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A SHARP GROWTH CONDITION FOR A FAST ESCAPING
SPIDER’S WEB

P. J. RIPPON AND G. M. STALLARD

ABSTRACT. We show that the fast escaping set A(f) of a transcendental entire
function f has a structure known as a spider’s web whenever the maximum
modulus of f grows below a certain rate. We give examples of entire functions
for which the fast escaping set is not a spider’s web which show that this growth
rate is best possible. By our earlier results, these are the first examples for
which the escaping set has a spider’s web structure but the fast escaping set
does not. These results give new insight into a conjecture of Baker and a
conjecture of Eremenko.

1. INTRODUCTION

Let f : C — C be a transcendental entire function and denote by f", n =
0,1,2,..., the nth iterate of f. The Fatou set F(f)is the set of points z € C such
that (f"),en forms a normal family in some neighborhood of z. The complement
of F(f) is called the Julia set J(f) of f. An introduction to the properties of
these sets can be found in [2].

In recent years, the escaping set defined by
I(f)={z: f"(2) > o0 as n — oo}

has come to play an increasingly significant role in the study of the iteration of
transcendental entire functions with much of the research being motivated by
a conjecture of Eremenko [5] that all the components of the escaping set are
unbounded. For partial results on this conjecture see, for example, [9] and [16].

The most general result on Eremenko’s conjecture was obtained in [10] where
it was proved that the escaping set always has at least one unbounded com-
ponent. This result was proved by considering the fast escaping set A(f) =

Unen " (AR(f)), where
Ar(f) ={z:|f"(2)| > M™(R, ), for n € N}.

Here
M(r) = M(r, f) = max|f(2)],

|z|=r
M™(r, f) denotes the nth iterate of M with respect to r, and R > 0 is chosen so
that M(r, f) > r for r > R. The set A(f) has many nice properties including
the fact that all its components are unbounded — these properties are described
in detail in [12].
There are many classes of transcendental entire functions for which the fast
escaping set has the structure of a spider’s web — see [12], [§] and [17]. We say
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that a set E has this structure if F is connected and there exists a sequence of
bounded simply connected domains G, such that

0G, C E, G, C G4, forn € N, and U G, =C.

neN
As shown in [12], if Ag(f) has this structure then so do both A(f) and I(f), and
hence Eremenko’s conjecture is satisfied. Also, the domains G,, can be chosen so
that 0G,, C Agr(f) N J(f) and so f has no unbounded Fatou components. This
gives a surprising link between Eremenko’s conjecture and a conjecture of Baker
that all the components of the Fatou set are bounded if f is a transcendental
entire function of order less than 1/2. Recall that the order of a transcendental
entire function f is defined to be

, log log M(r)
p = limsup ————.
r—300 log r

For background and recent results on Baker’s conjecture, see [0], [7], [11]
and [I3]. It was shown in [II] (see also [12]) that all earlier partial results on
Baker’s conjecture are in fact sufficient to imply the stronger result that Agz(f)
is a spider’s web. Here we give a sharp condition on the growth of the maximum
modulus that is sufficient to imply that Agr(f) is a spider’s web and hence that
Baker’s conjecture and Eremenko’s conjecture are both satisfied. More precisely,
we prove the following sufficient condition.

Theorem 1.1. Let f be a transcendental entire function and let R > 0 be such
that M(r, f) > r forr > R. Let

R,=M"(R) and &, = max M.
Rn<r<Rni1 log r
If
an < 00,
neN

then Agr(f) is a spider’s web.

We obtained a closely related result in [11, Theorem 3] with the stronger
hypothesis that > /€, < oo and remarked there that the square root could
be removed by introducing a more sophisticated argument. The method of proof
given here is quite different, and more enlightening, than that used to prove [11]
Theorem 3|. In fact, Theorem [I1] follows surprisingly easily from a new local
version of the classical cos p theorem; see Theorem 2.1]

Remark. Theorem [LLI], can be generalised to apply to the set of points that
escape as fast as possible within a direct tract of a transcendental meromorphic
function; see [3] for earlier results concerning the fast escaping set in a direct
tract.

It turns out that the condition in Theorem [[.1lis, in a strong sense, best pos-
sible. In particular, the following result shows that the condition in Theorem [L.1]
cannot be replaced by the weaker condition that ) _(e,)¢ < oo, for some ¢ > 1.

Theorem 1.2. There exist transcendental entire functions of the form

(1.1) o) =] (1 + ain)%" ,

n=1
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where p, € N, forn € N, and the sequence (a,) is positive and strictly increasing
such that A(f) N (—o0,0] = 0; in particular, A(f) is not a spider’s web.

Moreover, if (8,) is a positive sequence such that
D 0n =00,
neN

then we can choose the sequence (an)nen and a value R > 0 in such a way that,
with

pn = [a/*/4], R, = M"(R) and ¢, = Rng}gﬁnﬂ %
there exists a subsequence (ny) such that
(1.2) Eny, §5k+2—ik, for k € N,
and
Ok 1
(1.3) Enptm < W+W’ fork e N1 <m <mngyq — ng.

Since it is possible to choose a positive sequence (9,,) with

Zén:oo and lim 9, =0,

n—oo
neN

Theorem implies that there are functions of order zero for which Ag(f) fails
to be a spider’s web. Thus new techniques are needed in order to solve Baker’s
conjecture. One such technique is introduced in [13] where we show that all
functions of order less than 1/2 with zeros on the negative real axis satisfy Baker’s
conjecture and also satisfy Eremenko’s conjecture with I(f) being a spider’s web.
Since functions of the form (LII) with limsup,,_,. €, < 1/2 are of this type, this
gives the following corollary to Theorem [[2] which answers a question in [12].

Corollary 1.3. There exist transcendental entire functions for which I(f) is a
spider’s web but A(f) is not a spider’s web.

Remark. In fact we show in [I3] that functions of order less than 1/2 with
zeros on the negative real axis have the stronger property that Q(f) contains
a spider’s web, where Q(f) is the quite fast escaping set. Thus Theorem
provides examples of functions for which Q(f) # A(f); these two sets are equal
for many functions, including all functions in the Eremenko-Lyubich class B as
we show in [15].

The paper is arranged as follows. In Section 2 we prove Theorem [L.I] and
then, in Section 3, we prove Theorem [L.2L

2. PROOF OF THEOREM [1I.1]

Let f be a transcendental entire function and R > 0 be such that M(r) > r
for r > R. Recall that

Ar(f) = {2 |/"(2)| =z M"(R), for n € N}
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and that Ag(f) is a spider’s web if Ag(f) is connected and there exists a sequence
of bounded simply connected domains G,, such that

0G, C AR(f), GnC Gy, forneN, and | JG,=C.
neN

In this section we prove Theorem [L.1] which gives a condition that is sufficient
to ensure that Ag(f) is a spider’s web. The key ingredient in our proof is the
following result which can be viewed as a local version of the classical cos mp
theorem. For a discussion of results of this type, see [14].

Theorem 2.1. Let [ be a transcendental entire function. There exists r(f) > 0
such that, if

(2.1) log M(r) <r* and 72 >r(f),
for some o € (0,1/2), then there exists t € (r'=2% r) such that
logm(t) > log M (r'=2*) — 2.

Proof. We apply the following result of Beurling [4, page 96]:
Let f be analytic in {z: |z| < 1o}, let 0 < r; <1y < 1o, and put
E={te(ry,r) :m() <u}, where0 < pu < M(r).
Then

M(TQ) 1 1 / dt M(Tl)
2.2 log ——% > — — — | log ——~.
(2.2) og . > 5 exp (2 3 og .

Taking o = r, 11 = r72 u = M(r'7?*)/e* and r(f) > 0 such that
M(r(f)) > €%, we deduce from ([Z.1) and [2.2)) that, if m(t) < p for t € (r'=2« r),
then

M 1 [ dt M (rt—2e
TazlogM(r)zlogﬂ>—eXp —/ — logL:ro‘.
1% 2 2 rl—2a t %

This is a contradiction and so there must exist ¢t € (r'=2* r) such that m(t) > y;
that is,

log m(t) > log ju = log M (r'72%) — 2,
as required. O

We also use the following results about spiders’ webs proved in [12].

Lemma 2.2. [I2, Corollary 8.2] Let f be a transcendental entire function and
let R > 0 be such that M(r) > r for r > R. Then Ag(f) is a spider’s web if
there exists a sequence (py) such that, for n >0,

(2.3) pn > M"(R)
and
(2'4) m(pn) 2 Prt1-

Lemma 2.3. [12] Lemma 7.1(d)] Let f be a transcendental entire function, let
R > 0 be such that M(r) > r forr > R, and let R > R. Then Ag(f) is a
spider’s web if and only if Ar/(f) is a spider’s web.

In addition, we need the following property of the maximum modulus function,
which was proved in this form in [I1].
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Lemma 2.4. [II Lemma 2.2] Let f be a transcendental entire function. Then
there exists R > 0 such that, for all v > R and all ¢ > 1,

M(r¢) > M(r)c.
We are now in a position to prove Theorem L1

Proof of Theorem[L1. Let R > 0 be such that, for » > R, Lemma 2.4 holds and
M(r) > r. For n € N let

log log M
R,=M"(R) and ¢,= max M.
Rn<r<Rni1 log r
Suppose that ) _yen < 0o. Then we can take N sufficiently large to ensure
that
1
2.5 n < R
25 Seel
n>N
and

(2.6)  M(R,)Y®™) = RYE™ > ¢2 forn > N, and RY!, > Ry > r(f),
where r(f) is as defined in Theorem 2.l Note that (2.6]) is possible since
log M(r)/logr — oo and so, for large n, we have log R,,+1 > 4log R,,.

Now let

N (1—-2em—1/(8m?)

Ty = M <Rg+1: ), for n > 0.
We note that, for n > 0, it follows from (2.5]) that

N+n 1 N+n N+n 1 1
11 (1—25m—w)>1—225m—2_:wz§

m=N

and so, by (2.6]),
n+l/pl/2 ntl p2\ _ p2

Bninie >1 > M (RN+1) > M"(Ry) = Ryyni1-

We claim that, for n > 0, there exists p, € (Ryini1,7n) With m(p,) > r,41.
Indeed, it follows from Theorem 21} (2.5]), (Z6) and Lemma 2.4] that, for n > 0,
there exists p, € (7“,11_28’”]”1, Tn) C (RNtn+1,Tn) such that

1

g]\4(rri—2€n+N+1 )

v

m(pn)
M(T1_2€"+N+1 )1—1/(8(n+N+1)2)

M (r(1=2enen+1)(1=1/ (4N +1)2)))

AVARAVARLV]

M(rg_%”“v“ —1/(8(n+N+1)2)))

M <<Mn+1 <R]1:,[’]X%K’(1_2em_l/(8m2)> ) (1—2an+N+1—1/(8(n+N+1)2)))
+

N+”+1(1—2sm—1/(8m2))

n |
o (B

= Tht1-

Thus, for n > 0, there exists p, > Ryy, with m(p,) > pn,i1 and so, by
Lemma 22 Ag,,, (f) is a spider’s web. It now follows from Lemma that
Ag(f) is a spider’s web as claimed. O
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3. PROOF OF THEOREM

Let
o0 P 2pn
3
= 1+ =
7) H(+) |

where the sequence (a,) is positive and strictly increasing. In addition, let (,)
be a positive sequence such that
> -

neN
and let
(3.1) pn = lad/*/4].
Without loss of generality, we assume that
(3.2) op < 1/2, forn € N.

Note that f((—oc,0]) C (—o0,0] and that m(r) = f(—r) and M(r) = f(r) > r3,
for r > 0. Further, M(r) > r for r > 1.

We first show that the sequence (a,,) can be chosen so that A(f)N(—o0,0] = 0.

We choose the values of a,, carefully, beginning with a;, then ay and so on.
Because of the way in which we choose the values of a,, it is helpful to introduce
the function g defined by

3 0<r<a,

r )
2pn
— T
(3:3) 9(r) r* 1] (1+ a—n) , > a.

an<r

Note that g is a strictly increasing function and that it is discontinuous at a,,
for n € N. A key property of g which we use repeatedly is that

(3.4) m(r) =—f(—r) <g(r) < M(r), for r > 0.

Since g is increasing, (3.4]) implies that

(3.5) f([=r,0]) C [—g(r),0], for r > 0.

We now set ry = 10 and 7,1 = g(r,) = ¢""1(10), for n € N, and note that
(3.6) Tyl > 73, forn > 0.

Also, it follows from (B.5)) that

(3.7) f"((=7m, 0]) C (=7rmn, 0], for n,m € N.

We begin by proving the following result.

Lemma 3.1. If there exists a sequence (Ny) such that,

(3.8) F((=72,0]) € (=rwy, 0]
and, for k > 2,
(39) ka((_TN1+~“+Nk71+2k> 0]) C (_TN1+~~~+N1¢> 0]7

then A(f) N (—o0, 0] = 0.
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Proof. We first note that, if the hypotheses of Lemma [3.1] hold, then it follows
from [B.7) and (3.9) that, for k € N,

FUEER (o, O) = fU(E ) (i, 0])

C ka((_TN1+"'+Nk71+2k7 O])
- (_TN1+"'+Nk7O]'

Thus

(3.10) fN1+m+Nk((—7’2k, 0]) C (—T‘N1+v.,+Nk7 0].

Now let z € (—00,0]. There exists K € N such that, for £ > K, we have
z € (—ry,0] and hence, by [B.1), we have f*(z) € (—7ra,0]. Thus, by (B.I0)
and (B.4), for k > K,

‘fN1+"'+Nk+k(Z)‘ < TNt N, < MN1+~'+Nk(1O)
and hence
2 {z:|f"*(2)| > M"(10) for n € N}.
Thus A(f) N (—o0,0] = 0 as required. O

We will show that we can choose the values of a, in such a way that the
hypotheses of Lemma [B.1] hold. In order to do this, it is helpful to set certain
restrictions on our choice of values. Firstly, we choose a; and a,41/a,, n € N,
sufficiently large to ensure that

(3.11) >4, an > a, ai’ffﬂ > 16ad"
and

(3.12) ai’ff/lﬁ > a2 10g tp1.

We note that (B11]) implies that

(3.13) p1>1 and puq > 2p2, forn € N.

We also place certain restrictions on our choice of the values of a,, in relation
to the values of r,:

(3.14) if ar, € [rn,rns1), then a,, & [rn, ragq) for k,m € Np m # k.

We now show that, in order to prove that the hypotheses of Lemma [3.1] hold,
it is sufficient to prove the following result.

Lemma 3.2. Suppose that, for some m € N, we have defined the values of a,, for

which a, < ry, in such a way that they satisfy (3.I1), BI2) and BI4). Then
we can choose N € N and the values of a,, for which r,, < a, < Tyin_1 0 such

a way that they satisfy BI1), BI2) and BI4) and, no matter how the later
values of a,, are chosen,

FY((=Tms1,0]) € (—Tman, 0].

Proving Lemma[3.2lis the key part of the proof that we can choose the sequence
(a,) so as to ensure that A(f) N (—o00,0] = (). Before proving Lemma B2 we
show that, if this result holds, then the hypotheses of Lemma [3.1l also hold. First,
by applying Lemma when m = 1 we see that there exists N;; € N and a
choice of a,, for ry < a, <ry,, such that

(3'15) le'l((_r%O]) C (_TN1,1+1>0]'
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We then apply Lemma with m = N ; and deduce that there exists N; o € N
and a choice of a, for ry, , < a, < 7N, 4N ,-1 such that

(316) le'Q((_TN1,1+17 O]) C (_TN1,1+N1,27 0]
It follows from (B3.I5) and (3.16) that
le’l—i_Nl’z(_r?a O] C le’z(_rN1,1+1> 0] C (_TN1,1+N1,2a O]

Putting Ny = N1 + Nj2, we deduce that we can choose the values of a, for
which m < a, < ry,_; in such a way that

P ((=72,0]) € (=7, 0].
Thus (3.8)) holds.

Now suppose that, for some k£ > 2, we have defined N;, for 1 <j <k —1, and
defined a,,, for m < a,, < ry4.4n,_,—1. We claim that we can use Lemma
to define Ny € N and a,, with 7y, +...4n, -1 < @n < TNy, —1 Such that (3.9)

holds for k. The argument is similar to that given above. First, we apply
Lemma with m = Ny + -+ 4+ Ni_1 + 2k — 1 to construct Ni; and a, with

TNyt N1 +2k—1 < Qn < TNyt Ny + Ny +2k—2

such that
PR (=N N 428 0) C (=7t Ny Vg 1201, 0]

Then, for 2 < j < 2k, we apply Lemma repeatedly with
m=N+- -+ Ny1 +Ng1+--+Npj1+2k—3j
to construct NV, ; and a, with
TNy+++Ni_1+Ng 1+-+Ng j_1+2k—j < a, < T'Ny+-+Ng_1+Ng 1 +-+Ng j+2k—5—1
such that
ka'j((_TN1+~~~+N;€,1+N,€,1+~~~+Nk,j,1+2k—j+1, O]) - (—7°N1+---+Nk,1+Nk,1+~~~+Nk,j+2k—j, 0]-
Putting Ny = Ny 1 + - -+ + N2k, we deduce that a, can be chosen with
PNy 4ot N =1 < Ay < TN e N —1
such that

ka((_TN1+---+Nk,1+2k, 0]) C (=7Ny+-tny, 0]

and hence ([3.9) holds for k.
So, it remains to prove Lemma

We begin by proving four lemmas. The first describes the extent to which f
is small close to a zero at —ay, where k € N.

Lemma 3.3. For each k € N,

(3.17) |f(2)] <1, for z € (—ay, —ai_ék/lﬁ).
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Proof. This holds since, for such a z, it follows from (3.1]), (3.11]), (3.12) and (B.13])

that
1-6,/16°) % ko1 2pm 2pm
a a o
< Bl1-= =2k Lo Lo
L %( @k ) H( Jram) 11 ( +am)
m=1 m>k+1
1 aik/‘l 1 a}?{z
34+2p14-+2pp 1
< (1 - T/m) ay, H <1 + W)
ak m>k+1 am
< exp( aik/16)a k-1 261+1/2+1/4+,,,
< s 51/16
> G exp( ay, ) <1

O

The second lemma shows that there is a large increase in the size of g(r) at
r = aj, where k € N.

Lemma 3.4. For each k € N,

1—6,/16
log g(ax) > py/*log g(ay ).

Proof. For k € N, it follows from (3.I1) that

k—1 a 2pm
1-6,/16 k
g(ay &/ ) < aiH(l—i——)
m=1 dm

3+2 ley::ll Pm < dpr—1

< Qay > a4

and
g(ag) > 22k

Thus, by B.11), 3.12) and (3.13),

log g(a 2py log 2
ggl(—élzaw = 1 = lg -3 plfo P .
log g(a, ) Pr—1log ag Dk—1108 ay,

The third lemma shows that log ¢ has a convexity property.
Lemma 3.5. Letr > 0 andt > 2. Then
log g(r') > tlog g(r).
Proof. Let r > 0 and t > 2. We have

/r,t 2pm
g(r) =¥ I <1 + —)

am<r

and
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when a,, < r. This is true since it follows from (3.11]) that, for a,, < r and t > 2,
Lo T K <(.r K ot ) rt
Tan) S\aE) TaET

The fourth lemma gives an upper bound on the growth of g on intervals where
no point is the modulus of a zero of f.

O

Lemma 3.6. Letr > 0,0 < s < 1/2 and t > 1 and suppose that there are no
values of n € N for which a,, € (rf,r]. Then

log g(r") < t(1 +2s)log g(r).
Proof. Tt follows from (B.I1]) that

t 2pm
gty =" ] <1 + T_) <t I vt = ot e 2o
(m

am<r? am <r®
and
r\ 3+ 2pm(1—s)
3 - am <rs “Pm{l—s
g(r)>r H <am) > :
am <rs
Thus
log g(r*)/log g(r) < t/(1 —s) < t(1 + 2s),
since s < 1/2. O

We are now in a position to prove Lemma 3.2

Proof of Lemmal3.2. Suppose that m € N and that we have defined the values
of a, for which a, < r,. We now define a sequence (s;), 0 < k < N, inductively
according to certain rules that we give below. Each time we define a value s, we
also add a zero of f at —s;, provided this is allowed by (B11)), (B12) and (B.14);
no other zeros of f are added. We choose our values s in such a way that

(3.18) Tonak < Sp < Tynaks1, for 0 < k < N,
(319) SN S T'm+N

and

(3.20) FE((=7pmy1,0]) C (—s5,0], for 0 < k < N.

The result of Lemma follows directly from (BI9) and (320). The difficult
part of the proof is to show that there exists an N € N for which (BI9) is
satisfied.

We define our sequence (si) as follows:

o set Sop = Tim1;
e if sp > r,, . and there is a zero of f at —s;, then we set

1-6,, /16
(3.21) sian = g(s, );
e if sp > 1, and there is no zero of f at s, then we set
(3.22) Ska1 = 9(5k);

o if s, < 70k, then we terminate the sequence (sg).
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It follows from Lemma[B3land (3.5]) that, with this construction, (8.18]), (.19
and ([3.20) are indeed satisfied.

It remains to prove that there exists K € N such that the sequence terminates
at sg; that is, if
log s
log 7k’
then there exists K € N such that Tx < 1.

We introduce the following terminology. We let L denote the largest integer
for which ay, < r,, and define a (finite) subsequence (k,) such that

(3.23) ap4n = Sk, forn=1,2,....

Ty =

The main idea is to show that, for each n > 2 we have that T}, . is less than
Tk, , with k, defined as above. These decreases counteract the small increases
that may occur from T} to Ty, for other values of k£ and, for n large enough,
they will combine together to cause T}, 1 to drop below 1.

We first estimate some quantities that will be useful in our calculations. We
begin by noting that it follows from (3.23), (B.I8) and Lemma 3.4 that, for n > 1,

log 7"mik,+2 = log Q(Tm+kn+1)
1—-6110/16
> logg(sk,) > pri,logg(s, /).

Thus, by B321)

(3.24) log 7k, +o > p}ffn log sk, +1, for n > 1.
Together with (3.6]), (8.24) implies that

(3.25) 10g rimtk,+q > 3q_2p1L/fn log sy, 11, for g >2, n>1.

Together with Lemma B35, (3:24) implies that
(3.26)
10g Sk, +q < log g9~ (8,11) < log sg,+1 <

< =) <
10g Tmtkntgr1 10897 (Pmtr+2) — 108 Tk, 12 il

forg>2,n>1.

Now fix n > 2 and write

]'Og Skn +q

, for ¢ > 2.

lng = Tkn+q =

For 2 < q < k11 — k,, there are no zeros of f with modulus in the interval
(Skps Sknsy) and so it follows from (3.22), Lemma [3.6] and (3.25) that, for such g,

log sk, 1q41 = 10%9 Skn+q

log sy, )
< . log g(7m+k,
< ( 20 —— 9(Trnthonq)

log s
= (1 +21 & Sk )logrm+kn+q+1

(1 + 2 1/2 ) ]'Og T'm+kn+q+1-

L+n

IA
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Thus, for 2 < ¢ < k41 — k,, we have

2
o ST (P A

34 2pL+n

For ¢ = k,.1 — k,, there are no zeros of f with modulus in the interval
(Skps Skny,) and so it follows from (B.2I)), Lemma 5.6l and (3.23]) that

log sk,qr1 = logg(sy o1
< (1 5“"“) (1 + 2%) 108 g(Pmky+q)
= (1 5L+g+1) (1 + 2%) 10 Tt kp+q+1
< thg (1 _ 5L41rg+1) (1 + ﬁ) log 7t kn+g+1-

L+n

Thus, for ¢ = kp11 — k,, we have

5L+n+1 2
(328) tn,q-i—l S tn,q (1 - ].6 1 + 3(1 2p1/2 :

L+4+n

Lastly, it follows from (BI4) that, if ¢ = ko — k, + 1, then ¢ — 1 > 2.
Also, there are no zeros of f with modulus in the interval (sg,.,,Sk,,,4+1) =
(Skpi 1) Skntq) and so it follows from Lemma 3.6l and (3:26]) that

log sp,1qr1 = 10gg(skn+q)

1+2 logskn+1

. ( log T'ma-kn+q

it

I ) 108 Ttk q+1

2
S <1 + 1/2 ) 10grm+kn+q+1‘

pL+n

Thus, for ¢ = k41 — k, + 1, we have

2
(3.29) tnge1 < tog (1 + W) .

pL—I—n
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It follows from ([B.27), (8.28)), (8:29) and (B13)) that, for M > 2, we have

TkM+1+2 = tkaM+1—kM+2
M kn+1_kn+1

tn

_ q+1

= w]l I 5%
n=2 q=2

tng
M knJrl_kn
2 OL4n+1 2
< t272H<1+ 12)(1_ H 1+ 1/2
n=2 pL/—l-n 16 q=2 3q_2pL/+n
M 3
2 OL+n
< b ] (1 + 75 ) (1 - LI(),“)
n=2 pL+n
It follows from (B.I3) that ) zﬁ < 00 and so, since Y inq1 = 00, We
deduce that, for M sufficiently large, Ty,,. 12 < 1, as required. O

We have now proved Lemma 3.2l As noted earlier, this is sufficient to imply
that the hypotheses of Lemma B3] hold and hence that A(f) N (—o0,0] = 0 as
required.

We complete the proof of Theorem by showing that, in addition, condi-
tions (L2)) and (L3) are satisfied. That is, we prove the following.

Lemma 3.7. Let

loglog M
(3.30) o= max  oslog M(r)
Rn<r<Rni1 log r

There exists a subsequence (ny) such that

1
(3.31) Enp < O + o for k e N,
and
Og 1
(332) €nk+m§ W—Fm, fOT’]{ZGN,l <m < ngyp — Ng.

Proof. We begin by setting Ry = ro = 10 and defining R,,y; = M(R,,), forn € N.
Clearly R, > r, by (34) and

(3.33) Rny1 > R, forn € N,

We claim that

(3.34) if a, € [R,,, Rny1), then a,, & [R,, Ryy2) for k,m € N, m # k.

In order to deduce this from (B.14]), it is sufficient to show that, if r, € [R,,, R41),
for some p,n € N, then r,;5 > R,1;. We prove this in two steps. Firstly, we
note that if 7, € [R,, RY), for some p,n € N, then it follows from (B.6) that
Tpt1 = rg > R3. Secondly, if r, € [R3, R,,,1), for some p,n € N, then we claim
that

(3.35) rp1 = g(rp) > g(Ri) > M(R,) = Rot1.
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This is true since, if k is the smallest integer such that a; > R, then

k—1 R3 2pm
3y — Y 1 'n
oty =1 1] ( + m)
and so, by (B3.1) and (B1T),

g(R3) 1\ 1L \™
< RS 1+P H L+ 1—1/2m—Fk

m>k+1 m

R3
< 9( n)el+l+l/2+l/4+~~~ <g(Ri)-

Thus (B.35) does indeed hold and, by the reasoning above, this is sufficient to
show that (3.34]) holds.

Now, for k € N, we choose n; € N such that a; € [R,,, R, +1). Then,
by ([B.34)), this defines a sequence (ny) with n; # ny, for j # k. Now suppose that
r € [Ry,, Ry, +1], for some k € N. Tt follows from (B.I1]) and (3.34) that

r 2py k—1 r 2pm r 2pm
M =10y < 21+ D) T (0+2) T I (14 2)
Ak -1 m m>k+1 m

T 2P 1 a}r{Q
o 342p1+-+2pp_ 1
= (1+ak) " 1 o H <1+ 1—1/2mk)
m>k+1 m
Ok
ro\ Ok—1
< (1+— rOho1 plt1/2+1/4+-
Qg
and so
aék
Op— k
(336) M(T) < ezr“kk—ll (1 + L) )
Qy

Ifr < a,lf/ ?_then it follows from (3:2) and (3.36) that
3 a(sk*l 3. .ro%
M(r) < e’r%—1 <e’r
and hence, since r > R; > 1000,

log log M (1) _ O logr + 2loglogr loglog r <64 210gloank

0 + 2

log r logr logr — g log R,,,
It follows from (3.33)) that, in this case,
loglog M log(3™ log 10 1
(3.37) loglog M(r) _ 5, olog(3"10g10) o 1

log r - 3 log 10 R o
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If a,lﬁ/2 <r < ag, then

Sk

ay, (ar/r)°kr0k (ar/T)rlk
(1+L> :<1+L) <(1+L> <’
ag Q. ak

and, if 7 > a;, then
Ok
R S5k
1+ r < <
Qy

So, if r > a,/”, it follows from (B30) and (BII) that

M(r) < 627’“2]:17”% < 2pat gt g2t
and hence
log log M () - O logr + 2loglogr _ 5k+2loglogr <5 +2logloank.
log r log r log r log R,
As before, it follows from (B.33)) that
loglog M 1

(3.38) loglog M(r) _ o . 1

log r 2nk

Together with (B3.37), this implies that (8.31]) holds.

Now suppose that r € [Ry, +m, Rn,+m+1), for some k € N, 1 < m < ngq —ny.

It follows from (B.I1) and (B.33)) that

k 2pm 2pm
r r
M) = fr)y < 1+ — 1+ —
m=se < AT () T (e
m=1 m>k+1
1\
342p1+--+2pp
< I (1)
m>k+1 am
< 7ﬂaik€1+1/2+1/4+---
5. 5
< et < Pl

6k/3m71
62TT

A\

Thus
log log M (r) - Splogr /3™t + 21oglogr - Og +210g log r < O +210g log Rnﬁm.
log r log r 3m—1 log r 3m—1 log R, +m
As before, it follows from (B.33)) that
log log M(r) Ok 1
3.39 <
(3.39) log r - 3m-l + 2nm+m

and so (3:32) holds. O
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