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ABSTRACT

It is known that, for a transcendental entire function f, the Hausdorff dimension of J(f) satisfies 1 <
dim J(f) < 2. Foreach de(l,2), an example of a transcendental entire function fwith dim J(f) = dis given.
It is then indicated how this function can be modified to produce a transcendental meromorphic function
F with one pole with dim J(F) = d. These appear to be the first examples of Julia sets with non-integer
dimensions whose dimensions have been calculated exactly.

1. Introduction

Let /' be a transcendental meromorphic function and denote by f”,neN, the nth
iterate of f. The set of normality N(f) is defined to be the set of points ze C such
that (f"),.x 1S well-defined and meromorphic, and forms a normal family in some
neighbourhood of z. The complement, J(f), of N(f) is called the Julia set of f. An
introduction to the properties of these sets can be found in, for example, [2].

It was shown by Baker [1, Corollary to Theorem 1] that, if f'is a transcendental
entire function, then J( /) must contain continua and so the Hausdorff dimension of
J(f) satisfies 1 < dimJ(f) < 2. McMullen [5] gave several examples of transcendental
entire functions whose Julia sets have Hausdorff dimension equal to 2. In this
paper we prove the following result.

THEOREM 1.1.  For each de(1,2), there exists a transcendental entire function f
with dim J(f) = d.

To do this we consider the family of functions defined by

1 (ogt)!*?
E (2) = —f exp(e™” ) )dt, 0<p< o0,
2ni L, t—z

where L, is the boundary of the region

™ s 3}
(1+p)(logx)?” ™~
described in a clockwise direction, for ze C\G,, and by analytic continuation for
zeG,. We then define f, ,(z) = E,(z)— K. Here (log#)"*? and (logx)” are taken to
be the values which are real for ¢ > e.

In [6] we proved the following result.

Gp={z=x+iy:|y| <

THEOREM 1.2.  There exists a positive real-valued increasing function S defined on
(1, 00) such that

(1) if p=2 and K> S(p), then dimJ(f, ) < 1+2/p;

(2) if 0 <p<iand K> S(1/p), then dimJ(f, ) = 2—p.
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In this paper we prove the following improvement to Theorem 1.2.

THEOREM 1.3.  For each pe(0,0), there exists C(p) > 0 such that, for each
K> C(p).

. 1
dimJ(f, x) = 1+m.

Since lim,_,1+1/(14+p) =2 and lim,_,, 1+1/(14p) = 1, Theorem 1.1 follows
directly from Theorem 1.3.

In the last section of the paper we consider the class M whose members are the
transcendental meromorphic functions with at least one pole that are not conjugate
to self-maps of the punctured plane. We indicate how the methods of the rest of the
paper can be applied to functions of the form F, ,(z) = f,, «(2)+b/(z—a) to obtain
the following result.

THEOREM 1.4.  For each de(1,2), there exists fe M with dimJ(f) = d.

2. Preliminary results

We begin this section with a formal definition for the Hausdorff dimension of a
set E. If, for each > 0, we put

H(E) = liminf ) r¥,
=0 i

where the inf is taken over all possible covers of E with sets of diameter r;, < ¢, then
the Hausdorff dimension d = dim E of the set E is defined to be the unique value
satisfying

oo foru<d,

H(E) = {

0 foru>d.

For more details see, for example, [4].
The next result is known as Koebe’s distortion theorem. A proof of this result can

be found in, for example, [3].

LEMMA 2.1. If fis univalent in the disc B(z,r) centred at z with radius r then, for
O<s<r,

/(@)
S (w)

For simplicity, we denote L(1/2) by L.

The remaining results in this section concern the functions f;, , defined in Section
1. Most of these results were proved in [6]. We begin with a result concerning the
singularities of the functions f,"; which allows us to use Lemma 2.1 at various points
in the proof of Theorem 1.3. For a proof of the next result, see [6, Lemma 3.2].

r+s
r—s

4
sup .

v, weB(z,s)

< L(s/r) =

Lemma 2.2. For each pe(0,0), there exists C,(p) >0 such that, for each
K> C,(p), we have

{z:z is a finite singularity of /", for some neN}
< B(— K, Cy(p)) = {z:R(2) <0}
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We now look at the behaviour of f, , in C\G, and in G,.. For a proof of the next
result, see [6, Lemma 3.4].

LemMmA 2.3.  For each pe(0, o), there exists Cy(p) = C,(p) such that, for each
K> C,(p), we have

[2.:(C\G,) = B(—K, Cy(p)) = {z:R(2) < 0} = C\G,,.

Thus C\G, = N(f, ) and there exists z, € {z: R(z) < 0} such that, for each z in the
component of N(f, ,) which contains C\G,, we have

5 .k(2) = zy as n— co.
We put

1+p

g,(2) =™ and b, (2) = exp(g,(2) — K.

For a proof of the next result, see [6, Lemma 3.1].

LEMMA 2.4.  For each pe (0, ), there exists M(p) > 0 such that, for each ze G,
we have

D) 1S, @) —h, (2| < M(p);

Q) 1S5 (D=1, ((2)] < M(p).

COROLLARY 2.5. For each pe(0,0), there exists Cy(p) = Cy(p) such that, if
2f, ((2€G, and |f, ()| > C,(p), then

(1) 1y 1 N/2 < 1f, D] < 2, ()] < 2ess);

Q) 2, (@) > |f) (2] > I, (212 = 8,(2) e1/2 > |g,2)f, x(2)I/4.
If, further, | f, (z)| > 4K, then

) £, @1 > |h,, (22 > |2 /4;

) 11, @ < 2R, ((2)] = 2|g,(2) er?| < 8lg(2) [, k(2.

We now take a function f'=f, , with pe (0, 00) and K > 2C,(p). We also take a
value x, > C,(p) and define the real values x, inductively by

X

v

Yo =5 e = A og )

n

r

no

We define the sets B, by
B, =lz=x+iyix, Sx< X, + R, DIS R,
where r,/(8L) < R, < zr,,, and define the following collection of sets inductively:

o4 ={A,:A, is a component of /'(B,) for some neN, 4, = |J B,}

neN

A, ={A.1: A, 18 a component of f/~**V(B,) for some neN, 4,,, = |J 4,}.

Akre'dk
We now put g =g, and & = h, .. For a proof of the next result, see [6, Lemma
4.4, Lemma 4.5].

LEMMA 2.6. There exist M, > 1 and C,(p) = C,(p) such that, if x, > C,(p),
zelJr, B, and r < |2nz/(1+4p) (logz)®)|, then
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(1) for each we B(z,r),

z < w 10z
10(logz)® ~ (logw)* (logz)p

Ig(Z)I

< lgw)l < M, lg(2)l

lg’ (Z)I
M,

<lgw)l < Mylg'(2)l;
(2) for each neN,

{w:h(w) = x,,we B(z,r)}| < M,|g’(2)|r.

7L >

Using these results we prove the following.
LemMmA 2.7. There exist M, > 1 and Cy(p) = C,(p) such that, if x, > Cs(p),
z,fizy ey, B, and
\V2nz
(I1+p)(logz)”
then, for each neN,
[{4,: A, is a component of fX(B,), A, N B(z,r) # T} < M,|g'(z)|r.

55| £2)
I8L(1+p) (log f(2))"f(2)|"

Proof. It follows from Lemma 2.4 that there exists C;(p) = C,(p) such that, if
x, > Cy(p) and f(4,) = B, then

an xn
h(A,) = B( ’”(ler)(lqun)P) H, < B(xn,g). 2.1)

We let A; denote the component of 4 '(H,) that contains A, and note that it
follows from Lemma 2.4 that, provided that C,(p) is sufficiently large,

Al < B(x ox, ,)c B(x,.x,)

" (1+p)(logx,)”
and hence, from Lemma 2.2, f'is univalent in 4;. Thus, for each neN,

[{A,: 4, is a component of f~*(B,), 4, N B(z,r) # &}
< |{A;: A} is a component of h'(H,), A, N B(z,r) # T} (2.2)

Clearly the only transcendental singularity of 4! is at —K and, as h'(z) =0
implies that z =1, the only critical value of % is at k(1) = e— K. Thus, if 4;n
B(z,r) # & and h(A;) = H,, then the branch of /! that maps H, to A] is univalent in

B(x,,x,/2). It follows from (2.1) and Lemma 2.1 that, if we B(z,r) N A}, then

10Lx
A, = Blw, u 2.3
1 (W (1+p)(logx, )’ |h/<w)|) @3
and hence, if r < (diam 4})/2, then
20Lx
B(z,r) = B(w, T . 2.4
S e o) 24
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If C,(p) is sufficiently large, then

20L%x, <N
(I+p)(logx,)” 8

and so it follows from (2.1), (2.4) and Lemma 2.1 that, if r < (diam 4})/2, then
h(z)e B(h(w), x,/8) = B(x,,x,/4)

and hence, from Lemma 2.4, f(z)€ B(x,, x,/2). Thus, if r < (diam 4})/(3200L?) and
C,(p) is sufficiently large, then it follows from (2.3) and Corollary 2.5 that

20Lx, 200L%/(z)
"= 3200271+ p) (log x )7 17(w)| = [3200L°(1 + p) (log f2))" I’ (2)
- 400L%f(2) _| f2)
3200L°(1+p) (log f(z)” /()| ~ |8L(1+p) (logfi2)" f"(2)|’

This, however, is impossible and so
diam 4] < 3200L%r. 2.5)

It follows from (2.1), (2.3) and Lemma 2.6 that, if C(p) is sufficiently large, then

, 10Lx, 100Lh(w)
4B (W’ (1+p)(logx,) |h’(w>|> =B (W’ (1) (og h(w))7 W (w) )

1 z
=5 ( i +p) =5 ( (1) (og2) ) =5 (

Together with (2.5), (2.2) and Lemma 2.6, this shows that, if C,(p) is sufficiently large,
then there exists

2nz
(1+p)(logz)®

2nz

r< mm( (157)(0g2)’

,3 300L3r>

such that
[{A,: A, is a component of f~*(B,), 4, N B(z,r) # &}

< [{A}: A} is a component of "' (H,), A, = B(z, F)}|

3. An upper bound for dim J(f, )

In this section we will show that, if pe (0, c0) and K is sufficiently large, then
dimJ(f, ) < 1+1/(1+p). Let fdenote a function f,, , with p, Ke(0, c0) and g and &
denote the corresponding functions g, and £, ,, and take sets B, and A, as defined in
Section 2. For the remainder of this section, we take R, = nr,. We begin with the
following result which follows from [6, Lemma 4.1, Lemma 4.2].
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LEMMA 3.1.  There exist Cy(p) = Cy(p) and C(x,,p) = Cy(p) such that, if x, >
Cy(p) and K > C(x,,p), then
(1) J(f) < Uy, B, and hence the sets in <, form a cover of J(f) for each keN;

(2) for each keN, sup, ., diam 4, <1/3" >0 as k — .

The next result follows directly from Lemma 3.1 and the definition of Hausdorff
dimension.

Lemma 3.2. If x, > Ci(p), K > C(x,,p) and
lim ) (diam4,) < co,

k=0 Ay

then dimJ(f) < t.

The next two results will enable us to show that, if x, is sufficiently large and
K> C(x,,p), then
lim ) (diam4,)' < o

k—o0 Apess,

for each te(1+1/(1+p),2) and hence dimJ(f) < 1+ 1/(1+p) as claimed.

LemMma 3.3. If t>1, then there exists C.(p,t) = Cy(p) (where C.(p,t) is a
decreasing function of t on (1,2)) such that, if x, > C,(p, ) and K > C(x,, p), then, for
each be J(f),

1 1
)y

<
F)=b ' 2
Further, if 0 < e < t—1, then, provided that |b| is sufficiently large, we have

1 (2M1)t’1""
L 7O < oglb) o

F@=b

Proof.  Suppose that t > 1, x; > C¢(p) and K > C(x,,p). Take beJ(f) and a
point z € B, such that f(z) = b. It follows from Lemma 3.1 that || = x, = C,(p). Since
we know from Lemma 2.3 that J(f) = G, it follows from Corollary 2.5 and Lemma
2.6 that

)0l gtx) bl

4 4M, G-

(@)l >

We note from Lemma 2.2 that f'is univalent in each 4, €.94 and so, since be B,, for
some meN, and x, > C,(p), it follows from Lemma 2.7 that
z:fz) = b,ze B,
< [{A,: 4, is a component of f(B,,), A, N B(x,, \2xr,) # |
< M,g'(x,)V2nr,. (3.2
Together with (3.1), this shows that, for each neN,

1 4M,
——— <\ 2nr, M. ’xn<, L )
f(z):;zeB" /@l :80%) g'(x,)1b]

100M2 M, r,

<Pl G-
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It follows from Lemma 3.1 that, if f(z) = b, then ze | J;, B,. If we take N to be the
smallest value of neN for which {z:f(z) = b} n B, # J, then it follows from Lemma
2.6 and (3.3) that

y L _100MiM, (% 1
P VA(C} |b|" oy &)1

e 1 = ”[( xt i 1 J
g T I\ T=0 (T +py Gogx)™) ax \etoen™ e ) |

X! .
B [(1 =0 (1+p) (logx)” e“"g”w“”]u

dx. (3.4)

Now

0

+ A [1— P ] X
o (=1 (1+p) (log 0 ™7 70 logx

t

_ Xt
(t—1) (1+p) (log x ) et ¢=D
t * 1 P
REEY 0, & () (log x)” [1 ~log X] .

It follows that there exists C,(p, ) = Cq(p) where C,(p, t) is a decreasing function of
t on (1,2) such that, if x, > C,(p, 1), then

Jx ! dx < a2 +lfe 1 dx
&) T (1= 1) (14 p) (log x) eoerw™ e 12 [, g/ ()

and hence, from (3.4),

s 1 200M? M, ', 1
Gl @ T (1=1)|b]' (log x)*t eloerw a1 = 2

It follows that, if 0 < ¢ < r—1 and if || and hence x,, is sufficiently large, then

1 1 1
< 1+p = — . 35
BT S e ™ o g BT (3-3)

We now take a point ze B, such that f(z) = b. It follows from Corollary 2.5 and
Lemma 2.6 that

lg(2)] _ log|b|
glxy) > M, > M,

It now follows from (3.5) that
1 QM)

< .
fg::b @I (doglb) " [bl' H

We now fix te(1+1/(1+p),2). Since C(x,,p) = C,(p), the next result follows
directly from Lemma 2.1 and Lemma 2.2.
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Lemma 3.4. If K > C(x,,p) then

. y & (diam B,)’
diam 4,,)" < (81)* T,
¢ SS@DL L o

m m
We are now in a position to prove the main result of this section.

LemMA 3.5.  There exists Cy(p) = C,(p, 1+ 1/(1+p)) such that, if x, > Cy(p) and
K> C(x,,p), then
lim ) (diam4,)' =0.
k— o0 Apess,
Proof. Let e =4t—(1+1/(1+p)). If x, > Cy(p) and K > C(x,,p) then, pro-
vided that Cy(p) is sufficiently large, it follows from Lemma 3.3 and Lemma 3.4 that
there exists N(p, t)eN such that, for each meN,

Z (diam A?IL)t

A, e,

mS“m

1 1

< @17, (diam B,Y : —
1;1 f(b)2=x" If (b)|tf”"%)=zz I(f 1) (Z)|t
N0 (diam B )t
<@132 Y L““}ﬂ W)
n=1 2
B?QM) " &  (diamB,)
t—= P w—t
2 n=N(p,t) (log xn) xn
Now, if Cy(p) is sufficiently large, then
@D)*@M) & (diam B,)’
27”’71 n=N(p,t) (log xn)t7176 xiL
_BeM) ¢ r, Xy Gy
2m—1 o (lOg xn)tfl—(, xtn(l +p)f/*1 (IOg xn)p(tfl)
@BD*QeM )t er? [ 1 Ix
2m75(1 +p)irf1 x(log x)(p+1) (t—1)—¢

TN(p,t)

<

(81 @M [ 1 T
_2m75[(p+ 1) (l— 1)—6— 1] (log x)(p+1) (t—1)—e—1

xf\'(ﬂ,t)

Since ¢ = ¥(t—(1+1/(1+p))), it follows that
(p+H(t—1)—e—1= (p+1)(2e+ﬁ>—6—1 =2(p+1)—e>c¢

and so

. N(p.b (diam B )t (81)2 M )t71—c n?
dlamAm t < 81 2 n _ 1
Y ( ) <@ ) o 2" e(log Xy, )"

A, €, n=1

-0

as m — 0. O
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As noted after Lemma 3.2, this is sufficient to show that, if K is sufficiently large,
then

1
dimJ(f) < 14+——.
imJ(f) +1+p

4. A lower bound for dim J(f,, )

Let f denote a function f, , with p,Ke(0,00) and let g and / denote the
corresponding functions g, and 4, .. We will show that, if K is sufficiently large, then
dimJ(f) = 1+ 1(1+p). To do this, we take sets B, and A, defined as in Section 2 with
R, =r,/8L and x, = 4K*. We show that, for large K, the set 4 = (;2; .,y 4 18
contained in J(f) and satisfies dim4 > 1+1/(1+p). We begin by proving the
following preliminary results.

LEMMA 4.1.  There exists Cy(p) = C5(p) such that, if K> Cy(p), z€ A, for some
A, €A and f(A,) = B,,, then

(M x,/4 <|f2)/2 < lexpg(2)] < 3|f(2)] < 4x,,;

(2) R(g(z)) =logx,, +e(z), where le(z)] < 2/(logx,)’ <1;

(3) 1/(64L%g'(2)l (log x,,)" (14 p)) < diam 4, < 3/(|g'(z) (log x,,)" (1 +p)).

Proof. Let ze A,, f(4,) = B,, and K> C,(p). Since 4, U B, = G, and |f(z)| >
x, = 4K? > Cy(p), it follows from Corollary 2.5 that

Y VO fexpg(o) = 1h2) +KT < 2+ K < 3170) < 4,
and so the first part of Lemma 4.1 is true.
It follows from Lemma 2.4 that [e¥®|=x, +e,(z), where |e,(2)] < K+
M(p)+x,,/(log x,)”. Thus

R(g(2)) = logx,, +e(2),
where

1

e(2)| <log(l+K+M(p) ! ) 2

<
X (logx,)”)  (logx,)”

if K is sufficiently large. Thus the second part of Lemma 4.1 is true.
It follows from Lemma 2.1, Lemma 2.2 and Corollary 2.5 that
Ldiam B,, - 4L diam B,,
V€] lg’ I A2)]
8Ldiam B,, 3
£Glx, ~lg@ldogx, ) (1+p)

diam 4, <

and
diam 4. > diam B,, - diam B,,
L@ T 8L @IIAC)
diam B,, 1

> > _—— , :
16L|g'(2)|x,, = 64L%g(2)| (logx,,)" (1+p)
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LEMMA 4.2.  There exists C,(p) = Co(p) such that, if K> C,,(p), then

") @) > 272 ()]
for each ze A, neN.

Proof. 1f ze A and K is sufficiently large, then it follows from Corollary 2.5 that

@) > EOI @)
and, from Lemma 4.1, that
o) > EEC _ exp i) )

If z = re®, then
g(z) _ e(logﬂ—iﬂ)lﬂ’ _ e(logm”p<1+i0/1ogr)‘“’

If x, = 4K?* is sufficiently large, it is not difficult to show that

1
2 S
|0] < 2|tanf] < 3L +p) (dogr)?
and hence
10 1+p B
(1+logr> = 1+€(Z),

where |é(z)| < 1/(L(logr)**?).
Thus, for large K,
R(g(z)) > e 2 cos(1/L) > 2logr.
Putting this into (4.2) gives, for large K,
otlogr 42

r
|f(2)| > 3 =3 > 2r = 2|z|. 4.3)

If ze A, then f™(z)€ A for each meN and so it follows from (4.1) and (4.3) that,
for each neN and large K,

n—1

1™ (2] = H L@ > 2" ﬁ @l

m=0

n—2
> 20 ()| [] 2z > 202 R )|

m=0
> 2" f7(2)|. O

LemMA 4.3. There exists Cy(p) = Cyo(p) such that, if K> C,,(p), then A c
J(f).

Proof. If K > C,(p), then it follows from Lemma 2.2 that, for each ze 4, neN,
the branch F, of /" that maps f"(z) to z is univalent in B(f"(z),|f"(z)|/2) and hence,

from Lemma 2.1,
gy /"G Lif"(2)l
(807 < 8 ity ) @9
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If ze N(f), then there exists r > 0 such that B(z, r) = N(f). It follows from Lemma 4.2
and (4.4) that, for sufficiently large values of n, K,

F ( B <fn(z)’ I/ ’ZZ)I)) < BC.r)

and hence

f"(B(z,r) > B<fn(z)’ |f”(z)|>'

4

Clearly B(f"(2),1/™(2)|/4) n C\G, # & and so it follows from Lemma 2.3 that, if
K > C,(p), then, for some we B(z,r), we have f"(w) — z,e{u:R(u) < 0} as m — 0.
This contradicts the fact that f"(z)e|J;~, B, for each meN and so we must have
zeJ(f) as claimed. O

By using Lemma 4.1, we prove the following. For simplicity, we put s =
1+1/(1+p).

LEMMA 4.4. There exists My(p) >0, C,,(p) = C,,(p) such that, if K> C,(p),
then, for each meN and each A, € of,, we have

Z (dlam Am-ﬁ—l)S > M‘;(p) (dlam Am)s'

m+1 CAm

Proof. We begin by noting that, if 4,,€.oZ,,

is not difficult to see that, if 4,€.94 and 4, = B

A
A

then f™(A4,,) = B, for some neN. It
then there exists 4,,,,€.eZ, , with

n>

Am+1 < Am and fm(Aerl) = Al' Clearly
diam 4
diam4,,, > —— 1 —
7 sup,, (7Y (2
and
diam B
diam4,, < ———
inf, ., [(/™) )l

and so, if K> C,,(p), it follows from Lemma 2.1 and Lemma 2.2 that

(diam4,,.,.)"_ . o "y ml (diam 4,)*
Amp1=Ap (dlam Am)5 e ((fm)/ (Z) A, =B, (dlam Bn)s
Ay 416 41 A
1 (diam 4,)
Z 7 TP 4.5
r A,;B,, (diam B,)* (4-5)
A e

We now note that it follows from Lemma 2.4 that, if K is sufficiently large and
h(z) = x;ﬂ = xﬂl +R7N/2

for some meN, then f(z) € B,,. Thus, for each point z such that /(z) = x/,, there exists
a set 4,(z) € .o such that ze 4,(z) and f(4,(z)) = B,,. We note further that 4(A4,(z))
B(x,,, x,,/4) and hence, as the singularities of 4! are contained in {z: R(z) < 0}, & is
univalent in A,(z). Thus, if z, # z,, then A(z,) # A(z,). We note further that, if
A, N B(x,,R,/4) # J, then, since the sets B,, ke N, are disjoint, it follows that 4,

B,. For each M eZ, we take T',, to be the curve defined by
I',={z=x+iy:x>log(K+x,),y =2nM}.
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If g(z)eT,,, for some MeZ, then h(z)e[x,, ). Now let y,, be a curve which is

mapped onto I'y, by g. If y,, nB(x),R,/8) # <, then there exists a segment of
vu N B(x,, R,/4) of length at least R,/8 and hence, from Lemma 2.6, there exists a
segment of [, N g(B(x),, R, /4)) of length at least g'(x,) R, /(8 M,). It follows that there

exist z,,z,€7,, N B(x,, R,/4) such that

no

h(z,) = x:l(l)’ h(z,) = x:z(zw h(yy N B(x,, R, /4)) [x;z(l)ﬁx;z(Z)]
and

gx)R, ,  glx,) g(x,)
R(g(z,) —R(g(z)) = SM —2= i M1_2 > 0L (4.6)

Thus, if y,, N B(x,, R,/8) # I, then it follows from Lemma 4.1 and Lemma 2.6 that,
if K is sufficiently large, then

y (diam A4,)* - 1 ’f’ 1
A,eB), (dla’m Bn)s - (24L(1 +p) Ml g/(xn) rn)s r=n(1) (log xr)ps
ANy #D

- 1 Tn2) 1 +p N
(SOL(1 +p) M, g(x,))" .., x(logx)"™D

na
1

> ] / D(s—
(SOL(1+p) M, g(x,))* (log x7, )"V

[log X;I(‘z) —log x;,m]-
4.7

Since exp(g(z,)) = X, + K and exp(g(z,)) = X/, + K, it follows from Lemma 2.6
that, if K is sufficiently large, then

R(g(z,) —1 < logx),,, < R(g(z,) < Iglzy)l < M, g(x,)
and
log x;t(l) < R(g(z)).

Thus, if y,, N B(x,, R,/8) # &, it follows from (4.6) and (4.7) that
(diam 4,)" R(g(zy) —g(z))—1

AEBH (diam B,)" ~ (SOL(I + p)y My (g(x,)) 7o D
ANy #D
- g(x,)
200LM,(50L(1+p))’ M2 (g(x,))?
1

4.8)

> - .
(S0L(1+p))™* M7 g(x,)
Clearly g(x,)eI’,. Since we know from Lemma 2.6 that

g(B(x,, R, /8)) > B(g(x,),g'(x,) R, /(8M,)),
it follows that there are at least g'(x,) R,/(16 M, ) = g(x,)/(128L M, ) values of
M e Z for which there exists a curve y,, satisfying y,, N B(x),, R, /8) # . Ifaset 4, €.
meets two curves y,,,, and y,,,,, with M(1) # M(2), then there exist we 4,, and
MeN such that F(g(w)) = @M+ 1)z and hence R(h(w)) < 0. This, however, is
impossible and so it follows from (4.5) and (4.8) that, if K is sufficiently large, then

(diam 4,,.,)’ - g(x,) . 1
. (diamA4,)" 7 (50L(1+p)*** Mig(x,)  (S0L(1+p)*™ M}’

m+1<“m
m+18Ym+1

O

A
A
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LEMMA 4.5. There exist Ci3(p) = Cpo(p), M,(p) > 1 such that, if K> C,(p),
z, f(Z)G U:zczl Bn’

| £ —
I8L(1+p) (logfiz)"f"(z)| ~ "~ [8L(1+p) (logz)?
and
H=1{A4,:4,€4,4,N B(z,r) # J},
then

Y. (diam A4,)* < M,(p) (diam B(z, r))".
AeH
Proof. If the conditions of the lemma are satisfied and K > C,(p), then it follows
from Lemma 2.6, Lemma 2.7 and Lemma 4.1 that, for each neN,

| Mg/ ()] r3M,)
d amA s < ;
L, iam )< ogx,)

FAD=B,,

(4.9)

Letting m denote the smallest and M the largest values of ne N for which there exists
a set 4, € H with f(4,) = B,, we deduce from (4.9) that, if K is sufficiently large, then

n>

OM,M?r X 1
(diam 4,)" < —2—1 —
A]ZEH ! |g (Z)| ! n=m (log xn)ll

1OM, Mir (Puvr (1+4p)
g )., ogx) ™D

10M, M2 (1 2
= O T o, )0 — logx,) L (4.10)
We note that
log Xarp1 = log (XAW'FXM) < 10g Xyt
(1+p)(logx,,)” (log x,,)”

if K is sufficiently large. Also, we know from Lemma 4.1 that, if z,,z, € B(z,r) with
Nz)€B, and f(z,)€ B,,, then

R(g(z,) =logx,+e, and R(g(z,) = logx, +e,,
where

2 2
2 <1 and <1
leal < Qogx,y? " leal < (logx,)” ~

if K> Cy(p). Thus, for large values of K, it follows from Lemma 2.6 that

log xyy1 < log.x,, + R(g(z) —g() + g5

<logx, +su | /(W)|r+L
< logx,, +sup,p.. g (logx,,)”

<logx,, +M,|lg'(2)|r+ 4.11)

6
(logx,)"
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Together with (4.10), this implies that, if K is sufficiently large, then

. o 10M, M2 r(1+p)?
diam 4,)* < 2 1
A1ZEH( 2 lg’'Gz)I!

1/(1+p)
[(mg X+ Mg r +aogx))

—(logxm)”(”p’}. 4.12)

If |g’(z)] r > log x,,, then it follows from (4.12) that, if K is sufficiently large, then

m>

. o 10M, M2 r(1+p)?
diam 4,)* < 2 1
A1ZEH( 2 lg’Gz)I!

BM,lg/ () NV < 30M, Mi(1+p)*r.
(4.13)
Now suppose that |g’(2)|r < logx,,. In this case, it follows from (4.11) that
llog f(z)| < 2log x,, < 6M,logx,,. (4.14)
It follows from (4.14) and Corollary 2.5 that
g f2)
8L(1+p)(logf(2))" f'(2)

g'(z) e
(6M,)" 64L(1+p) g'(z) e*“(log x,,)"

lg'@Nr =

1
~ (6M,)? 64L(1+p) (log x,,)”

and so it follows from (4.12) that

Y. (diam A4,)

AeH
2 2
RS (o, +400(6M,) ™ L(1+p) ¢ G107 (g, 7]
2 2 p+1 ’
LM, MEHU4p) ([ A006M, ™ LA+ G
g’ logx,,

10M, M3 (1 +p)"lg/ ()1 400(6M,)" L
= (logx,, )P/@+»

rg’(z) »/(1+p) \
log x ) :

< 4000M,(6M,)*** (1 + p)* L(

m

< 4000M,(6M,)*** (1 + p)? Lr.

Together with (4.13), this gives the desired result. O

Using Lemma 4.5, we prove the following result.
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LEMMA 4.6.  There exists C,,(p) = C,(p) such that, if K > C,,(p),z€ A, r > 0 and

n = 2 is the smallest integer for which

| )
I8L*(1+p) (log /"(2))*|"

() @) r >

then
Y (diam 4,)° < M,(p) L*(diam B(z, r))".

A, NBE,N#D
A?leg/?l

Proof. 1f ze A, r >0 and n > 2 is the integer described above, then

/")

L+ loer Gy @) O

| /")
S ISL(1+p) (logf"(2))” (4.15)

and

f™z)ed < [OJ B, (4.16)

for each meN. It follows from Lemma 2.1, Lemma 2.2, (4.15) and (4.16) that, if
K> C,(p), then

S Bz, ) = BTN @) (Y ()l rL). (4.17)
It follows from (4.15)-(4.17) and Lemma 4.5 that, if K > C,,(p), then
(diam 4,)* < M,(p) 2I(/" ) (2)| rL)". (4.18)
4, nf"j(fér))#;z

We note that it follows from Lemma 4.1 that, if K is sufficiently large, then

sup diam 4, < 1. (4.19)
A el

If A,ee/ and A, N B(z,r) # &, then it is clear that there exists 4,€.9/ with 4, n
" Y(B(z,r)) # & and f"(4,) = A,. It follows from (4.15)-(4.17), (4.19), Lemma 2.1
and Lemma 2.2 that

Ldiam A4
diamd4, < —————
(VAR R E]
and so it follows from (4.18) that
diam 4 SgisM 21/ Y (2)| rL)
AMB%MQ( ") Y @F J(p) QIS (2N rL)

Apesty

= M,(p) L* (diam B(z, r))". O

We are now in a position to prove the main result of this section.
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LEmMMaA 4.7.  Let K> C,,(p). For each 0 > 0, there exists r(0) > 0 such that, if the
sets B(z,,r,), 1 <i< N, form a cover of AN B, with z,e AN B, and r, < r(d) for each
1 <i<N, then

N
Y 2r) > ) (diamA4,)".
i=1

4,8,
A e

Proof. Take MeN with M > 2, 6 > 0 and a collection of sets D, = B(z,,r,), 1 <
i < N, which form a cover of 4 n B, with z,e A n B, and

< inf | S — ‘ ~ R, 4.20
S B G @y Y @) (420
1<m<M
for each 1 < i< N. Denote by n(i) the smallest integer » for which
oy | /")
MO I py oGy 420

The existence of n(i) follows from Lemma 4.2. It follows from Lemma 4.3 that 4 =
J(f) and so, from (4.20), that n(i) > M > 2. We may assume that n(1) < n(2) < ... <
n(N). It follows from Lemma 4.4 and Lemma 4.6 that

Y., (diam4,)

A, cB,
A ek
1
< (diam4,,,,)’
MG, 2, G A
< 1 Y (diamd, ) b Y (diamA,,)
h Mi7(p) Ay N D1 £ " Myo (p)An(l)cBl\Dl "
M L* 1 .
i(p) (diam D,)* + Y. (diam4,,)

<7, A2 —1 7 N
My (p) MEO7N(P) 4, Thon,

(diam D,) N (diam D,)*
M;P " (p) M5 (p)

< M,(p) LZ“[ ]+ 1 Y (diam 4,,,))°

n(2)—1
M; (p)AMQ)cB]\(D] UDy)

<

Y (diam D,)* 1
<M L* — v
o(p) EM;(M (p) Mi“7N(p), (N)cBZl\U;;Di

n

(diam 4, )" (4.22)

(Note that the expression 4, ,, should be taken to denote a member of .¢Z,,, wherever

n(t)
it appears in the above equation.) As it follows from Lemma 4.4 that 4, ,, N 4 # &
for each 4, €9, , and the sets D, form a cover of B, N 4, we see that there are no
sets A, y, €., y, for which 4, , = B)\|JY, D, and so it follows from (4.22) that

. Y (diam D,)*
(diam A4, < M (p)L* )~~~
AlgBl ! ar 1:21M3() '(p)

A e

(diam D,y R s
maXKKNW M, (p) L* Y (diam D,))* . (4.23)

i=1

<
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It follows from (4.21) and Lemma 4.2 that, for each 1 <i< N,

(diam D,y o MUp)L* | Fr0(z)
M () M B S G 0 [T ) (log 0 )y (PO (2
M 4(p) L»

n(i)—1 (n(i)—1)%5/2
MO (p)2

< M4(p) Lz.s n()—1
S g, (p) 200 vom
It is clear that

M,(p) L*

Mg(p) 2(n<i>—1)§/2 < 1

provided that n(i) is sufficiently large. As n(i) > M for each 1 < i < N, it follows from
(4.23) that, provided that M is sufficiently large,

Y (diam 4,) < i(2ri)s“5.

A,=B,

Aeh
By taking r(0) = R,, for a sufficiently large value of M, we obtain the desired result.
O

It follows from Lemma 4.7 that, if K > C,,(p), then, for each 6 > 0, dim(4 n B,) =
s—0 and hence dim A4 > 5. Since 4 < J(f), it follows that, for large values of K,
dimJ(f) = s = 1+1/(1+p) as claimed. Together with the results of Section 3, this is
sufficient to prove Theorem 1.3.

5. Outline proof of Theorem 1.4
Let F, ., denote the function defined by

. b
By oad®) = F i)+
where p,K>0, 0 <b <1 and aeC. It is clear that F, . ,, is a transcendental
meromorphic function with one pole and that, for |z—a| > /b, we have

|Fp,1(,a,b(z) _fp,K(Z)| <1 and |F1;.K,a,b(z)_f1/;,;<(z)| <L (5.1

Given pe(0, 0), we choose aeG, such that g (a) is large and negative. It is not
difficult to show that, if z is a critical point of F, . , , and |z—a| < V/b, then, provided
that b is sufficiently small and K is sufficiently large, we have F, . . (z)e{z:R(z) < 0}
and so it follows from (5.1) that similar arguments to those used in the proof of
Lemma 2.2 can be used to show that, if K is sufficiently large, then

{z:zis a singularity of F"; , , for some ne N} = {z: R(z) < 0}.

We also choose b sufficiently small to ensure that, for each ne N, there is at most one
pre-image of B, under F, . , , in B(a, V'), the size of which can be kept arbitrarily
small by taking an appropriately small value of b.
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The above comments are sufficient to indicate that, given a value of pe (0, 00), we
can choose a(p)eC and b(p)e(0,1) in such a way as to allow similar arguments to
those used in Sections 24 to be applied to the functions F, . = F, x .10, € M, thus
proving Theorem 1.4.

References

1. L. N. BAKER, ‘The domains of normality of an entire function’, Ann. Acad. Sci. Fenn. Ser. A I Math.
1 (1975) 277-283.

. W. BERGWEILER, ‘Iteration of meromorphic functions’, Bull. Amer. Math. Soc. 29 (1993) 151-188.

P. L. DUREN, Univalent functions (Springer, 1953).

K. J. FALCONER, Fractal geometry: mathematical foundations and applications (John Wiley, 1990).

. C. McMULLEN, ‘Area and Hausdorff dimension of Julia sets of entire functions’, Trans. Amer. Math.
Soc. 300 (1987) 329-342.

. G. M. STALLARD, ‘The Hausdorff dimension of Julia sets of entire functions III’, Math. Proc.
Cambridge Philos. Soc. 122 (1997) 223-244.

AW

[=)

Department of Pure Mathematics
Open University

Walton Hall

Milton Keynes

MK7 64A

G.M.Stallard@open.ac.uk



