
Mathematical Proceedings of the Cambridge 
Philosophical Society
http://journals.cambridge.org/PSP

Additional services for Mathematical Proceedings of the 
Cambridge Philosophical Society:

Email alerts: Click here
Subscriptions: Click here
Commercial reprints: Click here
Terms of use : Click here

The Hausdorff dimension of Julia sets of entire functions 
II

Gwyneth M. Stallard

Mathematical Proceedings of the Cambridge Philosophical Society / Volume 119 / Issue 03 / April 1996, pp 
513 ­ 536
DOI: 10.1017/S0305004100074387, Published online: 24 October 2008

Link to this article: http://journals.cambridge.org/abstract_S0305004100074387

How to cite this article:
Gwyneth M. Stallard (1996). The Hausdorff dimension of Julia sets of entire functions II. 
Mathematical Proceedings of the Cambridge Philosophical Society, 119, pp 513­536 doi:10.1017/
S0305004100074387

Request Permissions : Click here

Downloaded from http://journals.cambridge.org/PSP, IP address: 129.49.23.145 on 05 Jan 2013



Math. Proc. Camb. Phil. Soc. (1996), 119, 513 5 1 3

Printed in Great Britain

The Hausdorff dimension of Julia sets of entire functions II

BY GWYNETH M. STALLARD

The Open University, Walton Hall, Milton Keynes, MK1 6AA

{Received 7 March 1994; revised 12 December 1994)

Abstract
Let /be a transcendental entire function such that the finite singularities of/"1 lie

in a bounded set. We show that the Hausdorff dimension of the Julia set of such a
function is strictly greater than one.

1. Introduction

Let / : C->C denote a nonlinear rational or entire function and/" , neN, the nth
iterate of/. The set of normality, N(f), is defined to be the set of points, zeC, such
that the sequence (/") forms a normal family in some neighbourhood of z. I t is easy
to see that N(f) is open and has the property of complete invariance under / , that is
zeN(f) if and only iff(z)eN(f). The complement, J(f), oiN(f) is known as the Julia
set. This set is clearly closed and completely invariant under/. More details of these
and other basic properties of the sets N(f) and </(/) can be found in [7] and [8].

It was shown by Baker [3, corollary to theorem 1] that if / is a transcendental
entire function then J(f) must contain continua and so the Hausdorff dimension of
«/(/), dim J(f), lies in the range 1 ^ dim J( /) ^ 2. In [10] we constructed a family of
transcendental entire functions, fK, which satisfied the following result.

THEOREM 1. Given 8 > 0, there exists K0{S) such that

dim J(fK) <1 + S
for all K ^ Ko.

It remains open whether there exists a transcendental entire function whose Julia
set has dimension equal to one. We put

S(f) = {2: 2 is a finite singularity of/"1},

B = {/: / is transcendental entire and 8(f) is bounded}.

In this paper we study the class B and obtain the following result.

THEOREM 2. If f is a function in B then dim«/(/) > 1.

When J(f) = C the result of Theorem 2 is obvious. iffeB and J(f) 4= C then, in
order to prove Theorem 2, we construct a measure /is on a subset of </(/)• We do this
by taking a point zoeJ(f) and taking sets
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For each zeln we define

d(z) = (l + \zo\
2)/[\(fnY (z)\(i + \z\2)]

and then put

= inf\t: S 2 d(zf <OD\. (1-1)
n- l ze/n

For s < ( ̂  2 we define measures /it by

n - l «e/n n B

for each set J i c C , where ct is chosen so as to ensure that /it{C) = 1. We then take
/is to be a weak limit of the measures /ita,st\s. By choosing the point z0 and the sets
In carefully we can use the properties of the measure fis to prove the following two
results, which together imply Theorem 2.

THEOREM 3. The value s defined by (1-1) lies in the range

1 <ssS 2.

THEOREM 4. The value s defined by (1*1) satisfies

The motivation for looking at measures of this type comes from Sullivan's paper
[11] where similar measures are used to obtain results on the Hausdorff dimension of
Julia sets of rational functions.

In the last section of the paper we give an example of a function in B whose Julia
set lies in a domain of finite Lebesgue measure.

2. Preliminary results

We begin by giving a formal definition of the Hausdorff dimension of a compact
set E. If, for each [i > 0, we put

where the inf is taken over all possible covers of E with sets of diameter rt < e, then
the Hausdorff dimension d of the set E is defined to be the unique value satisfying

foo for ju < d
11 [0 for fi> d.

For more details see, for example, [9, p. 220].
We now give a list of the notation that will be used throughout this paper,

(i) d(z,w) = \z — w\/[(l + \z\2)?(l+\w\2)?],
(ii) B(w,r) = {z:\w-z\<r},

(hi) diam B = sup2 weB \z-w\,
(iv) Diam B = sup2 weBd(z,w),
(v) fx(z) = \f'(z)\(l + \z\2)/(l+\f(zT),
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(vi) C(r) = {z:\z\ = r),

(vii) D(r) = {z:\z\>r}.
The next two results are due to Koebe. The first is known as Koebe's quarter

theorem and the second as Koebe's distortion theorem.

LEMMA 2-1 (See, for example, [5, theorem 2-33]). If f is univalent in B(w,r) then
f(B(w,r))^B(f(w),\f'(w)\r/4).

LEMMA 2-2 (See, for example, [5, p. 32]). / / / is univalent in B(w,r) then, for
0 <s<r,

sup |/'(«1)|/|/'(zs)| «S L(s/r) = [(r + s)/(r-s)f.
z1 z2eB(w, S)

We put L(l/2) = L and apply this result to functions in the class B.

LEMMA 2-3. If S(f) cz B(0, rJ2), \w\ = r ^ r0 and 4\w\/5 < \z\ < 5|w>|/4 and if we take
a branch g off'1 that is defined at w and continue, g analytically along a curve y which
lies within {£:4|w|/5 < \t\ < 5|i#|/4} such that y winds at most once around 0, then

\g'(w)\/L™^\g'(z)\^L™\g'(w)\.

Proof. If z = R exp (i<j>) then the circle C(r) can be covered by the discs Bm =
B(rex-p[i(8m + (f>)],r/4:), m = 0,1,2, . . . ,24 , where dm = 2nm/25. We take a point
224e£24 0 Bo and, for each 0 ^ ra ^ 23, we take a point zmeBm n Bm+1. As r ^ r0,
each branch g of/"1 is univalent in i?(rexp(i(<9m+ $£)),r/2). As zeB0 and weBM for
some 0 ^ M < 24, it follows from Lemma 2-2 that

\g'(z)\ ̂ L\g'(zo)\ ^ L2|j/'(Zl)| ^ ... < LM^\g'{zM)\ ^ LM^\g'{w)\ ^ L"\g'(w)\.

Similarly, we find
\g'(z)\>\g'(w)\/L™.

LEMMA 2-4. If f is a transcendental entire function with S(f) c B(0, ro/2) and
|/(0)| < r0 then, if \f(z)\ > r0, we have

l/'(z)l > 1/(2)1 [log 1/(2)1-Iog(r0)]/[47r|z|].

Proof. In [6, lemma 1], Eremenko and Lyubich show that, if A = C\B(0,r0), G =
f~x(A) and U = \n(G), then there exists a map F such that, for all we U,f(ew) = eF(M)>

and \F'(z)\ ^ [Re(F(z))-log(r0)]/(4n). Lemma 2-4 now follows.

As a direct consequence of this result we have

LEMMA 2-5. / / / is in B then there exists Rx{f) > 0 such that
(i) if\f{z)\>Rl(f) then \f'(z)\ > |/(2)|log|/(2)|/[8rt |z|],

(ii) if \z\ > R.if) then, for each branch g off'1, \g'(z)\ < 8w |y(z)|/[|z|log|z|].

Using Lemma 2-2 together with Lemma 2-5 we are able to prove:

LEMMA 2-6. / / / is in B then there exists R2(f) > R^f) such that, if \f(z)\ > R2(f) for
each 0 < k < n, the branch g of f~n that maps fn(z) to z satisfies:

(i) for each O^k^n-land each K > 4, fg(B{fn(z), \fn(z)\/K))
<= B(f(z), \f(z)\/(4K)),

(ii) g is univalent in B(fn(z), |/"(z)|/4),



516 G W Y N E T H M. STALLARD

(iii) ifweB(fn(z),\fn(z)\/8) then \g'(fn(z))\/L < \g'(v>)\<L\g'(f»(z))\,
(iv) ifweB(fn(z),\fn(z)\/8) then gx(fn(z))/(3L) ^ g*(w) < 3Lg*(fn(z)).

Proof. In what follows we write Rt for R^f) and R2 for R2(f). If 8{f) a B(0,R2/2)
then, for each 1 ^ k ^ n, the branchy of/"1 that maps/*(z) to/*~1(z) is univalent
in B(fk(z), \f(z)\/2) and so, from Lemma 2-2,

gk{B{fk(z), \f(z)\/K)) c B(p-\z),Lg'k(f
k{z)) \fk(z)\/K) (2-1)

for each if ^ 4. As R2^ Rlt it follows from Lemma 2-5 that

If R2 > exp (327TL) then

and so, from (2-1),

This proves part (i).
If S(f) a B{0,R2/2) then gk is univalent in B(fk(z), |/fc(2)|/4) and so, from part (i),

g = g1g2,.-.,gn-1gn is univalent in B(fn(z), |/"(z)|/4). This proves part (ii), and
part (iii) then follows from Lemma 2-2.

If weB(fn(z),\fn(z)\/4) then, from (i), gr(w)6JB(z,|z|/4) and so

[
^ ( }l ^ (W) < [1

Combining this with part (iii) gives, for weB(fn(z), |/n(2)|/8),

25(1+ \fn(z)\*)\g'(fn(z))\L

The next two results were proved by Eremenko and Lyubich[6, pp. 5, 6].

LEMMA 2-7. / / / i s in B then there exists R3(f) ^ R2(f)
 SMC^ that, for each R ^ R3, there

exists an analytic curve T joining a point zR to oo such that \f(z)\ = R for each zeF.

LEMMA 2-8. / / / is in B then «/(/) = T[f), ivhere / ( /) = {z: fn(z) ^oo}.

As a direct consequence of Lemma 2-8 we have:

LEMMA 2-9. / / / is in B then, for each r > 0, there exists a point zeJ(f) 0 D(r) for
which

\fn(z)\>r, for neH.

We now give a couple of results concerning the basic properties of Julia sets. Put

O~(w) = {z:fn(z) = w for some neN),

E(f) = {w: 0~(w) is finite}.
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If/ is nonlinear entire then E(f) contains at most two points [8, p. 338].

LEMMA 2-10 ([8, p. 356]). / / U is compact. U f] E(f) = 0, zeJ(f) and V is an open
neighbourhood of z then there exists Ne N such that, for all n ^ N, we have

fn(V) => U.

As a simple consequence of Lemma 2-10 we have:

LEMMA 2-11. If zeC\E(f) then J(f) c O~(z)'.

Using Lemma 2-10 we are able to prove:

LEMMA 2-12. Iff is in B, zeJ(f) and \fn(z)\ ^ R2 for each ne N then, given K > 0,
there exists neN such that

Proof. Suppose that \{fn)'(z)\ <K\fn{z)\ for each neN. From Lemma 2-6 we know
that the branch g of/"re that maps/"(z) to z is univalent in B(fn(z), |/"(z)|/4) and so,
from Lemma 2-1,

g(B(fn(z), |/"(2)|/4) =. B(z, |/B(z)|/[16|(/»)'(*)|]) => B(z,

As B(fn{z), |/"(z)|/4) fl B(0,R2/2) = 0, it follows that

fn(B(z, 1/(16£))) n B(0,R2/2) = 0

for each neN, which contradicts Lemma 2-10.

We conclude this section with a result concerning the weak convergence of
measures.

LEMMA 2-13 (See, for example, [1, theorem 4-5-1]). Let {/in} be a sequence of finite
measures on the Borel sets of a metric space Q.. If the measures jin converge weakly to a
measure ju, as n->oo then, for every closed set A cz Q,

3. Construction of the measure fis

We take a function feB with J(f) #= C and a value R' satisfying

R'^R3(f), S(f)cB(0,R'/2), log(9i?'/10) > 1600T7-2L26C, (3-1)

where R3(f) is as denned in Lemma 2-7 and C > 480QZA Now take a point
zoe[J(f) n /(/) 0 -D(4ff')]with|/»(zo)| ^ 4#'foreachrceNandfl(z0,|z0|/4) n E(J) = 0.
This is possible by Lemma 2-9. We put

R = \zo\, A=B{zo,R/C), E=B(zo,2R/C).

These definitions remain in force for the whole of Sections 3, 4 and 5.

LEMMA 3-1. There exist weC, r > 0 such that
(i) U = B(w,r)cN{f) 0 A,
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(ii) if, for i = 1, 2, gt is a branch off~n(i) satisfying

fg((U)<=D(R%

for each 0 ^ k ^ n(i). and g1\u 4= g2\v then

gx(U) n g2(U) = 0.

Proof. As J(f) 4= C, there is a component No ofN(f). We claim that there exists an
open set V c N(f) with fn(V) 0 V = 0 for each we N. If /"(iV0) D No = 0 for each
TIE N then we can take F to be any open set iniV0. If No is periodic (i.e.fp(N0) tr JV0 for
some peN) then there are two possibilities (see, for example, [4, theorem 2-2]).

Case / . Iffnp{z)-*• c, for some constant c, as n->oo, for all zeN0, then JV0 contains
a set F of the required form.

Case II. If/np(z)-(»c for all zeN0 then No is a Siegel disc or a Herman ring and so
there exists a component!^ 4=/»-1(iV0) of JV(/) w i t h / ^ ) ciV0. Thus/n(Ar

1) (1 iVt =
0 for each ne N and so we can take V to be any open set in Nv

We now take a point zeV\E(f). It follows from Lemma 2-11 that there exist
we A, n' e N such that fn(w) = z. I t then follows that there exists r > 0 such that
U = B(w, r)cA and fn\U) cz V.

If y-<m+*)([7) of~k(U) =t= 0 for some m, 4eN, then /"'(£/) n fn'+m(U) 4= 0 and
hence F D fm{V) 4=0 which is a contradiction. Thus

f-i*>+»(U) n /-*(£/) = 0
for all k, m e N.

Finally, suppose that, for some neM, there are two branches gx and g2 of/~" such
that

for i = 1, 2, O ^ i ^ n . As £/ = 5(i<;, r) a A we must have r < |w|/4 and so it follows
from Lemma 2-6 part (ii) that g1 and g2 are each univalent in U. Thus

9i\u = ft 11/ o r 9i(U) fl fir2(f/) = 0 .

We put 7»/(r) = max \f{z)\
\z\~r

and define a sequence i?^ by putting

R'1 = 2R', R'n+1=M(R'n)'.

As <S(/) c B(0,R[) and (see, for example, [2, lemma 2])

k-0

it follows that S(fn) c B(O,R'n).
We now define two sequences i?'^, rn by

where i?j is as defined in Lemma 2-5. We also take an analytic curve F joining a point
zR to oo such that \f(z)\ = R = |zo| for each zeT. Such a curve exists by Lemma 2-7.
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LEMMA 32. There exist m,NeN such that:
(i) r n C(rN) #= 0,

(ii) G = {z: 9rK/l0 ^ \z\ < 10^/9} cz D(2R"J,
(iii) there exists a branch g0 of /"* such that

E) czG' = {z: 17^/18 < |z| < 19^/18},

(iv) /or each zeG there exist two distinct points w1,w2eG' such that /m(^i) =
/ m K ) = 2.

Proo/. As z o e^ cz B(zo,R/A) <= C\E()f), it follows from Lemma 2-11 that there
exist two distinct points zlt z2eO~(z0) n A. As zoeJ(f), we must also have zx, z2eJ(f)
and so it follows from Lemma 2-10 that there exist r', m > 0 such that

S{zlt r') n 5(za> / ) = 0, S(zt, r')^A, fm(B(zt, r')) 3 A,

for i = 1, 2.
As zoel(f), there exists iVe N such that

rN = \fN(*0)\ > max{20B"m,\zR\},

and so these values of N, m satisfy (i) and (ii).
We now take a point z'eTfl G(rN) so that w' =f(z')eC(R). If we take C(R) to be

the shortest segment of C(R) joining w' to z0 and g0 to be the branch of/"1 that maps
w' to z' then we can continue g0 univalently along C(B) to E and so, from Lemma 2-3,
for weC(R) \J E we have

As each wsE can be joined to w' by a curve of length less than 2TTR which lies in
C(R) U E, we have, for weE,

\go(w)-z'\<2nRL™\g'o(w')\.

As \w'\ = R > Rx{f), it follows from Lemma 2-5 that

\g'0(w')\ < 87r\g0(w')\/[\w'\log\w'\] = 8n\z'\/(RlogR) = 8nrN/(RlogR)

and so, as R > R', it follows from (3-l) that, for each weE,

\go{w)-z'\ < l6n2RL2<irN/(RlogR) < r^/36. (3-2)

Thus w0 = go(zo)ego(E) cz B(z',rN/36) <=. G' which proves (iii).
We now take gt to be the branch of f~m that maps A univalently into B(zt, r') cr A

and put h( = gogtf, for i = 1, 2. It follows from (3-2) that ht is a branch of f'm

satisfying
ht(w0)eg0(A)^B(z',rN/3Q) (3-3)

for i= 1,2.
If zeG then there exists a simple curve C cz G of length less than 2nrN which joins

w0 = go(zo) to z. For each weCvve have

4|«;0|/5 < (9/10)2KI < M < (10/9)2KI < 5KI/4.

As |to0| > 2R"m > R^f"1) and S(fm) cz B(0,R'm) a B(0,R'^), it follows from Lemma 2-3
and Lemma 2-5 that we can continue ht univalently along C and, for each wsC,
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As ht(w0), woeG and rN ^ R' it follows from (3-1) that

\ht(z)-ht(w0)\ *S l67T2L*erN[10rN/9]/[(9rN/10)log(9rN/10)] <

Together with (3-3) this shows that

ht(z)eB(z',rN/18) c G '

for i = 1,2. k$,fmht(z) = z, this proves (iv).
We now put

ln = {g(zo)
eA U G: g is a branch of/~n with f°g(E) <=D(R') for each 0 < k ^ n}

and 7= U4-
n=l

LEMMA 3-3. (i) / / \fmk(z)\ ^ R'm for each O^k^n then \f(z)\ ^ 2R' for each 0
k ^ nm;

(ii) // , in addition, zeA U 0 and fnm+1(z) = z0 then zelnm+1.

Proof, (i) If, for some 0 < & < n, 0 <p < TO, we have \fmk+p{z)\ < 2R' then
|/m(fc+1)(z)| < max|M|,2Ji. \f

m~p(w)\ s? R'm.p+1 ^ R'm, which is a contradiction. As R'm >
2R', we have

\f(z)\ ^ 2R'
for 0 ^ k ^ nm.

(ii) If/nm+1(z) = z0 then, taking g to be the branch of/-
(nm+1) that maps z0 to z and

noting that
E c B(z0, |zo|/4), |/*(z)| ^ 27?' ^ 2J2(/)

for 0 ^ A; ^ nm + 1 , it follows from Lemma 2-6 part (i) that

fg(E) a B(fg(z0), |/^(zo)|/16) = B(f(z), |/ft(z)|/16) c D(R)

and hence zelnm+1 as claimed.

LEMMA 3-4. For each n, ke N, ln 0 In+k = 0.

Proof. If, for some zeC, n,keN, we have zeln 0 In+k then

/"(z)=/n +*(z) = z0

and hence

which implies that/pfc(z0) = z0 for each peN. This contradicts the fact that/p(z) ->oo
as p-^-oo.

For each zeln we put

d(z)= l
x .

I t follows from Lemma 3-4 that d(z) is a single-valued function. We then take s to be
the value denned by

s = inf{<: 2d(z) ' <oo}. (3-4)

LEMMA 3-5. The value s defined by (3-4) satisfies 0 < s ^ 2.
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Proof. Take a set U which satisfies the conditions of Lemma 3-l. If zeln, for some
ne N, then z = g(z0) for some branch g off~n. We put

U(z) = g(U).

As R' ^ R2(f)
 an<i U c E c B(zQ, |zo|/8), it follows from part (iv) of Lemma 2-6 that

Diam(£/(z)) ^ 3L(/x(z0)Diam(C/) = 3Ld(z)Diam(t/)

and so there exists K> 0 such that, for each zel, the spherical area of U(z) is at most
K(d(z)f.

If z1,z2el and zx #= z2, then it follows from Lemma 3-1 that U(zl) n U(z2) = 0.
As the area of the sphere is finite it follows that

<00
zel

and so s ^ 2.

From Lemma 3-2 part (iii) we know that there exists w0 e G' with/(w0) = z0. We put

Jn = {z: fmn(z) = wo,f
mr(z)eG' for 0 ̂  r < n}.

As G' c D(R"m) a D{R'm), it follows from Lemma 3-3 that Jn cz Imn+1. If we take

K > max {1, sup (/m)x(z)}
zeG'

and put K'=f*(w0)

then, for zeJn, we have

1 1 "r? 1

From Lemma 3-2 part (iv) we know that </n contains at least 2™ points and so

( ^ S 2 d(2)* > S S d(z)« > S 2n/(K'Kn)K
zel n-OzeImn+l n-OzeJn n-0

If < ^ Iog2/logif then 2 ̂  X' and so SZ6/d(z)' = oo. As if > 1, it follows that

s^log2/log/f > 0 .

For 0 < < ^ 2, < #= s, we define functions fit such that

ze/dB

for each set £ cr C. If t < s we put ct = 1 and if < > s we take c( to be the value which
gives /it(C) = 1. Clearly, for t > s, fit is a measure which is supported on A U 0. We
now take a weak limit of the measures /it as < \ s to give a measure /^ which will be
supported on A \J G with ytts(Ĵ  U (?) = 1.

We conclude this section with some results which will be useful for the proofs of
Theorems 3 and 4.

LEMMA 3-6. (i) There exists e > 0 such that, for 0 < t < 2, fit(A) > e/it(G),
(ii) /or « < « < 2, /t t(jj S= e/(
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Proof. We claim that, for each zeG, there exists weA such that z =fN(w) and
\fp(w)\ ^ 2R' for each 0 ^ p ^N. Let g be the branch of/"1 that maps fN(z0) to
fN1(zo) a n ( i continue g* univalently to z 6 G along a simple curve C lying in (? of length
less than 2nrN. From Lemma 3-2 part (ii) we know that G <= D(2R"m) czD(2R'). As
S(f) <= B(0,R'/2) andR' ^ R^f), it follows from Lemma 2-3 and Lemma 2-5 that, for
each weC,

and so, as log rN > log22' > 16n2L26C,

(3-5)

As \fp(z0)\ 5= 4K' ^ J?2(/) for 0 sj p < iV-1, it follows from Lemma 2-6 that, taking h
to be the branch of/"^"1' that maps fN~1{z0) to z0,

f*h(B(fN-i(z0), rN_JC) e £(/*(*„), V O c B(f»(z0), rp/4) (3-6)

for 0 ^ p <iV—1.
From (3-5) together with (3-6) in the casep = 0 we see that there exists we A with

fN(w) = z. As |/p(z0)| ^ 4R' we see from (3-6) that \fp(w)\ > 2R' for 0 «S p ^ iV-1 . As
fN(w) = zeG c D(2R') our claim is proved.

Now suppose that ze / B n 6r for some neN. Take we A such that/iV(w) = 2 and
\fp(w)\ >2R' iorO^p^N and let g be the branch of /-<"+iV> that maps z0 to w. As
zeln we know that

z0) sfN+kg(E) cr D(i?') (3-7)

for 0 ^ A; =% n and so, as E a B(z0, |zo|/4), it follows from Lemma 2-6 that

fNg(E) c B(fNg(z0), |/^(zo)|/4) = B(fN(w), 1/

As \fp(w)\ > 2R' for 0 ^ p ^N, it follows from Lemma 2-6 that

f»g(E) <= B(p(w), \fp(w)\/4) cz D(R')

for 0 ^ p < N. Together with (3-7) this shows that weIn+N.
Clearly

d(w) = d(z)/(fN)*(w)
and so, taking

iC = max{l,sup(/iV)x(M;)},
weA

we have, for 0 < t ^ 2, t =j= s,

we/ n /i
fN(w)eI n G

ze/nG

This proves part (i) for £ =t= s.
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If 2 > t> s then

and so, from (i),
= fit{A) (e + l)/e.

This proves part (ii) for t > s. It now follows from Lemma 2-13 that the results must
also be true for t = s.

LEMMA 3*7. There exist K1 = Kx(f) > 0, K2 — K2(f) > 1 such that, for each neN and
each zeln,

d(z) < KJ(K2)
n.

Proof. If zeln then |/fc(z)| ^ R' ^ Rx(f), for 0 ^ k ^ n, and so, from Lemma 2-5,

= ( /T( 2 ) = TT17^l(rr(2) l

8TT

As In <=• 6? U A we must have |z| > i?/2 and so, as logi?' > 877, the result follows.

LEMMA 3-8. Given K > 0, 0 < a < s, there exist infinitely many values of neN for
which

zeln n A

Proof. We note that

zel n A zel n G zsl

From Lemma 3-6 we know that

and so we must have
,, ( A\ V V1 tH-,\s-°-l1 rr\ l'i.Q\
[A>g—al1\ I — £j ' ' ^V / — (-*-). \O of

n-1 zeln n A
If there are only finitely many neN for which

ze/n n A

then there must exist K' ^ K such that

zeln n A

for each weN. It follows from Lemma 3'7 that, for each neN,

V rll7\s~a/2 < <*nr> rll7\al2 V rl(?\s~a <? K'\K UK \n~\a

ze/n n A zeln n A zeln n A
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where K1 > 0, K2 > 1, and so

2 £

which contradicts (3-8).
We put

J < = {g(A):g is a branch of/~n with g(zo)eln},

Sn = {g(E): g is a branch of/~n with gr(z0) e/ra}.

LEMMA 3-9. There exists n0 e N such that

for each An e s/n, En e Sn, with n ̂  n0.

Proof. Let g denote the branch of/~" which maps E to En and A to An. As
gr(20) = zeln we have

IA(20)l>«'
for 0 ̂  k ̂  n and so, from Lemma 2-6,

Diam(^4n) < D i a m ^ J < sup<7x(z)Diam(2?)
zeE

^ 3Lgx(z0)T>i&m{E) = 3Ld(z')Dia,m(E).

From Lemma 3-7 we have
d(z')<KJ(K2r

and so Diam(^n) < Diam(jS?B) < S L ^ D i a m ^ ) / ^ ) " . (3-9)

As En n /„ + 0 a n d / n c i U ( ? c { z : \z\ ̂  10rN/9} we see from (3-9) that, for
large n,

Enc{z;\z\^nrN/9)

and hence, for these values of n, there exists K > 0 such that

diam(4n) < diam(Sn) <KT)\a,m{En) < •ZKLK1T>ia,m(E)/{K2)
n

and, as K2 > 1, the result follows.

LEMMA 3-10. There exists Kz > 0 such that, for each Anes/n with n ̂  n0,

Proof. If Ansjrfn then, for each zelp 0 A, there exists weAn such that/"(w) = z.
We claim that weln+p. If h denotes the branch of f~p that maps z0 to zeA and g
denotes the branch of/"" that maps z0 to z' eAn, then grA is the branch of/~<n+p) that
maps z0 to z<;. As

fn+lcgh(z0) efn+kgh(E) = fkh(E) <r D(R') (3-10)

for 0 ^ k ̂  p and as ze^4, it follows from Lemma 2-6 that

f"gh(E) = h(E) cz B(h(zo),2\h(zJ/(4C)) = B(z, \z\/(2C)) a E.

As g(z0) eln it follows that, for 0 < k ̂  n,
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Together with (3-10) this shows that weln+p.

As f"(An) =Acz B(z0, |zo|/8) and g(z0) = z' eln, it follows from Lemma 2-6 that, for
each weAn,

and so Diam(^4) ^ (/re)x(z')Diam(^n)/(3L). (3-12)

If weAn and/"(w) = zel then, from (3-11) and (3-12),

d(w) = d(z)/(fn)x(w) ^ d(z)/[3L(fn)*{z')] ^ d(z)Diam(vlJ/[9i/!Diam(.4)]

and so, for t > s,

^« S ^ ^ L v m l i u ^ ' S d{z)t

fn(w)el n 4̂

From Lemma 3-6 we have

/it(An) > (Diam(^n))(e/[(9L2Diam(^))((l+e)]. (3-13)

If n ^ n0 then, from Lemma 3-9, diam(^n) < 1. As An (] In 4= 0 and / n c i U G, it
follows that, for some K' > 0, we have

and so, taking the limit of (3-13) as < \ s , we see from Lemma 2-13 that

4. Proof of Theorem 3

Recall that F is an analytic curve joining a point zR to oo and that |/(z)| = R for
each zeT.

LEMMA 4-1. For each r > 0, the length of Y D 5(0, r) is finite.

Proof. It is clear that there are only a finite number of branches qx,g%,... ,gn of/"1

satisfying gt(z0) eB(0,2r). We cut C(R) at z0 and, for 1 ^ i ^ n, continue gi univalently
in an anticlockwise direction around the cut curve C(R). The length of U"_1gr4(C(iJ))
is clearly finite.

Now suppose that zeF 0 B(0,r). There exists w'eC(R) and a branch g of/"1 such
that z = g(w'). We continue g analytically in a clockwise direction from w' along C(R)
to z0. As R ^ 4fi' ^Rx(f) and S(f) <=B(0,R'/2), it follows from Lemma 2-3 and
Lemma 2-5 that, for each point w on this segment of C(R),

and so, as logi? > logR' > l6n2L2<i,
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As z = g(w')eB(O,r), it follows that g(zo)eB(0,2r) and hence g = gt for some
1 ^i ^ n. Thus

TO B(0,r) c \J gt(C(R))

and hence has finite length.

We take ra, N to be values which satisfy Lemma 3-2.

LEMMA 4-2. For each ne N U {0} <Aere exist 2n curves yn t, 1 ^ i ^ 2", eacA of which
joins C(19rN/l8) to oo emd Kes m -©(Hr^/lS) with

(i) 7 o , i c r .
(ii) /or each 0 ^

n~rfor some 1 ^ j ^ 2n

(iii) yB,i n ynj=0> *fi*j-
Proof. We begin by considering the case n = 0. From Lemma 3-2 part (i) we have

F D C(rN) =#0 and so F joins C(19rJV/18) to oo. If there does not exist a segment
y O i l c r n N(19rN/18) joining C(19rN/18) to oo then the length of

F 0 {z: nrN/\8 ^ \z\ ^ 19^/18}

must be infinite which contradicts Lemma 4-1.
We now assume that the result is true for n—1 and, for some 1 ^ i ^ 2""1, consider

the curve yn-lti. We take z'eC(19rN/18) and note from Lemma 3-2 part (iv) that
there exist two points w1, w2eG' such that/m(M>1) =fm(w2) = z'. Let hk denote the
branch off~m that maps z to wk. As we know from Lemma 3-2 part (ii) that

S(fm) cz B(0,R'J c B(0,R"m) c B(0,9rN/10)

we can continue hk univalently along yn-lit. As wxeG', the curve Fn>2i = A1(yn_1 t)
must join (7(19^/18) to oo. If Fn 24 does not contain a curve yni2j c:Z)( 17^/18)
which joins (7(19^/18) to oo then the length of

rn2( n{z:17rw/18< |z| < 19^/18}

must be infinite. As /nm(Fn?2i) c: yOjl c F, it follows that the length of F n -6(0, r),
where

r = sup \fnm(z)\,
|z|<19r AT/18

is infinite, which contradicts Lemma 4*1. In the same way we can show that Fn 2i_1 =
h2(yn_lit) contains a curve yn%U-\ <= N{17rN/18) which joins C(19rN/18) to oo.

Recall that, for each neN,

< = {g(A): g is a branch of/"" with gr(zo)e/n}.

For each neN, 1 ^ t ^ 2n, we put

#„.< = { ^ ) : 17 i s a b r a n c h Of/-(nm+1> With J7(

LEMMA 4-3. For each reeN, 1 ^ i ^ 2", Fn t a Imn+1 and hence Hn t c s?mn+1.
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Proof. If zeFn t then, from Lemma 4-2 and Lemma 32, for 0 ̂  r < n there exists

1 ^ j ^ 2 n ~ r such that

rm(z)eyn_rJ <=D{nrN/l8) <zD{R"m) <=D(R'm)

and so, from Lemma 33, zelmn+1.

LEMMA 4-4. There exists K4 > 0 such that, for each nsH, 1 < i ^ 2",

Proof. From Lemma 4-2 we know that, for each neN, 1 ̂  i ^ 2", yn 4

contains a segment y^ t joining C(l9rN/18) to (7(39^/36) such that

y'nA cz {z: 17rN/18 < \z\ ̂  39^/36}.

We take a point zey'ni and let h denote the branch of/"1 that maps w'eC(R) to
fmn(z). We cut C(-R) at —z0 and continue A univalently to the whole of the cut curve
G(R) and to A. If — z0 = R exp(t^) then we define h( — z0) by

h(-z0) = limh(Rexp(id)).

It follows from Lemma 2-3 that, for each wsC(R) U A,

\h'(w)\^L™\h'(w')\
and hence

h(C(R) \jA)c B{h(w'), 2nRL26 \h'(w')\). (4-1)

From Lemma 2-5 we have
., , . ,.. 8n\h(w')

\w'\\o%\w'\

and so, as logi? > logiT > 1600T72L26,

2nRL2<i \h'{w')\ < lQn2L26 \h(w')\/logR < |A(w')|/100 < \h(w')\/8. (4-2)

As zeyn t we know that, for 0 ̂  p < n,

for some 1 ̂  ji ̂  2n~p, and so it follows from Lemma 3-3 that

l/p(z)l > R' (4-3)

for 0 ̂  p < mn+ 1. Thus, from Lemma 2-6, the branch H oif~mn that maps h(w') to
2 is univalent in B(h(w'), \h(w')\/4). It follows from Lemma 2-2, (4-1) and (4-2) that

g(C(R)) = Hh(C(R)) cz B(z, 2nRL2" \g'(w')\) (4-4)

and, from Lemma 2-6, (4-1), (4-2) and (4-3), that

g(C(R))czB(z,\z\/iOO)czG. (4-5)

Also, from (4-3) and Lemma 2-6, we know that g is univalent in A and hence, from
Lemma 2-1, (4-1) and (4-2),

g(A) => B(g(z0), \g'(zo)\R/(4C)) => B(g(z0), \g'(w')\R/(±CL21)). (4-6)
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We now take a collection Gn t of disjoint curves yk such that yk c yn t, yk ft y'n { 4= 0,
j-mn+i m a p S yk univalently onto C(R) and

U 7k^7n,i- (4-7)

From (4-5) we know that yk cz G and so, if yk = gk(C(R)), then gk(A)sHn t. From
(4-4), (4-6) and (4-7) we see that

Ss 2 diam(^(^))

We are now in a position to prove Theorem 3. IfAmn+1 = g(A)estfnm+1, then it follows
from Lemma 2-6 that g is univalent in E and so all the closures of the sets in Uf^ Hn t

are disjoint. It therefore follows from Lemma 3-10 that, for each neM with n ^ n0,

2n 2n

If n ^ n0 then it follows from Lemma 3-9 that, for 1 < i ^ 2" and each Amn+1eHnj,
diam(^mn+1) < 1 and so, if s ^ 1, it follows from (4-8) that

2" 2"

2 2 diam(^4mn+1) ^ 2 2 diam(^mra+1)s ^ K3. (4-9)

Finally, it follows from Lemma 4-4 that, for each neN,

2"

^ 2"^4. (4-10)

Combining (4-9) and (4-10) we see that, for n ^ n0,

As there are arbitrarily large values of n e N satisfying n ^ n0 this is clearly a
contradiction and so we must have s > 1 as claimed.

5. Proof of Theorem 4

We take a value ae (0, s) and recall that

8n = {g{E): g is a branch of f~n with g(zo)eln}.

LEMMA 5-1. There exists M > 0
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Proof. Take a value n ^ n0 and a set En = g(E)eSn with g(zo)eA. We know

from Lemma 3-9 that dia,m{En) < 1 and hence En cz E. As g(zo)eln, we know that
\frg{z0)\ ^ R' ^ i?2(/), for 0 ̂  r < n and so, from Lemma 2-6,

As En cz E it follows that there exists K > 1 such that

d i a m ^ J ^ ^x(z0)diam(£r)/(3L^') = d(z)diam(E)/(3LK),

where z = g(zo)eln. Thus, for n ^ n0,

d(z)s-a. (5-1)

EnczE

From Lemma 3-8 we know that there exists M ^ n0 such that

2 d(zf-a > (3L3iC)5-0. (5-2)
zeA n / M

Combining (5-l) with (5-2) we see that

We now put

^ = {g(EM): EMeSM,EM a E, g is a branch of/"" with 6r(zo)e/B}.

LEMMA 5-2. TA.ere exists a set Fe&\ with F a G.

Proof. From Lemma 3-2 part (iii) we know that there exists a branch g of/"1

with g(E) c G' cz G. Clearly giz^el^ and so, for each EMeSM with EM cz E, we have
and g(EM)

LEMMA 5-3. If Fne£Fn and Fn cz G for some neN then

Proo/. Take a set i^ = g(E'M)e^n and a set EMsSM such that JSJM CZ S. Taking h
to be the branch off~M that maps 2£ to E'M, we note that

= sr (^) =Fn<=G. (5-3)

As h(zo)eIM we see that, for 0 < & ̂ if ,

As g(zo)eln we see that, for 0 < fc < w,

/ V W =/V(^M) czfg(E)czD(R').

Thus, for 0 ^ &
fgh(E)czD(R'). (5-4)
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From (5-3) we know that gh(zo)egh(E) c G and so, together with (54), we see that
gh(zo)eIn+M and hence gh(EM)e^n+M.

As ZOEE, it follows from (5-4) together with Lemma 2-6 that

dia,m(Fn) = diam^^E^)) = di&m(gh(E)) < L\(gh)'(zo)\ dia,m(E)

and, as EM cz E,
diam(gh(EM)) > \{gh)'(zo)\dmm(EM)/L.

Together with Lemma 5-1 this gives

2 (diam(Fn+M))'-a > S (diam(gh(EM)ra

EMeSM
EMtzE

> (\(gh)'(zo)\/Ly-a S

We are now in a position to prove one of the two main results of this section. We put

J' = {z: z e J(f) PI 6, \fn(z)\ ^ R' for each n e N).

LEMMA 5-4. There exists r0 > 0, Ki > 0 such that, if r < r0 and zeJ', there exists
PeN for which

S (dienn(FPM+1)r
a < K5(dienn(B(z, r))'-".

Proof. We take r > 0 and zeJ'. Let q be the smallest value of ne N for which

\(fn)'(z)\r > |/"(z)|/50 (5-5)

and take P to be the integer satisfying

q-M^PM+l <q. (5-6)

Note that the existence of q follows from Lemma 2-12. As \fq{z)\ ^ R', it follows from
(5-5) that \{J")'{z)\r >R'/50. If

r < r0 = ini{R'/(50 \f'(z)\),R'/(501 {f)'(z)\),... ,S'/(50 \ (f
zeG

then we must have q > M + 1 and hence P ^ 1.
For each EM e SM with EM c f i w e put

H(EM) = {FPM+1:FPM+1etFPM+1J
PM+\FPM+1) = EM,FPM+1 n B(z,r) + 0 } .

We note from (5-6) that 0 ^ q — 2—PM ^M— 1 and consider two separate cases.

Case I.
f«-*-pM(EM)(\f*-\B(z,r))=0

for some EM e S^ satisfying EM <= E.
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Suppose that there exists a set FPM+l e^PM+1 with fPM+l(FPM+1) = EM such

that FPM+1 0 B(z,r) * 0 . Then fq-x{FPM+1) [\ f^\B(z,r)) + 0 . But f-\FPM+1) =
f~2~PM(EM) and so we have a contradiction. Thus

S (diam(#PM+1)r° = 0.

Case / / .

for some EM e SM satisfying EM cz E.
We begin by showing that

2-pM(#M)) < diam(/«-1(JB(z, r))). (5-7)

Let g denote the branch oif~M that maps E to EM. As g(zo)eIM we know that

\f»g{zo)\ ^ R' > R2(f), (5-8)

for 0 ^ p ^ M. As 0 < q-1 - P M ^ itf, it follows from Lemma 26 that

). (5-9)

Let h denote the branch of/"1 that maps/«-1-pM(20) to/9-2-pikf(20). From (5-8) we
have \fq^~PMg{z0)\ > i?' and so h is univalent in£(/«-1-pMg(20), |/8-1-pM^(z0)|/(200i)).
It follows from (5-9) and Lemma 2-1 that

h(B(f°-l-pMg(z0),\f'
l-1-pMg(z0)\/(200L)))

^™g(z0),R \(f«-*-pMg)'(z0)\/(800L*)). (5-10)

As 0 s£ q-2-PM <M and C > 4800L3, it follows from Lemma 2-6 and (5-8) that

f"-2~PM(EM) =f*-*-™g(E) =f>-2-pMg(B(z0!2R/C))

c B{f9-2-pMg(Zo)> 2RL \(f«-2-pMg)'(z0)\/C)

Thus, if diam(/«-1(.6(2,r)) ^ diam(/«-2-/>M(^Af)), we have

and hence, from (5-10),

/«(5(2, r))
Thus

/«(£(*, r))

As |/p(z)| ^ E' ^ R2(f) for 0 ^ p < q, it follows from Lemma 2-6 that

B(z,r)^B(z,\f*(z)\/(50\(P)'(z)\))

and so \{fq)'{z)\ r ^ |/9(z)|/50 which contradicts (5-5). Thus (5-7) must indeed be true.
As \fp(z)\ ^ R' for 0 ^ p ^ g - 1 and

(5-11)
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it follows from Lemma 26 that the branch \ of/"'9"1' that maps f9~1(z) to z is
univalent \nB{fq-1(z),4:\{f'1)'{z)\r) and so, from Lemma 21 ,

1)'(z)| f). (5-12)

I t follows from (5-7) and (5-11) that

fq-2-pM{EM) cz B(f^(z), 12 K/*-1)'^)! r) <= ^ ( / ^ ( z ) , l /9"1^)!/^

and so, as \fq~l(z)\ ^ R', it follows from Lemma 2-6, (5-7) and (5-12) that

< (Ldiam(/«-1(5(z,

^ (4L)5"a(diam(JB(2, r)))5"a < 16L2(diam(J8(2, r)))s'a.

As there are only a finite number of sets EM 6 SM with £"M c £, combining the
results of Case I and Case II gives the desired result.

LEMMA 5-5. // , for some neH, Fne^n andFn <r G then Fn 0 J' =¥0-

Proof. Take a set Fn e &n with Fn<=G and the set EM =fn{Fn)eSM with EM <= E.
Let w' denote the point in IM D EM and z denote the point in Fn which satisfies
fn(z') = w'. As zoeJ(f) and |/p(z0)| ^ R' for each pe N, it follows that z'eJ(f) and

\ = \fp(z0)\>R', (5-13)
for each y e N .

Let h denote the branch oif~M that maps E to EM and <jr denote the branch of/""
that maps i?M to Fn. Then

for 0 =g p ^ M, and

p(z')eP(Fn) =pg(EM) <zf*g(E) <

for 0 < 2? ^ n- Together with (5-13) this shows that \fv(z')\ ^ R' for each p e N and so
z'eFn n «/'.

We are now in a position to prove the other main result of this section.

LEMMA 56. dim J ' ^ s — a.

Proof. Take a set-FeJ^ such that.?1 a G. The existence of such a set follows from
Lemma 5-2. If d i m / ' < s — a then there exists a cover of J' with sets Bi = B(zi,ri),
iel, such that, for each iel, we have zieJ', ri < r0 and

2 (diam(^))s-° < (diam(i^))s"a/(2if5). (5-14)
is/

From Lemma 5-4 we know that, for each iel, there exists P(i)eN such that

2 (dia,m{FPmM+1)y-*<Ki(diam(Bt))*-. (5-15)
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As J' is compact we can cover J' with a finite number of the sets Bt. We label these

sets B1,B2,... ,Bn in such a way that P(i) < P(i+1), for 1 ̂  i ^ n. I t follows from
Lemma 5-3 and (5-15) that

)ra

(diam(J'p(a)M+1)r-+ir6(diam(jB1))-«

(diam(i^(2)M+1)r«

(diam(FP(1)M+1)r«+i[:BS(diam(jBJ)ro
I (5-16)

n ^PmM+1

^.jjBj, it follows from Lemma 5-5 that
where FP(i)M+1 denotes a set in ^PmM+1 in each of the above statements. As J' c
U

i-1

and so, from (5-14) and (5-16) we have

which is a contradiction.
As a was an arbitrary value in (0, s) it follows from Lemma 5-6 that dim J' ^ s. As

J' c «/(/), this proves Theorem 4.

6. Examples

As mentioned in the introduction, in [10] we studied a family of functions fk

satisfying Theorem 1. To obtain the functions fk we used the function denned by

E{z)=±-\ ^LLdt,
2m J L t — z

where L is the boundary of the region

G = {z: Re(z) > 0, -n < Im(z)
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described in a clockwise direction, for zeC\G, and by analytic continuation for
zeG. The functions fk were then denned by

fk(z)=E(z)-K.

For large K we showed that J(fk) c G. From the properties of the functions fk

given in [10, section 3], it can easily be seen that, for large K, fkeB and hence
d i m J ( / f c ) > l .

As dim J(fk) is very close to one for large K, it has been suggested that if a function
/ could be constructed in such a way that its Julia set, J(f), was contained in a
domain of finite Lebesgue measure then J(f) might be expected to have dimension
equal to one. We construct a family of such functions, Fk, which belong to B and
hence satisfy dim J(Fk) > 1.

Consider the functions denned by

t-z
- " r t

where Ln is the boundary of the region

Gn = {z = x + iy: x > n,\y\ <n e~x)

described in a clockwise direction, for zeC\Gn. By the residue theorem we see that
En(z) — E^z) for each zsC\G1 and each n > 1. Thus the functions En, n > 1, give an
analytic continuation of E1 to a transcendental entire function F.

L E M M A 6-1. There exists C1> 0 such that \F(z)\ < Cl for each z<

Proof. I t follows from the residue theorem that, for zeC\G1,

Let

As

= _L f exP(
2m], t-

r^o;) = {z = x + iy: 57re"x/6 < y < ire'*},

F2(x) = {z = x + iy: —ne~x < y ^ — 5ne~x/6}.

2™Jr(<*>

exp (ee')
At -0

as x->oD, for i = 1,2, it follows from the residue theorem that , for zeC\Ox,

1
t-z

where L'2 is the boundary of

G'2 = {z = x + iy: x > 2,\y\ < 5n e~x/&}.

I t is no t difficult to show tha t there exists C1 > 0 such that , for zeC\Gl7

1
-dt

t — z
<CJ2

and so, for zeC\G1: \F(z)\ ^ C,/2 < Cr
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We define the functions Fk by

Fk(z)=F{z)-K.

If K > Cj then it follows from Lemma 6-l that, for zeC\G1,

Fk(z)eB{-K,CJ c {z: Re(z) < 0} c C\£x (6-1)

and so (C\GX) c JV(^.). Thus J{Fk) c G^ I t is not difficult to see that the plane
Lebesgue measure of G1 is equal to 2n/e < oo. It remains to show that, for large K,
FkeB.

LEMMA 6-2. There exists g^z) such that F(z) = eap(eeZ)+g1(z) for each zeGx and
1^(2)1^0 as z-»oo.

Proof. If z e 6?! and Re{z) < n then

By the residue theorem,

1 f exp (ee<) 1 f exp (ee') *
— ,^ ^ - ^ - ^ f dt = exp(ee). (6-3
Z7TI I f £ — 2 Z7U I r t — Z

Let
y^x) = {z = x + iy: ne~x ^ y < 57re"x/4},

72(a;) = {2 = x + iy: —5ne~x/4: ^y ^ —ne~x).

As

as x^-00, for i = 1,2 it follows from the residue theorem that, for zeGv

_L f ^ E i ^ = _L f ^Pi^l^ , (6.4)
2ni)Lo t-z 2m) ̂  t-z

where L'o denotes the boundary of

G'o = {z = x + iy: x > 0, \y\ < 5n e"z/4}.

Combining the results of (6-2), (6-3) and (6-4) we see that, for each

I
where gl{z) = _

It is not difficult to show that g1(z)^-0 as 2-^00 in G .̂
Thus, for zeGj,

Z 2), (6-5)

where Isr1(2)| < C2, and so from Cauchy's inequalities

^(2) = eVzexp(eeZ) + ̂ 2(2), (6-6)
where \g2{z)\ < C2.
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LEMMA 6-3. For K > C\ we have FkeB.

Proof. The transcendental singularities of F~j^ are the asymptotic values of Fk. The
only finite asymptotic value of exp(e^) in G1 is 0 and so from Lemma 6-1 and Lemma
6-2 we see that, for K > C\, the finite transcendental singularities off ^ are contained

The remaining singularities of F^1 are the images of points z such that F'k(z) = 0.
If zeGx and F'k(z) = 0 then, from (6-6),

|exp(ee2)| <|eJeeZexp(ee2)| < C2

and hence, from (6-5), Flc(z)sB(— K,2C2). Together with Lemma 6-1 and the results
of the first paragraph this shows that, for K > Cx,

and so FkeB.

The author wishes to thank Professor I. N. Baker for helpful discussions about the
methods used in this paper.
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