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Abstract

It is known that, for a transcendental entire function f, the Hausdorff dimension
of the Julia set of f satisfies 1 < dim J(f) < 2. In this paper we introduce a family of
transcendental entire functions f, x for which the set {dimJ(f, x): 0 < p, K < oo}
has infemum 1 and supremum 2.

1. Introduction

Let f: C—C denote a transcendental entire function and f*, ne N, the nth iterate
of f. The set of normality, N(f) is defined to be the set of points, ze C, such that the
sequence (f"), .y forms a normal family in some neighbourhood of z. It is easy to see
that N(f) is open and has the property of complete invariance under f, that is ze N(f)
if and only if f(z) e N(f). The complement, J(f), of N(f) is known as the Julia set. This
set is clearly closed and completely invariant under f. More details of these and other
basic properties of the sets N(f) and J(f) can be found in [3] and [4].

It was shown by Baker[1, corollary to theorem 1] that, if fis a transcendental entire
function, then J(f) must contain continua and so the Hausdorff dimension of J(f)
dim J(f), lies in the range 1 < dim J(f) < 2.

If a function f has the property that J(f) = C, then clearly dimJ(f) =2. An
example of such a function is f(z) = €*. McMullen has shown that, in fact, all functions
of the form f(z) = A¢*, Ae R*, have Julia sets of dimension 2 [6, theorem 1-2] even
though, when 0 < A < 1/e, J(f) has area zero [6, theorem 1-3]. Similar arguments can
be applied to the functions defined by

P = f xXp )y

T o t—z

where vy, is the boundary of

H,={z=ré" 10l <nm/n, 0<r< oo}
described in a clockwise direction for ze C\H, and by analytic continuation for
z€H,. Provided K, is sufficiently large, it can be shown that, for each neN,n > 2,
dim J(F,) = 2.

In [7] we gave the first examples of transcendental entire functions whose Julia
sets have been proved to have dimension less than 2. More precisely, we considered
the function £ defined by .

1 >
BE(z) = — f %dt,

2mi ), t—=z
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where L is the boundary of the region
G={2:Re(2) >0, —m<Im(z)<m},

described in a clockwise direction, for ze C\&, and by analytic continuation for
z€(@. We proved the following result.

THEOREM A. Given & > 0, there exists K (0) such that, for all K > K, the function f
defined by fy(z) = E(z)—K satisfies 1 < dim J(fy) < 14+0.

In [8] we showed further that there exists K, such that, for all K > K,
dim J(fy) > 1.
These results lead us to consider the intermediate family of functions defined by

1 ,(logt)!*?
Eﬁ(z) =5 Sl e )dt7
2m L, t—z

where L, is the boundary of the region
Gp =iz =atiy:lyl < me/[(1+p)(log (x)"], x> 3}

described in a clockwise direction, for ze C\(,, and by analytic continuation for
ze(i,. We then define f, x(2) = E,(z)—K. By using a modification of McMullen’s
method, together with the methods used in the proof of Theorem A, we are able to
prove the following.

TurOREM B. There exists a positive real-valued increasing function S defined on
(1, 00) such that

(i) for p =2, if K> S(p), then dim J(f, x) < 1+2/p;

(ii) for 0 <p < 1/2, ¢f K> S(1/p), then dim J(f, x) = 2—p.

In future work we hope to show that, for each neN, K > S(n),dim J(f, ) is a
continuous function of p for pe[1/n, n] and hence that, for each d € (1, 2], there exists
a transcendental entire function f for which dim J(f) = d.

2. Methods for obtaining estimates for Hausdorff dimension

We begin this section with a formal definition for the Hausdorft dimension of a
compact set K. If, for each x4 > 0, we put
H,(E) = liminf X (r,)",
e—>0 1
where the inf is taken over all possible covers of £ with sets of diameter »; < e, then
the Hausdorff dimension d = dim /£ of the set £ is defined to be the unique value
satisfying
H,(K) =

Yz

oo for pu<d
0 for u>d.

For more details see, for example, [5, p. 220].
The following result is part of Frostman’s Lemma and is a commonly used method
for obtaining a lower bound for dim £. We include the proof as it is so short.
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LemMA 2-1. Let E be a compact subset of R" and t be a real positive value. Suppose
that there exist a measure u supported on K and constants C',r, > 0 such that every ball
B of radius r < r, satisfies p(B) < Cr'. Then dim K > t.

Proof. Take a value ¢, 0 < ¢ < r,, and a countable collection of balls B, of radius
r; < € which gives a cover of K. Then

0<M=u(B)<SuB) <O ()

and so 2, (r;)! = M/C. Thus H,(E) = M/C > 0 and hence dim £ > t.

By using Lemma 2-1, McMullen [6, proposition 2:2] was able to prove the
following.

LemMmaA 2-2. For each ke N, let o, be a finite collection of disjoint compact subsets of
R", each of which has positive n-dimensional measure, and define

s

W= U 4, 4=

A e, k

€A,

1

Suppose also that, for each A, € o4, there exist A, ,, €54, and a unique A,_, € o4,_, such
that
Appcdycd .

If A, d,, are such that, for each A, € o4,

vol (W, ,; NAy)

> A
vol (4,,) k

and diam A,, < d,,,d,,—~0 as k— oo, then

k
lim Y [logA,|/|logd,| = n—dim 4.

k—owi=1

We will use some of the ideas of this result in our proof of Theorem B, part (ii).

3. Properties of the functions B ,(2)
Consider the functions £, ,(z), neN, n >3, 0 < p < o, defined by

(log t)””)

3 1 exp (e
E, .(2) =—,J ———dt,
Ly

2m t—z

where L, , is the boundary of the region
Gpn =z =2ty yl < me/[(1+p)(og(x))’], ©=nj

described in a clockwise direction, for ze C\@, ,,. It follows from Cauchy’s theorem

that, for each neN, n>3, K, ,.,(z) = K, ,(2) for zeC\G, , and so the functions

E, ,.n > 3, givean analytic continuation of &/, ;to a function £, defined on the whole

of C. For simplicity, we write ¢, for ¢, ; and L, for L, ,.



226 GWYNETH M. STALLARD

LemMA 3-1. For each ne N, there exist C(n), D(n) > 1 such that, for each pe|[1/n, n],

(i) if ze C\G,,, then |E (z)] < C(n);
(i) if ze @, then |E,, (z) —exp (€152’ < O(n) and hence
[, () = (1 + p) (log 2)? 62" )/2| < C(n)
(iii) if z = x+iye (G, with x < D(n), then |E ,(z)| < C(n):
(iv) if z=x+iye G, with x = D(n), then |(1+ p) (log z)? e'°¢2

exp (e(logz)”p

YI+D

/2| > 8.

Proof. 1f t = re’, then there exists K(n) such that, for pe[1/n,n], 0] <7/2,r >

we have
N 1+p
exp (log#)'*? = exp (logr+1i0)'*? = exp [(10g7‘)1”’(1 _i_l;fr) ]
>
, 10(1+p)
=e 1 »\1+D0 1 AT )
(s 22
= exp [(logr)H—I) +e, +l(0(1 +P) (log V)p + @y)]>
K 2
where le| < (1(()7;)32 and hence |e,], |ey| < K(n) 62(10g7.)p—1.
>

Fiven € > 0, it is clear that there exists M(n,¢) such that, for

t=re =x+iy, x=Mn,e), b(l()g;)ﬂp)il—i-p) <y < (%‘»(l()gZ)ﬂ;il—l—p)’
we have
10(1+p)(logr)? +e,| < (1+¢€)|0](1+p) (logr)?
< (L+e)ly/x[ (1+p) (logr)? < (1+€)*7m/6,

and, similarly,
) |0(1+p)(logr)?+e,| = (1—¢€)*5m/6.

3,

Thus, by taking a sufficiently small value for ¢, we find that there exists M (n) such

that, for
e[l/n,n], t=ré’=x+iy, x=Mn) 5$<y< i
T 7 © 6(logx)?(1+p) 7 " 6(logx)P (1
we have
cos|[0(1+p) (log rP+e,] < —1/2 and |e,| < (logr)?71/2
so that

Relexp (log#)'*?] < —exp[(logr)'*?/2]/2 < —exp [(logx)'?/2]/2

and hence Lip 1+
|exp [e(logt) ]| < eXp[—(l/Q)e(“’”) /2].

If ze C\@p, then it follows from (3-1) and Cauchy’s residue theorem that

1+p

(logt)
B = | SRy,
2m L, t—z
where L/, is the boundary of
), = % vtiyia> Wm>|m<5“7}
- = 6(log2)? (1+p)

+p)

(31)
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described in a clockwise direction. If we choose M(n) sufficiently large to ensure that
M(n) =4 and

m

™S9 for w3 Mn), pell/nnl,
6(logx)? (1+1p) or x (n), pe[l/n,n]
then it follows that

1 141
[B,(2)] < zf Jexp (¢00%0" ") ||
D

On the curves described by

iyl = dmx
N~ 6(log2)” (1+p)
we have
dy 5m
= = 1/(logx)?—p/(1 1+ 2
e ‘6(1+p)[ /(oga)? —p/(logx)™ "] < 2m
and hence |di| < 4mdx. Thus, from (3-1), if ze C\@,, then
|B,(2)] < M(n)exp [elog2M )] +2J exp[—(1/2)et0sa ™ 2] qy - (3:2)
M(n)

If z = x+iye @, and < M(n)+ 1, then it follows from Cauchy’s residue theorem and
(3-1) that

1+p

1 , (log )
B 2) = = exp (e ) gy
2m L, t—z
where L7, is the boundary of
Tmx
G =qz=x+iy:x =M 2, < ——
=l a2 <

described in a clockwise direction and hence, by similar arguments to those used
above,
o0

|E,(2)] < M(n)exp [etoe2Mm™7] 4 QJ exp[— (1/2) etosn™ 712 gy (3-3)

M(n)
and hence

|E ,(z) —exp [e!10%2

1+p

1| < 2M(n)exp [e(IOgQM(n))”p]

+2f exp[—(1/2) 1050 2 g (3+4)
M(n)

Finally, if z=a+iyel, and x> M(n)+1, then it follows from Cauchy’s residue
theorem and (3:1) that

E (2) = exp[el8?

14 1 exp (e10g0"”
+p f xp ( )dt,
L,

J+2m' t—z

where L, is the boundary of

n Tmx
G, =lz=atiyie=Mm)., < T
» {7 iy w > M), -yl 6<1ogx>p<1+p)}
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described in a clockwise direction and so, arguing as before, we find that

(z)—exp [159" 7| < M(n) exp [e10s2M D 4 9 j exp[—(1/2) e1osa 12 g,

M(n)

£,
Combined with (3:2) and (3-4) this shows that parts (i) and (ii) of Lemma 3-1 are
satisfied if we take
C(n) = 2M(n) exp [e(0e2M )7 L9 f exp[—(1/2) e10s0"™ 12 o < o0,
M(n)
If we take D(n) = M(n)+1 then part (iii) of Lemma 3-1 follows from (3-3).
By using arguments similar to those used in proving (3:1), it can be seen that,
provided M(n) is chosen to be sufficiently large, part (iv) of Lemma 31 is also true.
We now consider the inverse function singularities of the functions f,, x defined by

Jo x(2) = Ey(2) = K.
We put
S(f) = {z: z is a finite singularity of f~'},

P(f) = {z: z is a finite singularity of =" for some ne N} = U f*(S(f)).

n=0

b _{0<Lp]+1) it p>1
(p) = C(1/pl+1) if 0<p<I,

B(z,r) ={w:

w—z| < r}.
Lemma 3-2. For each pe (0, 0), K > 2(7(}9), we have P(f, x) = B(—K,2(~7(p)).

Proof. The finite transcendental singularities of (f, )™ are the finite asymptotic
values of f, x on curves going to 00. From Lemma 3-1, we see that these must be
contained in the disc B(—K, C(p)).

The remaining singularities of (f, x)™' are the images of points z such _that
(fp.x) (2) = 0. If ze C\,, then it follows from Lemma 3-1 that f, (z)e B(—K, C(p)).
If ze,, then it follows from Lemma 3-1 that

|(1 +p) (log Z)IJ e(logz)Hp exp (e(logz)1+p)/z| < é(p)

1+p

and either f, ((2)eB(—K, C(p)) or |(14p)(logz)?etosa™” /2l > 1. Tt follows that
either f, x(z)eB(—K, C(p)) or lexp (e%£2™™")| < ((p) and hence, from Lemma 31,
for)EB(—K.200). ) i )

Thus S(f, ) = B(—K,2C(p)). As K > 2C(p), we have B(— K, 2C(p)) = C\&,, and so
it follows from Lemma 3-1 that fp,K(B(—K,Q(j(p))) < B(—K,C(p)). Thus, for each
neN, (f, )" (B(—K,20(p))) = B(—K,U(p)) and hence P(f, x) = B(—K,2C(p)).

At several points in the proof of Theorem B we use the previous result together
with the following result which is known as Koebe’s distortion theorem.

Lemma 3:3 (See, for example, [2, p. 32]). If g is univalent in the disc B(z, r) then, for
0<s<r,
sup  g'(0)/g'(w)l < L(s/r) = |(r+s)/(r—s)|".

v,weB(z,s)



Hausdorff dimension of Julia sets 229

For simplicity we denote L(1/2) by L(= 81). We conclude this section with some
results concerning the set of normality and the Julia set of f,, x.

Lemuma 3-4. If K > C(p) then C\G, = N(f, ).
Proof. Tt follows from Lemma 3-1 that, if K > C(p), then
Jp.(C\G,) = B(—K.C(p)) = {z: Re(z) < 0} = C\G,

and hence C\G, = N(f, x).
We note that it is clear that there exists z,e B(—K, C(p)) such that, for each z in
the component of N(f, x) which contains C\(,

(fp.&)"(2) >z, as n—>o0.
We put
Epy={z(f, )" (2)ed, p for 0<n<N}

B, = Eg v

N=1

s [D(pl+1) if p=1
D(p)_{D([l/p]—}-l) if 0<p<t,

and take D’(p) to be a value satisfying

D'(p) ~
> 2410 (p).
(4 p) (log D' (p))? = = HHC@)

Finally, we put
C(p) = max {exp [(p+1/p) 83 x 10%5], C(p), exp ((5 x 10°)/p)/?, D(p), D’ (p)}.

LemMa 35. If R > C(p) and K > 20(p) then
(i) for each ZEER,N, 1< n<N, wehave |(f} ) (2)] > 3" |f7 x(2)],
(ii) By < pr x)-

Proof. (i) If R > C(p) and z = x+iyeld, ,, then

mr - g LT
(1+p)(loga)? = (1+p)(logR)? =~ (1+p)dnm

y < <ua/4 <|z|/4 (3-5)

and hence |z| < 2. (3:6)
If, further, K > (j“( ), then it follows from Lemma 3-1 that
[(Fo, ) B> [(14p) (log 2)? €022 ™ exp (e152™) /2] — C(p)
> 8lexp (052" = ((p)
> 8 Re [exp (¢1°22"")|—C(p) > 8Re[f, x(x)]—C(p).
If, in addition, f, x( er r. then it follows from (3-6) that
Foie) G > 41, G =C) > 31f, 4l2)

Thus, for each ze Ky v, 1 <n <N,

(/5. 6) ()] = T:I I(fp. &) () () > 3" H (575 ) > 37115 k().
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(ii) As K > 2((p), it follows from Lemma 3-2 that, for each z EER, neN, the branch
g, of f,'x that maps f7 «(z) to z is univalent to B(f7} x(2).|f}. x(z)]) and hence, from
Lemma 3-3,

IuB( 5 k() 15, x(2)/2)) = Bz, 8LIf (N/12(f5, )" (2)])- (37)
If ze N(f, k) then there exists r > 0 such that B(z,r) = N(f, x). From (i ( ) and (3:7) we
see that, for sufficiently large values of n,

B(f}, k(2), IfZ (2)l/2)) = B(z,7)

p k(B2 1)) = B 2115, x(2)/2).
It follows from (3-5) that

B(f}. (). 113, xR)N/2) NC\G, + &

and so, from the comment after Lemma 34, if B(z,r) = N(f, x), then

and hence

bk(2)>2€{z: Re(2) <0} as n—>o0.

This, however, is impossible as ze £, and hence f ,(2)€(, , < {z: Re (z) = 3} for
each neN.

4. Proof of Theorem B part (i)
We take a function f = f, , with K > 2C(p), a value x, > é(p) and define the real
values x, inductively by
Cppr = Xy 1y, 1y =2, /[(14p) (loga,)?].
We define the sets B, by
B,=tz=x+iy:x, <x<u,+R,lyI <R,

where r,/(8L) < R, < 7r,, and define the following collection of sets inductively:

ns

o ={A4,: 4, is a component of f~1(B,) for some neN, 4, < U B,},

neN
Q[]c = U Ak:
Apedy,
and
Aoy ={Aps1: Apyiy 18 @ component of f~F(B,) for some neN, A4, < A, }.
LemMA 41, For each keN, A, € .o,
diamA4, <1/3* >0 as k- oo.

Proof. If A, €., then there exists neN such that f¥(4,) =B,. As K > 2C(p).
A, < B, , and 2, = C(p), it follows from Lemma 3-5 that

diam B diam B x
diam4, < sup ——2 1/3F) ——— < 2,
eSSy ) < P TG <R,
We put h(z) = exp (e10£2"™),

(31, ={z=a+1wy: zer,ac < é(p)},
and S(p) = 2(3(p)+max|fz(z)|.

zeG)
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LemMa 42, If K > S(p), x = (:'(p) and R, = mr, then, for each keN, the sets in .o,
form a cover of J(f, k).

Proof. If ze(;'p then, as K > S(p),
Re [f(2)] < lh(z)| =K +C(p) < 0
and hence, from Lemma 3-4, f(z)e C\(/, = N(f). So J(f) = G, , .

If z:x-}—iyegp’xl\ U B,,
n-1

then there exists ne N such that

mx S |1|> X
" () (ogayr - 7

n Sma

<< =
eSS (1+p) (loga,)? = 6(1+p)(logx)?

and so it follows from (3:1) that
Re[exp (log2)*?] < —exp[(loga)'*?/2]/2 < —1/2.
Thus Re (f(2)) < [h(z)|—K+C(p) < e 2—K+C(p) < 0

and so, as previously, zeN(f).

So J(f) < GB

for each ke N. It follows from the arguments given above that

f(C\ G Bn>c{z:Re(z) < 0}

and so, if ffzye U B,
n=1

we must have fF Yz e U B,.
n=1

Thus, for each keN, we have

e U fHm,) = A

If, for some 0 <t < 2,

> (diamA4,,,,)" < (diam 4,,)"

Apyi N A@ +J
A7L+1E‘Q/n+1
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for each neN, 4, €.o/,, then it follows from Lemma 41 that, for each zeC,neN,

> (diamA4, )" < X (diam 4’

Apy NBE D + 2 A, N Bz, 1437 ) & o

n+1€ n+l n€n

<...< > (diam 4,)" < > (diam A,)".

A,n B, 1+3’("+1)E4:31’”+.,.+3’2) + O AN g(]zegzz +
If, further, we have K > S(p) and R, = 7rr,,, then it follows from Lemma 42 that, for
each zeC,

dim [J(f) N Bz, 1)] <t
and hence dim J(f) < ¢.

Lemma 43, If A€o, and f¥(A,) = B, then

> (diam 4, )t /(diamA4,) < L' >  (diam4,)/(diam B,)".
Ak+1ﬂAk*® Alan*@
Ap1€ 11 Ay

Proof. Clearly
diam A, < diam f5(4,.,)/[ inf (/%) ()]

z2€Ap4q
) (4:1)
diam 4, = diam B,,/[sup |(f*)" (2)[]

zeAy

If A, €9, then f¥(4,,,)€.9 and so it follows from Lemma 4-1 that

SrA U U ) e By, x,/4).
App NAp+J
Apt1€ S

Thus, from Lemma 3-2 and Lemma 33, if 4,,, N4, + & and 4,,,€.9,,,, then

sup (%) (0)/(fF) (w)] < L.

v, weAp U Ay

Combined with (4-1) this gives the desired result.
Thus, if K > S(p), in order to show that dim J(f) < ¢, it is sufficient to show that,
for each neN,
Y, (diam4,)" < (diam B,)!/L¢, (4-2)
ANB,+=J
Ajeo

when R, = 7rr,,. In order to do this we need the following results. We put

g(z) = exp (logz)'*P.
Lemma 44, If

> 2
zeUB, and r< s then, for each we B(z,r),

n—1 ’(1 +p)(logz)?

(i) 1/(6:8x 102" < |g(w)/g(z)] < 6:8 x 10*,
() 1/2 < |lw/z < 2,

(iii) 1/5 < |(logw)/(logz)? < 5,

(iv) 1/(6:8 x 10%%) < |g’(w) /g’ (2)] < 6:8 x 10%2.
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Proof. If weB(z,r), where z, r satisfy the above conditions, then

g(w) = g(z+e) = exp[log (z+€)|""? = exp[log (z) +log (1 +¢/2)]'*7,
where
21
< 5 <1/(1+p),
T+ ozl /U

| 2

A SIS [ oy

and hence
g(w) = exp[log (z) + E]""? = exp [(logz)""? (1 4+ K /(log z))**?],

where || < |2¢/z| and hence

4 A
|E/(logz)| < ‘(1+p)(10g2)1+p < 1/[(1+p)(ogC(p))]
so that g(w) = exp[(log2)*? (1 + )],
where B < [4(14+p) E/(logz)| < 167 /[log z|**P.

Thus g(w) = exp [logz]"*? exp () = g(z) exp (E), where |E| < 167 and hence
1/[6:8 x 102'] < exp (E) < 6:8 x 102",
Similar arguments to those used above show that
[logz|?/5 < |logw|? < 5|log z|?.

Clearly |2|/2 < |w| < 2|z|. As ¢'(w) = (1+p) (logw)**? g(w)/w, part (iv) follows from
parts (i), (ii) and (iii).
We put h(z) = exp [¢10£2"|— K.

Lemma 4-5. If
“ 2mz
ze UB, and r< }
et (1+p)(logz)?
[{w: h(w) = z,,weB(z,r)} < 2:8x 10%%|g'(z)| r.

then, for each ne N,

Proof. We put
U, ={t=ax+iy:log(x,+K)<x < oo,y=2mm}, hit)=e—K.
As h(t) = x, implies that te T, for some meZ and h(t) is a strictly increasingly real-
valued function of ¢ on each I',,,meZ, it follows that
w: h(w) = x,, weB(z,r)}]
< |{meZ: gBz,r))NT,, £ T} xmax{w: g(w) =t,weB(z,r)}|. (43)

teC
From Lemma 4-4 we know that, if z, r satisfy the given conditions, then
g(B(z,7) = B(g(z), 68 x 10%|g'(z)|r)

and so
KmeZ: g(B(zr)NT,, = T} < 6:8x1022g'(2)|r. (4+4)

We note that it follows from Lemma 4-4 that, if w = x+iy = se?’€ B(z,7), then

50
)CB(x’ ‘<1+p><1ogx>p )

b5z

web (x (14 ) (log 9
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So logw = log (s)+i6 = te', where
¢l < [tan ¢l = |61/ (log ) < |tan 6]/ (logs)

_ <| 507
x(logs) ~ |(1+p)(loga)+?

<m/[2(1+p)]. (45)

and hence (logw)'? is univalent in B(z,r).
We also note that, if we B(z,r), then it follows from (4-5) that
[Im [(log w)™#]| = [t**7sin (14 p) )| < [logw|™* 2(1+p) Bl
<|log (x)+2[""" 2(1+p)lg| = (logx)""? [1+2/(log )" 2(1 + p) |4|
| 50m

T 7 Gog o] < 1000m < 4 10°

< 10(log ) ?2(1 +p)

and so
max [{w: g(w) = exp (logw)™? = t,we B(z,r)}| <4 x10%.
teC
Combining this with (4-3) and (4-4) gives the desired result.
The next result is the main result of this section and has two parts. The proof of
Theorem B part (i) will follow easily from the first part and the second part will be
of use in the proof of Theorem B part (ii).

LemmA 46, Let H={A,: A,e9,A, N B(z,r) + J}.
(i) If zeR, |zl = C(p), R, =7,

L } ()27
(1 +p) (log2)”

)

p=2and2=t>1+4+2/p, then

D (diamA) < /L2 <)L

AleH
(i) If
wf@eUB, p<i/2. R,=r/@8L). n>2Cp)+K)
| f) | 2
o L+ p) (logf@)7 7 )| S S [SL(1+ p) (log2)?|
then > (diam A4,)* < 96 x 1012272 /|g'(2)|?.
AleH

Proof. As x, = é’(p), it follows from Lemma 3-1 that, if f(4,) = B,,, then

4x,, _ _
b < g ) = e o

We let A7 denote the component of 2~'(H,,) that contains 4, and note that it follows
from Lemma 31 that

Oy ) < Bla,.x,) (+7)

S =B (x (14 ) (log,)?
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and hence, from Lemma 3-2, f is univalent in A]. Thus, for each ne N,
[{4,: 4, is a component of f~Y(B,,), 4, € H}|
<|{A7:4pisa component of hY(H,), A, N B(z,7) £ &Y. (4:8)
Clearly the only transcendental singularity of 27! is at —K and, as £/(z) = 0 implies
that z = 1, the only critical value of his at h(1) = e—K. Thus, if 4] N B(z,r) £ & and

f(4)) = H,, the branch of A~! that maps H, to A} is univalent in B(x,,x,/2). It
follows from Lemma 3-3 and Lemma 4-4 that, if weB(z,r) N A7,

8Lz, ) - B(
“(1+p) (logw,)? B (w)|

A CB(w

SOLA(w) D
(1+p) (log h(w))? b’ (w)

Jes(-

16Lx, )
(1+p)(loga,)? | (w)])”

As 16L%,,/[(1+p)(ogx,)?] < x,/8, it follows from Lemma 3-3 that
h(z)eB(h(w),x,/8) < B(x,,x,/4)

27z
(1+p)(logz)?

.
(1+p)(logz)?

If r» < diam (47)/2, then it follows from (49) that

c B(w,5/(1+p)) B(w,

). (4°9)

B(z,r) B(w,

and hence, from Lemma 3:1, we have f(z)e B(x,,, x,/2).
Thus, if » < diam (A47)/[2560L%], then it follows from (4-9) that

16Lx, | 160L%f(z)
2960L3(1+p)(10g% VPR (w) |2560L3(1+p logf 2R )|

(4-10)

It follows from Lemma 3-1 that

If @)1 +C(p) > K (2)] > | f ()] —
As z, fz)e U B,

it follows from Lemma 3-5 that
/() > 31f(z)] > 32, > 3C(p)
and hence |A'(2)| > |f'(2)]/2.
So, if r < diam (47)/[2560L3], it follows from (4-10) that
| 1)
I ISL(1+p) (log /()7 1/ (2)

This is clearly impossible and so we must have

| 320L%(z2)
r< 3 -
12560L3(1 4 p) (log f(2))? | f (2

diam A7 < 2560L% < 1-4 x 10°r. (4-11)
It follows from (4-8), (4-9) and (4-11) that there exists

F< min{

27z
(1+p)(ogz)?

. 15X 1097} (4:12)
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such that, for each ne N,
[{4,: 4, is a component of f~1(B,,), 4, € H}|

< |{47: 4} is a component ofk YH,), A < Bz, #)}

< |w: h(w) = x,, weB(z, 1)}
and so, from Lemma 4-5 and (4-12),

[{4,: A, is a component of f1(B,,), 4, € H}|
< 2:8x10% g’ (2)|F < 42 %x10%|g"(2)|r. (4:13)

If 4, is a component of f~1(B,) and we A, N B(z,r), then it follows from Lemma 3-3
and Lemma 3-4 that

diam 4, < Ldiam (B,)/|f" (w)|.
Arguing as before, we see that [f"(w)| > |1(w)|/2 and hence, as |f(w)| = x = 2C(p)), it
follows from Lemma 3-1 and Lemma 44 that

4Lz, - 8L - 14 x 10%6
(1+p)(ogx,)? I’ (w)| ~ (1+p)(logx,)?lg"(w)| ~ (1+p)(oga,)? g ()|
(4-14)

diam 4, <

Now let m denote the smallest and M the largest neN for which there exists a set
A,eH with f(4,) = B,,. It follows from (4:13), (4'14) and Lemma 44 that

_ 42X 107y ()| r(14 X 10%)2 X

> (diamA4,)' < x > 1/(logx,)?

AeH (1+p g (z |t =
8.3X—10877 ZAMJHM
(L+p) g I . 2(log x)P@D

83 x 10%8y o )
= == D)1+ py T os e (1)

If we are in case (i) then, as 2 >¢ > 142/p, we have 1 —p(t—1) < —1 and so, as
logx,, = logC(p) > 1 and zeR, it follows from (4-15) that

83 x 1088yzt71
S (diam 4,) < 83 x 105 /|g/ ()| < o TE
Al [9(2) (log 2)?]"~

As |2 = C(p) = exp (83 x 10%7), it follows that

< 83 x 10%7/(log ).

> (diam A, < r/L? < /L
AeH
as claimed.
If we are in case (ii) then, as p < 1/2, it follows from (4:15) that

17 X 10%%

> (diamA4,)* < ——————|log (2,,,,) —log (x,,)|. (4-16)
AeH ! |g (2)| (lOg ‘xm)p 8 . 8

As 2, ((”(p)+K) and K > (j‘(p), it follows from Lemma 3-1 that, if z,,z,eB(z,r)

Wlthle eB,, and f(z,) € B,,, then

1+p

lexp (150 ™) < 2w, fexp (15| = ay > w0, /2. (4-17)
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So it follows from Lemma 4-4 that
log (y41) —log (,,)] < Re (g(zy)) — Re (g(z,)) +log 4

< log (4) +19(20) —g(21)] < log (4) +2 X 6:8 X 10**|g’(2)]| .
Thus, if 7| ¢’(z)] > 1, then

[log (xy,4,) —log (x,,)] < 14 x 10%|g’(z)| r
and so, from (4:16) and (4-17),

1-7 x 108%

> (diamd,))* < ———————x 14 x 10%|g'(2)| r < 48 x 1011272 /[Re (g(z,))]*.
i S o, 7 et

(4:18)

It is not difficult to deduce from the conditions on p, z and r that there exists we R
with w = C(p) such that

w
aeber) CB( L1+ p) (log )7 )

3L(1 —I—pM) (log w)?

it follows from Lemma 3-3 that ¢(B(z,r)) < B(g(w), g(w)/3) and hence
Re (g(z1)) > 29(w)/3 > lg(2)|/2.

So, if r|g’(z)| > 1, it follows from (4-18) that

As g’ (w) L = g(w)/3,

> (diam A4,)* < 2P x 4-8 x 101122 /|g(2)|? < 96 x 1011212 /|g(2)|?

AeH
«| 2 !
*|SL(1+ p) (log 2)”
=96 x 102272 /[8L]g" (2)|]p < 9:6 x 1012272 /|g'(2)|?.
Finally, if 7|g’(z)| < 1 then, from (4:12),

< 96 x 1012277 /|g(2)

Y (diam A4,)? < (15 x 10°)272 < 2:3 x 10152 < 2:3 x 101522 /|¢/(2)|?

A,eH
This completes the proof of Lemma 4-6.

We are now in a position to prove Theorem B part (i). If R, = zrr,, then, for each
neN,
diam B, = (2)Y27r, (4-19)

. ()22
d B B 2)1/2 =B — |

Thus, if H={4,: A,e, A, n B(x,, (2)"?nr,) + &}, it follows from Lemma 4-6 part
(i) and (4-19) that, if p > 2,2 >t > 1 +2/p, then, for each neN,
Y (diamA)) < Y (diamA4)) < [(2)Y*7r,]'/L! = (diam B,) /L.

A NB,+J AeH

It now follows from (4-2) that, if p = 2, K = S(p), then dim J(f) < 1+2/p.
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5. Proof of Theorem B part (i)

Take a function f=Ff, , where p <1/2,K > 2C(p) Aand consider the sets 4,
defined at the beginning of section four with x; > 2(K+C(p)) and R,, = r,/(8L). We
note that, for each ke N, the sets in 4, are disjoint and so, if 4,,,, €.9,,,, there exists
a unique A4, €.9, such that 4,., = 4,. We choose a set AAIE% and put B, = A, N /fl.
If A = N B, . then Ac Eé ) and so, from Lemma 3-5, A J(f).

Following the ideas used by McMullen in his proof of Lemma 2-2, we construct a
measure 4 which is supported on A. We first construct a sequence of measures u,
supported on B, in the following way. If s, is the 2-dimensional volume measure, we
have x4, =0 on (IZ\AA1 and p; = p1y;, elsewhere. Then, given yu;, we define p; ., by
letting p;.,, = 0 on B,\B,, and elsewhere taking it to be the restriction of u, to B, ,
scaled within each 4, €., so that pu,,,(4,) = u,(4,). There is then a subsequence of
measures u, which converge weakly to a measure u supported on A (see, for example,
[9, theorem 5-13]).

We note some properties of these measures. First, for each ke N and each 4, € .o,
Wo(A)) = pup(4,) for n = k and so

mAdy) = p(dy). (51)
Secondly, if

A(Ay) = vol (U, 1 Ay)/vol (4y), V(dy) = [TA,).

where A, cAd, ,c...cAd,
then for each reN, 4, .o/, with 4, < /fl we have

Horsa |<~2[,.+l nd, — (1/A(4,)) p, |<9(,~H n4,
and so, for each keN, 4, €9, with 4, < Al,

M4 |(<zr,Hl ndy — (1/V(A4y)) st |(~HkH NAp:* (52)

In the following results we obtain enough information on the sets 4, (and hence
on the measure x) to enable us to apply Lemma 21 to show that

dim (J(f)) = dim (4) = 2—p.

We begin by getting an estimate for the quantities A(4,). In order to do this, we need
the following preliminary results.

Levma 51, If A, < A, and f*(4,) = B, then

Ady) = X (diamd,;,)?/(diam 4,;)*

Agyr1= Ay
= (1/L3) Y (diam4,)?/(diam B,,)>.

A, c B,

Proof. 1f A;eo4 and A, = B, then there exists 4, ., €, such that 4,,, =4,
and f*(4,,,) = 4,. Clearly,

diam 4, , > diam (4,)/] sup |(f*) (z)[] = diam (4,)/[sup |(f*)" (2)|].

zedppy zedy
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and diam 4, < diam (B,,)/[ inf |(f*)" (2)]].

zedy

As f¥4,) = B, = B(x,,x,/2), it follows from Lemma 3-2 and Lemma 3-3 that

sup (/%) (w)/(f*) ()] < L.

u,vedy

The result now follows.

LeMMmA 52. For each neN,

> (diam4,)?/(diam B,)? = 1/[6:3 x 1012 (g(x,))?].

A, B,
Proof. We begin by noting that it follows from Lemma 3-1 that, if
}L(Z) = x;n = xm+Rm/2=

for some meN, then f(z)eB,,. Thus, for each point z such that A(z) = a),, there
exists a set 4,(z)e quch that zeA,(z) and f(4 =B,,. We note further that

h(4,(z)) < B( xm,xm/ét and hence, as the smgularltles of 7' are contained in

{z: Re(z) < 0}, h is univalent in 4,(z). Thus, if z, & 2,, A(z,) F A(z,).
We note from (4:14) that, if A, N B(x,,R,/4) £ &, then
diam 4, < 14 x10*/|¢'(x,)| = 14 x 10*%7, /g(x,) < 1-4 x 10y, /2, < R, /4

and hence 4, c B,,.
For each MeZ, we take I';, to be the curve defined by

w =z =iy o> log (K+a,).y = 2},

If g(z)el'y,, for some MeZ, then h(z)e|x,, ). Now let y,, be a curve which is
mapped onto I'y, by ¢g. If y,, nB(x,,R,/8) £ &, then there exists a segment of
vyu NB(x,,R,/4) of length at least R, /8 and hence, from Lemma 44, there exists a
segment of I';, N g(B(x,, R, /4)) of length at least

g'(x,)R,/(8x68x10%) > ¢'(x,) R, /(55 x10%).
It follows that there exist z;,2z,€y,, nB(x;t,Rn/AL) such that
hz) = Xpay, MZ) = Ty My VB, R, [4) 2 [2,4), Ty )]
and Reg(z,) —Reg(z,) = g”(xn)Rn/(5'5 x 10%3) —4. (53)

As B, < B(x,,.x,,/4), for each meN, it follows from Lemma 3:2 and Lemma 3-3
that, if f(4,) = B,,, 2z€4, and k(z) = x},, then

diam 4, > diam (B,,)/(LIf"(2)]) = ,,/[4(2)"*(1 + p) (log x,,)” L*| " (2)]].
As x,, > 2(K+ C(p)), it follows from Lemma 3-1 and Lemma 4-4 that
diam 4, > x,,/[16(1+p) (logx,,)? L*|/(z)|]
= 2, /[16(1 4 p) (log 2, )" Ly (=) (h(z) + K]
> 1/[32x6:8 x 10*2(1 +p) (log x,,)? L*¢ (x,)]
> 1/[1:5x 101 +p) (log x,,)? ¢’ (x,,)].
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Combined with earlier observations, this shows that, if y,, N B(x,,R,/8) £ J, then

S (diam A, > 115 x 1051 +p)g'(@,) S 1/[loga,, 7

A,<B, Zn(1)
ANy + D
Ln(2)
= 1/[1:5x 10%(1 4+ p) g'(xn)JQJ (1+p)/[xlogx)?] dx
Tn(1)
> 1/[2:3 x10°°(1—=p?) (g’ (x,,))*] [(log x) P [5ne

> [log (2, 5)) —log (1)) 1/[2:3 X 10°%(g" (x,)))* (log 2,,2))" -
As exp (g(zy)) = 2,4, + K and exp (9(z,)) = v, o, + K < 22,,,), it follows from Lemma
44 that
Re (g(z,)) =2 < log, o) < Re (g(z,)) < lg(z)] < 6:8 x 102 g(x,)|

and log (x,,4)) < Re (g9(zy)).
Thus, if y,, N B(x,, R, /8) £ &, it follows from (5-3) that

Y (diamA,)* > [Re (g(z,) —g(z)) —21/[2:3 X 10%(g"(2,,))* 6:8 x 10*(g(x,,))"]
AIAQIVCMB*ng

> [g'(x,) R, /(5.5 % 10%) —4]/[1:6 X 107(¢" (x,)))* (9(x,,))?]-
As
g’ (x,) R,/ (5:5x10%) = g(x,)/(8L x 55 x 10%) > x, /(8L x 55 x 10?*) > 8,

it follows that

> (diamA,)?2>R,/[2%x55x10%x1:6 x 108¢'(x,) (9(x,))?]
A, =B,
A Nym+QD

>R, [[1:8x 10" (x,) (g(x,))"].  (54)
Clearly g(x;,)el',. As we know from Lemma 4-4 that
g(B@,. R, /8)) = Bg(x,). g (x,) R, /(55 x 10%),

it follows that there are at least ¢’'(x,) R, /(m % 55 x 10%*) values of M €Z for which
there exists a curve vy,, satisfying y,, N B(x,, R, /8) = J. If a set 4, €.9 meets two
CUTVeS Virqys Vary, Where M(1) & M(2), then there exist wed, . MeN such that
Im (g(w)) = (2M 4+ 1) m and hence Re (h(w)) < 0. This, however, is impossible and so it
follows from (5-4) that

S (diam4,)? > (R,)?/[1-8 x 101927 x 55 x 10%(g(x,))?]

A, =B,
> (diam B,,)2/[6:3 x 10125(g(x,))?].
It follows from Lemma 51 and Lemma 52 that, if f¥(4,) = B, then
A(dy) = 1/[42x 107 (g(x,)"]. (55)

Before we can complete the proof of Theorem B part (ii), we need a few more
preliminary results. Recall that A(z) = 2(z) + K.
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Lemma 53. If 2, f(z)eU2_ B, then
(i) ()| > /() > Iz |/2
|logf 2)|P > 4(2:9 x 1015 VP 2],

Proof ) Tt is not difficult to see that, if z. f(z)eU”_ | B, then |/€(2)| > |f(2)
lf(2)] = 2, > 2(K+ C(p)), it follows from Lemma 3-1 that

f@) > h(z)|—K—C(p) > |h(z)|/2.
(ii)) It follows from part (i) that
log|f(z)] > log|h(z)/2] > [log |h(=)[1/2 = [Re ((2))1/2.
As z€B, = B(x,.r,/(4L)), for some neN, and g¢'(x,)r, L/(4L) = g(x,)/4, it follows

from Lemma 3:3 that g(z )EB(' (x,),9(x,)/4) and hence as v, = (( )
llog (f(2))I” > [Re (g(2))/2]” > (g(x /4p>g )[4
= exp[p logx,)'*?]/4 = (x,)P0%¢*)" /4 > (x,)2/4 > x,|2|/8

> exp[83x 1087 /p] |Z|/8 > 4(2:9 x 10172)1/P |z|

Lemma 54. If ze B, and r < |z/[4L(1 + p) (log 2)?]|, then B(z,r) N B,, = &, for each
meN,m £ n.

Proof. 1f zeB,,, then x, < |z| < 2z, and hence, from Lemma 4-4.

r < [2l/[4L(1+p) (log |2)?] < 2, /[4L(1 +p) (log x,)" |
=r,/(2L) < 10x,_,/[2L(1+p)(logx,_ )| < r,_,/2.

Thus Re (z) <, +r,/B8L)+r,/2L) < x,+r, =2,
and Re(z) >x,—r, /2 =2,_1+7r,_1/2
and hence z¢U

m#n

By using Lemmas 54 and 4:6, we are able to prove the following.

Lemma 55. There exists ry > 0 such that, for each zed r< 1y, there exists ne N and
a set A, €4, such that

(i) if Ay e ={4, e, A, NB(zr)+ O} then 4, < 4,

(i) S oy (diam A, )2 < 42 10202 2/|(1) (2) g/ ()]

Proof. Takez e/f, r < sup,;lf(2)/[8LA(1+p) (logf(2))? f'(2)]] and the smallest value
of neN U {0} for which
|(fn+1 7. > |fn+1 /[8LZ(1 _|_p logfﬂ+l (5.6)

The existence of such an n follows from Lemma 3-5 and, due to the choice of », we
must have n > 1.
As zed, we know that f"(z)eUz_| B,, and so, from Lemmd 3:2, the branch of f="

that maps f"(z) to z is univalent in B(f"(2),|f"(z)|/2). [(f™) (=) rL < |f"(2)|/8, it
follows from Lemma 3:-3 that
J"B(z, 1)) = B(f"(). (/") )| rL) = B(f"(2). 1/"(2)I/8). (5.7)

It follows from Lemma 4-1 that

sup diam4, <1/3
A€
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and hence, if 4,e.94 and 4, N B(f"(2),|(f") (2)|rL) + &, it follows from (5-6) that

A, < B(f"(2), |(f") ()| rL+1/3)
B(f"(2).1f"(2)/[4L(1 4 p) (og f"(2))1)) = B(f"(2). 1["(2)I/4). (58)

Clearly f"(z , for some meN. It follows from (5-8) and Lemma 54 that, if
A, NB(f"(z) |f” |7L + . then 4, < B,
If4,,,€H, then f"(4,,,) €24 and it follows from (5'7) that,

S Aua) 0B )N @ k) + B
Thus, if f, is the branch of f~" that maps f"(z) to 2z, then 4, ;, = f,(B,,) €.%,. This

shows that part (i) is true and it now follows from Lemma 3-2 and Lemma 3-3 that

> (diamA, ) < (LA/1(f™) ( D (diam A4,).
App€H Ae
A NB(" @), @IrL) + &

It follows from (5'6) that

(") @)L < |f"(2)/[8L(1 +p) (og f*(2) "]l (59)
and that
(") @k = [ ) rL/f (f" ()]
= |(f") (2)/[BL(L+p) (log f" ()" f(f" (). (510)
AszeA, we know that f’“ ed Ux_, B,, for each ke N and so it follows from (5-9)

and (510) that B(f"(z) f" )| rL) satisfies the conditions of Lemma 4-6 part (ii).
Thus

S (diamA,,,)* < (LI (2)) 96 X 027 ()] L) 7/lg/ (/" ()P

A, eH
< 42X 101022 | (1Y () g (S ()P
We are now in a position to complete the proof of Theorem B part (ii).
LeMMA 5:6. There exists ry > 0 such that, for each zed r< 7o,
W(B(z,7)) < 1:9x 10269277
and hence, from Lemma 2-1, dim A =2—p.

Proof. We take a value of r, which satisfies the conditions of Lemma 5-5 and then
take zed,r <r, and a value neN which satisfies the conclusions of Lemma 5-5.
As p is supported on A < A, _,, it follows from (5-1) that

MBr) < X pd,)= X faaldag)
An+1EH An+1EH
We know from Lemma 55 that there exists a unique set 4, €.%/, such that, if
A,,€H, thend,, A, IfA,nA4, =, then u(4,) = 0 and hence u(B(z,r)) = 0.
If A, = A,, then it follows from (5-2) that

wMBr) < X prya(dyy) =1[1/V(4 Y (diam4, )% (5.11)

Ap€H A,,HeH

Now vid,) =11A4,) = ]n_[ vol (W,,, NA,)/vol(4,)

r=1
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where 4, c 4, ,c...c4,c Al. We denote [(4,).1 <r <n, by B It follows
from (5-5) that

m(r)*

A(dy) = 1/[42 X 1070(g (2, )" 1.

As ze A, we must have z€d,c...c A, c... CA1 < B, and so it follows from
Lemma 44 that, for 0 <r < n,

fr m(r))/(6'8 X 1021)
and hence A(4,) = 1/[2:9x 10%3|g(f"(2)|?]
Thus H 1/[2:9 x 102g(f7(2)|7],

and so, from (5-11), Lemma 55 and Lemma 3-5,

4-2 10120 2p 1 .
PBE) < [ . i 29X 107 )]

<13x 1027372-"—”(]”( H,,nle 9 X 1072g(f" () 1f (f I

lf"(2) g’ (f"(2)
. 273,.2—D |fn |10 152 7‘ 4 T D
< 1:3x10*% (17 7) (oa /") p|pH29><10 lg (S @)
c 273,2— o c 152 frﬂ( fr(z)) b
1:3x 10 2] 29x 10 . 12
< BT L 2 0 ) Gog 1 )7 (-12)

As zed, we have lf"(z)| = é(p) for each re N and so it follows from Lemma 3-1 and
Lemma 3-5 that, for 1 <r <n—1,

7> 1L+ p) (log f7(2))? g(f7(2) h(f7(2)) /f7 ()] — O(p
> |(L+p) (log f"(2)? g(f" () [ (=) /[4f ()]
> lg(f7 () S =) /14 (2)]).

Thus, from Lemma 53, for 1 <r<n—1,

|[}"’(]‘Jf’ﬁ;z))(l(i(<;~§’:(+21)()z))10 | < [4f"(z)/[logf M (2)]P|p < 1/(2:9x 10"?).

It now follows from (5:12) that, for each zeAA, r <7,

W(B(z,7)) < 1:3 x 10273y27P

and hence, from Lemma 2-1, dim4 > 2—np.

Asd < J(f), it follows that dim J(f) > 2—p. At the beginning of this section we
stated that f was a function of the form f, ., where p < 1/2and K > 20/(p). If we take
S(p) to be the function defined just before Lemma 4-2 for pe[1, o0) then, if p < 1/2,
we have S(1/p) > 2C(1/p) = 2C(p). Thus, with this definition of S(p), for p < 1/2 and
K > S(1/p) we have dim J(f, x) = 2—p. This completes the proof of Theorem B.
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