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It is known that, for a transcendental entire function f, the Hausdorff dimension of J( f ) satisfies 1%
dim J( f )% 2. For each d ` (1, 2), an example of a transcendental entire function f with dim J( f )¯ d is given.
It is then indicated how this function can be modified to produce a transcendental meromorphic function
F with one pole with dim J(F )¯ d. These appear to be the first examples of Julia sets with non-integer
dimensions whose dimensions have been calculated exactly.

1. Introduction

Let f be a transcendental meromorphic function and denote by f n, n `N, the nth

iterate of f. The set of normality N( f ) is defined to be the set of points z `C such

that ( f n)
n`N is well-defined and meromorphic, and forms a normal family in some

neighbourhood of z. The complement, J( f ), of N( f ) is called the Julia set of f. An

introduction to the properties of these sets can be found in, for example, [2].

It was shown by Baker [1, Corollary to Theorem 1] that, if f is a transcendental

entire function, then J( f ) must contain continua and so the Hausdorff dimension of

J( f ) satisfies 1%dim J( f )% 2. McMullen [5] gave several examples of transcendental

entire functions whose Julia sets have Hausdorff dimension equal to 2. In this

paper we prove the following result.

T 1.1. For each d ` (1, 2), there exists a transcendental entire function f

with dim J( f )¯ d.

To do this we consider the family of functions defined by

E
p
(z)¯

1

2πi&
Lp

exp(e(logt)"
+p)

t®z
dt, 0! p!¢,

where L
p

is the boundary of the region

G
p
¯ (z¯x­iy : ryr!

πx

(1­p) (logx)p
, x& 3*

described in a clockwise direction, for z `CcGa
p
, and by analytic continuation for

z `Ga
p
. We then define f

p,K
(z)¯E

p
(z)®K. Here (log t)"+p and (logx)p are taken to

be the values which are real for t" e.

In [6] we proved the following result.

T 1.2. There exists a positi�e real-�alued increasing function S defined on

(1,¢) such that

(1) if p& 2 and K"S(p), then dim J( f
p,K

)% 1­2}p;

(2) if 0! p% "

#
and K"S(1}p), then dim J( f

p,K
)& 2®p.
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In this paper we prove the following improvement to Theorem 1.2.

T 1.3. For each p ` (0,¢), there exists C(p)" 0 such that, for each

K"C(p),

dim J( f
p,K

)¯ 1­
1

1­p
.

Since lim
p!

!
1­1}(1­p)¯ 2 and lim

p!¢ 1­1}(1­p)¯ 1, Theorem 1.1 follows

directly from Theorem 1.3.

In the last section of the paper we consider the class M whose members are the

transcendental meromorphic functions with at least one pole that are not conjugate

to self-maps of the punctured plane. We indicate how the methods of the rest of the

paper can be applied to functions of the form F
p,K

(z)¯ f
p,K

(z)­b}(z®a) to obtain

the following result.

T 1.4. For each d ` (1, 2), there exists f `M with dim J( f )¯ d.

2. Preliminary results

We begin this section with a formal definition for the Hausdorff dimension of a

set E. If, for each µ" 0, we put

Hµ(E )¯ lim inf
ε!

!

3
i

r µ

i
,

where the inf is taken over all possible covers of E with sets of diameter r
i
! ε, then

the Hausdorff dimension d¯dimE of the set E is defined to be the unique value

satisfying

Hµ(E )¯
1

2
3

4

¢ for µ! d,

0 for µ" d.

For more details see, for example, [4].

The next result is known as Koebe’s distortion theorem. A proof of this result can

be found in, for example, [3].

L 2.1. If f is uni�alent in the disc B(z, r) centred at z with radius r then, for

0! s! r,

sup
v,w `B(z,s)

) f «(�)f «(w))%L(s}r)¯ )r­s

r®s)
%

.

For simplicity, we denote L(1}2) by L.

The remaining results in this section concern the functions f
p,K

defined in Section

1. Most of these results were proved in [6]. We begin with a result concerning the

singularities of the functions f−n

p,K
which allows us to use Lemma 2.1 at various points

in the proof of Theorem 1.3. For a proof of the next result, see [6, Lemma 3.2].

L 2.2. For each p ` (0,¢), there exists C
"
(p)" 0 such that, for each

K"C
"
(p), we ha�e

²z :z is a finite singularity of f−n

p,K
for some n `N´

ZB(®K,C
"
(p))Z ²z :2(z)! 0´.
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We now look at the behaviour of f
p,K

in CcGa
p

and in Ga
p
. For a proof of the next

result, see [6, Lemma 3.4].

L 2.3. For each p ` (0,¢), there exists C
#
(p)&C

"
(p) such that, for each

K"C
#
(p), we ha�e

f
p,K

(CcGa
p
)ZB(®K,C

#
(p))Z ²z :2(z)! 0´ZCcGa

p
.

Thus CcGa
p
ZN( f

p,K
) and there exists z

!
` ²z :2(z)! 0´ such that, for each z in the

component of N( f
p,K

) which contains CcGa
p
, we have

f n

p,K
(z)! z

!
as n!¢.

We put

g
p
(z)¯ e(logz)"

+p and h
p,K

(z)¯ exp(g
p
(z))®K.

For a proof of the next result, see [6, Lemma 3.1].

L 2.4. For each p ` (0,¢), there exists M(p)" 0 such that, for each z `Ga
p
,

we ha�e

(1) r f
p,K

(z)®h
p,K

(z)r!M(p) ;

(2) r f !
p,K

(z)®h!
p,K

(z)r!M(p).

C 2.5. For each p ` (0,¢), there exists C
$
(p)&C

#
(p) such that, if

z, f
p,K

(z) `Ga
p

and r f
p,K

(z)r"C
$
(p), then

(1) rh
p,K

(z)r}2! r f
p,K

(z)r! 2rh
p,K

(z)r! 2reg
p(z)r ;

(2) 2rh!
p,K

(z)r" r f !
p,K

(z)r" rh!
p,K

(z)r}2¯ rg!
p
(z) eg

p(z)r}2" rg!
p
(z) f

p,K
(z)r}4.

If, further, r f
p,K

(z)r" 4K, then

(3) r f
p,K

(z)r" rh
p,K

(z)r}2" reg
p(z)r}4 ;

(4) r f !
p,K

(z)r! 2rh!
p,K

(z)r¯ 2rg!
p
(z) eg

p(z)r! 8rg!
p
(z) f

p,K
(z)r.

We now take a function f¯ f
p,K

with p ` (0,¢) and K" 2C
$
(p). We also take a

value x
"
&C

$
(p) and define the real values x

n
inductively by

x
n+"

¯x
n
­r

n
, r

n
¯

x
n

(1­p) (logx
n
)p

.

We define the sets B
n

by

B
n
¯²z¯x­iy :x

n
%x%x

n
­R

n
, ryr%R

n
´,

where r
n
}(8L)%R

n
%πr

n
, and define the following collection of sets inductively :

!
"
¯²A

"
:A

"
is a component of f −"(B

n
) for some n `N,A

"
Z 5

n`N

B
n
´

!
k+"

¯²A
k+"

:A
k+"

is a component of f −(k+")(B
n
) for some n `N,A

k+"
Z 5

Ak
`!

k

A
k
´ .

We now put g¯ g
p

and h¯ h
p,K

. For a proof of the next result, see [6, Lemma

4.4, Lemma 4.5].

L 2.6. There exist M
"
" 1 and C

%
(p)&C

$
(p) such that, if x

"
"C

%
(p),

z `5¢

n="
B

n
and r% r2πz}(1­p) (log z)p)r, then
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(1) for each w `B(z, r),

z

10(log z)p
%

w

(logw)p
%

10z

(log z)p

rg(z)r
M

"

% rg(w)r%M
"
rg(z)r

rg«(z)r
M

"

% rg«(w)r%M
"
rg«(z)r ;

(2) for each n `N,

r²w :h(w)¯x
n
,w `B(z, r)´r%M

"
rg«(z)r r.

Using these results we prove the following.

L 2.7. There exist M
#
" 1 and C

&
(p)&C

%
(p) such that, if x

"
"C

&
(p),

z, f(z) `5¢

n="
B

n
and

) o2πz

(1­p) (log z)p)& r& ) f(z)

8L(1­p) (log f(z))p f «(z)) ,
then, for each n `N,

r²A
"
:A

"
is a component of f −"(B

n
),A

"
fB(z, r)1W´r%M

#
rg«(z)r r.

Proof. It follows from Lemma 2.4 that there exists C
&
(p)&C

%
(p) such that, if

x
"
"C

&
(p) and f(A

"
)¯B

n
then

h(A
"
)ZB 0xn

,
5x

n

(1­p) (logx
n
)p1¯H

n
ZB 0xn

,
x
n

8 1 . (2.1)

We let A!

"
denote the component of h−"(H

n
) that contains A

"
and note that it

follows from Lemma 2.4 that, provided that C
&
(p) is sufficiently large,

f(A!

"
)ZB 0xn

,
6x

n

(1­p) (logx
n
)p1ZB(x

n
,x

n
)

and hence, from Lemma 2.2, f is univalent in A!

"
. Thus, for each n `N,

r²A
"
:A

"
is a component of f −"(B

n
),A

"
fB(z, r)1W´r

% r²A!

"
:A!

"
is a component of h−"(H

n
),A!

"
fB(z, r)1W´r. (2.2)

Clearly the only transcendental singularity of h−" is at ®K and, as h«(z)¯ 0

implies that z¯ 1, the only critical value of h is at h(1)¯ e®K. Thus, if A!

"
f

B(z, r)1W and h(A!

"
)¯H

n
, then the branch of h−" that maps H

n
to A!

"
is univalent in

B(x
n
,x

n
}2). It follows from (2.1) and Lemma 2.1 that, if w `B(z, r)fA!

"
, then

A!

"
ZB 0w,

10Lx
n

(1­p) (logx
n
)p rh«(w)r1 (2.3)

and hence, if r! (diamA!

"
)}2, then

B(z, r)ZB 0w,
20Lx

n

(1­p) (logx
n
)p rh«(w)r1 . (2.4)
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If C
&
(p) is sufficiently large, then

20L#x
n

(1­p) (logx
n
)p

!
x
n

8

and so it follows from (2.1), (2.4) and Lemma 2.1 that, if r! (diamA!

"
)}2, then

h(z) `B(h(w),x
n
}8)ZB(x

n
,x

n
}4)

and hence, from Lemma 2.4, f(z) `B(x
n
,x

n
}2). Thus, if r! (diamA!

"
)}(3200L$) and

C
&
(p) is sufficiently large, then it follows from (2.3) and Corollary 2.5 that

r! ) 20Lx
n

3200L$(1­p) (logx
n
)p h«(w))! ) 200L#f(z)

3200L$(1­p) (log f(z))p h«(z))
! ) 400L#f(z)

3200L$(1­p) (log f(z))p f «(z))¯ ) f(z)

8L(1­p) (log f(z))p f «(z)) .
This, however, is impossible and so

diamA!

"
% 3200L$r. (2.5)

It follows from (2.1), (2.3) and Lemma 2.6 that, if C
&
(p) is sufficiently large, then

A!

"
ZB 0w,

10Lx
n

(1­p) (logx
n
)p rh«(w)r1ZB 0w, ) 100Lh(w)

(1­p) (log h(w))p h«(w))1
ZB 0w,

1

1­p1ZB 0w, ) z

(1­p) (log z)p)1ZB 0z, ) 2πz

(1­p) (log z)p)1 .
Together with (2.5), (2.2) and Lemma 2.6, this shows that, if C

&
(p) is sufficiently large,

then there exists

rW %min 0) 2πz

(1­p) (log z)p) , 3300L$r1
such that

r²A
"
:A

"
is a component of f −"(B

n
),A

"
fB(z, r)1W´r

% r²A!

"
:A!

"
is a component of h−"(H

n
),A!

"
ZB(z, rW )´r

% r²w :h(w)¯x
n
,w `B(z, rW )´r

%M
"
rg«(z)r rW

% 3300L$M
"
rg«(z)r r. *

3. An upper bound for dim J( f
p,K

)

In this section we will show that, if p ` (0,¢) and K is sufficiently large, then

dim J( f
p,K

)% 1­1}(1­p). Let f denote a function f
p,K

with p,K ` (0,¢) and g and h

denote the corresponding functions g
p
and h

p,K
, and take sets B

n
and A

k
as defined in

Section 2. For the remainder of this section, we take R
n
¯πr

n
. We begin with the

following result which follows from [6, Lemma 4.1, Lemma 4.2].
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L 3.1. There exist C
'
(p)&C

&
(p) and C(x

"
, p)&C

#
(p) such that, if x

"
"

C
'
(p) and K"C(x

"
, p), then

(1) J( f )Z5¢

n="
B

n
, and hence the sets in !

k
form a co�er of J( f ) for each k `N ;

(2) for each k `N, sup
Ak

`!
k

diamA
k
! 1}3k! 0 as k!¢.

The next result follows directly from Lemma 3.1 and the definition of Hausdorff

dimension.

L 3.2. If x
"
"C

'
(p), K"C(x

"
, p) and

lim
k!¢

3
Ak

`!
k

(diamA
k
)t !¢,

then dim J( f )% t.

The next two results will enable us to show that, if x
"

is sufficiently large and

K"C(x
"
, p), then

lim
k!¢

3
Ak

`!
k

(diamA
k
)t !¢

for each t ` (1­1}(1­p), 2) and hence dim J( f )% 1­1}(1­p) as claimed.

L 3.3. If t" 1, then there exists C
(
(p, t)&C

'
(p) (where C

(
(p, t) is a

decreasing function of t on (1, 2)) such that, if x
"
"C

(
(p, t) and K"C(x

"
, p), then, for

each b ` J( f ),

3
f(z)=b

1

r f «(z)rt
!

1

2
.

Further, if 0! ε! t®1, then, pro�ided that rbr is sufficiently large, we ha�e

3
f(z)=b

1

r f «(z)rt
!

(2M
"
)t−"−ε

(log rbr)t−"−ε rbrt
.

Proof. Suppose that t" 1, x
"
"C

'
(p) and K"C(x

"
, p). Take b ` J( f ) and a

point z `B
n
such that f(z)¯ b. It follows from Lemma 3.1 that rbr&x

"
&C

%
(p). Since

we know from Lemma 2.3 that J( f )ZGa
p
, it follows from Corollary 2.5 and Lemma

2.6 that

r f «(z)r"
rg«(z) br

4
"

g«(x
n
) rbr

4M
"

. (3.1)

We note from Lemma 2.2 that f is univalent in each A
"
`!

"
and so, since b `B

m
for

some m `N, and x
"
"C

&
(p), it follows from Lemma 2.7 that

r²z : f(z)¯ b, z `B
n
´r

% r²A
"
:A

"
is a component of f −"(B

m
),A

"
fB(x

n
,o2πr

n
)1W´r

%M
#
g«(x

n
)o2πr

n
. (3.2)

Together with (3.1), this shows that, for each n `N,

3
f(z)=b,z`Bn

1

r f «(z)rt
!o2πr

n
M

#
g«(x

n
) 0 4M

"

g«(x
n
) rbr1

t

!
100M#

"
M

#
r
n

g«(x
n
)t−" rbrt

. (3.3)



          477

It follows from Lemma 3.1 that, if f(z)¯ b, then z `5¢

n="
B

n
. If we take N to be the

smallest value of n `N for which ²z : f(z)¯ b´fB
n
1W, then it follows from Lemma

2.6 and (3.3) that

3
f(z)=b

1

r f «(z)rt
!

100M$

"
M

#

rbrt &
¢

xN

1

g«(x)t−"
dx. (3.4)

Now

&
¢

xN

1

g«(x)t−"
dx¯&

¢

xN

90 xt

(1®t) (1­p)t (logx)pt1 ¦
¦x 0

1

e(logx)"
+p

(t−")
1: dx

¯ 9 xt

(1®t) (1­p)t (logx)pt e(logx)"
+p

(t−")
:

¢

xN

­&
¢

xN

txt−"

(t®1) (1­p)t (logx)pt e(logx)"
+p

(t−")
91®

p

logx: dx

¯
xt

N

(t®1) (1­p)t (logx
N
)pt e(logxN)

"+p
(t−")

­
t

(t®1) (1­p)&
¢

xN

1

g«(x)t−" (logx)p 91®
p

logx: dx.

It follows that there exists C
(
(p, t)&C

'
(p) where C

(
(p, t) is a decreasing function of

t on (1, 2) such that, if x
"
&C

(
(p, t), then

&
¢

xN

1

g«(x)t−"
dx!

xt

N

(t®1) (1­p)t (logx
N
)pt e(logxN)

"+p
(t−")

­
1

2&
¢

xN

1

g«(x)t−"
dx

and hence, from (3.4),

3
f(z)=b

1

r f «(z)rt
!

200M$

"
M

#
xt

N

(t®1) rbrt (logx
N
)pt e(logxN)

"+p
(t−")

!
1

2
.

It follows that, if 0! ε! t®1 and if rbr and hence x
N

is sufficiently large, then

3
f(z)=b

1

r f «(z)rt
!

1

e(logxN)
"+p

(t−"−
ε) rbrt

¯
1

g(x
N
)t−"−ε rbrt

. (3.5)

We now take a point z `B
N

such that f(z)¯ b. It follows from Corollary 2.5 and

Lemma 2.6 that

g(x
N
)"

rg(z)r
M

"

"
log rbr
2M

"

.

It now follows from (3.5) that

3
f(z)=b

1

r f «(z)rt
!

(2M
"
)t−"−ε

(log rbr)t−"−ε rbrt
. *

We now fix t ` (1­1}(1­p), 2). Since C(x
"
, p)&C

"
(p), the next result follows

directly from Lemma 2.1 and Lemma 2.2.
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L 3.4. If K"C(x
"
, p) then

3
Am

`!
m

(diamA
m
)t % (81)# 3

¢

n="

3
f
m
(z)=xn

(diamB
n
)t

r( f m)« (z)rt
.

We are now in a position to prove the main result of this section.

L 3.5. There exists C
)
(p)&C

(
(p, 1­1}(1­p)) such that, if x

"
"C

)
(p) and

K"C(x
"
, p), then

lim
k!¢

3
Ak

`!
k

(diamA
k
)t ¯ 0.

Proof. Let ε¯ "

#
(t®(1­1}(1­p))). If x

"
"C

)
(p) and K"C(x

"
, p) then, pro-

vided that C
)
(p) is sufficiently large, it follows from Lemma 3.3 and Lemma 3.4 that

there exists N(p, t) `N such that, for each m `N,

3
Am

`!
m

(diamA
m
)t

% (81)# 3
¢

n="

(diamB
n
)t 3

f(b)=xn

1

r f «(b)rt
3

f
m−"

(z)=b

1

r( f m−")« (z)rt

% (81)# 3
N(p,t)

n="

(diamB
n
)t

2m

­
(81)# (2M

"
)t−"−ε

2m−"

3
¢

n=N(p,t)

(diamB
n
)t

(logx
n
)t−"−ε xt

n

.

Now, if C
)
(p) is sufficiently large, then

(81)# (2M
"
)t−"−ε

2m−"

3
¢

n=N(p,t)

(diamB
n
)t

(logx
n
)t−"−ε xt

n

!
(81)# (2M

"
)t−"−ε

2m−"

3
¢

n=N(p,t)

r
n
xt−"
n

(3π)t

(logx
n
)t−"−ε xt

n
(1­p)t−" (logx

n
)p(t−")

!
(81)# (2M

"
)t−"−ε π#

2m−&(1­p)t−" &
¢

xN(p,t)

1

x(logx)(p+")(t−")−
ε
dx

!®
(81)# (2M

"
)t−"−ε π#

2m−&[(p­1) (t®1)®ε®1] 9
1

(logx)(p+")(t−")−
ε−"
:

¢

xN(p,t)

.

Since ε¯ "

#
(t®(1­1}(1­p))), it follows that

(p­1) (t®1)®ε®1¯ (p­1) 02ε­
1

1­p1®ε®1¯ 2ε(p­1)®ε" ε

and so

3
Am

`!
m

(diamA
m
)t ! (81)# 3

N(p,t)

n="

(diamB
n
)t

2m
­

(81)# (2M
"
)t−"−ε π#

2m−&ε(logx
N(p,t)

)ε
! 0

as m!¢. *
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As noted after Lemma 3.2, this is sufficient to show that, if K is sufficiently large,

then

dim J( f )% 1­
1

1­p
.

4. A lower bound for dim J( f
p,K

)

Let f denote a function f
p,K

with p,K ` (0,¢) and let g and h denote the

corresponding functions g
p

and h
p,K

. We will show that, if K is sufficiently large, then

dim J( f )& 1­1(1­p). To do this, we take sets B
n
and A

k
defined as in Section 2 with

R
n
¯ r

n
}8L and x

"
¯ 4K #. We show that, for large K, the set A¯4¢

k="
5

Ak
`!

k

A
k

is

contained in J( f ) and satisfies dimA& 1­1}(1­p). We begin by proving the

following preliminary results.

L 4.1. There exists C
*
(p)&C

&
(p) such that, if K"C

*
(p), z `A

"
for some

A
"
`!

"
and f(A

"
)¯B

m
, then

(1) x
m
}4! r f(z)r}2! rexp g(z)r! 3r f(z)r! 4x

m
;

(2) 2(g(z))¯ logx
m
­e(z), where re(z)r! 2}(logx

m
)p ! 1 ;

(3) 1}(64L#rg«(z)r (logx
m
)p (1­p))!diamA

"
! 3}(rg«(z)r (logx

m
)p (1­p)).

Proof. Let z `A
"
, f(A

"
)¯B

m
and K"C

$
(p). Since A

"
eB

m
ZGa

p
and r f(z)r&

x
"
¯ 4K #"C

$
(p), it follows from Corollary 2.5 that

x
m

4
!

r f(z)r
2

! rexp g(z)r¯ rh(z)­K r! 2r f(z)r­K! 3r f(z)r! 4x
m

and so the first part of Lemma 4.1 is true.

It follows from Lemma 2.4 that reg(z)r¯x
m
­e

"
(z), where re

"
(z)r!K­

M(p)­x
m
}(logx

m
)p. Thus

2(g(z))¯ logx
m
­e(z),

where

re(z)r! log 01­
K­M(p)

x
m

­
1

(logx
m
)p1!

2

(logx
m
)p

! 1

if K is sufficiently large. Thus the second part of Lemma 4.1 is true.

It follows from Lemma 2.1, Lemma 2.2 and Corollary 2.5 that

diamA
"
%

LdiamB
m

r f «(z)r
!

4LdiamB
m

rg«(z)r r f(z)r

!
8LdiamB

m

rg«(z)rx
m

!
3

rg«(z)r (logx
m
)p (1­p)

and

diamA
"
&

diamB
m

Lr f «(z)r
"

diamB
m

8Lrg«(z)r r f(z)r

"
diamB

m

16Lrg«(z)rx
m

"
1

64L#rg«(z)r (logx
m
)p (1­p)

. *
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L 4.2. There exists C
"!

(p)&C
*
(p) such that, if K"C

"!
(p), then

r( f n)« (z)r" 2n
#
/#r f n(z)r

for each z `A, n `N.

Proof. If z `A and K is sufficiently large, then it follows from Corollary 2.5 that

r f «(z)r"
rg«(z)r r f(z)r

4
" 2r f(z)r (4.1)

and, from Lemma 4.1, that

r f(z)r"
rexp g(z)r

3
¯

exp2(g(z))

3
. (4.2)

If z¯ reiθ, then
g(z)¯ e(logr+iθ)"

+p ¯ e(logr)"
+p

("+iθ/logr)"
+p.

If x
"
¯ 4K # is sufficiently large, it is not difficult to show that

rθr! 2rtan θr!
1

2L(1­p) (log r)p

and hence

01­
iθ

log r1
"+p

¯ 1­eW (z),

where reW (z)r! 1}(L(log r)"+p).

Thus, for large K,

2(g(z))" e((logr)"
+p

)/# cos(1}L)" 2 log r.

Putting this into (4.2) gives, for large K,

r f(z)r"
e#logr

3
¯

r#

3
" 2r¯ 2rzr. (4.3)

If z `A, then f m(z) `A for each m `N and so it follows from (4.1) and (4.3) that,

for each n `N and large K,

r( f n)« (z)r¯ 0
n−"

m=!

r f «( f m(z))r" 2n 0
n−"

m=!

r f m+"(z)r

" 2nr f n(z)r 0
n−#

m=!

2m+"rzr" 2n2((n−")n)/# r f n(z)r

" 2n
#
/#r f n(z)r. *

L 4.3. There exists C
""

(p)&C
"!

(p) such that, if K"C
""

(p), then AZ
J( f ).

Proof. If K"C
"
(p), then it follows from Lemma 2.2 that, for each z `A, n `N,

the branch F
n

of f −n that maps f n(z) to z is univalent in B( f n(z), r f n(z)r}2) and hence,

from Lemma 2.1,

F
n 0B 0f n(z),

r f n(z)r
4 11ZB 0z, Lr f n(z)r

4r( f n)« (z)r1 . (4.4)
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If z `N( f ), then there exists r" 0 such that B(z, r)ZN( f ). It follows from Lemma 4.2

and (4.4) that, for sufficiently large values of n,K,

F
n 0B 0f n(z),

r f n(z)r
4 11ZB(z, r)

and hence

f n(B(z, r))[B 0f n(z),
r f n(z)r

4 1 .
Clearly B( f n(z), r f n(z)r}4)fCcGa

p
1W and so it follows from Lemma 2.3 that, if

K"C
#
(p), then, for some w `B(z, r), we have f m(w)! z

!
` ²u :2(u)! 0´ as m!¢.

This contradicts the fact that f m(z) `5¢

k="
B

k
for each m `N and so we must have

z ` J( f ) as claimed. *

By using Lemma 4.1, we prove the following. For simplicity, we put s¯
1­1}(1­p).

L 4.4. There exists M
$
(p)" 0, C

"#
(p)&C

""
(p) such that, if K"C

"#
(p),

then, for each m `N and each A
m

`!
m
, we ha�e

3
Am+"

ZAm

Am+"
`!

m+"

(diamA
m+"

)s "M
$
(p) (diamA

m
)s.

Proof. We begin by noting that, if A
m

`!
m
, then f m(A

m
)¯B

n
for some n `N. It

is not difficult to see that, if A
"
`!

"
and A

"
ZB

n
, then there exists A

m+"
`!

m+"
with

A
m+"

ZA
m

and f m(A
m+"

)¯A
"
. Clearly

diamA
m+"

&
diamA

"

sup
z`Am

r( f m)« (z)r

and

diamA
m

%
diamB

n

inf
z`Am

r( f m)« (z)r

and so, if K"C
""

(p), it follows from Lemma 2.1 and Lemma 2.2 that

3
Am+"

ZAm

Am+"
`!

m+"

(diamA
m+"

)s

(diamA
m
)s

& inf
w,z`Am

)( f m)« (w)

( f m)« (z) )
s

3
A
"
ZBn

A
"
`!

"

(diamA
"
)s

(diamB
n
)s

&
1

Ls
3

A
"
ZBn

A
"
`!

"

(diamA
"
)s

(diamB
n
)s

. (4.5)

We now note that it follows from Lemma 2.4 that, if K is sufficiently large and

h(z)¯x!
m

¯x
m
­R

m
}2

for some m `N, then f(z) `B
m
. Thus, for each point z such that h(z)¯x!

m
, there exists

a set A
"
(z) `!

"
such that z `A

"
(z) and f(A

"
(z))¯B

m
. We note further that h(A

"
(z))Z

B(x
m
,x

m
}4) and hence, as the singularities of h−" are contained in ²z :2(z)! 0´, h is

univalent in A
"
(z). Thus, if z

"
1 z

#
, then A(z

"
)1A(z

#
). We note further that, if

A
"
fB(x!

n
,R

n
}4)1W, then, since the sets B

k
, k `N, are disjoint, it follows that A

"
Z

B
n
. For each M `Z, we take Γ

M
to be the curve defined by

Γ
M

¯²z¯x­iy :x& log(K­x
"
), y¯ 2πM ´.
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If g(z) `Γ
M
, for some M `Z, then h(z) ` [x

"
,¢). Now let γ

M
be a curve which is

mapped onto Γ
M

by g. If γ
M
fB(x!

n
,R

n
}8)1W, then there exists a segment of

γ
M
fB(x!

n
,R

n
}4) of length at least R

n
}8 and hence, from Lemma 2.6, there exists a

segment of Γ
M
fg(B(x!

n
,R

n
}4)) of length at least g«(x

n
)R

n
}(8M

"
). It follows that there

exist z
"
, z

#
` γ

M
fB(x!

n
,R

n
}4) such that

h(z
"
)¯x!

n(")
, h(z

#
)¯x!

n(#)
, h(γ

M
fB(x!

n
,R

n
}4))[ [x!

n(")
,x!

n(#)
]

and

2(g(z
#
))®2(g(z

"
))&

g«(x
n
)R

n

8M
"

®2¯
g(x

n
)

64LM
"

®2"
g(x

n
)

100LM
"

. (4.6)

Thus, if γ
M
fB(x!

n
,R

n
}8)1W, then it follows from Lemma 4.1 and Lemma 2.6 that,

if K is sufficiently large, then

3
A
"
ZBn

A
"
fγ

M
1W

(diamA
"
)s

(diamB
n
)s

&
1

(24L(1­p)M
"
g«(x

n
) r

n
)s

3
n(#)

r=n(")

1

(logx
r
)ps

"
1

(50L(1­p)M
"
g(x

n
))s&

x!n(#)

x!n(")

1­p

x(logx)p(s−")
dx

"
1

(50L(1­p)M
"
g(x

n
))s (logx!

n(#)
)p(s−")

[logx!
n(#)

®logx!
n(")

].

(4.7)

Since exp(g(z
"
))¯x!

n(")
­K and exp(g(z

#
))¯x!

n(#)
­K, it follows from Lemma 2.6

that, if K is sufficiently large, then

2(g(z
#
))®1% logx!

n(#)
%2(g(z

#
))% rg(z

#
)r%M

"
g(x

n
)

and
logx!

n(")
%2(g(z

"
)).

Thus, if γ
M
fB(x!

n
,R

n
}8)1W, it follows from (4.6) and (4.7) that

3
A
"
ZBn

A
"
fγ

M
1W

(diamA
"
)s

(diamB
n
)s

"
2(g(z

#
)®g(z

"
))®1

(50L(1­p))s Ms+p(s−")

"
(g(x

n
))s+p(s−")

"
g(x

n
)

200LM
"
(50L(1­p))s M#

"
(g(x

n
))#

"
1

(50L(1­p))s+#M$

"
g(x

n
)
. (4.8)

Clearly g(x!
n
) `Γ

!
. Since we know from Lemma 2.6 that

g(B(x!
n
,R

n
}8))[B(g(x!

n
), g«(x

n
)R

n
}(8M

"
)),

it follows that there are at least g«(x
n
)R

n
}(16M

"
π)¯ g(x

n
)}(128LM

"
π) values of

M `Z for which there exists a curve γ
M

satisfying γ
M
fB(x!

n
,R

n
}8)1W. If a set A

"
`!

"

meets two curves γ
M(")

and γ
M(#)

, with M(1)1M(2), then there exist w `A
"
, and

M `N such that &(g(w))¯ (2M­1)π and hence 2(h(w))! 0. This, however, is

impossible and so it follows from (4.5) and (4.8) that, if K is sufficiently large, then

3
Am+"

ZAm

Am+"
`!

m+"

(diamA
m+"

)s

(diamA
m
)s

"
g(x

n
)

(50L(1­p))#s+$M%

"
g(x

n
)
¯

1

(50L(1­p))#s+$M%

"

. *
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L 4.5. There exist C
"$

(p)&C
"#

(p), M
%
(p)" 1 such that, if K"C

"$
(p),

z, f(z) `5¢

n="
B

n
,

) f(z)

8L(1­p) (log f(z))p f «(z))% r% ) z

8L(1­p) (log z)p)
and

H¯²A
"
:A

"
`!

"
,A

"
fB(z, r)1W´,

then

3
A
"
`H

(diamA
"
)s !M

%
(p) (diamB(z, r))s.

Proof. If the conditions of the lemma are satisfied and K"C
*
(p), then it follows

from Lemma 2.6, Lemma 2.7 and Lemma 4.1 that, for each n `N,

3
A
"
`H

f(A
"
)=Bn

(diamA
"
)s !

M
#
rg«(z)r r(3M

"
)s

rg«(z)rs (logx
n
)ps

. (4.9)

Letting m denote the smallest and M the largest values of n `N for which there exists

a set A
"
`H with f(A

"
)¯B

n
, we deduce from (4.9) that, if K is sufficiently large, then

3
A
"
`H

(diamA
"
)s !

9M
#
M#

"
r

rg«(z)rs−"
3
M

n=m

1

(logx
n
)ps

!
10M

#
M#

"
r

rg«(z)rs−" &
xM+"

xm

(1­p)

x(logx)p(s−")
dx

¯
10M

#
M#

"
r(1­p)#

rg«(z)rs−"
[(logx

M+"
)"/("+p)®(logx

m
)"/("+p)]. (4.10)

We note that

logx
M+"

¯ log 0xM
­

x
M

(1­p) (logx
M
)p1! logx

M
­

2

(logx
M
)p

,

if K is sufficiently large. Also, we know from Lemma 4.1 that, if z
"
, z

#
`B(z, r) with

f(z
"
) `B

m
and f(z

#
) `B

M
, then

2(g(z
"
))¯ logx

m
­e

"
and 2(g(z

#
))¯ logx

M
­e

#
,

where

re
"
r!

2

(logx
m
)p

! 1 and re
#
r!

2

(logx
M
)p

! 1

if K"C
*
(p). Thus, for large values of K, it follows from Lemma 2.6 that

logx
M+"

! logx
m
­2(g(z

#
)®g(z

"
))­

6

(logx
m
)p

% logx
m
­sup

w `B(z,r)
rg«(w)r r­

6

(logx
m
)p

% logx
m
­M

"
rg«(z)r r­

6

(logx
m
)p

. (4.11)
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Together with (4.10), this implies that, if K is sufficiently large, then

3
A
"
`H

(diamA
"
)s !

10M
#
M#

"
r(1­p)#

rg«(z)rs−" 90logx
m
­M

"
rg«(z)r r­

6

(logx
m
)p1

"/("+p)

®(logx
m
)"/("+p): . (4.12)

If rg«(z)r r" logx
m
, then it follows from (4.12) that, if K is sufficiently large, then

3
A
"
`H

(diamA
"
)s !

10M
#
M#

"
r(1­p)#

rg«(z)rs−"
(3M

"
rg«(z)r r)"/("+p) ! 30M

#
M$

"
(1­p)# rs.

(4.13)

Now suppose that rg«(z)r r% logx
m
. In this case, it follows from (4.11) that

rlog f(z)r% 2 logx
M

! 6M
"
logx

m
. (4.14)

It follows from (4.14) and Corollary 2.5 that

rg«(z)r r& ) g«(z) f(z)
8L(1­p) (log f(z))p f «(z))

" ) g«(z) eg(z)

(6M
"
)p 64L(1­p) g«(z) eg(z)(logx

m
)p)

¯
1

(6M
"
)p 64L(1­p) (logx

m
)p

and so it follows from (4.12) that

3
A
"
`H

(diamA
"
)s

!
10M

#
M#

"
r(1­p)#

rg«(z)rs−"
[(logx

m
­400(6M

"
)p+"L(1­p) rg«(z)r r)"/("+p)®(logx

m
)"/("+p)]

!
10M

#
M#

"
r(1­p)#

rg«(z)rs−"
(logx

m
)"/("+p) 91­

400(6M
"
)p+"L(1­p) rg«(z)r r

logx
m

®1:
¯

10M
#
M#

"
r#(1­p)$ rg«(z)rp/("+p) 400(6M

"
)p+"L

(logx
m
)p/("+p)

! 4000M
#
(6M

"
)$+p (1­p)$L 0 rg«(z)

logx
m

1p/("+p)

rs

% 4000M
#
(6M

"
)$+p (1­p)$Lrs.

Together with (4.13), this gives the desired result. *

Using Lemma 4.5, we prove the following result.
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L 4.6. There exists C
"%

(p)&C
"$

(p) such that, if K"C
"%

(p), z `A, r" 0 and

n& 2 is the smallest integer for which

r( f n)« (z)r r" ) f n(z)

8L#(1­p) (log f n(z))p) ,
then

3
An

fB(z,r)1W

An
`!

n

(diamA
n
)s !M

%
(p)L#s(diamB(z, r))s.

Proof. If z `A, r" 0 and n& 2 is the integer described above, then

) f n(z)

8L(1­p) (log f n(z))p f «( f n−"(z)))! r( f n−")« (z)r rL

% ) f n−"(z)

8L(1­p) (log f n−"(z))p) (4.15)

and

f m(z) `AZ 5
¢

k="

B
k

(4.16)

for each m `N. It follows from Lemma 2.1, Lemma 2.2, (4.15) and (4.16) that, if

K"C
"
(p), then

f n−"(B(z, r))ZB( f n−"(z), r( f n−")« (z)r rL). (4.17)

It follows from (4.15)–(4.17) and Lemma 4.5 that, if K"C
"$

(p), then

3
A
"
ff

n−"
(B(z,r))1W

A
"
`!

"

(diamA
"
)s !M

%
(p) (2r( f n−")« (z)r rL)s. (4.18)

We note that it follows from Lemma 4.1 that, if K is sufficiently large, then

sup
A
"
`!

"

diamA
"
! 1. (4.19)

If A
n
`!

n
and A

n
fB(z, r)1W, then it is clear that there exists A

"
`!

"
with A

"
f

f n−"(B(z, r))1W and f n−"(A
n
)¯A

"
. It follows from (4.15)–(4.17), (4.19), Lemma 2.1

and Lemma 2.2 that

diamA
n
%

LdiamA
"

r( f n−")« (z)r

and so it follows from (4.18) that

3
An

fB(z,r)1W

An
`!

n

(diamA
n
)s %

Ls

r( f n−")« (z)rs
M

%
(p) (2r( f n−")« (z)r rL)s

¯M
%
(p)L#s (diamB(z, r))s. *

We are now in a position to prove the main result of this section.
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L 4.7. Let K"C
"%

(p). For each δ" 0, there exists r(δ)" 0 such that, if the

sets B(z
i
, r

i
), 1% i%N, form a co�er of AfB

"
with z

i
`AfB

"
and r

i
! r(δ) for each

1% i%N, then

3
N

i="

(2r
i
)s−δ " 3

A
"
ZBn

A
"
`!

"

(diamA
"
)s.

Proof. Take M `N with M& 2, δ" 0 and a collection of sets D
i
¯B(z

i
, r

i
), 1%

i%N, which form a cover of AfB
"

with z
i
`AfB

"
and

r
i
! inf

z`J( f )fB
"

"
%m%M

) f m(z)

8L#(1­p) (log f m(z))p ( f m)« (z))¯R
M

(4.20)

for each 1% i%N. Denote by n(i) the smallest integer n for which

r
i
r( f n)« (z

i
)r" ) f n(z

i
)

8L#(1­p) (log f n(z
i
))p) . (4.21)

The existence of n(i) follows from Lemma 4.2. It follows from Lemma 4.3 that AZ
J( f ) and so, from (4.20), that n(i)"M& 2. We may assume that n(1)% n(2)%…%
n(N ). It follows from Lemma 4.4 and Lemma 4.6 that

3
A
"
ZB

"

A
"
`!

"

(diamA
"
)s

!
1

Mn(")−"

$
(p)

3
An(")

ZB
"

(diamA
n(")

)s

%
1

Mn(")−"

$
(p)

3
An(")

fD
"
1W

(diamA
n(")

)s­
1

Mn(")−"

$
(p)

3
An(")

ZB
"
cD

"

(diamA
n(")

)s

!
M

%
(p)L#s

Mn(")−"

$
(p)

(diamD
"
)s­

1

Mn(#)−"

$
(p)

3
An(#)

ZB
"
cD

"

(diamA
n(#)

)s

!M
%
(p)L#s 9(diamD

"
)s

Mn(")−"

$
(p)

­
(diamD

#
)s

Mn(#)−"

$
(p):­

1

Mn(#)−"

$
(p)

3
An(#)

ZB
"
c(D

"
eD

#
)

(diamA
n(#)

)s

%

]

%M
%
(p)L#s3

N

i="

(diamD
i
)s

Mn(i)−"

$
(p)

­
1

Mn(N)−"

$
(p)

3
An(N)

ZB
"
c5N

i="
Di

(diamA
n(N)

)s. (4.22)

(Note that the expression A
n(i)

should be taken to denote a member of !
n(i)

wherever

it appears in the above equation.) As it follows from Lemma 4.4 that A
n(N)

fA1W
for each A

n(N)
`!

n(N)
and the sets D

i
form a cover of B

"
fA, we see that there are no

sets A
n(N)

`!
n(N)

for which A
n(N)

ZB
"
c5N

i="
D

i
and so it follows from (4.22) that

3
A
"
ZB

"

A
"
`!

"

(diamA
"
)s !M

%
(p)L#s3

N

i="

(diamD
i
)s

Mn(i)−"

$
(p)

%max
"
%i%N

(diamD
i
)δ

Mn(i)−"

$
(p)

M
%
(p)L#s3

N

i="

(diamD
i
)s−δ. (4.23)
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It follows from (4.21) and Lemma 4.2 that, for each 1% i%N,

(diamD
i
)δ

Mn(i)−"

$
(p)

M
%
(p)L#s%

M
%
(p)L#s

Mn(i)−"

$
(p) )

f n(i)−"(z
i
)

4L#(1­p) (log f n(i)−"(z
i
))p ( f n(i)−")« (z

i
))

δ

!
M

%
(p)L#s

Mn(i)−"

$
(p) 2(n(i)−")

#δ/#

% 0 M
%
(p)L#s

M
$
(p) 2(n(i)−")

δ/#
1n(i)−"

.

It is clear that

M
%
(p)L#s

M
$
(p) 2(n(i)−")

δ/#
! 1

provided that n(i) is sufficiently large. As n(i)"M for each 1% i%N, it follows from

(4.23) that, provided that M is sufficiently large,

3
A
"
ZB

"

A
"
`!

"

(diamA
"
)s !3

N

i="

(2r
i
)s−δ.

By taking r(δ)¯R
M

for a sufficiently large value of M, we obtain the desired result.

*

It follows from Lemma 4.7 that, if K"C
"%

(p), then, for each δ" 0, dim(AfB
"
)&

s®δ and hence dimA& s. Since AZ J( f ), it follows that, for large values of K,

dim J( f )& s¯ 1­1}(1­p) as claimed. Together with the results of Section 3, this is

sufficient to prove Theorem 1.3.

5. Outline proof of Theorem 1.4

Let F
p,K,a,b

denote the function defined by

F
p,K,a,b

(z)¯ f
p,K

(z)­
b

z®a
,

where p,K" 0, 0! b! 1 and a `C. It is clear that F
p,K,a,b

is a transcendental

meromorphic function with one pole and that, for rz®ar"ob, we have

rF
p,K,a,b

(z)®f
p,K

(z)r! 1 and rF!
p,K,a,b

(z)®f !
p,K

(z)r! 1. (5.1)

Given p ` (0,¢), we choose a `G
p

such that g
p
(a) is large and negative. It is not

difficult to show that, if z is a critical point of F
p,K,a,b

and rz®ar!ob, then, provided

that b is sufficiently small and K is sufficiently large, we have F
p,K,a,b

(z) ` ²z :2(z)! 0´
and so it follows from (5.1) that similar arguments to those used in the proof of

Lemma 2.2 can be used to show that, if K is sufficiently large, then

²z :z is a singularity of F−n

p,K,a,b
for some n `N´Z ²z :2(z)! 0´.

We also choose b sufficiently small to ensure that, for each n `N, there is at most one

pre-image of B
n

under F
p,K,a,b

in B(a,ob), the size of which can be kept arbitrarily

small by taking an appropriately small value of b.
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The above comments are sufficient to indicate that, given a value of p ` (0,¢), we

can choose a(p) `C and b(p) ` (0, 1) in such a way as to allow similar arguments to

those used in Sections 2–4 to be applied to the functions F
p,K

¯F
p,K,a(p),b(p)

`M, thus

proving Theorem 1.4.
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