(U) n gy (U)=(.

We put M(r) = max|f(z)|

lzl=r

and define a sequence R, by putting

R,=2R, R, =M(R,)
As S(f) = B(0, R}) and (see, for example, [2, lemma 2])
SU™ = U S0,
k=0

it follows that S(f") < B(0,R}).
We now define two sequences R, r, by

R, = max{R,, R\(f")}, 7, =1f")

where R, is as defined in Lemma 2-5. We also take an analytic curve I joining a point
zg to oo such that |f(z)] = R = |z, for each zeI". Such a curve exists by Lemma 2-7.
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Lemma 3-2. There exist m,NeN such that :
(i) T'n Cry) + &,
(it) G ={z:9r,/10 < |2| < 10r5/9} = D(2R})),
(iii) there exists a branch g, of f~! such that
Wy = (2} EGE) = @' = {z2: 1Try /18 < |2| < 197,/18},

(iv) for each z€@ there exist two distinct points w,,w,e€G’ such that f™(w;)=
ST w,) = z.

Proof. As zye A < B(z,,R/4) = C\E()f), it follows from Lemma 2-11 that there
exist two distinct points 2,2z, 0 (2,) N 4. As zgeJ(f), we must also have z,,z,€ J(f)
and so it follows from Lemma 2:10 that there exist #’, m > 0 such that

B(z,,7") N B(z,,7) =&, Bz, 7)< A, fm(B(z,r)) > A,
forz =1, 2.
As zy€I(f), there exists Ne N such that
7y = |f¥(2)] > max{20R7,, |zgl},

and so these values of N, m satisfy (i) and (ii).

We now take a point 2’ eI’ 0 C(ry) so that w’ = f(z’) e C(R). If we take C(R) to be
the shortest segment of C(R) joining w’ to z, and g, to be the branch of f~! that maps
w’ to 2’ then we can continue g, univalently along C(R) to E and so, from Lemma 2-3,
for we C(R) U E we have

lgo(w)l < L lgg(w’)l.

As each weE can be joined to w’ by a curve of length less than 2#R which lies in

C(R) U E, we have, for wekE,
lgo(w) —2'| < 2mRL* |gg(w’).
As [w'| = R > R,(f), it follows from Lemma 2-5 that
lga(w)| < 8lgo(w)l/[lw'|log '] = 8 |2'l/(Rlog R) = 8nry/(Rlog R)
and so, as B > R’, it follows from (3-1) that, for each we £,
lgo(w)—2'| < 1672RL*r5/(RlogR) < ry/36. (3-2)

Thus w, = g4(2,) €9,(E) = B(z',75/36) = @ which proves (iii).

We now take g, to be the branch of f~™ that maps 4 univalently into B(z,,7") < 4
and put h;, = g,9,f, for ¢ =1, 2. It follows from (3-2) that A, is a branch of f™™
satisfying

hy(wo) €gol4) < B(Z,7/36) (33)
fori=1,2.

If ze G then there exists a simple curve C < G of length less than 277, which joins
Wy = go(20) to z. For each weC we have

4w, /5 < (9/10)% |w,| < Jw} < (10/9)2 |lw,| < 5|w,l/4.

As lwo| > 2R;, > R,(f™) and S(f™) < B(0,R;,) = B(0, R},), it follows from Lemma 2-3
and Lemma 2-5 that we can continue k; univalently along C and, for each weC,

|(Ro) ()] < L |(hy) (wo)l < 8L2S |Ry(wy)|/ [l log [w,].
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As hy(w,), woeG and rp = R’ it follows from (3-1) that
[hi(z) — hy(wy)| < 16m2L2%r \[10r/91/[(975/10) log(97,/10)] < 7, /36.
Together with (3-3) this shows that
h(z)eB(Z',ry/18) c &

for ¢« = 1,2. As f™h,(z) = z, this proves (iv).

We now put

I, ={g(z))€A U G: g is a branch of f" with f*g(E) < D(R’) for each 0 < k < n}

and I=U1,.
n=1

Lemma 3-3. (i) If |f™*(z)) = R, for each 0 < k < n then |f¥(z)| = 2R’ for each 0 <
k< nm;

(i) If, in addition, ze A U G and f*"*(z) = 2, then z€l,,,,,.

Proof. (i) If, for some 0 <k <n, 0<p<m, we have |f™*2(z)| < 2R’ then
[fm®ErD (2 | < max, o |f™P(w)| < B}, pyy < R}, which is a contradiction. As R},
2R’, we have

If¥@)| > 2R’
for 0 < k < nm.
(i) Iff*™*(z) = z, then, taking g to be the branch of f~®™*1 that maps z, to z and
noting that
E < Bz, |2ol/4),  1f*(2)] 2 2R’ = Ry(f)

for 0 € k < mm+1, it follows from Lemma 2-6 part (i) that
Fi9(B) = B(f*q(z),|f*9(z)l/16) = B(f*(2), |f*(2)|/16) < D(R')
and hence z€l,,,,, as claimed.
LemmaA 3-4. For each n, keN, I, N1, ., = .

Proof. If, for some zeC, n,keN, we have zel, n I,,, then

fH(2) = f""(2) = 2,

[H(zo) = f¥*"(2) = 2,
which implies that f?¥(z,) = z, for each p e N. This contradicts the fact that f7(z) >0

as p—>00.
For each zel, we put

and hence

_1

("))

It follows from Lemma 3-4 that d(z) is a single-valued function. We then take s to be
the value defined by

d(z) =

s = inf{t: Y d(z)* <oo0}. (3-4)

zel

LemMma 3-5. The value s defined by (3-4) satisfies 0 < s < 2.
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Proof. Take a set U which satisfies the conditions of Lemma 3-1. If ze1,, for some
neN, then z = g(z,) for some branch g of f~". We put

U(z) = g(U).
As R’ 2 R,(f) and U < E < B(z,,|z2,//8), it follows from part (iv) of Lemma 2:6 that
Diam(U(z)) < 3Lg*(z,) Diam(U) = 3Ld(z) Diam(U)

and so there exists K > 0 such that, for each zel, the spherical area of U(z) is at most
K(d(2))%

If z,,2,€l and z, * 2,, then it follows from Lemma 3-1 that U(z,) N U(z,) = .
As the area of the sphere is finite it follows that

KY d(z)* <w
zel
and so s < 2.

From Lemma 3-2 part (iii) we know that there exists w, € G' with f(w,) = z,. We put
J, =z f™2) = we,[™(2)eG@ for O0<r<mn}

As @ < D(R;,) = D(R;,), it follows from Lemma 3-3 that J, = I,,.,. If we take

K > max {1,suap (f™) ()}

zeG’
and put K = f*(w,)
then, for zeJ,, we have
1 | 1

d(2)

= = = 1/(K'K™).
T~ g AL i) >  EED

From Lemma 3-2 part (iv) we know that J, contains at least 2" points and so

Ms

S>3 S A>3 S ders

zel n=0zelp 4,y n=0zeJ, n

2" /(K'K™).

0

If t <log2/log K then 2 > K* and so X, d(z)! = 0. As K > 1, it follows that
s = log2/logK > 0.

For 0 <t <2, t+s, we define functions g, such that

mB)=c, T dey
zelnB

for each set B < C. If t < s we put ¢, = 1 and if ¢t > s we take c, to be the value which
gives u,(C) = 1. Clearly, for ¢ > s, g, is a measure which is supported on 4 U G. We
now take a weak limit of the measures p, as (s to give a measure g, which will be
supported on 4 U G with pu (4 U G) = 1.

We conclude this section with some results which will be useful for the proofs of
Theorems 3 and 4.

Lemma 3-6. (1) There exists € > 0 such that, for 0 <t < 2, u,(4) 2 e, (@),
(ii) for s <t <2, u(A) = e/(1+e¢).
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Proof. We claim that, for each ze(, there exists we A such that z = f¥(w) and
|fP(w)| = 2R’ for each 0 < p < N. Let g be the branch of f~ that maps f( z0 ) to
SV 7(z,) and continue g univalently to ze G along a simple curve C lying in G of length
less than 27ry. From Lemma 3-2 part (ii) we know that G < D(2R},) < D(2R’). As
S(f) < B(0,R’/2) and R’ = R,(f), it follows from Lemma 2:3 and Lemma 2-5 that, for
each weC,
8mL2|fN Y (z)|  8nL*ry_,
[Nl log|fN(z)l  7rylogry

lg"(w)| < L2 g'(fN(2o))] < |
and so, as log ry > log R’ > 1672 L?%C,

)€ B, LRI € Bty O), (3:5)

rylogry

As |fP(zy)]l = 4R’ = R,(f) for 0 < p < N—1, it follows from Lemma 2-6 that, taking
to be the branch of f~=1 that maps f¥(z,) to z,,

FPRB(fY N zo), 7h-1/C)  B(f(20), 75/ C) = B(f*(2y),7,/4) (3-6)

for0<p<N-1

From (3-5) together with (3-6) in the case p = 0 we see that there exists we A with
SN (w) = z. As|fP(z,)| = 4R’ we see from (3:6) that |fP(w)| > 2R’ for 0 < p < N—1. As
fY¥(w) = ze@ < D(2R’) our claim is proved.

Now suppose that zel, N G for some neN. Take we A such that f¥(w) =z and
[fP(w)| > 2R’ for 0 < p < N and let g be the branch of f~*™ that maps z, to w. As
zel, we know that

F¥rg(zg)efN*g(B) < D(R)) (37)

for 0 < k < n and so, as B < B(z,, |2,//4), it follows from Lemma 2:6 that
fUg(B) = B(fNg(z,), 1 fg(20)1/4) = B(f¥ (), |f¥ (w)|/4).
As |fP(w)] > 2R’ for 0 < p < N, it follows from Lemma 2-6 that
fP9(E) < B(f*(w),|f?(w)|/4) = D(R')

for 0 < p < N. Together with (3-7) this shows that wel .
Clearly

d(w) = d(z)/(fY)*(w)

and so, taking

K = max{1,sup (f¥)*(w)},

weA
we have, for0 <t <2, t# s,
/“t(A_) =) =c, 2 dw)Y=zc, X dw)

wel N A elnA
szw)eln G

Zc¢ X d2)/K = p(G)/K" = p,(G)/ K>

zeln G

This proves part (i) for ¢ % s.
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If 2>t > s then

#(C) = pufd) +p,(G) = 1
and so, from (i),

1< ulA)+ulA)/e = p(d) (e+1)e.

This proves part (ii) for ¢ > s. It now follows from Lemma 2-13 that the results must
also be true for t = s.

LemMa 37. There exist K, = K, (f) > 0, K, = K,(f) > 1 such that, for each ne N and
each zel,,
d(z) < K,/(Kp)"

Proof. If zel, then |f*(z)] = R’ = R,(f), for 0 < k < n, and so, from Lemma 2-5,

= (f"Y(2) = _I—Lzlz_ )
> (L+1=) If"(2)] &5 loglf*(2) > (1+12%) |zl (IOgR')"
1+1f*2)%) |z| k=1 8 (1+2,/%) |2l .

As I, <« G U A we must have |2] > B/2 and so, as log R’ > 8, the result follows.

Lemma 3-8. Given K > 0, 0 < a < s, there exist infinitely many values of neN for
which

% d)

zel,nA

Proof. We note that
Homasld) Ftts-aa(@ = T d@+ X dz)P = Td(zy =oo.
zelnA zeInG zel

From Lemma 36 we know that

/"‘s—a/z(G) < /'l’s—a/z(g)/e = :u’s—a/2(A)/6
and so we must have

feapld) = S 8 dp R = oo, (38)

n=lzel,nA
If there are only finitely many ne N for which
> dizF*=2K
zel,nA
then there must exist K" > K such that
> dizF*< K
zel, NA
for each neN. It follows from Lemma 3-7 that, for each neN,

2 d@E7TVES sup d@)F X d()* < K'[K,/(K,)"]*",

2el,nA zel,nA zel,nA
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where K, > 0, K, > 1, and so
2 X dyrTYr<K'(K)P Y (1/K,)"? <o

n=lzel,nA n=1

which contradicts (3-8).
We put
o, ={g(A): g is a branch of f~* with g(z,)€1,},

&, = {g(E): g is a branch of f~" with g(z,)el,}.
LeEmMMa 3-9. There exists nye N such that
diam(4,) < diam(£,) < 1
Jor each A, e, B, €8, withn>=n,.

Proof. Let g denote the branch of f~" which maps £ to £, and 4 to 4,. As
g(z,) = 2’€l, we have _
Lf*g(zo)l > B

for 0 < k£ < n and so, from Lemma 2-6,

Diam(4,) < Diam(E,,) < supg*(z) Diam(E)

2eE

< 3L g*(z,) Diam(E) = 3L d(z") Diam(E).

From Lemma 3-7 we have
d(7') < K, /(K,)"

and so Diam(4,) < Diam(£,) < 3LK, Diam(E)/(K,)". (3:9)

As E,n1,+ and I, c AU G c{z:|z| <10ry/9} we see from (3-9) that, for
large 7,
E, c{z: 2| £ 11ry/9}

and hence, for these values of %, there exists X > 0 such that
diam(4,) < diam(¥,) < K Diam(Z,) < 3KLK, Diam(£)/(K,)"
and, as K, > 1, the result follows.
LemMma 3:10. There exists K; > 0 such that, for each A, € 2, with n = n,,
K, p(4,) 2 (diam(4,))".

Proof. If A, € s, then, for each zel, N A4, there exists we 4, such that f*(w) = z.
We claim that wel, . If & denotes the branch of f~? that maps z, to ze4 and ¢
denotes the branch of f~* that maps z, to z’€4,,, then gh is the branch of f~*?) that
maps z, to w. As

[ qh(z,) € frHEgh(B) = f*ME) = D(R’) (3-10)
forO<k<pandaszed,it followé from Lemma 2-6 that
["gh(E) = ME) < B(h(z,), 2[h(2y)|/(4C)) = B(z, |21/ (2C)) = E.
As g(z,) €1, it follows that, for 0 < k < n,
frgh(E) < f*q(E) = D(R’).
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Together with (3:10) this shows that wel, .
Asf™(A,) = A < B(zy,|z/8) and g(z,) = 2" €1, it follows from Lemma 2-6 that, for
each wed,,
(f")x(z')/ < (") (w) < 3L (3-11)
and so Diam(4) = (f*)*(z’) Diam(4,,)/(3L). (3-12)
If we A, and f*(w) = z€l then, from (3-11) and (3-12),
d(w) = d(2)/(f")*(w) Z d(2)/[3L(f")*(z')] = d(z) Diam(4,)/[9L* Diam(4)]

and so, for t > s,

Wl =c, S dwyze I d(w)‘z(ﬂ‘?‘f‘—(ﬁ’i)tot S d(e)

2
welnA, welnd, 9L Dlam(A) zelInA
Mweln A

= (Diam(4,)) #,(4)/[9L? Diam(4)]".

From Lemma 3-6 we have

u(A4,) = (Diam(4,)) ¢/[(9L? Diam(A))! (1 +¢)]. (3-13)
If n = n, then, from Lemma 3-9, diam(An) <1.Asd,nl,+Fandl, c4AUCG,it
follows that, for some K’ > 0, we have

Diam(4,) > diam(4,,)/K’
and so, taking the limit of (3-13) as ¢\ s, we see from Lemma 2:13 that
u(A,) = (diam(4,))* ¢/[(9L*K’ Diam(4))’(1 +¢)].

4. Proof of Theorem 3

Recall that T is an analytic curve joining a point z, to co and that |f(2)] = R for
each zel".

LEMMA 4-1. For each r > 0, the length of I' N B(0,r) ¢s finite.

Proof. Tt is clear that there are only a finite number of branches g¢,,¢,,...,¢, of f
satisfying g,(z,) € B(0, 2r). We cut O(R) at z, and, for 1 < ¢ < n, continue g, univalently
in an anticlockwise direction around the cut curve C(R). The length of U{ngi(C(R))
is clearly finite.

Now suppose that ze I' N B(0, ). There exists w’ € C(R) and a branch ¢ of f~! such
that z = g(w’). We continue g analytically in a clockwise direction from w’ along C(R)
to z,. As R =2 4R’ = R, (f) and S(f) = B(0,R’/2), it follows from Lemma 2-3 and
Lemma 2-5 that, for each point w on this segment of C(R),

828 |g(w')| < 8Ly

"(w)l < L*|g’(w)] < <

and so, as log R > log R’ > 1672L%,

2l < 1672L%% Ry
=~ RlogR

lg(w’)— <r.
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As z=g(w')eB(0,r), it follows that ¢(z,)eB(0,2r) and hence g =g, for some
1 <¢ < n. Thus

I 0 BO,7) = U g(C(R))
i=1

and hence has finite length.
We take m, N to be values which satisfy Lemma 3-2.

LeEMMA 4:2. For each ne N U {0} there exist 2" curves v, ;, 1 < ¢ < 2", each of which
joins C(19r,/18) to oo and lies in D(17r,/18) with

(1) 70,1 < Fr
(ii) for each 0 < r < n,

frm(Yn,i) < Yn—r,j
for some 1 <j <277,

("1) ’Yn,i n )’n,j =Q’ Zf?, =i=.7
Proof. We begin by considering the case n = 0. From Lemma 3-2 part (i) we have
I' n Cry) +&J and so T joins C(197,/18) to co. If there does not exist a segment
Yo.1 = T' N N(197,/18) joining C(197y/18) to oo then the length of
I'n{z: 17ry/18 < |2| < 197, /18}

must be infinite which contradicts Lemma 4-1.

We now assume that the result is true for n—1 and, for some 1 < 7 € 2”71, consider
the curve y,_, ;. We take 2’ C(19r,/18) and note from Lemma 3-2 part (iv) that
there exist two points w,, w,€ G’ such that f™(w,) = f™(w,) = 2’. Let h, denote the
branch of f~™ that maps 2’ to w,. As we know from Lemma 3-2 part (ii) that

S(f™) < B(0,R;,) = B(0,R;,) = B(0,97,/10)

we can continue A, univalently along y,,_, ;. As w,€6’, the curve I'), ,; = A;(y,_, )
must join C(19ry/18) to co. If I', ,;, does not contain a curve y, ,, < D(17ry/18)
which joins C(19r,/18) to oo then the length of

Lo N{2: 177y /18 < 2] < 197y /18}

must be infinite. As f*™(T",, ,;) © ¥,, < I', it follows that the length of I' n B(0,r),
where

r=_sup |f*™(z)],

121<197 5 /18

is infinite, which contradicts Lemma 4-1. In the same way we can show that I',, ,,_, =
ho(y,—y,¢) contains a curve vy, ,,_, < N(17r,/18) which joins C(19r,/18) to co.
Recall that, for each neN,

o, = {g(A): g is a branch of f™" with g(z,)el,}.
For each neN, 1 < ¢ < 2", we put
Fn,i = {Z: Z€EYq,4 n G:fnmﬂ(z) = 20},
H, ;={g(4): g is a branch of f~""*V with g(z)€F, ;}.

LemMa 4-3. For each neN, 1 <1 <2, F, ;< 1,,., and hence H, ;< o, ...
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Proof. If z€F,, ; then, from Lemma 4-2 and Lemma 3-2, for 0 < 7 < n there exists
1 <5 < 2" such that

S™2)€ Yy ; = D(1Try/18) € D(R7) = D(R7,)
and so, from Lemma 33, zel,,, ..
LEemMma 4-4. There exists K, > 0 such that, for each neN, 1 <1< 2",

>, diam(4

Amni1€H g ¢

)>K,.

mn+i

Proof. From Lemma 42 we know that, for each neN, 1<:<2", y,,;
contains a segment y;, ; joining C(19r,/18) to C(397,/36) such that

Yoo ©{2:17ry /18 < |2 < 39ry/36}.

We take a point zey; ; and let 2 denote the branch of f~' that maps w’ e C(R) to
f™™(z). We cut C(R) at —z, and continue & univalently to the whole of the cut curve
C(R) and to A. If —z, = R exp(i¢) then we define k(—z,) by

h(—z,) = lim k(& exp (26)).
01$
It follows from Lemma 2-3 that, for each we C(R) U 4,

1A (w)] < L* | (w')]
and hence

hC(R) U 4) < B(h(w'), 2nRL* |B' (w')]). (4-1)

From Lemma 2:5 we have
., 8 |h(w’
) < o
and so, as logR > log R’ > 160072 L2,
2nRL?® W (w')| < 1672 L2¢ |h(w)|/log R < [h(w')|/100 < |h(w')|/8. (42)
As zey, ; we know that, for 0 <p <n
f7P(2)€Ynop,; = D(B),

for some 1 <5 < 2"7?, and so it follows from Lemma 3-3 that

|f(2)] > B’ (4:3)
forO0<p<mn+1. Thus from Lemma 2-6, the branch H of f~™" that maps h(w’) to
z is univalent in B(h(w’), |h(w")|/4). Tt follows from Lemma 2-2, (4-1) and (4-2) that

g(C(R)) = Hh(C(R)) = B(z, 2nRL* |g'(w")]) (4:4)
and, from Lemma 2:6, (4-1), (4-2) and (4-3), that
g(C(R)) = B(z,]2//100) < G. (4:5)

Also, from (4-3) and Lemma 2-6, we know that ¢ is univalent in 4 and hence, from
Lemma 2-1, (4-1) and (4-2),

9(4) > B(g(z,), lg'(zo)| B/ (4C)) > Blg(z,), lg’(w)| R/ (4CL*)) (4:6)
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We now take a collection G, ; of disjoint curves y, such that y, < v, ;, i N ¥n.s I,
S™"* maps vy, univalently onto C(R) and

U 7> ')’;u (4:7)
YkEGn,
From (4-5) we know that y, < G and so, if y, = g,(C(R)), then g, (4)€eH, ;. From
(4-4), (4'6) and (4'7) we see that

>  diam(4,,.,)= ¥  diam(g,(4))

Apnn1€Hy 4 9 (C(R))eG, ¢

=2 [1/@aL*C)] X diam(g,(C(R)))

gk(C(R))EGn I
= diam(y;, ;)/(87L**C) = ry/(2887L% C).
We are now in a position to prove Theorem 3. IfA4,,,.,, = g(4)€ 4, ,,,,, then it follows

from Lemma 2-6 that ¢ is univalent in E and so all the closures of the sets in Uls1
are disjoint. It therefore follows from Lemma 3-10 that, for each neN with n > no,

2™ 2"
2 > diam(4,,,4,)’ < K3 2 by Ps(Amni) < K. (4:8)
i=1Amp,€Hn i=1A4p,.€Hy

If n = n, then it follows from Lemma 39 that, for 1 <i< 2" andeach 4,,,.,€H, ,,
diam(4,,,,,) <1 and so, if s < 1, it follows from (4-8) that

27!
S % demUp)<E 3 dam(dpn.) <K (49)
i=1 Appp€Hp 4 i=1A4p,46Hy

Finally, it follows from Lemma 4-4 that, for each neN,
2
SO diam(Ap,) > 27K, (4-10)
i=1 Amn+lEHn 1
Combining (4'9) and (4:10) we see that, for n = n,,
2"K, < K,.

As there are arbitrarily large values of neN satisfying n = n, this is clearly a
contradiction and so we must have s > 1 as claimed.

5. Proof of Theorem 4
We take a value a€(0, s) and recall that

&, =1{g(E): g is a branch of f~ with g(z,)€l,}.
LEMMA 5°1. There exists M > 0 such that
Y (diam(B,,))* = L*¢~9(diam(£))* .

Epedyy
EpycE
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Proof. Take a value n > n, and a set E, = g(K)eé, with g(z,)eA. We know
from Lemma 3-9 that diam(#,) < 1 and hence E, c E. As g(z,)€l,, we know that
If79(zo)l = R’ = R,(f), for 0 <7 < n and so, from Lemma 2-6,

Diam(E,) = infg*(z) Diam(E) = ¢*(z,) Diam(&)/(3L).

zeE

As E, < E it follows that there exists K > 1 such that
diam(£,) = ¢*(z,) diam(¥)/(3LK) = d(z) diam(&)/(3LK),

where z = g(z,) €1,,. Thus, for n = n,,

2 (diam(E,))’"* = (diam(E)/(BLK))*™ X d(z)"". (51)
Efog‘ zeAnl,

From Lemma 3-8 we know that there exists M > n, such that
> d(z) = BLAK) (52)
zeA N1y
Combining (5-1) with (5-2) we see that
> (diam(¥#,,))* = L (diam(&))**.

Epelpy
EpycE
We now put
F, ={9(Ey): Eyy €6y, Eyy < E, g is a branch of f~" with g(z,) €1}
Lemma 52. There exists a set Fe F with F < (.

Proof. From Lemma 3-2 part (iii) we know that there exists a branch g of f™!
with g(F) ¢ G’ < G. Clearly g¢(z,) €I, and so, for each £, € &,, with £, < E, we have
g(Ey) e and g(By) < g(E) = G.

Lemma 53. If F,e %, and F,, < G for some neN then

S (@diam(F,, ) > (diam(F,)) "

FpimeZ nim
FpimeFqg

Proof. Take a set ¥, = g(E,)€ %, and a set E,, €&, such that ¥, < K. Taking 4
to be the branch of f~™ that maps E to E},, we note that

gMEy) < giE) = g(Ey) = F, = G. (53)
As h(zy)€l,, we see that, for 0 <k < M,
frEgh(E) = f*h(E) = D(R').
As g(z)el, we see that, for 0 <k < =,
fegh(E) = ff9(By) = f*(B) = D(R).

Thus, for 0 <k < n+M,
ffgh(E) = D(R’). (5-4)
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From (5:3) we know that gh(z,)egh(E) = G and so, together with (5-4), we see that
gh{zy)€l, ., and hence gh(E,,) e F, .\
As z e K, it follows from (5'4) together with Lemma 2-6 that

diam(F,) = diam(g(£},)) = diam(gh(£)) < L|(gh) (z,)| diam(E)

and, as B,, c E,
diam(gh(Ey,)) = |(gh)'(2,)| diam(E,,) /L.

Together with Lemma 5-1 this gives

Y (diam(F )" > X (diam(gh(By,))"

F €F E el
ﬁ:TM c?vinM EIXI,,CII"Z{

Z (gh) z)I/Ly~* 2 (diam(E)y,))~*

Epedy
EpycE

2 (L |(gh) (zo)| diam(£))** > (diam(F,))*~".
We are now in a position to prove one of the two main results of this section. We put
J ={z:2eJ(f) N G,|f"(z)] = R’ for each ne N}.

LEMMA 54. There exists ry > 0, K, > 0 such that, if r <7, and zeJ’, there exists
PeN for which

S (diam(Fpy,,) ¢ < Ky(diam(B(z, 1),
F pp141€F par+1
FppaNBE 1)+
Proof. We take r > 0 and z€J’. Let g be the smallest value of ne N for which
I(f™) @)r > 1f"(2)I/50 (55)
and take P to be the integer satisfying
q—M<PM+1<gq. (5:6)

Note that the existence of ¢ follows from Lemma 2-12. As [f%(z)| = R’, it follows from
(5-5) that |(f9)'(z)|r > R’/50. If

T<r1y= in(f{R'/(50 If" @D, B/ (BOL(f) @), ... B/ (BOL(f¥*1) (=)},

then we must have ¢ > M+ 1 and hence P > 1.
For each E, €&, with E,;, c £ we put

H(E ) = {Fpprir: Forris € Foprer /T Fppgr) = Engs Fpprin 0 Blz,r) £ T}
We note from (5:6) that 0 < ¢—2—PM < M —1 and consider two separate cases.

Case 1.
fTEPMEN) 0 fT Bz, 7)) =D

for some E,, €&, satisfying £y, < K.
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Suppose that there exists a set Fppq € Pppeq with fPMYYEF, )= E, such
that Fppyy N B(z,7) £, Then f9Fpppy) N fIHB(z 7)) + . But f97 (Fpprin) =
fTEPME,,) and so we have a contradiction. Thus

T (diam(Fpy,)) 0 =0.

Fparni€H(Ep)

Case I1.
SUEPMEL) N fU Bz, 7)) ¥

for some E,, €&, satisfying £,, c E.
We begin by showing that

diam(f92"FPM(E,,)) < diam(f?7}(B(z,7))). (5:7)
Let g denote the branch of f~* that maps E to E,,. As g(z,)€l,, we know that
lfPg(zo)l = R” = Ro(f), (58)
forO0<p<M As 0 <qg—1—PM < M, it follows from Lemma 2-6 that
B(f17 Mg (2,), | /271 Mg(2,)|/ (200L))
= fI7PMg(B(zy, B/(200L)))  B(f471 " ¥g(z,), RI(f7717FMg) (2,)1/ (200L%)).  (59)

Let & denote the branch of f~ that maps f97PM(z,) to f9~2PM(z,). From (5-8) we
have |f971"PMg(z,)| = R’ and so his univalent in B(f91"FMg(z,), |f41"FMg(z,)|/(200L)).
It follows from (5'9) and Lemma 2-1 that

B(f117FPMg(z,), | f971"FMg(z,)| /(200L)))
D MB(fI 1 PMg(z,), RI(fTPMg) (2,)|/(200L2)))
D B(fr Mg (z2,), R|(f9 2 FMg) (2,)]/(800L?)). (5:10)
As 0 < q—2—PM < M and C > 4800L3, it follows from Lemma 2:6 and (5-8) that
P = =B 2 0)
< B(f9 2 PMg(z,), 2RL |(f972PMg)'(z,)| /C)
< B(f9 2 PMg(z,), RI(f17 2 PMg) (2,)|/(2400L?)).
Thus, if diam(f?"}(B(z,7)) < diam(f9"2"M(E,,)), we have
FUUB(z 7)) < BT PMg(zy), RI(f2 "M g) (2,)]/(800L))
and hence, from (5-10),

fUB(z, 1)) = B(f171"PMg(zy), | f97 "M g(2,)|/ (200L)).
Thus
SUB(z, 7)) = B(f=2), |f42)l/(50L)).

As |f?(2)] = R’ = R,(f) for 0 < p < q, it follows from Lemma 2-6 that
B(z,7) = B(z,|f4(2)|/ (501 (f*) (2)]))

and so |(f9)'(z)| r < |f%=2)|/50 which contradicts (5-5). Thus (5-7) must indeed be true.
As |fP)l =z R for0<p<g—1and

(7 (@) r < |f971(2)1/50, (511)
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it follows from Lemma 2-6 that the branch A, of f~¢°V that maps f97}(z) to z is
univalent in B(f?7'(z), 4 |(f?7!)’(2)| r) and so, from Lemma 2-1,

[ Bz, 7)) < B(f*7Hz), 41(f47) ()] 7). (512)
It follows from (5:7) and (5-11) that
fEPME ) = B(f07H(2), 12(f7Y) (2)] ) < B(f*7(2), If 771 (2)1/4)
and so, as [f?!(z)] = R’, it follows from Lemma 2:6, (5-7) and (5-12) that
> (diam(Fppr4q))* "

FparaeH(Ep)

(dlam(hlfq—z—PM(EM)))s—a

< (Ldiam(fa2=PM(E ) /(f771) (2)])°*

< (Ldiam(fY(B(z,7))/|(fY) (2)])*~*

< (4L)y~%(diam(B(z, 7)) < 16L3(diam(B(z, r)))* %

As there are only a finite number of sets £,,€6,, with E,, = £, combining the
results of Case I and Case IT gives the desired result.

LeMMA 5°5. If, for some neN, F,e%, and F, c G then F, N J' £ .

Proof. Take a set F,e Z, with F,, c (! and the set E,;, = f*(F,)eé,, with £, c E.
Let w’ denote the point in I,, N E,, and 2z’ denote the point in F,, which satisfies
fUZ)y=w'. As zyeJ(f) and |fP(z,)| = R’ for each peN, it follows that 2z’ e J(f) and

LfPrmM @] = IfP(z9)l = B, (5:13)

for each peN.

Let & denote the branch of f~* that maps E to £,, and g denote the branch of f~*
that maps £, to F,. Then

PR efPTUE,) = [P E) = fPHE) = D(R),
for 0 < p <M, and
JPE)ef?(F,) = fP9(H ) < fP9(E) = D(R),

for 0 < p < n. Together with (5:13) this shows that |f?(z")] = R’ for each pe N and so
Zek, nJ.

We are now in a position to prove the other main result of this section.

LeMMaA 56. dimJ’ = s—a.

Proof. Take a set F'e % such that F c (. The existence of such a set follows from
Lemma 52. If dimJ’ < s—a then there exists a cover of J’ with sets B, = B(z,,7;),
tel, such that, for each t€l, we have z;eJ’, r, < r, and

Y (diam(B,))*"* < (diam(F))*~%/(2K,). (5:14)
tel

From Lemma 54 we know that, for each i€, there exists P(:)e N such that

Y (diam(Fpgpr41))"" < Ky(diam(B;))*™*. (515)

Ig(i)MﬂEyP(nMﬂ
piM+1 N B+
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As J' is compact we can cover J” with a finite number of the sets B;. We label these
sets B,,B,,...,B, in such a way that P(i) < P(i+1), for 1 <17 < n. It follows from
Lemma 5-3 and (5-15) that

(diam(F)* < ¥ diam(F) < ¥ (diam(Fpgypg)

glﬁ:fd Fpaymn =G
< > (dia’m(FP(l)M-}-l))s_a + % (diam(FP(l)MH))s_“
Fpuym+1<(G\By) Fpmyars N B,+@

< > (diam (Fp g pr41)) % + K (diam(B,))*~*

Fpayama1<(G\Bp

< > (diam(FP(Z)MH))S““

Fp@eya+1<[G\(B U By)]

+ = (diam(Fpqypr41))* " + K (diam(B,))"*

Fpoym N B+

< p) (diam(Fpg)ar41))*"" + K[ (diam(B,))"* + (diam(By))° ]
F a1 <LG\(B, U By]
<
< Y (diam(Fpyp14))° Z diam(B;))"™*, (5:16)

Fpimym1<IG\(BU By U U Bp)]

where Fp;,,., denotes a set in Fp;p,, in each of the above statements. As J' <
Uz, B,, it follows from Lemma 55 that

{FP(‘IL)M+1 : FP(n)M+1 eg;P(n)M+1’FP(n)M+1 < (G\ U Bl)} = Q
i=1
and so, from (5:14) and (5:16) we have
(diam(F))~* < K, Z diam(B,))* ™ < (diam(F))*"*/2

which is a contradiction.
As a was an arbitrary value in (0, s) it follows from Lemma 56 that dim J” = s. As
J” < J(f), this proves Theorem 4.

6. Examples

As mentioned in the introduction, in [10] we studied a family of functions f,
satisfying Theorem 1. To obtain the functions f, we used the function defined by

B(z) = exp (e t)dt,

2777, L t—=z

where L is the boundary of the region

G ={z: Re(z) >0, — < Im(z) < 7}
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described in a clockwise direction, for ze C\@, and by analytic continuation for
ze@. The functions f, were then defined by

Ji(2) = E(z) - K.

For large K we showed that J(f,) € ¢. From the properties of the functions f,
given in [10, section 3], it can easily be seen that, for large K, f,€B and hence
dim J(fy) > 1.

As dim J(f,) is very close to one for large K, it has been suggested that if a function
f could be constructed in such a way that its Julia set, J(f), was contained in a
domain of finite Lebesgue measure then J(f) might be expected to have dimension
equal to one. We construct a family of such functions, F},, which belong to B and
hence satisfy dim J(F},) > 1.

Consider the functions defined by

1 exp (ee')

B(z) =5 = dt,

where L, is the boundary of the region
G,={z=z+iy:x>n,|yl <me™*}

described in a clockwise direction, for ze C\G,. By the residue theorem we see that
E,(z) = E,(z) for each ze C\G, and each n > 1. Thus the functions E,, n > 1, give an
analytic continuation of £, to a transcendental entire function F.

LemMa 6-1. There exists C, > 0 such that |F(z)| < C, for each ze C\G,.
Proof. 1t follows from the residue theorem that, for ze C\G,,
1 exp (eet)
F(z) =— | ———dt.
(%) 2m'JL2 t—z d
Let Fix)={z=x+1iy: 5me /6 < y < me™"},
[z)={z=a+iy: —me™® <y <—5me*/6}.

L[ ey,
Iy(z)

A —
S 27 t—z

as r->00, for i = 1,2, it follows from the residue theorem that, for ze C\@,,

P(z) = 1 exp (e"'t)

=_— dt

2mi )y, t—z 7
where L; is the boundary of

Gy={z=z+w: x> 2yl < 5me*/6}.
It is not difficult to show that there exists C, > 0 such that, for ze C\G,,
1 ¢
2 f ex_l)(f_)dt' <C,/2
L

2m t—z

and so, for ze C\G,|F(2)| < C,/2 < C,.
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We define the functions F), by

F,(2) = F(z)—K.
If K > C, then it follows from Lemma 61 that, for ze C\G,,
F,(2)eB(—K,C,) c{z: Re(z) < 0} =« C\G,
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(6-1)

and so (C\@,) € N(F,). Thus J(F,) = G,. It is not difficult to see that the plane
Lebesgue measure of G, is equal to 27/e <o0. It remains to show that, for large K,

F.eB.

LemMA 6:2. There exists g,(z) such that F{z) = exp (¢%)+g,(z) for each ze G, and

lg,(z)] >0 as z—c0.

Proof. If ze @, and Re(z) < n then

By the residue theorem,

o o
L[ exete )dt-if D) = exp (e
2mi J, t—z 2miJ,, t—z
Let
ywe)={z=a+iy:me* <y < dme*/4},
Vo) ={z=a+1iy: —bme*/d<y< —me T}
et
As if Mdt‘»o
2m )y t—2

as x—>o0, for ¢ = 1,2 it follows from the residue theorem that, for zeG,,

et et
(e, L[ exple)
2m J,, t—z 2mi )y t—z

where L; denotes the boundary of
Go={z=a+twy: x>0,y <5me*/4}.
Combining the results of (6-2), (6:3) and (6-4) we see that, for each ze(G,,
F(z) = exp (e%) +¢,(2),
et
where g,(z) = LJ eimg—)dt.
o

T 2mi t—z

It is not difficult to show that ¢,(z) >0 as z—00 in @;.
Thus, for ze @,
Fi(2) = exp () =K +¢,(2),

where |g,(z)] < C,, and so from Cauchy’s inequalities

Fi(z) = €% exp (e%) +¢,(2),
where [g,(z)] < C,.

(6-4)
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Lemma 6-3. For K > C| we have F,eB.

Proof. The transcendental singularities of F;! are the asymptotic values of F,. The
only finite asymptotic value of exp(e?) in G, is 0 and so from Lemma 61 and Lemma
6-2 we see that, for K > (|, the finite transcendental singularities of F;;! are contained
in B(—K,C,+C,).

The remaining singularities of F/;* are the images of points z such that F,(z) = 0.
If ze G, and Fj(z) = 0 then, from (6-6),

lexp (e"z)l < |ezeez exp (eez)l < C,

and hence, from (6-5), F(z)e B(—K, 2C,). Together with Lemma 6-1 and the results
of the first paragraph this shows that, for K > C,,

S(F,) e B(—K,2C,+C))
and so F,eB.

The author wishes to thank Professor I. N. Baker for helpful discussions about the
methods used in this paper.
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