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Abstract

It is known that, for a transcendental entire function f, the Hausdorff dimension

of the Julia set of f satisfies 1%dimJ( f )% 2. In this paper we introduce a family of

transcendental entire functions f
p,K

for which the set ²dimJ( f
p,K

) : 0!p,K!¢´
has infemum 1 and supremum 2.

1. Introduction

Let f : #U# denote a transcendental entire function and fn,n `., the nth iterate

of f. The set of normality, N( f ) is defined to be the set of points, z `#, such that the

sequence ( fn)
n`. forms a normal family in some neighbourhood of z. It is easy to see

that N( f ) is open and has the property of complete invariance under f, that is z `N( f )

if and only if f(z) `N( f ). The complement, J( f ), of N( f ) is known as the Julia set. This

set is clearly closed and completely invariant under f. More details of these and other

basic properties of the sets N( f ) and J( f ) can be found in [3] and [4].

It was shown by Baker[1, corollary to theorem 1] that, if f is a transcendental entire

function, then J( f ) must contain continua and so the Hausdorff dimension of J( f ),

dimJ( f ), lies in the range 1%dimJ( f )% 2.

If a function f has the property that J( f )¯#, then clearly dimJ( f )¯ 2. An

example of such a function is f(z)¯ ez. McMullen has shown that, in fact, all functions

of the form f(z)¯λez,λ `2+, have Julia sets of dimension 2 [6, theorem 1±2] even

though, when 0!λ! 1}e,J( f ) has area zero [6, theorem 1±3]. Similar arguments can

be applied to the functions defined by

F
n
(z)¯

1

2πi&γ
n

exp (tn)

t®z
dt®K

n
,

where γ
n

is the boundary of

H
n
¯²z¯ reiθ : rθr!π}n, 0! r!¢´,

described in a clockwise direction for z `#cHa
n

and by analytic continuation for

z `Ha
n
. Provided K

n
is sufficiently large, it can be shown that, for each n `.,n& 2,

dimJ(F
n
)¯ 2.

In [7] we gave the first examples of transcendental entire functions whose Julia

sets have been proved to have dimension less than 2. More precisely, we considered

the function E defined by

E(z)¯
1

2πi&
L

exp (et)

t®z
dt,
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where L is the boundary of the region

G¯²z : Re (z)" 0, ®π! Im (z)!π´,

described in a clockwise direction, for z `#cGa , and by analytic continuation for

z `Ga . We proved the following result.

T A. Given δ" 0, there exists K
!
(δ) such that, for all K"K

!
, the function f

K

defined by f
K
(z)¯E(z)®K satisfies 1%dimJ( f

K
)! 1­δ.

In [8] we showed further that there exists K
!

such that, for all K"K
!
,

dimJ( f
K
)" 1.

These results lead us to consider the intermediate family of functions defined by

E
p
(z)¯

1

2πi&
Lp

exp (e(log t)"+p)

t®z
dt,

where L
p

is the boundary of the region

G
p
¯²z¯ x­iy : ryr%πx}[(1­p) (log (x))p], x& 3´

described in a clockwise direction, for z `#cGa
p
, and by analytic continuation for

z `Ga
p
. We then define f

p,K
(z)¯E

p
(z)®K. By using a modification of McMullen’s

method, together with the methods used in the proof of Theorem A, we are able to

prove the following.

T B. There exists a positive real-valued increasing function S defined on

(1,¢) such that

(i) for p& 2, if K"S(p), then dimJ( f
p,K

)% 1­2}p ;

(ii) for 0!p% 1}2, if K"S(1}p), then dimJ( f
p,K

)& 2®p.

In future work we hope to show that, for each n `.,K"S(n), dimJ( f
p,K

) is a

continuous function of p for p ` [1}n,n] and hence that, for each d ` (1, 2], there exists

a transcendental entire function f for which dimJ( f )¯ d.

2. Methods for obtaining estimates for Hausdorff dimension

We begin this section with a formal definition for the Hausdorff dimension of a

compact set E. If, for each µ" 0, we put

Hµ(E )¯ lim
εU

!

inf3
i

(r
i
)µ,

where the inf is taken over all possible covers of E with sets of diameter r
i
! ε, then

the Hausdorff dimension d¯dimE of the set E is defined to be the unique value

satisfying

Hµ(E)¯ (¢0
for µ! d

for µ" d.

For more details see, for example, [5, p. 220].

The following result is part of Frostman’s Lemma and is a commonly used method

for obtaining a lower bound for dimE. We include the proof as it is so short.



Hausdorff dimension of Julia sets 225

L 2±1. Let E be a compact subset of 2n and t be a real positive value. Suppose

that there exist a measure µ supported on E and constants C, r
!
" 0 such that every ball

B of radius r! r
!

satisfies µ(B)%Crt. Then dimE& t.

Proof. Take a value ε, 0! ε! r
!
, and a countable collection of balls B

i
of radius

r
i
! ε which gives a cover of E. Then

0!M¯µ(E)%3
i

µ(B
i
)%C3

i

(r
i
)t

and so 3
i
(r

i
)t&M}C. Thus H

t
(E)&M}C" 0 and hence dimE& t.

By using Lemma 2±1, McMullen [6, proposition 2±2] was able to prove the

following.

L 2±2. For each k `., let !
k

be a finite collection of disjoint compact subsets of

2n, each of which has positive n-dimensional measure, and define

!
k
¯ 5

Ak
`!

k

A
k
, A¯ 4

¢

k="

!
k
.

Suppose also that, for each A
k
`!

k
, there exist A

k+"
`!

k+"
and a unique A

k−"
`!

k−"
such

that

A
k+"

ZA
k
ZA

k−"
.

If ∆
k
, d

k
are such that, for each A

k
`!

k
,

vol (!
k+"

fA
k
)

vol (A
k
)

&∆
k

and diamA
k
% d

k
, d

k
U 0 as kU¢, then

lim
kU¢

3
k

i="

rlog∆
i
r}rlog d

k
r&n®dimA.

We will use some of the ideas of this result in our proof of Theorem B, part (ii).

3. Properties of the functions E
p
(z)

Consider the functions E
p,n

(z), n `., n& 3, 0!p!¢, defined by

E
p,n

(z)¯
1

2πi&
Lp,n

exp (e(log t)"+p)

t®z
dt,

where L
p,n

is the boundary of the region

G
p,n

¯²z¯ x­iy : ryr%πx}[(1­p) (log (x))p], x&n´

described in a clockwise direction, for z `#cGa
p,n

. It follows from Cauchy’s theorem

that, for each n `., n& 3, E
p,n+"

(z)¯E
p,n

(z) for z `#cGa
p,n

and so the functions

E
p,n

,n& 3, give an analytic continuation of E
p,$

to a function E
p
defined on the whole

of #. For simplicity, we write G
p

for G
p,$

and L
p

for L
p,$

.
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L 3±1. For each n `., there exist C(n),D(n)" 1 such that, for each p ` [1}n,n],

(i) if z `#cGa
p
, then rE

p
(z)r!C(n) ;

(ii) if z `Ga
p
, then rE

p
(z)®exp (e(log z)"+pr!C(n) and hence

rE!
p
(z)®(1­p) (log z)p e(logz)"+p exp (e(logz)"+p)}zr!C(n) ;

(iii) if z¯ x­iy `Ga
p

with x!D(n), then rE
p
(z)r!C(n) ;

(iv) if z¯ x­iy `Ga
p

with x&D(n), then r(1­p) (log z)p e(log z)"+p}zr" 8.

Proof. If t¯ reiθ, then there exists K(n) such that, for p ` [1}n,n], rθr!π}2, r& 3,

we have

exp (log t)"+p¯ exp (log r­iθ)"+p¯ exp 9(log r)"+p 01­
iθ

log r1
"+p:

¯ exp 9(log r)"+p 01­
iθ(1­p)

log r
­e1:

¯ exp [(log r)"+p­e
x
­i(θ(1­p) (log r)p­e

y
)],

where rer%
K(n)θ#

(log r)#
and hence re

x
r, re

y
r%K(n)θ#(log r)p−".

Given ε" 0, it is clear that there exists M(n, ε) such that, for

t¯ reiθ ¯ x­iy, x&M(n, ε),
5πx

6(log x)p (1­p)
% y%

7πx

6(log x)p (1­p)
,

we have

rθ(1­p) (log r)p­e
y
r% (1­ε) rθr (1­p) (log r)p

% (1­ε) ry}xr (1­p) (log r)p% (1­ε)# 7π}6,
and, similarly,

rθ(1­p) (log r)p­e
y
r& (1®ε)# 5π}6.

Thus, by taking a sufficiently small value for ε, we find that there exists M(n) such

that, for

p ` [1}n,n], t¯ reiθ ¯ x­iy, x&M(n),
5πx

6(log x)p (1­p)
% y%

7πx

6(log x)p (1­p)
,

we have
cos [θ(1­p) (log r)p­e

y
]%®1}2 and re

x
r% (log r)p−"}2

so that

Re [exp (log t)"+p]%®exp [(log r)"+p}2]}2%®exp [(log x)"+p}2]}2

and hence
rexp [e(log t)"+p]r% exp [®(1}2) e(logx)"+p

/#]. (3±1)

If z `#cGa
p
, then it follows from (3±1) and Cauchy’s residue theorem that

E
p
(z)¯

1

2πi&
L!

p

exp (e(log t)"+p)

t®z
dt,

where L!
p

is the boundary of

G!
p
¯ (z¯ x­iy : x&M(n), ryr%

5πx

6(log x)p (1­p)*
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described in a clockwise direction. If we choose M(n) sufficiently large to ensure that

M(n)& 4 and

πx

6(log x)p (1­p)
& 2 for x&M(n), p ` [1}n,n],

then it follows that

rE
p
(z)r!

1

2π&
L!

p

rexp (e(logt)"+p)r rdtr.

On the curves described by

ryr¯
5πx

6(log x)p (1­p)
we have

)dy

dx)¯ ) 5π

6(1­p)
[1}(log x)p®p}(log x)"+p])! 2π

and hence rdtr! 4π dx. Thus, from (3±1), if z `#cGa
p
, then

rE
p
(z)r!M(n) exp [e(log#M(n))

"+p]­2&
¢

M(n)

exp [®(1}2) e(logx)"+p
/#] dx. (3±2)

If z¯ x­iy `Ga
p

and x!M(n)­1, then it follows from Cauchy’s residue theorem and

(3±1) that

E
p
(z)¯

1

2πi&
L"

p

exp (e(logt)"+p)

t®z
dt,

where L"
p

is the boundary of

G"
p
¯ (z¯ x­iy : x&M(n)­2, ryr%

7πx

6(log x)p (1­p)*
described in a clockwise direction and hence, by similar arguments to those used

above,

rE
p
(z)r!M(n) exp [e(log#M(n))

"+p]­2&
¢

M(n)

exp [®(1}2) e(logx)"+p
/#] dx (3±3)

and hence

rE
p
(z)®exp [e(logz)"+p]r! 2M(n) exp [e(log#M(n))

"+p]

­2&
¢

M(n)

exp [®(1}2) e(logx)"+p
/#] dx. (3±4)

Finally, if z¯ x­iy `Ga
p

and x&M(n)­1, then it follows from Cauchy’s residue

theorem and (3±1) that

E
p
(z)¯ exp [e(log z)"+p]­

1

2πi&
L
q
p

exp (e(logt)"+p)

t®z
dt,

where LW
p

is the boundary of

GW
p
¯ (z¯ x­iy : x&M(n), ryr%

7πx

6(log x)p (1­p)*
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described in a clockwise direction and so, arguing as before, we find that

rE
p
(z)®exp [e(log z)"+p]r!M(n) exp [e(log#M(n))

"+p]­2&
¢

M(n)

exp [®(1}2) e(logx)"+p
/#] dx.

Combined with (3±2) and (3±4) this shows that parts (i) and (ii) of Lemma 3±1 are

satisfied if we take

C(n)¯ 2M(n) exp [e(log#M(n))
"+p]­2&

¢

M(n)

exp [®(1}2) e(logx)"+p
/#] dx!¢.

If we take D(n)¯M(n)­1 then part (iii) of Lemma 3±1 follows from (3±3).

By using arguments similar to those used in proving (3±1), it can be seen that,

provided M(n) is chosen to be sufficiently large, part (iv) of Lemma 3±1 is also true.

We now consider the inverse function singularities of the functions f
p,K

defined by

f
p,K

(z)¯E
p
(z)®K.

We put

S( f )¯²z : z is a finite singularity of f−"´,

P( f )¯²z : z is a finite singularity of f−n for some n `.´¯ 5
¢

n=!

fn(S( f )),

Ch (p)¯ (C([p]­1)

C([1}p]­1)

if p& 1

if 0!p! 1,

B(z, r)¯²w : rw®zr! r´.

L 3±2. For each p ` (0,¢),K" 2Ch (p), we have P( f
p,K

)ZB(®K, 2Ch (p)).

Proof. The finite transcendental singularities of ( f
p,K

)−" are the finite asymptotic

values of f
p,K

on curves going to ¢. From Lemma 3±1, we see that these must be

contained in the disc B(®K,Ch (p)).

The remaining singularities of ( f
p,K

)−" are the images of points z such that

( f
p,K

)« (z)¯ 0. If z `#cGa
p
, then it follows from Lemma 3±1 that f

p,K
(z) `B(®K,Ch (p)).

If z `Ga
p
, then it follows from Lemma 3±1 that

r(1­p) (log z)p e(log z)"+p exp (e(logz)"+p)}zr!Ch (p)

and either f
p,K

(z) `B(®K,Ch (p)) or r(1­p) (log z)p e(logz)"+p}zr" 1. It follows that

either f
p,K

(z) `B(®K,Ch (p)) or rexp (e(log z)"+p)r!Ch (p) and hence, from Lemma 3±1,

f
p,K

(z) `B(®K, 2Ch (p)).

Thus S( f
p,K

)ZB(®K, 2Ch (p)). As K" 2Ch (p), we have B(®K, 2Ch (p))Z#cGa
p

and so

it follows from Lemma 3±1 that f
p,K

(B(®K, 2Ch (p)))ZB(®K,Ch (p)). Thus, for each

n `., ( f
p,K

)n (B(®K, 2Ch (p)))ZB(®K,Ch (p)) and hence P( f
p,K

)ZB(®K, 2Ch (p)).

At several points in the proof of Theorem B we use the previous result together

with the following result which is known as Koebe’s distortion theorem.

L 3±3 (See, for example, [2, p. 32]). If g is univalent in the disc B(z, r) then, for

0! s! r,

sup
v,w`B(z, s)

rg«(v)}g«(w)r%L(s}r)¯ r(r­s)}(r®s)r%.
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For simplicity we denote L(1}2) by L(¯ 81). We conclude this section with some

results concerning the set of normality and the Julia set of f
p,K

.

L 3±4. If K"Ch (p) then #cGa
p
ZN( f

p,K
).

Proof. It follows from Lemma 3±1 that, if K"Ch (p), then

f
p,K

(#cGa
p
)ZB(®K,Ch (p))Z²z : Re(z)! 0´Z#cGa

p

and hence #cGa
p
ZN( f

p,K
).

We note that it is clear that there exists z
!
`B(®K,Ch (p)) such that, for each z in

the component of N( f
p,K

) which contains #cGa
p
,

( f
p,K

)n (z)U z
!

as nU¢.
We put

E
R,N

¯²z : ( f
p,K

)n (z) `Ga
p,R

for 0%n%N ´,

E
R

¯ 4
¢

N="

E
R,N

,

Dh (p)¯ (D([p]­1)

D([1}p]­1)

if p& 1

if 0!p! 1,

and take D«(p) to be a value satisfying

D«(p)

(1­p) (logD«(p))p
& 24LCh (p).

Finally, we put

CW (p)¯max ²exp [(p­1}p) 8±3¬10))],Ch (p), exp ((5¬10&)}p)"/p,Dh (p),D«(p)´.

L 3±5. If R&CW (p) and K" 2Ch (p) then

(i) for each z `E
R,N

, 1%n%N, we have r( fn
p,K

)« (z)r" 3n r fn
p,K

(z)r,
(ii) E

R
ZJ( f

p,K
).

Proof. (i) If R&CW (p) and z¯ x­iy `Ga
p,R

, then

y%
πx

(1­p) (log x)p
%

πx

(1­p) (logR)p
%

πx

(1­p) 4π
! x}4! rzr}4 (3±5)

and hence rzr! 2x. (3±6)

If, further, K"Ch (p), then it follows from Lemma 3±1 that

r( f
p,K

)« (z)r" r(1­p) (log z)p e(log z)"+p exp (e(log z)"+p)}zr®Ch (p)

" 8 rexp (e(log z)"+p)r®Ch (p)

& 8Re [exp (e(logz)"+p)]®Ch (p)" 8Re [f
p,K

(z)]®Ch (p).

If, in addition, f
p,K

(z) `G
p,R

, then it follows from (3±6) that

r( f
p,K

)« (z)r" 4r f
p,K

(z)r®Ch (p)" 3 r f
p,K

(z)r.

Thus, for each z `E
R,N

, 1%n%N,

r( fn
p,K

)« (z)r¯ 0
n−"

r=!

r( f
p,K

)« ( f r
p,K

) (z)r" 3n 0
n−"

r=!

r( f r+"
p,K

) (z)r" 3nr fn
p,K

(z)r.
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(ii) As K" 2Ch (p), it follows from Lemma 3±2 that, for each z `E
R
,n `., the branch

g
n

of f−n
p,K

that maps fn
p,K

(z) to z is univalent to B( fn
p,K

(z), r fn
p,K

(z)r) and hence, from

Lemma 3±3,

g
n
(B(fn

p,K
(z), r fn

p,K
(z)r}2))ZB(z, 81 r fn

p,K
(z)r}r2( fn

p,K
)« (z)r). (3±7)

If z `N( f
p,K

) then there exists r" 0 such that B(z, r)ZN( f
p,K

). From (i) and (3±7) we

see that, for sufficiently large values of n,

g
n
(B( fn

p,K
(z), r fn

p,K
(z)r}2))ZB(z, r)

and hence
fn
p,K

(B(z, r))[B( fn
p,K

(z), r fn
p,K

(z)r}2).

It follows from (3±5) that

B( fn
p,K

(z), r fn
p,K

(z)r}2)f#cGa
p
1W

and so, from the comment after Lemma 3±4, if B(z, r)ZN( f
p,K

), then

fn
p,K

(z)U z
!
` ²z : Re (z)! 0´ as nU¢.

This, however, is impossible as z `E
R

and hence fn
p,K

(z) `Ga
p,R

Z²z : Re (z)& 3´ for

each n `..

4. Proof of Theorem B part (i)

We take a function f¯ f
p,K

with K" 2Ch (p), a value x
"
&CW (p) and define the real

values x
n

inductively by

x
n+"

¯ x
n
­r

n
, r

n
¯ x

n
}[(1­p) (log x

n
)p].

We define the sets B
n

by

B
n
¯²z¯ x­iy : x

n
% x% x

n
­R

n
, ryr%R

n
´,

where r
n
}(8L)%R

n
%πr

n
, and define the following collection of sets inductively:

!
"
¯²A

"
: A

"
is a component of f−"(B

n
) for some n `.,A

"
Z 5

n`.

B
n
´,

!
k
¯ 5

Ak
`!

k

A
k
,

and

!
k+"

¯²A
k+"

: A
k+"

is a component of f−(k+")(B
n
) for some n `.,A

k+"
Z!

k
´.

L 4±1. For each k `.,A
k
`!

k
,

diamA
k
! 1}3kU 0 as kU¢.

Proof. If A
k
`!

k
, then there exists n `. such that fk(A

k
)¯B

n
. As K" 2Ch (p),

!
k
ZE

x",k
and x

"
&CW (p), it follows from Lemma 3±5 that

diamA
k
! sup

z`Ak

diamB
n

r( fk)« (z)r
! sup

z`Ak

(1}3k)
diamB

n

r fk(z)r
!

x
n

3kx
n

.

We put hW (z)¯ exp (e(logz)"+p),

GW
p
¯²z¯ x­iy : z `Ga

p
, x%CW (p)´,

and S(p)¯ 2Ch (p)­max
z`Gq p

rhW (z)r.
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L 4±2. If K"S(p), x¯CW (p) and R
n
¯πr

n
then, for each k `., the sets in !

k

form a cover of J( f
p,K

).

Proof. If z `GW
p

then, as K"S(p),

Re [ f(z)]% rhW (z)r®K­Ch (p)! 0

and hence, from Lemma 3±4, f(z) `#cGa
p
ZN( f ). So J( f )ZGa

p,x"

.

If z¯ x­iy `Ga
p,x"

c 5
¢

n="

B
n
,

then there exists n `. such that

x
n
% x! x

n+"
,

πx

(1­p) (log x)p
& ryr&

πx
n

(1­p) (log x
n
)p

&
5πx

6(1­p) (log x)p

and so it follows from (3±1) that

Re [exp (log z)"+p]%®exp [(log x)"+p}2]}2!®1}2.

Thus Re ( f(z))% rhW (z)r®K­Ch (p)! e−"/#®K­Ch (p)! 0

and so, as previously, z `N( f ).

So J( f )Z 5
¢

n="

B
n

and hence, as J( f ) is forward invariant under f,

J( f )Z 5
¢

n="

f−k(B
n
)

for each k `.. It follows from the arguments given above that

f 0# c 5
¢

n="

B
n1Z²z : Re (z)! 0´

and so, if fk(z) ` 5
¢

n="

B
n
,

we must have fk−"(z) ` 5
¢

n="

B
n
.

Thus, for each k `., we have

J( f )Z 5
¢

n="

f−k(B
n
)¯!

k
.

If, for some 0! t% 2,

3
An+"

fAn
1W

An+"
`!

n+"

(diamA
n+"

)t% (diamA
n
)t
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for each n `.,A
n
`!

n
, then it follows from Lemma 4±1 that, for each z `#,n `.,

3
An+"

fB(z,")
1W

An+"
`!

n+"

(diamA
n+"

)t% 3
An

fB(z,"+$
−(n+")

)1W
An

`!
n

(diamA
n
)t

%…% 3
A"

fB(z,"+$
−(n+")

+$
−n

+…+$
−#

)1W
A"

`!
"

(diamA
"
)t! 3

A"
fB(z,#)

1W
A"

`!
"

(diamA
"
)t.

If, further, we have K"S(p) and R
n
¯πr

n
, then it follows from Lemma 4±2 that, for

each z `#,

dim [J( f )fB(z, 1)]% t

and hence dimJ( f )% t.

L 4±3. If A
k
`!

k
and fk(A

k
)¯B

n
, then

3
Ak+"

fAk
1W

Ak+"
`!

k+"

(diamA
k+"

)t}(diamA
k
)t%Lt 3

A"
fBn

1W

A"
`!

"

(diamA
"
)t}(diamB

n
)t.

Proof. Clearly

diamA
k+"

%diam fk(A
k+"

)}[ inf
z`Ak+"

r( fk)« (z)r],

diamA
k
&diamB

n
}[sup

z`Ak

r( fk)« (z)r].

5

6

7

8

(4±1)

If A
k+"

`!
k+"

, then fk(A
k+"

) `!
"

and so it follows from Lemma 4±1 that

fk (A
k
e 5

Ak+"
fAk

1W

Ak+"
`!

k+"

)ZB(x
n
, x

n
}4).

Thus, from Lemma 3±2 and Lemma 3±3, if A
k+"

fA
k
1W and A

k+"
`!

k+"
, then

sup
v,w`Ak

eAk+"

r( fk)« (v)}( fk)« (w)r%L.

Combined with (4±1) this gives the desired result.

Thus, if K"S(p), in order to show that dimJ( f )% t, it is sufficient to show that,

for each n `.,

3
A"

fBn
1W

A"
`!

"

(diamA
"
)t% (diamB

n
)t}Lt, (4±2)

when R
n
¯πr

n
. In order to do this we need the following results. We put

g(z)¯ exp (log z)"+p.

L 4±4. If

z ` 5
¢

n="

B
n

and r% ) 2πz

(1­p) (log z)p) then, for each w `B(z, r),

(i) 1}(6±8¬10#")% rg(w)}g(z)r% 6±8¬10#",

(ii) 1}2% rw}zr% 2,

(iii) 1}5% r (logw)}(log z)rp% 5,

(iv) 1}(6±8¬10##)% rg«(w)}g«(z)r% 6±8¬10##.
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Proof. If w `B(z, r), where z, r satisfy the above conditions, then

g(w)¯ g(z­e)¯ exp [log (z­e)]"+p¯ exp [log (z)­log (1­e}z)]"+p,
where

re}zr% rr}zr% ) 2π

(1­p) (log z)p)%
2π

(1­p) (logCW (p))p
! 1}(1­p),

and hence

g(w)¯ exp [log (z)­E]"+p¯ exp [(log z)"+p (1­E}(log z))"+p],

where rEr! r2e}zr and hence

rE}(log z)r! ) 4π

(1­p) (log z)"+p)! 1}[(1­p) (logCW (p))]

so that g(w)¯ exp [(log z)"+p (1­EW )],

where rEW r! r4(1­p)E}(log z)r! 16π}rlog zr"+p.

Thus g(w)¯ exp [log z]"+p exp (Eh )¯ g(z) exp (Eh ), where rEh r! 16π and hence

1}[6±8¬10#"]! exp (Eh )! 6±8¬10#".

Similar arguments to those used above show that

rlog zrp}5! rlogwrp! 5rlog zrp.

Clearly rzr}2! rwr! 2rzr. As g«(w)¯ (1­p) (logw)"+p g(w)}w, part (iv) follows from

parts (i), (ii) and (iii).

We put h(z)¯ exp [e(logz)"+p]®K.

L 4±5. If

z ` 5
¢

n="

B
n

and r% ) 2πz

(1­p) (log z)p) then, for each n `.,

r²w : h(w)¯ x
n
,w `B(z, r)´r% 2±8¬10#'rg«(z)r r.

Proof. We put

Γ
m

¯²t¯ x­iy : log (x
"
­K)% x!¢, y¯ 2πm´, hh (t)¯ et®K.

As hh (t)¯ x
n

implies that t `Γ
m

for some m `: and hh (t) is a strictly increasingly real-

valued function of t on each Γ
m
,m `:, it follows that

r²w : h(w)¯ x
n
,w `B(z, r)´r

% r²m `: : g(B(z, r))fΓ
m

1W´r¬max
t`#

r²w : g(w)¯ t,w `B(z, r)´r. (4±3)

From Lemma 4±4 we know that, if z, r satisfy the given conditions, then

g(B(z, r)ZB(g(z), 6±8¬10##rg«(z)rr)
and so

r²m `: : g(B(z, r))fΓ
m

1W´r! 6±8¬10##rg«(z)rr. (4±4)

We note that it follows from Lemma 4±4 that, if w¯ x­iy¯ seiθ `B(z, r), then

w `B 0x, ) 5πz

(1­p) (log z)p)1ZB 0x, ) 50πx

(1­p) (log x)p)1 .
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So logw¯ log (s)­iθ¯ teiφ, where

rφr! rtanφr¯ rθr}(log s)! rtan θr}(log s)

¯
ryr

x (log s)
! ) 50π

(1­p) (log x)"+p)!π}[2(1­p)], (4±5)

and hence (logw)"+p is univalent in B(z, r).

We also note that, if w `B(z, r), then it follows from (4±5) that

rIm [(logw)"+p]r¯ rt"+p sin ((1­p)φ)r% rlogwr"+p 2(1­p) rφr

! rlog (x)­2r"+p 2(1­p)rφr¯ (log x)"+p r1­2}(log x)r"+p 2(1­p) rφr

! 10(log x)"+p 2(1­p) ) 50π

(1­p) (log x)"+p)! 1000π! 4¬10$

and so

max
t`#

r²w : g(w)¯ exp (logw)"+p¯ t,w `B(z, r)´r% 4¬10$.

Combining this with (4±3) and (4±4) gives the desired result.

The next result is the main result of this section and has two parts. The proof of

Theorem B part (i) will follow easily from the first part and the second part will be

of use in the proof of Theorem B part (ii).

L 4±6. Let H¯²A
"
: A

"
`!

"
,A

"
fB(z, r)1W´.

(i) If z `2, rzr&CW (p), R
n
¯πr

n

r¯ ) (2)"/#πz

(1­p) (log z)p) ,
p& 2 and 2& t" 1­2}p, then

3
A"

`H

(diamA
"
)t% r}L#! rt}Lt.

(ii) If

z, f(z) ` 5
¢

n="

B
n
, p% 1}2, R

n
¯ r

n
}(8L), x

"
& 2(CW (p)­K)

and ) f(z)

8L(1­p) (log f(z))p f «(z))% r% ) z

8L(1­p) (log z)p) ,
then 3

A"
`H

(diamA
"
)#% 9±6¬10""#r#−p}rg«(z)rp.

Proof. As x
"
&CW (p), it follows from Lemma 3±1 that, if f(A

"
)¯B

n
, then

h(A
"
)ZB 0xn

,
4x

n

(1­p) (log x
n
)p1¯H

n
. (4±6)

We let A!

"
denote the component of h−"(H

n
) that contains A

"
and note that it follows

from Lemma 3±1 that

f(A!

"
)ZB 0xn

,
5x

n

(1­p) (log x
n
)p1ZB(x

n
, x

n
) (4±7)
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and hence, from Lemma 3±2, f is univalent in A!

"
. Thus, for each n `.,

r²A
"
: A

"
is a component of f−"(B

n
),A

"
`H´r

% r²A!

"
: A!

"
is a component of h−"(H

n
),A!

"
fB(z, r)1W´r. (4±8)

Clearly the only transcendental singularity of h−" is at ®K and, as h«(z)¯ 0 implies

that z¯ 1, the only critical value of h is at h(1)¯ e®K. Thus, if A!

"
fB(z, r)1W and

f(A!

"
)¯H

n
, the branch of h−" that maps H

n
to A!

"
is univalent in B(x

n
, x

n
}2). It

follows from Lemma 3±3 and Lemma 4±4 that, if w `B(z, r)fA!

"
,

A!

"
ZB 0w,

8Lx
n

(1­p) (log x
n
)p rh«(w)r1ZB 0w, ) 80Lh(w)

(1­p) (log h(w))p h«(w))1
ZB(w, 5}(1­p))ZB 0w, ) z

(1­p) (log z)p)1ZB 0z, ) 2πz

(1­p) (log z)p)1 . (4±9)

If r!diam (A!

"
)}2, then it follows from (4±9) that

B(z, r)ZB 0w,
16Lx

n

(1­p) (log x
n
)p rh«(w)r1 .

As 16L#x
n
}[(1­p) (log x

n
)p]! x

n
}8, it follows from Lemma 3±3 that

h(z) `B(h(w), x
n
}8)ZB(x

n
, x

n
}4)

and hence, from Lemma 3±1, we have f(z) `B(x
n
, x

n
}2).

Thus, if r!diam (A!

"
)}[2560L$], then it follows from (4±9) that

r!
16Lx

n

2560L$(1­p) (log x
n
)p rh«(w)r

! ) 160L#f(z)

2560L$(1­p) (log f(z))p rh«(z)r) . (4±10)

It follows from Lemma 3±1 that

r f «(z)r­Ch (p)" rh«(z)r" r f «(z)r®Ch (p).

As z, f(z) ` 5
¢

n="

B
n
,

it follows from Lemma 3±5 that

r f «(z)r" 3r f(z)r" 3x
"
" 3Ch (p)

and hence rh«(z)r" r f «(z)r}2.

So, if r!diam (A!

"
)}[2560L$], it follows from (4±10) that

r! ) 320L#f(z)

2560L$(1­p) (log f(z))p r f «(z)r)¯ ) f(z)

8L(1­p) (log f(z))p r f «(z)r) .
This is clearly impossible and so we must have

diamA!

"
% 2560L$r! 1±4¬10*r. (4±11)

It follows from (4±8), (4±9) and (4±11) that there exists

rW %min () 2πz

(1­p) (log z)p) , 1±5¬10*r* (4±12)
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such that, for each n `.,

r²A
"
: A

"
is a component of f−"(B

n
),A

"
`H´r

% r²A!

"
: A!

"
is a component of h−"(H

n
),A!

"
ZB(z, rW )´r

% rw : h(w)¯ x
n
,w `B(z, rW )´

and so, from Lemma 4±5 and (4±12),

r²A
"
: A

"
is a component of f−"(B

n
),A

"
`H´r

% 2±8¬10#' rg«(z)rrW ! 4±2¬10$&rg«(z)r r. (4±13)

If A
"
is a component of f−"(B

n
) and w `A

"
fB(z, r), then it follows from Lemma 3±3

and Lemma 3±4 that
diamA

"
!Ldiam (B

n
)}r f «(w)r.

Arguing as before, we see that r f «(w)r" rh«(w)r}2 and hence, as r f(w)r& x& 2Ch (p)), it

follows from Lemma 3±1 and Lemma 4±4 that

diamA
"
! ) 4πLx

n

(1­p) (log x
n
)p h«(w))!

8Lπ

(1­p) (log x
n
)p rg«(w)r

!
1±4¬10#'

(1­p) (log x
n
)p rg«(z)r

.

(4±14)

Now let m denote the smallest and M the largest n `. for which there exists a set

A
"
`H with f(A

"
)¯B

n
. It follows from (4±13), (4±14) and Lemma 4±4 that

3
A"

`H

(diamA
"
)t%

4±2¬10$&rg«(z)r r(1±4¬10#')#

(1­p)t rg«(z)rt
¬ 3

M

n=m

1}(log x
n
)pt

!
8±3¬10)(r

(1­p)t rg«(z)rt−"&
xM+"

xm

10(1­p)

x(log x)p(t−")
dx

¯
8±3¬10))r

(1®p(t®1))(1­p)t−" rg«(z)rt−"
[(log x)"−p(t−")]xM+"

xm

. (4±15)

If we are in case (i) then, as 2& t" 1­2}p, we have 1®p(t®1)!®1 and so, as

log x
m

& logCW (p)" 1 and z `2, it follows from (4±15) that

3
A"

` H

(diamA
"
)t! 8±3¬10))r}rg«(z)rt−"!

8±3¬10))rzt−"

[g(z) (log z)p]t−"
! 8±3¬10))r}(log z)#.

As rzr&CW (p)& exp (8±3¬10)(), it follows that

3
A"

`H

(diamA
"
)t! r}L#! rt}Lt

as claimed.

If we are in case (ii) then, as p% 1}2, it follows from (4±15) that

3
A"

`H

(diamA
"
)#!

1±7¬10)*r

rg«(z)r (log x
m
)p

rlog (x
M+"

)®log (x
m
)r. (4±16)

As x
m

& 2(CW (p)­K) and K&CW (p), it follows from Lemma 3±1 that, if z
"
, z

#
`B(z, r)

with f(z
"
) `B

m
and f(z

#
) `B

M
, then

rexp (e(logz")"
+p)r% 2x

m
, rexp (e(logz#)"

+p)r& x
M

" x
M+"

}2. (4±17)
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So it follows from Lemma 4±4 that

rlog (x
M+"

)®log (x
m
)r%Re (g(z

#
))®Re (g(z

"
))­log 4

% log (4)­rg(z
#
)®g(z

"
)r% log (4)­2¬6±8¬10##rg«(z)rr.

Thus, if r r g«(z)r" 1, then

rlog (x
M+"

)®log (x
m
)r! 1±4¬10#$rg«(z)r r

and so, from (4±16) and (4±17),

3
A"

`H

(diamA
"
)#!

1±7¬10)*r

rg«(z)r (log x
m
)p

¬1±4¬10#$rg«(z)r r! 4±8¬10""#r#}[Re (g(z
"
))]p.

(4±18)

It is not difficult to deduce from the conditions on p, z and r that there exists w `2

with w&CW (p) such that

z
"
`B(z, r)ZB 0w,

w

3L(1­p) (logw)p1 .

As g«(w)L
w

3L(1­p) (logw)p
¯ g(w)}3,

it follows from Lemma 3±3 that g(B(z, r))ZB(g(w), g(w)}3) and hence

Re (g(z
"
))" 2g(w)}3" rg(z)r}2.

So, if r rg«(z)r" 1, it follows from (4±18) that

3
A"

`H

(diamA
"
)#! 2p¬4±8¬10""#r#}rg(z)rp! 9±6¬10""#r#}rg(z)rp

% 9±6¬10""#r#−p}rg(z)rp¬) z

8L(1­p) (log z)p)
p

¯ 9±6¬10""#r#−p}[8Lrg«(z)r]p! 9±6¬10""#r#−p}rg«(z)rp.

Finally, if r rg«(z)r% 1 then, from (4±12),

3
A"

`H

(diamA
"
)#% (1±5¬10*)# r#! 2±3¬10")r#! 2±3¬10")r#−p}rg«(z)rp.

This completes the proof of Lemma 4±6.

We are now in a position to prove Theorem B part (i). If R
n
¯πr

n
then, for each

n `.,
diamB

n
¯ (2)"/#πr

n
(4±19)

and B
n
ZB(x

n
, (2)"/#πr

n
)¯B 0xn

,
(2)"/#πx

n

(1­p) (log x
n
)p1 .

Thus, if H¯²A
"
: A

"
`!

"
,A

"
fB(x

n
, (2)"/#πr

n
)1W´, it follows from Lemma 4±6 part

(i) and (4±19) that, if p& 2, 2& t" 1­2}p, then, for each n `.,

3
A"

fBn
1W

(diamA
"
)t% 3

A"
`H

(diamA
"
)t! [(2)"/#πr

n
]t}Lt¯ (diamB

n
)t}Lt.

It now follows from (4±2) that, if p& 2,K&S(p), then dimJ( f )% 1­2}p.
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5. Proof of Theorem B part (ii)

Take a function f¯ f
p,K

, where p% 1}2,K& 2Ch (p) and consider the sets A
k

defined at the beginning of section four with x
"
& 2(K­CW (p)) and R

n
¯ r

n
}(8L). We

note that, for each k `., the sets in A
k
are disjoint and so, if A

k+"
`!

k+"
, there exists

a unique A
k
`!

k
such that A

k+"
ZA

k
. We choose a set AW

"
`!

"
and put "

k
¯!

k
fAW

"
.

If AW ¯4¢
k="

"
k
, then AW ZE

C
q
(p)

and so, from Lemma 3±5, AW ZJ( f ).

Following the ideas used by McMullen in his proof of Lemma 2±2, we construct a

measure µ which is supported on AW . We first construct a sequence of measures µ
k

supported on "
k
in the following way. If µ

!
is the 2-dimensional volume measure, we

have µ
"
¯ 0 on #cAW

"
and µ

"
¯µ

!
r
A
q
"

elsewhere. Then, given µ
k
, we define µ

k+"
by

letting µ
k+"

¯ 0 on "
k
c"

k+"
and elsewhere taking it to be the restriction of µ

k
to "

k+"

scaled within each A
k
`!

k
so that µ

k+"
(A

k
)¯µ

k
(A

k
). There is then a subsequence of

measures µ
k
which converge weakly to a measure µ supported on AW (see, for example,

[9, theorem 5±13]).

We note some properties of these measures. First, for each k `. and each A
k
`!

k
,

µ
n
(A

k
)¯µ

k
(A

k
) for n& k and so

µ(A
k
)¯µ

k
(A

k
). (5±1)

Secondly, if

∆(A
k
)¯vol (!

k+"
fA

k
)}vol (A

k
), ~(A

k
)¯ 0

k

r="

∆(A
r
),

where A
k
ZA

k−"
Z…ZA

"

then for each r `.,A
r
`!

r
with A

r
ZAW

"
we have

µ
r+"

r
(!r+"

fAr)
¯ (1}∆(A

r
))µ

r
r
(!r+"

fAr)

and so, for each k `.,A
k
`!

k
with A

k
ZAW

"
,

µ
k+"

r
(!k+"

fAk)
¯ (1}~(A

k
))µ

!
r
(!k+"

fAk)
. (5±2)

In the following results we obtain enough information on the sets A
n

(and hence

on the measure µ) to enable us to apply Lemma 2±1 to show that

dim (J(f))&dim (AW )& 2®p.

We begin by getting an estimate for the quantities ∆(A
r
). In order to do this, we need

the following preliminary results.

L 5±1. If A
k
ZAW

"
and fk(A

k
)¯B

n
, then

∆(A
k
)¯ 3

Ak+"
ZAk

(diamA
k+"

)#}(diamA
k
)#

& (1}L#) 3
A"

ZBn

(diamA
"
)#}(diamB

n
)#.

Proof. If A
"
`!

"
and A

"
ZB

n
, then there exists A

k+"
`!

k+"
such that A

k+"
ZA

k

and fk(A
k+"

)¯A
"
. Clearly,

diamA
k+"

&diam (A
"
)}[ sup

z`Ak+"

r( fk)« (z)r]&diam (A
"
)}[sup

z`Ak

r( fk)« (z)r],
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and diamA
k
%diam (B

n
)}[ inf

z`Ak

r( fk)« (z)r].

As fk(A
k
)¯B

n
ZB(x

n
, x

n
}2), it follows from Lemma 3±2 and Lemma 3±3 that

sup
u,v`Ak

r( fk)« (u)}( fk)« (v)r%L.

The result now follows.

L 5±2. For each n `.,

3
A"

ZBn

(diamA
"
)#}(diamB

n
)#& 1}[6±3¬10"#' (g(x

n
))p].

Proof. We begin by noting that it follows from Lemma 3±1 that, if

h(z)¯ x!
m

¯ x
m
­R

m
}2,

for some m `., then f(z) `B
m
. Thus, for each point z such that h(z)¯ x!

m
, there

exists a set A
"
(z) `!

"
such that z `A

"
(z) and f(A

"
(z))¯B

m
. We note further that

h(A
"
(z))ZB(x

m
, x

m
}4) and hence, as the singularities of h−" are contained in

²z : Re (z)! 0´, h is univalent in A
"
(z). Thus, if z

"
1 z

#
,A(z

"
)1A(z

#
).

We note from (4±14) that, if A
"
fB(x!

n
,R

n
}4)1W, then

diamA
"
! 1±4¬10#'}rg«(x

n
)r¯ 1±4¬10#'r

n
}g(x

n
)! 1±4¬10#'r

n
}x

n
!R

n
}4

and hence A
"
ZB

n
.

For each M `:, we take Γ
M

to be the curve defined by

Γ
M

¯²z¯ x­iy : x& log (K­x
"
), y¯ 2πM´.

If g(z) `Γ
M

, for some M `:, then h(z) ` [x
"
,¢). Now let γ

M
be a curve which is

mapped onto Γ
M

by g. If γ
M

fB(x!
n
,R

n
}8)1W, then there exists a segment of

γ
M

fB(x!
n
,R

n
}4) of length at least R

n
}8 and hence, from Lemma 4±4, there exists a

segment of Γ
M

fg(B(x!
n
,R

n
}4)) of length at least

g«(x
n
)R

n
}(8¬6±8¬10##)& g«(x

n
)R

n
}(5±5¬10#$).

It follows that there exist z
"
, z

#
`γ

M
fB(x!

n
,R

n
}4) such that

h(z
"
)¯ x

n(")
, h(z

#
)¯ x

n(#)
, h(γ

M
fB(x!

n
,R

n
}4))[ [x

n(")
, x

n(#)
]

and Re g(z
#
)®Re g(z

"
)& g«(x

n
)R

n
}(5±5¬10#$)®4. (5±3)

As B
m

ZB(x
m
, x

m
}4), for each m `., it follows from Lemma 3±2 and Lemma 3±3

that, if f(A
"
)¯B

m
, z `A

"
and h(z)¯ x!

m
, then

diamA
"
&diam (B

m
)}(Lr f «(z)r)¯ x

m
}[4(2)"/#(1­p) (log x

m
)pL#r f «(z)r].

As x
m

" 2(K­Ch (p)), it follows from Lemma 3±1 and Lemma 4±4 that

diamA
"
" x

m
}[16(1­p) (log x

m
)pL#rh«(z)r]

¯ x
m
}[16(1­p) (log x

m
)pL#rg«(z) (h(z)­K)r]

" 1}[32¬6±8¬10##(1­p) (log x
m
)pL#g«(x

n
)]

" 1}[1±5¬10#)(1­p) (log x
m
)p g«(x

n
)].
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Combined with earlier observations, this shows that, if γ
M

fB(x!
n
,R

n
}8)1W, then

3
A"

ZBn

A"
fγ

m
1W

(diamA
"
)#& 1}[1±5¬10#)(1­p) g«(x

n
)]# 3

xn(#)

xn(")

1}[log x
m
]#p

& 1}[1±5¬10#)(1­p) g«(x
n
)]#&xn(#)

xn(")

(1­p)}[x log x)p] dx

" 1}[2±3¬10&'(1®p#) (g«(x
n
))#] [(log x)"−p]xn(#)

xn(")

" [log (x
n(#)

)®log (x
n(")

)]}[2±3¬10&'(g«(x
n
))# (log x

n(#)
)p].

As exp (g(z
"
))¯ x

n(")
­K and exp (g(z

#
))¯ x

n(#)
­K! 2x

n(#)
, it follows from Lemma

4±4 that

Re (g(z
#
))®2% log x

n(#)
%Re (g(z

#
))% rg(z

#
)r% 6±8¬10#"rg(x

n
)r

and log (x
n(")

)%Re (g(z
"
)).

Thus, if γ
M

fB(x!
n
,R

n
}8)1W, it follows from (5±3) that

3
A"

ZBn

A"
fγ

M
1W

(diamA
"
)#" [Re (g(z

#
)®g(z

"
))®2]}[2±3¬10&'(g«(x

n
))# 6±8¬10#"(g(x

n
))p]

" [g«(x
n
)R

n
}(5.5¬10#$)®4]}[1±6¬10()(g«(x

n
))# (g(x

n
))p].

As

g«(x
n
)R

n
}(5±5¬10#$)¯ g(x

n
)}(8L¬5±5¬10#$)" x

n
}(8L¬5±5¬10#$)" 8,

it follows that

3
A"

ZBn

A"
fγ

M
1W

(diamA
"
)#"R

n
}[2¬5±5¬10#$¬1±6¬10()g«(x

n
) (g(x

n
))p]

"R
n
}[1±8¬10"!#g«(x

n
) (g(x

n
))p]. (5±4)

Clearly g(x!
n
) `Γ

!
. As we know from Lemma 4±4 that

g(B(x!
n
,R

n
}8))[B(g(x!

n
), g«(x

n
)R

n
}(5±5¬10#$),

it follows that there are at least g«(x
n
)R

n
}(π¬5±5¬10#$) values of M `: for which

there exists a curve γ
M

satisfying γ
M

fB(x!
n
,R

n
}8)1W. If a set A

"
`!

"
meets two

curves γ
M(")

,γ
M(#)

, where M(1)1M(2), then there exist w `A
"
,M `. such that

Im (g(w))¯ (2M­1)π and hence Re (h(w))! 0. This, however, is impossible and so it

follows from (5±4) that

3
A"

ZBn

(diamA
"
)#& (R

n
)#}[1±8¬10"!#π¬5±5¬10#$(g(x

n
))p]

" (diamB
n
)#}[6±3¬10"#'(g(x

n
))p].

It follows from Lemma 5±1 and Lemma 5±2 that, if fk(A
k
)¯B

n
, then

∆(A
k
)& 1}[4±2¬10"$!(g(x

n
))p]. (5±5)

Before we can complete the proof of Theorem B part (ii), we need a few more

preliminary results. Recall that hW (z)¯ h(z)­K.
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L 5±3. If z, f(z) `5¢
n="

B
n
, then

(i) rhW (z)r" r f(z)r" rhW (z)r}2,

(ii) rlog f(z)rp" 4(2±9¬10"&#)"/p rzr.

Proof. (i) It is not difficult to see that, if z, f(z) `5¢
n="

B
n
, then rhW (z)r" r f(z)r. As

r f(z)r& x
"
" 2(K­Ch (p)), it follows from Lemma 3±1 that

r f(z)r" rhW (z)r®K®Ch (p)" rhW (z)r}2.

(ii) It follows from part (i) that

log r f(z)r" log rhW (z)}2r" [log rhW (z)r]}2¯ [Re (g(z))]}2.

As z `B
n
ZB(x

n
, r

n
}(4L)), for some n `., and g«(x

n
) r

n
L}(4L)¯ g(x

n
)}4, it follows

from Lemma 3±3 that g(z) `B(g(x
n
), g(x

n
)}4) and hence, as x

n
&CW (p),

rlog ( f(z))rp" [Re (g(z))}2]p" (g(x
n
)}4)p" g(x

n
)p}4

¯ exp [p(log x
n
)"+p]}4¯ (x

n
)p(logxn)

p}4" (x
n
)#}4" x

n
rzr}8

" exp [8±3¬10)(}p] rzr}8" 4(2±9¬10"&#)"/p rzr.

L 5±4. If z `B
n

and r% rz}[4L(1­p) (log z)p]r, then B(z, r)fB
m

¯W, for each

m `.,m1n.

Proof. If z `B
n
, then x

n
% rzr! 2x

n
and hence, from Lemma 4±4.

r% rzr}[4L(1­p) (log rzr)p]! 2x
n
}[4L(1­p) (log x

n
)p]

¯ r
n
}(2L)! 10x

n−"
}[2L(1­p) (log x

n−"
)p]! r

n−"
}2.

Thus Re (z)! x
n
­r

n
}(8L)­r

n
}(2L)! x

n
­r

n
¯ x

n+"

and Re (z)" x
n
®r

n−"
}2¯ x

n−"
­r

n−"
}2

and hence z ¡5
m1n

B
m
.

By using Lemmas 5±4 and 4±6, we are able to prove the following.

L 5±5. There exists r
!
" 0 such that, for each z `AW , r! r

!
, there exists n `. and

a set A
n
`!

n
such that

(i) if A
n+"

`H¯²A
n+"

`!
n+"

: A
n+"

fB(z, r)1W´, then A
n+"

ZA
n
,

(ii) 3
An+"

`H
(diamA

n+"
)#% 4±2¬10"#!r#−p}r( fn)« (z) g«( fn(z))rp.

Proof. Take z `AW , r! sup
z`Aq

r f(z)}[8L#(1­p) (log f(z))p f «(z)]r and the smallest value

of n `.e²0´ for which

r( fn+")« (z)r r& r fn+"(z)}[8L#(1­p) (log fn+"(z))pr. (5±6)

The existence of such an n follows from Lemma 3±5 and, due to the choice of r, we

must have n& 1.

As z `AW , we know that fn(z) `5¢
m="

B
m

and so, from Lemma 3±2, the branch of f−n

that maps fn(z) to z is univalent in B( fn(z), r fn(z)r}2). As r( fn)« (z)r rL! r fn(z)r}8, it

follows from Lemma 3±3 that

fn(B(z, r))ZB( fn(z), r( fn)« (z)r rL)ZB( fn(z), r fn(z)r}8). (5.7)

It follows from Lemma 4±1 that

sup
A"

`!
"

diamA
"
% 1}3
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and hence, if A
"
`!

"
and A

"
fB( fn(z), r( fn)« (z)r rL)1W, it follows from (5±6) that

A
"
ZB( fn(z), r( fn)«(z)r rL­1}3)

ZB( fn(z), r fn(z)}[4L(1­p) (log fn(z))p]r)ZB( fn(z), r fn(z)r}4). (5±8)

Clearly fn(z) `B
m
, for some m `.. It follows from (5±8) and Lemma 5±4 that, if

A
"
fB( fn(z), r( fn)« (z)r rL)1W, then A

"
ZB

m
.

If A
n+"

`H, then fn(A
n+"

) `!
"

and it follows from (5±7) that,

fn(A
n+"

)fB( fn(z), r( fn)« (z)r rL)1W.

Thus, if f
n

is the branch of f−n that maps fn(z) to z, then A
n+"

Z f
n
(B

m
) `!

n
. This

shows that part (i) is true and it now follows from Lemma 3±2 and Lemma 3±3 that

3
An+"

`H

(diamA
n+"

)#% (L#}r( fn)« (z)r#) 3
A"

`!
"

A"
fB(f

n
(z), r(fn)«(z)rrL)1W

(diamA
"
)#.

It follows from (5±6) that

r( fn)« (z)r rL! r fn(z)}[8L(1­p) (log fn(z))p]r (5±9)
and that

r( fn)« (z)r rL¯ r( fn+")« (z) rL}f «( fn(z))r

& r( fn+") (z)}[8L(1­p) (log fn+"(z))p f «(fn(z))]r. (5±10)

As z `AW , we know that fk(z) `AW Z5¢
m="

B
m

for each k `. and so it follows from (5±9)

and (5±10) that B(fn(z), r( fn)« (z)r rL) satisfies the conditions of Lemma 4±6 part (ii).

Thus

3
An+"

`H

(diamA
n+"

)#% (L#}r( fn)« (z)r#) 9±6¬10""#(r( fn)«(z)r rL)#−p}rg«( fn(z)rp

! 4±2¬10"#!r#−p}r( fn)« (z) g«( fn(z))rp.

We are now in a position to complete the proof of Theorem B part (ii).

L 5±6. There exists r
!
" 0 such that, for each z `AW , r! r

!
,

µ(B(z, r))! 1±9¬10#'*r#−p

and hence, from Lemma 2±1, dimAW & 2®p.

Proof. We take a value of r
!
which satisfies the conditions of Lemma 5±5 and then

take z `AW , r! r
!

and a value n `. which satisfies the conclusions of Lemma 5±5.

As µ is supported on AW Z!
n+"

, it follows from (5±1) that

µ(B(z, r))% 3
An+"

`H

µ(A
n+"

)¯ 3
An+"

`H

µ
n+"

(A
n+"

).

We know from Lemma 5±5 that there exists a unique set A
n
`!

n
such that, if

A
n+"

`H, then A
n+"

ZA
n
. If A

n
fAW

"
¯W, then µ(A

n
)¯ 0 and hence µ(B(z, r))¯ 0.

If A
n
ZAW

"
, then it follows from (5±2) that

µ(B(z, r))% 3
An+"

`H

µ
n+"

(A
n+"

)¯ [1}~(A
n
)] 3

An+"
`H

(diamA
n+"

)#. (5.11)

Now ~(A
n
)¯ 0

n

r="

∆(A
r
)¯ 0

n

r="

vol (!
r+"

fA
r
)}vol (A

r
),
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where A
n
ZA

n−"
Z…ZA

#
ZAW

"
. We denote f r(A

r
), 1% r%n, by B

m(r)
. It follows

from (5±5) that

∆(A
r
)& 1}[4±2¬10"$!(g(x

m(r)
))p].

As z `AW , we must have z `A
n
Z…ZA

r
Z…ZAW

"
ZB

m(!)
and so it follows from

Lemma 4±4 that, for 0% r%n,

rg( f r(z))r& g(x
m(r)

)}(6±8¬10#")

and hence ∆(A
r
)& 1}[2±9¬10"&#rg( f r(z)rp].

Thus ~(A
n
)& 0

n

r="

1}[2±9¬10"&#rg( f r(z)rp],

and so, from (5±11), Lemma 5±5 and Lemma 3±5,

µ(B(z, r))%
4±2¬10"#!r#−p

r( fn)« (z) g«( fn(z))rp 0
n

r="

[2±9¬10"&#rg( f r(z)rp]

! 1±3¬10#($r#−p
rg( fn(z)rp

r f «(z) g«( fn(z))rrp 0
n−"

r="

2±9¬10"&#rg( f r(z))}f «( f r(z))rp

! 1±3¬10#($r#−p
r fn(z)rp

r(1­p) (log fn(z))prp 0
n−"

r="

2±9¬10"&#rg( f r(z))}f «( f r(z))rp

! 1±3¬10#($r#−p 0
n−"

r="

2±9¬10"&# ) f r+"(z) g( f r(z))

f «( f r(z)) (log f r+"(z))p)
p

. (5±12)

As z `AW , we have r f r(z)r&CW (p) for each r `. and so it follows from Lemma 3±1 and

Lemma 3±5 that, for 1% r%n®1,

r f «( f r(z))r" r(1­p) (log f r(z))p g( f r(z)) hW ( f r(z))}f r(z)r®Ch (p)

" r(1­p) (log f r(z))p g( f r(z)) f r+"(z)}[4f r(z)]r

" rg( f r(z)) f r+"(z)}[4f r(z)]r.

Thus, from Lemma 5±3, for 1% r%n®1,

) f r+"(z) g( f r(z))

f «( f r(z)) (log f r+"(z))p)
p

! r4f r(z)}[log f r+"(z)]prp! 1}(2±9¬10"&#).

It now follows from (5±12) that, for each z `AW , r! r
!
,

µ(B(z, r))! 1±3¬10#($r#−p

and hence, from Lemma 2±1, dimAW & 2®p.

As AW ZJ( f ), it follows that dimJ( f )& 2®p. At the beginning of this section we

stated that f was a function of the form f
p,K

, where p% 1}2 and K& 2Ch (p). If we take

S(p) to be the function defined just before Lemma 4±2 for p ` [1,¢) then, if p% 1}2,

we have S(1}p)" 2Ch (1}p)¯ 2Ch (p). Thus, with this definition of S(p), for p% 1}2 and

K&S(1}p) we have dimJ( f
p,K

)& 2®p. This completes the proof of Theorem B.



244 G M. S

REFERENCES

[1] I. N. B. The domains of normality of an entire function. Ann. Acad. Sci. Fenn. Ser. A I
Math. 1 (1975), 277–283.

[2] P. L. D. Univalent functions (Springer, 1953).
[3] P. F. Sur les e! quations fonctionelles. Bull. Soc. Math. France 47 (1919), 161–271; 48

(1920), 33–94, 208–314.
[4] P. F. Sur l’ite! ration des fonctions transcendantes entie' res. Acta Math. 47 (1926),

337–370.
[5] W. K. H and P. B. K. Subharmonic functions I (Academic Press, 1976).
[6] C. MM. Area and Hausdorff dimension of Julia sets of entire functions. Trans. Amer.

Math. Soc. 300 (1987), 329–342.
[7] G. M. S. The Hausdorff dimension of Julia sets of entire functions. Ergod. Th. and

Dynam. Sys. 11 (1991), 769–777.
[8] G. M. S. The Hausdorff dimension of Julia sets of entire functions II. Math. Proc.

Camb. Phil. Soc. 119 (1996), 513–536.
[9] P. W. Ergodic theory – introductory lectures, Lecture Notes in Math., 458 (Springer,

1975).


