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FAST ESCAPING POINTS OF ENTIRE FUNCTIONS

P.J. RIPPON AND G.M. STALLARD

ABSTRACT. Let f be a transcendental entire function and let A(f) denote the
set of points that escape to infinity ‘as fast as possible’ under iteration. By
writing A(f) as a countable union of closed sets, called ‘levels’ of A(f), we
obtain a new understanding of the structure of this set. For example, we show
that if U is a Fatou component in A(f), then U C A(f) and this leads to
significant new results and considerable improvements to existing results about
A(f). In particular, we study functions for which A(f), and each of its levels,
has the structure of an ‘infinite spider’s web’. We show that there are many
such functions and that they have a number of strong dynamical properties.
This new structure provides an unexpected connection between a conjecture
of Baker concerning the components of the Fatou set and a conjecture of
Eremenko concerning the components of the escaping set.

1. INTRODUCTION

Let f : C — C be a transcendental entire function, and denote by f", n =
0,1,2,..., the nth iterate of f. The Fatou set F(f) is defined to be the set of
points z € C such that (f"),en forms a normal family in some neighborhood of
z. The complement of F(f) is called the Julia set J(f) of f. An introduction to
the properties of these sets can be found in [9].

This paper concerns the escaping set of f, defined as follows:
I(f)={z: f"(2) = 0 as n — o0}.

For a transcendental entire function f, the escaping set was first studied by
Eremenko [18] who proved that

(1.1) I(f)nJ(f) #0, J(f) = 9I(),
and that
(1.2) all the components of I(f) are unbounded.

Much of the work on I(f) has been motivated by Eremenko’s conjecture [I8]
that every component of I(f) is unbounded. Significant progress was made
on Eremenko’s conjecture in [44] where it was shown that I(f) always has at
least one unbounded component. This result was proved by considering the fast
escaping set A(f), which was introduced by Bergweiler and Hinkkanen in [14]
and which now plays a key role in transcendental dynamics. In this paper we
define

A(f) = {2 : there exists L € N such that | "™ (2)] > M™(R, f), for n € N}.
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Here,
M(r, f) = max|f(z)|, for r >0,

|z|=r

M™(r, f) denotes iteration of M (r, f) with respect to the variable r, and R > 0
can be taken to be any value such that M(r, f) > r for r > R or, equivalently,
such that M™(R, f) — oo as n — oo. For simplicity, we will only write down
this restriction on R in formal statements of results — elsewhere this should be
assumed to be true. Note that M (r, f) > r whenever r > min.c s |2|; otherwise,
by Montel’s thorem, we would have {z : |z| < r} C F(f). We prove the basic
properties of A(f) in Section 2 — these include the fact that the set A(f) is
independent of the choice of R.

Note that different definitions of A(f) were used in [14], [44], [45], [46], [47] and
[48]. We show that all these definitions are equivalent in Section 2. The definition
used here is of a similar form to the definition of the fast escaping set in a direct
tract used in [I5] and [42].

We now introduce certain subsets of A(f) based on the above definition.

Definition 1.1. Let f be a transcendental entire function, let L € Z and let
R > 0 be such that M(r, f) > r for r > R. The Lth level of A(f) (with respect
to R) is the set

AL(f) ={z: |f"(2)] = M (R, ), for n € N,n+ L > 0}.
We also put
Ar(f) = AR(f) = {z: |f"(2)] = M"(R, ), for n € N}.

Note that, unlike the sets I(f) and A(f), each of the levels of A(f) is a closed
set. Also, since M"*Y(R, f) > M"™(R, f) for all n > 0, we have AL(f) C AL™(f)
for all L € Z. This implies that A(f) can be written as an expanding union of
closed sets:

(1.3) A(f) = |J Az"(f) and AZH(f) c AZT(f), LeN.

LeN

In this paper we show that this concept of the levels of A(f) leads to significant
new results concerning the properties of A(f). Further, it leads to considerable
improvements to many of the results in our earlier papers [44], [45] and [46]. This
paper is written in such a way that it provides a self-contained account of the
main properties of A(f), so some proofs of known results are included. In almost
all cases, the proofs here are more straightforward than the original ones.

In [44] we showed that all the components of A(f) are unbounded. This is
the strongest result for general entire functions that has been obtained towards
Eremenko’s conjecture as, for any transcendental entire function, A(f) # 0 (see
Theorem 2.3]) and so, as stated earlier, there is at least one unbounded component
of I(f). Here we need the following more precise version of this result.

Theorem 1.1. Let f be a transcendental entire function and let R > 0 be such
that M(r, f) > r forr > R. Then, for each L € Z, each component of AL(f) is
closed and unbounded; in particular, each component of A(f) is unbounded.
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In Section 3 of this paper we give two proofs of Theorem [Tl First we outline
a constructive proof similar to the proof of [44, Theorem 1], the ideas of which
have had significant applications (see [13], [38] and [50]). Then we give a new
shorter proof by contradiction.

In Section 4, we consider Fatou components that meet A(f). We prove the
following, which is a key result of the paper and is used to deduce many of the
other results. Given its many applications, it has a surprisingly simple proof
which consists of combining the new concept of the levels of A(f) with known
distortion properties of the iterates of a function in a Fatou component.

Theorem 1.2. Let f be a transcendental entire function, let R > 0 be such that
M(r,f) > r forr > R, and let L € Z. If U is a Fatou component that meets
AL(f), then

(a) U C AR (f); B
(b) if, in addition, U is simply connected, then U C AL(f).

Remark. Note that Theorem implies that, if U is a Fatou component in A(f),
then the boundary of U is also in A(f). This contrasts with the situation of a
Fatou component in /(f) which may have boundary points that are not in I(f).
For example, if f(z) = 2+ 1+ e, then F(f) is connected and is in I(f) [21].
In fact, for this function, F(f) is a Baker domain and so is contained in the
slow escaping set [48]. Since the boundary of F(f) is always equal to J(f), the
boundary of this Baker domain contains many points whose behaviour is very
different under iteration, such as fast escaping points and periodic points.

We conclude Section 4 with an example which shows that it is not possible to
replace L — 1 by L in Theorem [[.2] part (a).

In Section 5, we consider the relationship between A(f) and J(f). The main
result in this section is the following.

Theorem 1.3. Let f be a transcendental entire function, let R > 0 be such that
M(r, f) >r forr > R, and let L € Z. All the components of AL(f) N J(f) are
unbounded if and only if f has no multiply connected Fatou components.

It follows immediately from Theorem [[.3] that if f has no multiply connected
Fatou components, then allthe components of A(f)NJ(f) are unbounded. In [45]
we used a relatively complicated argument to prove the weaker result that if f has
no multiply connected Fatou components, then there is at least one unbounded
component of A(f) N J(f). Here, Theorem [[.3 follows from Theorem and
Theorem [LT] in a straightforward manner, showing the value of introducing the
concept of the levels of A(f).

In Sections 6-8, we consider the case when A(f) has a structure which we now
describe as an ‘infinite spider’s web’. The first examples of functions for which
A(f) has this structure were given in [44, Theorem 2|. It has become apparent
that there are many transcendental entire functions for which A(f) has this
structure and that such functions have a number of strong dynamical properties.
Because of the increasing significance of this structure, we introduce the following
terminology.

Definition 1.2. A set E' is an (infinite) spider’s web if E is connected and there
exists a sequence of bounded simply connected domains G,, with G,, C G,,41, for
neN, oG, C £, fornecNandJ,.yGn =C.
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Remark. If I(f) is a spider’s web, then I(f) is connected (and unbounded) and
so Eremenko’s conjecture holds.

In [44] Theorem 2] we showed that, if f is a transcendental entire function, then
A(f) and I(f) are spiders’ webs whenever f has a multiply connected Fatou
component. In fact Ag(f) is also a spider’s web for such a function. This is a
corollary of the following more general result, proved in Section 6. A version of
Theorem [[.4] was proved in [46].

Theorem 1.4. Let f be a transcendental entire function and let R > 0 be such
that M(r, f) > r forr > R. If Ar(f)° has a bounded component, then each of
Ar(f), A(f) and I(f) is a spider’s web.

It follows from Theorem [[4] that if Ar(f) is a spider’s web, then so are A(f) and
I(f). We now know that there are many functions for which Ag(f) is a spider’s
web; see Theorem In fact all of the functions for which we know that I(f)
is a spider’s web have the stronger property that Ag(f) is a spider’s web.

An approximation to Ag(f) for the function

1 1/4 1 z 22
= htY =1+ 2 42 4 ...
f(2) 2(0052 + cosh z'/%) —|—4!+8!+
is shown in Figure 1. (This function was mentioned in [46, Section 6].) This
structure of Ag(f) is novel, and clearly very different to the familiar structure of
a Cantor bouquet, which arises when describing the escaping sets of many entire

functions.

In this diagram, the set of black points is an approximation to Ag(f), for some
R > 0. The large grey region on the right is the immediate basin of an attracting
fixed point, and the fine structure of Ag(f) around this basin extends to the rest
of the plane, though the computer cannot handle the arithmetic at most of these
points. The range shown is given by |Re z|, [Im z| < 2 x 10

In Section 7, we show that functions for which Ag(f) is a spider’s web have
many strong dynamical properties. We begin by proving the following result
which follows easily from Theorem Part (a) is new and a version of part (b)
was proved in [46], though the proof given here is more straightforward.

Theorem 1.5. Let f be a transcendental entire function, let R > 0 be such that
M(r, f) >r forr > R, and let Ag(f) be a spider’s web.

(a) If f has no multiply connected Fatou components, then each of

Ar(S)NVI(f), AU NVI(f), I N I(f) and J(f)

18 a spider’s web.
(b) The function f has no unbounded Fatou components.

Part (b) of Theorem allows us to make a connection between the existence
of an Ag(f) spider’s web and a conjecture of Baker about functions of small
growth; see Section 8.

We also use the concept of the levels of A(f) to prove the following result about
the complement of A(f).
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FIGURE 1. An Ag(f) spider’s web

Theorem 1.6. Let f be a transcendental entire function, let R > 0 be such that
M(r, f) >r forr > R, and let Ag(f) be a spider’s web.

(a) All the components of A(f)¢ are compact.
(b) Every point of J(f) is the limit of a sequence of points, each of which lies
in a distinct component of A(f)°.

The property of A(f) proved in part (a) of this result contrasts with the fact
that all the components of AL(f)¢, L € Z, are open. This result demonstrates
that, if Ar(f) is a spider’s web, then A(f) has a very intricate structure. Further
results about the intricate nature of A(f) when Ag(f) is a spider’s web have been
obtained by Osborne [37]; for example, the result in part (b) can be strengthened
to state that singleton components of A(f)¢ are dense in J(f).

We end Section 7 by proving the following result whose proof also uses the
concept of the levels of A(f).

Theorem 1.7. Let f be a transcendental entire function, let R > 0 be such that
M(r, f) > r forr > R, and let Ag(f) be a spider’s web.

(a) Each point in I(f) belongs to an unbounded continuum in I(f) on which
all points escape to infinity uniformly.

(b) If K is a component of A(f)¢, then either K NI(f) =0 or all points in
K escape to infinity uniformly.

Remark. Theorem [[7 part (a) answers a question asked by Rempe in [38]. It
is shown in [50] that the conclusion of this part holds for many functions in the
Eremenko-Lyubich class B (defined in Section 3). Rempe [39] has shown the ex-
istence of a transcendental entire function in the class B for which the conclusion
of Theorem [L.7] part (a) does not hold.
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These results show that, if Ag(f) is a spider’s web, then f has many interesting
dynamical properties. In Section 8, we investigate which families of functions
have these properties. Previously it was thought that it is relatively unusual for
the escaping set to have this structure. Indeed, the following result shows that
many commonly studied entire functions do not have an Ag(f) spider’s web.

Theorem 1.8. Let f be a transcendental entire function, let R > 0 be such that
M(r,f) > r forr > R, and let Ag(f) be a spider’s web. Then there is no path
to infinity on which f is bounded and so

(a) f does not belong to the class B;
(b) f has no exceptional points (that is, points with a finite backwards orbit).

However, we show that there are in fact many functions for which Ag(f) is a
spider’s web. Thus, for all these functions, the sets Ag(f), A(f) and I(f) are
connected, and f has no unbounded Fatou components, and so both Eremenko’s
conjecture and Baker’s conjecture hold.

Theorem 1.9. Let f be a transcendental entire function and let R > 0 be such
that M (r, f) > r forr > R. Then Ag(f) is a spider’s web if one of the following
holds:

(a) f has a multiply connected Fatou component;
(b) f has very small growth; that is, there exist m > 2 and rq > 0 such that

1
(1.4) loglog M(r, f) < 8T

o forr > rg,

log

where log™ is the mth iterated logarithm;
(¢) f has order less than 1/2 and regular growth;
(d) f has finite order, Fabry gaps and regular growth;
(e) f has a sufficiently strong version of the pits effect and has regular growth.

Parts (a) to (c) follow from results in [46] and [47]. Parts (d) and (e) are new
— there are many functions which belong to these classes. (We will define Fabry
gaps, regular growth and the pits effect in Section 8.)

We conclude Section 8 by showing that Agr(f) is a spider’s web if and only if
Ag(f™) is a spider’s web. This enables us to construct many new examples
of functions for which Ag(f) is a spider’s web, by considering iterates of the
functions described in Theorem [LL9 In particular, this makes it easy to construct
examples of such functions for which the order is infinite.

Remark. Finally, many of the new results about A(f) obtained here can be
generalised in some form to transcendental meromorphic functions with direct
tracts; see [15] for results concerning the fast escaping set in a direct tract.

2. BASIC PROPERTIES OF A(f)

In this section we prove the basic properties of the fast escaping set and also
show that there are several equivalent definitions of this set.

Let f be a transcendental entire function and let » > 0. Recall that the fast
escaping set A(f) is defined in terms of the maximum modulus function M(r, f).
For simplicity, from now on we will write this as M(r) provided that it is clear
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from the context which function f is being considered. We often use the following
facts about M (r) without comment:

(2.1) if |z| < M™(r), for some m € N, then |f™(z)| < M™*"(r), for n € N;
(2.2) log M(r)/logr — oo as r — co.

Many results in this paper use the following property of the maximum modulus
function, which was proved in this form in [47, Lemma 2.2].

Lemma 2.1. Let f be a transcendental entire function. Then there exists R > 0
such that, for all r > R and all ¢ > 1,

log M (r¢) > clog M(r).

It follows from Lemma [2.1] together with ([2.2]) that, if £ > 1, then
M (kr)
(r)
Now let R > 0 be such that M(r, f) > r for r > R. Then
(2.4) M™(
Recall that

(2.3)

— 00 as r — oQ.

R) — 00 as n — oc.

Ar(f) ={z:/"(2)| = M"(R), for n € N}.
Also, for each L € Z,
AR(f) = {z:|f*(2)| = M"**(R), for n € N,n+ L > 0}
and the fast escaping set is

(2.5) A(f) = 4&5(h)

LeN

The following set relations follow immediately from the definition of AL(f) and
are often used without comment:

(2.6) AL(f) c {2 |2| > M*(R)}, for L > 0;

(2.7) FIAR()) € ARH(f) € AR(f), for L € Z.

We now give the following elementary result concerning A(f). Parts (a)—(c) were
stated in [14] and part (d) was proved in [44].

Theorem 2.2. Let f be a transcendental entire function, let R > 0 be such that
M(r, f) >r forr > R, and let A(f) = Upeny A" (f). Then

) A(f) is completely invariant under f;

) A(f) is independent of R;

) A(f) € Z(f) = {z : ;loglog|f"(2)| = o0 as n — oo},

) if g =h7Lfh, where h(z) = az + b, a # 0, then A(f) = h(A(g)).

(
(

Remark. The set Z(f), which consists of the points that ‘zip’ to infinity, was
studied in [43]. (Some authors denote this set by T'(f).)

(a
(b
d
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Proof. (a) The complete invariance of A(f) under f follows directly from (2.5])
and (2.17).
(b) We take R’ > R. Clearly AL (f) C AL(f), for L € Z, and so
U 4z () < U 45" ()
LeN LeN
Now note that, by (2.4]), there exists m € N such that M™(R) > R’ and so
U A7) o U Adbein () = U 45755 o U 455
LeN LeN LeN LeN
Together with (2.5]), these set relations show that A(f) is independent of R.

(¢) To prove that A(f) C Z(f), we use the fact that, since f is a transcendental
entire function, it follows from ([2.2) and (Z4) that log M (R)/log M™(R) —
oo asn — oo. Thus, for each C' > e, there exists N € N such that log M™"(R) >
Clog M™(R) for all n > N and log MY (R) > 1. So, for n > 2(N + L), L € N,

log M"L(R) > /2,

and hence, if z € A;zL , then
1 . 1 . 1
Eloglog|f (2)] > EloglogM (R) > §logC’.

The result now follows since we can choose C' to be arbitrarily large.

(d) This property follows immediately from the equivalent definition of A(f) as
the set B(f) given in [44]; see Corollary 2.5 O

It was shown in [14] that Eremenko’s construction in [18] of points in /() actually
gives points that are in A(f). In fact his construction, which is based on Wiman-
Valiron theory, can readily be adapted to give points that are in A(f) and also
have other strong dynamical properties. We summarise the main properties of
such points in the following result. Points z’ with these properties are particularly
useful and we often refer to them as Eremenko points.

Theorem 2.3. Let f be a transcendental entire function and let e € (0,1). There
exists R > 0 such that, if r > R, then there exists

de{zir <|2 <r(1+e)}NA(S)
with
lf™(2")| > M"™(r), forn e N.

Further, we can choose 2" such that there exist sequences (2p)n>0 and (kp)n>o0 and
sets

1 1
D,={z:|z—2z]| < Zs|zn|} and A, = {z: k_M(|Z"|) < |z| <k, M(|z.])}
such that
(a) forn >0,

f'(2) € Du, f(Dn) D Ansa and |f(2a)] = M(|2a]) > M™(|20]);

(b) forn e N,
Dy C Ann{z:|z] 2 M(Jzn-1])};
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(¢) {z'} = Ny Bn, where By = Dy and, for n € N, B, is a component of
f7(Dn);

(d) (k) is a positive increasing sequence with k, — 0o as n — 0.

Remark. By modifying the definitions of the discs and annuli in Theorem
appropriately, each disc D,, can be chosen to lie in a thin annulus A/, contained
in and concentric with A,,. For any § > 0, the modulus of the annulus A} can
be chosen to be less than ¢ for n sufficiently large. Note that D,, can be allowed
to lie in {z : |z| < M(|z,-1])} but, with this modification, the point 2’ does not
necessarily satisfy |f"(z")| > M™(r), for n € N.

We now show how Eremenko points can be used to demonstrate that the defini-
tions of the fast escaping set used in earlier papers are equivalent to the definition
used in this paper. The original definition of the fast escaping set was given by
Bergweiler and Hinkkanen in [14]. For clarity, we refer to the set given by their
definition as A’(f) until we have proved that it is equal to the set A(f) defined
earlier:

A'(f) = {z : there exists L € N such that |f""*(2)| > M(R, f"), for n € N},

where R is any value such that R > min.c ) |2|.

In [44] we showed that A’(f) is equal to the set

e~

B(f) = {z : there exists L € N such that f"**(2) ¢ f*(D), for n € N},

where D is any open disc meeting J(f), and U denotes the union of U and its
bounded complementary components.

We now show that all of these definitions of the fast escaping set are equivalent.
In order to do this, we prove the following result.

Lemma 2.4. Let f be a transcendental entire function and let D = {z : |z| < R}.
If R > 0 is sufficiently large, then

{z:]2] < M"(R/2,f)} C J™(D)C {z: 2| < M(R, f")}
C {z:]2] < M™(R, f)}
C {z:]2] < M"+1(R, H}

Proof. The only set relation that is not clear in the above list is the first one.
To prove this, we note that, by Theorem 2.3 if R is sufficiently large, then
{#: R/2 < |z| < R} contains a neighbourhood of an Eremenko point. The result
now follows from the properties of such a point described in parts (a) and (c) of
Theorem 2.3 O

The equivalence of the various definitions of the fast escaping set follows imme-
diately from Lemma 2.4l Note that the last set relation in Lemma 2.4]is required
since the definition of A’(f) involves a strong inequality.

Corollary 2.5. Let f be a transcendental entire function. Then A(f) = A'(f) =
B(f).
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Remarks. 1. The proof of Corollary is much simpler than the proof that
B(f) = A'(f) given in [44].

2. In [46] we based the proofs of several results about A(f) and I(f) on the set

—~—

Bp(f) ={z: f"(2) & f1(D), for n € N},

where D is any open disc meeting J(f). This set is analogous to the set Ag(f)
but we do not have f(Bp(f)) C Bp(f) (compare with (2.7))) and so more com-
plicated proofs are required when working with Bp(f) instead of Ag(f).

We now use Lemma 2.4] to prove the following result.

Theorem 2.6. Let f be a transcendental entire function and let m € N. If
R > 0 is sufficiently large, then

Ar(f) C Ar(f™) C Ary2(f)
and hence A(f) = A(f™).

Proof. Let R > 0 be such that M(r, f) > r for r > R, and let m € N. If
z € Agr(f), then

|f"(2)] 2 M"(R, f), forn €N,
SO
[/ (2)| = M"™(R, f) = M"(R, f™), forn €N,
and hence z € Ar(f™). Thus Ag(f) C Ar(f™) and hence A(f) C A(f™).
Conversely, suppose that R > 0 is sufficiently large. Then, by Lemma 2.4,

(2.8) M(R, f*) > M™(R/2, f), for n € N.
If z € Ag(f™), then
/" (2) =2 M™(R, f™), forn €N,
so, by (2.9),
|f"M(2)] = M(R, f™™) > M"™(R/2, f), forne€N.
This implies that |f"(2)| > M"(R/2, f) for all n € N and hence z € Ag/(f).
Thus Ar(f™) C Agrs2(f) and hence A(f™) C A(f). O

We conclude this section by giving a condition that is sufficient to ensure that
certain points are in A(f). In forthcoming work [49] we give a weaker condition
that is sufficient to ensure that points are in A(f) provided that f has sufficiently
regular growth.

Theorem 2.7. Let f be a transcendental entire function and, for e € (0,1),
r >0, let u(r) =eM(r). Then

A(f) = {z : there exists L € N such that |f"**(2)| > u"(R), for n € N},

where R > 0 is sufficiently large to ensure that u(r) > r, for r > R.
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Proof. By hypothesis,
(2.9) pu(r) — oo as n — oo, for r > R.

(The existence of such an R follows from (2.2]).)
Further, by (2.3)), there exists R' > R such that, for r > R/,

1
(2.10)  p(r)=eM(r) > EM(ET) > r and hence p"(r) > M"(er), for n € N.

It follows from (Z9) that there exists M € N such that p(R) > R'/e. So,
by 2.10),
pM(R) > p" (R [e) > M"(R), for n € N.
So, if there exists L € N such that |f"*£(2)| > u™(R), for n € N, then
| ()] > M(R) > MM(R') > M™(R), for n € N,
and hence z € A(f). O

This result can be applied, for example, to the function f(z) = sinh z+ 22 to show
that, for R sufficiently large, (—oo, —R] C A(f), since f((—o0, —R]) C (—o0, —R)|
and

|f(=7)] > %f(r) = %M(T’), for r > R.

3. THE COMPONENTS OF A(f)

In this section we show that each component of each of the levels of A(f) is
unbounded and hence all the components of A(f) are unbounded. This is suf-
ficient to prove Theorem [L.1] since each of the levels is a closed set and hence
each component of each of the levels must also be closed. We give two proofs
of Theorem [[LT. The first is an outline of the constructive proof that all the
components of A(f) are unbounded that we gave in [44] and the second is a new
proof by contradiction.

First proof of Theorem[11. Let zy € AL(f), for some L € Z. Then, for alln € N
with n+ L >0,

f'(z0) € {z 2] > M"H(R)} = E,,
say. Now let L, denote the component of f~"(FE,) that contains z5. Then L, is
closed and also unbounded, since f" is entire. Moreover,

L,y CL,, forneNn+L2>0.
Indeed f""!(z2) € E,,; implies that f"(2) € E, so L,11 C f~"(E,). Hence

K= () (L.ufoo})

neN, n+L>0

is a closed connected subset of C which contains zp and oco. Now let I' be the
component of K \ {oo} which contains z;. Then I' is closed in C and unbounded;
see [35], page 84]. Finally, we note that I' C AL(f) since, if z € ', then f(z) € E,
and so

|f*(2)] > M™E(R), forneN, n+ L > 0. O
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Second proof of Theorem [11. Suppose that there exists a bounded component
K of AL(f), for some L € Z. Then, since AL(f) is closed, there exists a Jordan
curve v C AL(f)¢ that surrounds K; see [35, page 143]. For each n € N with
n+ L > 0, we put

Tm={z€v:|f"(2)] > M (R)}.
Since K C AL(f), it follows from the maximum principle that v, # (). Further,
for n € N with n+ L > 0, 7, is closed and v,,+1 C 7,. Thus

(1 w#0.
neN, n+L>0
This, however, is a contradiction since

7 CAL(f) Ny and v C Ak(f)" -

neN, n+L>0
4. FATOU COMPONENTS AND A(f)

In this section we consider which types of Fatou components can meet A(f)
and prove various results about such components. In particular, we prove The-
orem [[.2. We begin this section with a distortion lemma that we use to prove
various properties of A(f). The original proof of this lemma is due to Baker [4]
Lemmas 1 and 2] and a good account of the result is also given in [9, Lemma 7].

Lemma 4.1. Let f be a transcendental entire function, let U C I(f) be a Fatou
component and let K be a compact subset of U.

(a) There exist C > 1, N € N such that
‘fn(zo)‘ S |fn(z1)|c7 fOT Zp, 21 € K7 n Z N.

(b) If, in addition, U is simply connected, then there exist C > 1, N € N
such that

|["(20)] < C|f"(21)|, for zo,21 € K, n> N.

The following corollary of Lemma 1] was proved in [14].

Corollary 4.2. Let f be a transcendental entire function and let U be a Fatou
component with U N A(f) # 0. Then U is a wandering domain.

Proof. Let U C I(f) be a periodic Fatou component of period p, say, and let
zo € U. Tt follows from Lemma A1l part (a) applied to the entire function
fP with K = {z, fP(20)} that there exist C' > 1, N € N such that, for each
n > N, log|f™(z)| < C™ and hence 2y ¢ Z(f). Thus, by Theorem 2.2 part (c),
z0 & A(f). O

There are various types of wandering domains that are known to lie in A(f).
In particular, the following result due to Baker [3, Theorem 3.1] can be used to
show that U belongs to A(f) if U is multiply connected.

Lemma 4.3. Let f be a transcendental entire function and let U be a multiply
connected Fatou component. Then

e cach f*(U) is bounded,
o f"TYU) surrounds f*(U) for large n,
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o ["(U) — 00 as n — oo.

Remark. Note that if U is a bounded Fatou component of a transcendental entire
function f then, for n € N, f*(U) is also a Fatou component of f; see [28§].

We showed in [44] that, for any multiply connected Fatou component U we have
U C A(f). The following more precise result holds.

Theorem 4.4. Let f be a transcendental entire function and let U be a multi-
ply connected Fatou component. Then, for some N € N and R > 0, we have
IN(U) C Ar(f) and hence U C A(f).

Proof. Suppose that D = {z : |z| < R}, where R is sufficiently large to apply
Lemma 2.4, and that U is a multiply connected Fatou component. Then, by

Lemma 3] there exists N € N such that fN(U) D D and

(4.1) f"H(U) surrounds f"(U), for n > N.
Then
(4.2) (D) € fHINW)) € fHNU), forn €N,

so, by (1)) and (4.2]),
WH%ZQ, for n € N.
Hence, by Lemma 2.4
FrNFL Y Nz |2| < MM(R/2)} =0, for n € N,
so fNFL(U) C Agya(f) as required. O

Alternatively, Theorem [£.4] can be proved by using the following result due to
Zheng [54].

Lemma 4.5. Let f be a transcendental entire function. If f has a multiply
connected Fatou component U, then there exist annuli A, = {z : r, < |z| < R,.},
n € N, and ny € N such that

A, C fM(U), forn > ng,

and R, /r, — 00 as n — 0.

Remarks. 1. Zheng proved a version of this result for the larger class of tran-
scendental meromorphic functions with at most finitely many poles, where U is
a wandering domain with the properties listed in Lemma [£.3]

2. In [I6] (see also [52]) we show that Lemma can be strengthened to give
much larger annuli inside multiply connected Fatou components.

It follows from Lemma and Theorem that, if U is a multiply connected
Fatou component of a transcendental entire function f and n is sufficiently large,
then f"(U) contains an Eremenko point. Together with Theorem part (a)
and Lemma [4.3] this is sufficient to prove Theorem [£.4

There are also examples of simply connected Fatou components in A(f). Berg-
weiler [10] has constructed an example of a transcendental entire function with
simply connected bounded wandering domains that lie between multiply con-
nected wandering domains, and whose closures are in A(f). These appear to be
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the only known examples of Fatou components in A(f) that are not multiply
connected. This suggests the following question.

Question 1 Can there be any unbounded Fatou components in A(f)?

For the examples of Fatou components that meet A(f) described above, it is the
case that the closure of the Fatou component is also in A(f). We now show that
this property is true in general by proving Theorem

Proof of Theorem[L 2. Let U be a Fatou component and let zy € U N AL(f),
where L € Z. Then U C I(f), by normality, and

(4.3) |f"(2)] > M™™(R), for n € N with n+ L > 0.

(a) To prove that U C A%L™'(f), we suppose that z, € U. It follows from
Lemma [A.1] part (a), ([A3)) and properties of the maximum modulus function
that there exist C' > 1 and N € N such that

17 (20)] > 1™ (20)|YC > (M™HEH(R)YC > M™EY(R), for n > N.
Thus U C AL!(f). Since AL'(f) is a closed set, this implies that U € AL™*(f)
as claimed.

(b) Now suppose that U is simply connected. To prove that U C AL(f), we use
proof by contradiction. Suppose that there exists 2; € U with 2; ¢ AL(f). Then
there exist N € N and ¢ > 1 such that

[ (1) = (MY (R))YE = Ry,
say. Since z; € I(f), we can assume that M"(Ry) — oo as n — oco. Together
with (43)), this implies that, for n € N,
G| L MR ()
[frN ()l — M ((MNHE(R) V) M™(Ro):

This, however, contradicts Lemma [.1] part (b) since, by Lemma 211
M(RS) _ (M"(Fo))*
Mm™(Ro) = M™(Ro)

Thus U C AL(f). Since AL(f) is a closed set, this implies that U C AL(f). O

= (M™(Ry))“ ' = 00 as n — oo.

The next result follows immediately from Theorem [[L2 part (b), and will be used
later in the paper.

Corollary 4.6. Let f be a transcendental entire function, let R > 0 be such that
M(r, f) >r forr > R, and let L € Z. If all the components of F(f) are simply
connected, then OAL(f) C J(f).

Remark. Tt follows from Montel’s theorem that, if f is a transcendental entire
function and L € Z, then all the interior points of A%(f) are in F(f).

We conclude this section by showing that the conclusion of Corollary can
fail if there is a multiply connected Fatou component. Suppose that f is a
transcendental entire function and that U is a multiply connected component of
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F(f). Then, by Lemma .5 and Theorem 23], there exist N € N and R > 0 such
that

YUY S Lz %R < |2 < 2R}

and such that f(U) contains an Eremenko point 2o with |f"(z)| > M™(R), for
n € N. Since

20 € Ar(f) N Y (U)
and, by ([2.0),
{z: R <|z| < R} C Ar(f)° 0 fN(U),

it follows that 0Ag(f) N fN( ) # 0 and so OAg(f) € J(f). This example also
shows that, in Theorem [[2 part (a), A%™!(f) cannot be replaced by Ak(f).

5. THE JULIA SET AND A(f)

In this section we consider points in A(f) that also belong to the Julia set and
prove Theorem [1.3]

We begin by showing that A(f) has properties corresponding to the properties
of I(f) proved by Eremenko [18] that we listed in (LII). Proofs of parts of this
result appeared in [14] and in [44]. The proof of part (a) given here is particularly
straightforward.

Theorem 5.1. Let f be a transcendental entire function. Then

(a) A(f) N ()
(b) J(f) = (f),
(¢) J(f) = A(S) nJ(f).

Proof. (a) We saw in Theorem 2.3 that Eremenko’s construction shows that there
are always points in A(f). Further, if such a point is in a component U of F(f),
then it follows from Theorem [[.2] that OU C A(f). Since OU is also in J(f), this
shows that A(f)NJ(f) # 0.

(b) We begin by noting that it follows from Theorem [[L2 that dA(f) C J(f).
We now show that J(f) C OA(f), by following the argument used by Eremenko

to show that J(f) = 0I(f). First note that A(f) is completely invariant and so,
for n € N, f~"(A(f)) € A(f) and hence

FU(C\A(F) € CVA().

Since A(f) contains infinitely many points, it follows from Montel’s theorem that
C\ A(f) C F(f) and so J(f) C A(f). Since A(f) contains no periodic points,
all interior points of A(f) must belong to F'(f). Thus J(f) C dA(f) and hence
J(f) = 0A(f) as claimed.

(¢) Similarly, since A(f) N J(f) is completely invariant and contains infinitely
many points, J(f) C A(f) N J(f). Clearly, since J(f) is closed, A(f)NJ(f) C

J(f) and so A(f) NV J(f) = J(f). O
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We saw in the previous section that there exist transcendental entire functions
f such that A(f) N F(f) # (. There are many functions, however, for which
A(f) € J(f). In particular, this is the case for functions in the Eremenko-
Lyubich class

B ={f: f is transcendental entire and sing(f~') is bounded},

where the set sing(f~!) consists of the critical values and the finite asymptotic
values of f; indeed it was shown by Eremenko and Lyubich [19] that I(f) C J(f)
if f € B. For many functions in the class B, the escaping set consists of a family
of curves to infinity; see [50] and [6]. In [42] we showed that, in many cases,
A(f) consists of these curves with the exception of some of the endpoints. In
particular, this is the case if f is a finite composition of functions of finite order
in the class B.

Note that, for such functions, it is possible for both A(f) and I(f) to be con-
nected. We now show that this is the case for the function

f(2) = cosh? 2.

This function has order 1 and is in the class B since its only singular values are
the critical values 0 and 1, which are taken at odd and even multiples of ir/2
respectively. Both singular values are in I(f) so J(f) = C by [9, Theorems 7
and 12].

This function has the properties that f is wi-periodic, M (r) = f(r), for r > 0,
and f(iy) € [-1,1], for y € R. So, if we set R = 1, then M (r) > r for r > 1 and,
for n € Z,
{z+1y:|z| > 1,y =nn} C Ar(f),
{z+iy:|z| <1l,y=nr} C A(f),

{z+iy:z =0} C ARZ(f).

Thus
E = U{x+iy:y:nﬂ}u{z+iy:x20} C AZ(f).
nez
Clearly FE is connected and contains {z : f(z) = a}, for every a > 1.
We now note that f maps each half-strip of the form
Sp={r+iy:x>0nr<y<(n+)rn},nez,

univalently onto the cut plane C\ {z : x > 0}, with each vertex of S,, mapping
to 1 and i(n + 1/2)7 mapping to 0. Further, f has a continuous extension to
0S,,, mapping it onto {z : x > 0}. Therefore, for each n € Z, the set f~1(E)NS,
forms a connected subset of AZ*(f) and 95, C EN f~(E), so EU f~(E) is
connected.
Repeating this argument gives that T' = J,5, f7"(F) is a connected subset of
A(f) which contains the backwards orbit of any point in [1, 00). Since J(f) = C
and the backwards orbit of any non-exceptional point is dense in .J (f), it follows
that T'= C. Thus B

TCA(f)cI(f)ycC=T,
and hence both A(f) and I(f) are connected.

In Figure 2, the set of black points is an approximation to part of the set A(f) for
this function, consisting of curves that are successive pre-images under f of the
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positive real axis. The range shown is given by |Rez|, |Imz| < 2. The original
motivation behind this example was to find a function f for which there is an
unbounded continuum meeting only finitely many levels of A(f) — the imaginary
axis is such an unbounded continuum when f(z) = cosh? z.

FIGURE 2. Part of A(f) for f(z) = cosh® 2

There are now known to be many examples of functions in the class B for which
A(f) and I(f) are both connected. For example, Rempe [40] has shown that
I(f) is connected if f(z) = €* 4+ a, where a € (—1,00), and it follows from his
proof that A(f) is also connected for these functions. These results have recently
been extended to larger classes of exponential functions in [31] and [41].

We now prove the main result of this section.

Proof of Theorem[I.3. We must show that all the components of A%(f) N J(f)
are unbounded if and only if f has no multiply connected Fatou components.

We begin by noting that if U is a multiply connected Fatou component of f, then
it follows from Lemma [4.3] that there are no unbounded components of J(f).

Now suppose that f has no multiply connected Fatou components and let z, €
AL(FYNJ(f). We know from Theorem [T that 2o belongs to a closed unbounded
component ' of AL(f). Further, it follows from Corollary and the remark
following it that

(5.1) ar=rnJ(f).

We now let C' denote the component of OI' containing zy and show that, if C' is
bounded, then we get a contradiction.

So suppose that C' is bounded. Since OI' is closed, there exists a Jordan curve
v C C\ II' that surrounds C; see [35, page 143]. Since I' is unbounded and
connected, and C' C T', we have yNT' # (). Since yNIT = (), we have v C T'\ 9T
and so, by (51), v C F(f). Also, by (1), C C J(f) and so v belongs to a
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multiply connected Fatou component. We have assumed, however, that there
are no such components. Thus C' must in fact be unbounded. Since

2 € C Cal C AR(f)nJ(f),
this completes the proof. O

6. SPIDER’S WEB FAST ESCAPING SETS

In the final three sections, we consider the case when A(f) is connected and,
moreover, is a spider’s web. Recall from the introduction that a connected set F
is a spider’s web if there exists a sequence of bounded simply connected domains
G, with G, C Gpy1, G, C E, forn € N, and |J,,.y G = C.

In this section we prove Theorem [[.4] which states that, if R > 0 is such that
M(r,f) > r for r > R, and Ag(f)¢ has a bounded component, then each of
Ar(f), A(f) and I(f) is a spider’s web.

Proof of Theorem [1.4]. Suppose that there exists a bounded component G of
Agr(f)¢. Then G is simply connected (since all the components of Agr(f) are
unbounded by Theorem [[T]). Further, 0G C Ag(f), since Ag(f) is closed. Now

let G,, = f*(G). Then, for each n € N, it follows from (2.6) and (2.7 that
(6.1) 0G,, C fM(0G) C A(f) C{z:|2| > M"(R)}.

Further, if n is sufficiently large, then 0G,, must surround 0. Otherwise, for all
n € N, we would have G,, C {z: |z| > M"(R)} thus contradicting the fact that
G C Agr(f)°.

Since A%L(f) C Ar(f) for n € N, it follows from (6.0]) that there exists a sequence
(ni) such that G, C Gy,,,, 0G,, C Ag(f) and (. Gn, = C. Since each
component of Ag(f) is unbounded, we see that each component of Ag(f) will
meet 0G,, for k sufficiently large. Thus Agr(f) must be connected and indeed
must be a spider’s web. Similarly, since each component of A(f) is unbounded,
A(f) must be a spider’s web.

It remains to show that I(f) is a spider’s web. First note that A(f) is connected
and is therefore contained in a component Iy of I(f). Further, [, is a spider’s
web. We now show that I(f) = Io.

First suppose that zo € I(f) N J(f). It follows from Lemma [5.] part (b) that
2 € OA(f) C Iy. Thus Iy U {z} is connected. Since 2o € I(f) and I is a
component of I(f), it follows that zg € Iy. Thus

(6.2) I(f)nJ(f) € lo.

To complete the proof we show that I(f) N F(f) C Iy. First, we show that, if V
is a Fatou component in I(f), then oV NI(f) # (). We can assume that f"(V)
lies in a simply connected component of F'(f) for each n € N since otherwise

oV C A(f) by Theorem [4.4]

If OV C I(f), then the claim is proved. Otherwise, there exist z; € OV, m € N
and a sequence (ng) such that f™(z) € Gy, for k € N, and G, N J(f) # 0.
Since V' C I(f), there exists k € N such that f™ (V)N 9dG,, # (. Since f™ (V)
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lies in a simply connected component of F(f), there are no curves in f" (V)
surrounding points in J(f). So

of (VYN OG,, # 0.
Thus 0f™ (V)N I(f) # 0. Since f™ (V) C f™(9V'), we have 9V NI(f) # O by

the complete invariance of I(f).

So, whenever V' is a Fatou component in I(f), we have OV NI(f) # (. Since
vV C J(f), it follows from (6.2) that OV NIy # 0. Now V U (9V N 1) is a
connected subset of I(f) that meets Iy and so V' C Iy. Hence I(f)NF(f) C Io.
Together with (6.2]), this shows that I(f) = Iy and so I(f) is a spider’s web. [

The next result follows easily from Theorem [[L4]and proves Theorem [[9part (a).

Corollary 6.1. Let f be a transcendental entire function and let R > 0 be such
that M(r,f) > r forr > R. If f has a multiply connected Fatou component,
then each of Ar(f), A(f) and I(f) is a spider’s web.

Proof. If f has a multiply connected Fatou component U, then it follows from

Theorem .4 that, for n sufficiently large, f"(U) C Ag(f). Thus, by Lemma [£.3]
ARg(f)¢ has a bounded component. The result then follows from Theorem T4 O

We give more examples of functions for which Ag(f), A(f) and I(f) are spiders’
webs in Section 8. In fact, all the examples of functions for which we know that
either A(f) or I(f) is a spider’s web also have the property that Ag(f) is a
spider’s web. This suggests the following questions.

Question 2 Can A(f) be a spider’s web when Ag(f) is not a spider’s web?

Question 3 Can I(f) be a spider’s web when A(f) is not a spider’s web?

7. PROPERTIES OF SPIDERS’ WEBS

In this section we show that, if Ag(f) is a spider’s web, then several strong results
about the structure of the escaping set hold, namely Theorem [I.5, Theorem
and Theorem [I.71 We begin by proving some basic properties of such spiders’
webs.

Lemma 7.1. Let f be a transcendental entire function, let R > 0 be such that
M(r,f)>r forr > R, and let L € Z.

(a) If G is a bounded component of AL(f)¢, then OG C AL(f) and f" is a
proper map of G onto a bounded component of AT (f)¢, for eachn € N,

(b) If AL(f)° has a bounded component, then AL(f) is a spider’s web and
hence every component of AL(f)¢ is bounded.

(c) Ar(f) is a spider’s web if and only if AL(f) is a spider’s web.

(d) Let R" > R. Then Agr(f) is a spider’s web if and only if Ar(f) is a
spider’s web.
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Proof. (a) Let G be a bounded component of AL(f)¢. Since AL(f) is closed,
OG C AL(f). Thus, for each n € N, f(G) C AL™"(f)¢ and f*(0G) C AE™"(f).
It follows that 0f™(G) = f*(0G), so f™ is a proper map of G onto f™(G) and
f™(G) is a bounded component of ALT"(f)e.

(b) Let G be a bounded component of AL(f)¢. Then, as in part (a), f"(G) C
ALT™(f) and, for n sufficiently large, df™(G) surrounds 0, since f™(G) C ALT™(f)e.
Since each component of AL(f) is unbounded by Theorem [T}, it now follows (as
in the proof of Theorem [[4)) that AL(f) is a spider’s web. The final assertion of
part (b) follows from the definition of a spider’s web.

(c¢) Suppose that Ag(f) is a spider’s web. If L < 0 then any component of
AL(f)¢ is contained in a component of Ag(f)¢ and is therefore bounded. So, by
part (b), AL(f) is a spider’s web. If L > 0 and G is a component of Ag(f)°
then, by part (a), f(G) is a bounded component of A%(f)¢ and so, by part (b),
AL(f) is a spider’s web. The converse result follows by similar arguments.

(d) Suppose that Ag/(f) is a spider’s web. Since R’ > R, each component
of Ar(f)¢ is contained in a component of Ag (f)¢, so it follows from part (b)
that Ag(f) is also a spider’s web. Now suppose that Ag(f) is a spider’s web.
There exists L > 0 such that M%(R) > R’ and so each component of Ag/(f)¢ is
contained in a component of Ay (f)¢ = AR(f)°. It then follows from parts
(b) and (c) that Ag/(f) is also a spider’s web. O

In order to prove the main results of this section we introduce some terminology.

Definition 7.1. Let f be a transcendental entire function and let R > 0 be such
that M (r, f) > r for r > R. If Ag(f) is a spider’s web then, for each n > 0,

e H, denotes the component of A%(f)¢ that contains 0;
e L, =0H,.

We say that (H,,),>o is the sequence of fundamental holes for Ag(f) and (Ly,)n>0
is the sequence of fundamental loops for Agr(f).

Before proving the main results of this section, we prove some preliminary results
about these holes and loops.

Lemma 7.2. Let f be a transcendental entire function and let R > 0 be such
that M(r, f) > r forr > R. Suppose that Ar(f) is a spider’s web and (H,) and
(Ly) are the sequences of fundamental holes and loops for Ag(f). Then

(a) H, D{z:|z| < M™(R)} and L, C A%(f), forn >0;
(b) Hyy1 D Hy, forn > 0;
c) forn € N and m > 0,

fn(Hm) = Hm+n7 fn(Lm) = Lm—l—n;
(d) there exists N € N such that, for n > N and m > 0,

(e) if L € Z and G is a component of A%(f)¢, then f*(G) = H,.r and
f™(O0G) = L1, for n sufficiently large;

(f) if there are no multiply connected Fatou components, then L, C J(f) for
n > 0.
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Proof. (a) This follows from (2.6) and Lemma [T.1] part (a).

(b) Let n > 0. We know that H, C A%(f)¢ C A% (f)°. Also, H, contains 0.
So, by definition, H,, C H, 1.

(c) Let n € N and m > 0. First note that 0 € H,, and that | f"(0)] < M™(R) <
M"™™(R), so f™(0) € Hy1m- The result now follows from Lemma [7.T] part (a).
(d) Since Ly is bounded, it is clear that there exists N € N such that Ly C {z:
|z| < MN(R)} and hence Ly N L,, = () for n > N. The result now follows from
part (c).

(e) If L € Z and G is a component of A%(f)¢, then it follows from Lemma [T1]
part (a) that, for each n € N, f*(@G) is a component of A%t (f)¢. Thus, for each
n € N, either f"(G) = H,,1 or f"(G) lies outside L, , in which case

(7.1) fr(G) C {2tz = M™H(R)}.

Since G C AL(f)¢, (T) must fail for large values of n. Thus, if n is sufficiently
large, f"(G) = H,+r and so f"(0G) = Ly, by Lemma [T1] part (a).

(f) Note that, for each n > 0, L, C 0A%(f). If there are no multiply connected

Fatou components, then it follows from Corollary that, for each n > 0,
0A%L(f) C J(f) and so L, C J(f). O

We are now in a position to prove the main results of this section.

Proof of Theorem|[1.J. Let f be a transcendental entire function, let R > 0 be
such that M (r, f) > r for r > R, and suppose that Ag(f) is a spider’s web.

(a) If f has no multiply connected Fatou components, then it follows from
Lemma [T.2] part (f) that

(7.2) Ln C Ar(f)NJ(f) C ALY O J(f) C I(H) nJI(f) < (),

where (L,,) is the sequence of fundamental loops for Ag(f). Since each compo-
nent of Ag(f)NJ(f) is unbounded, by Theorem[I.3] this implies that Az (f)NJ(f)
is a spider’s web. Similarly, A(f) N J(f) must be a spider’s web. It follows from
Theorem Bl part (c) that

A(f)nJ(f) cI(f)nJ(f) € J(f) = A(F) N J(f).
Thus each of I(f) N J(f) and J(f) is also connected and moreover, by (7.2), is
a spider’s web.

(b) We must show that f has no unbounded Fatou components. If f has a
multiply connected Fatou component, then this follows from Lemma (43| If

f has no multiply connected Fatou components, then the result follows from
part (a). O

Next we prove Theorem [[.G which concerns the components of A(f)c.

Proof of Theorem[1.0. Let f be a transcendental entire function, let R > 0 be
such that M (r, f) > r for r > R, and suppose that Ag(f) is a spider’s web.

(a) Let K be a component of A(f)°. We must show that K is compact. For each
L € N, we let G, denote the component of AR"(f)¢ that contains K. Clearly
K C ey Gr C A(f)°. Moreover, it follows from Lemma [Z.2] parts (d) and (e)
that there exists N € N such that

Grin C Gp C Gy,
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for L € N, and so

(7.3) (N G.=()Gw

LeN LeN
Thus (), oy G is a compact connected set in A(f)¢. Since K C [,y G and K
is a component of A(f)¢, it follows that

(7.4) K=()G.

LeN
and that K is compact.

(b) We now show that every point zy € J(f) is the limit of a sequence of points,
each of which lies in a distinct component of A(f)¢. We begin by considering
the case that zy € J(f) N A(f). We know from Theorem [5.1] part (b) that
J(f) = 0A(f) and so there exists a sequence (z,) of points in A(f)¢ with zg =
lim,, o 2,. If the points z, belong to only finitely many components of A(f)°
then, by part (a), zo also belongs to one of these components and is therefore in

A(f)c. This, however, is a contradiction. So the result holds if zo € J(f)NA(f).

We now consider the case that zo € J(f) \ A(f). We know from Theorem [5.1]
part (c) that J(f) = A(f) N J(f). So there exists a sequence (z/,) of points in

A(f) N J(f) with zp = lim,,_, 2/,. We know that the result holds for each point
2 and this is sufficient to show that the result also holds for z. O

We now prove Theorem [I7], which gives various subsets of I(f) on which the
iterates of f escape to infinity uniformly.

Proof of Theorem[1.7]. Let f be a transcendental entire function, let R > 0 be
such that M (r, f) > r for r > R, and suppose that Ag(f) is a spider’s web.

Let zy € I(f). We show that zy belongs to an unbounded continuum in 7(f) on
which all points escape to infinity uniformly. If 2z € AL(f), for some L € Z,
then we know from Theorem [L.I] that zy belongs to an unbounded component of
AE(f). Clearly, all points in this component escape to infinity uniformly.

Now suppose that zo € I(f) \ A(f). We let K denote the component of A(f)¢
containing zy and, for L € N, let G denote the component of A}_BL (f)c that
contains K, and let C, = 0G . Note that C, is connected. It follows from (27

and (Z4) that
GL+1 C Gr and K = ﬂ Gr.
LeN
We now let

K, = AZN(f) and Ky, = A}_%(LH)(f) NGy, for each L € N.
Note that

(7.5) Cp, Cc KN Ky, for each L € N.
We claim that
LeN

is an unbounded continuum in /(f) on which all points escape to infinity uni-
formly. We begin by showing that C'is an unbounded continuum. First, it follows
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from Lemma [ZI] part (c) that AZ"(f) is a spider’s web and hence an unbounded
continuum, for each L € N. In particular, K; is an unbounded continuum.

We now claim that K, is connected, for L € N. This is the case because
a separation of_KLH would lead to a separation of A,}(LH)(f), since K; .1 =
A}_%(LH)(f) N Gy and 0GL C A}_%(LH)(f). But there can be no separation of
A}_%(LH)( f) since this set is connected.

Further, it follows from (Z.5)) that KU Ky is connected, for each L € N. Thus

Upen K1 is unbounded and connected. It follows that K U(J, oy K is connected
because any open set that contains K must also contain a set C, = 0G, for

some L € N, by ([Z3) and (Z4), and so meet K. Thus C' = K U|J, KL is an
unbounded continuum as claimed.

We now show that all the points in C' escape to infinity uniformly. Let (H,) and
(L,,) denote the sequences of fundamental holes and loops for Ag(f). Recall that
20 € KN I(f) and so, for each m € N, there exists N,, € N such that

f™(z0) € C\ H,,, forn > N,,.
We claim that

(7.6) YK U\ Kiy) CC\H,y, forn> N,
LeN

and so all points in K U |J, oy K41 escape to infinity uniformly.

To prove this, we let m € N and n > N,, and consider the images of the sets G|,
for L € N. We begin by noting that it follows from Lemma [Tl part (a) and (2.7))
that, for L € N,

(7.7) [(G) € AE() and fA(K ) © AP,
Also

(7.8) H,, C AR(f)¢and L,, C AR (f).

By the second relation in (Z.7) and the first in (Z.8) we have
(7.9) f"(Kp1) c C\ Hy,, forn—L>m.

Also, since n > N,,, we have f"(z) € C\ H,, and so it follows from (7.7))
and (7.8) that
(7.10) f"(Gr) cC\ H,, forn—L<m,

because zy € G and f"(Gp) is contained in a component of A%(f)¢ different
from H,, for such L.

Since K = (o G, it follows from (Z10) that

(7.11) fM(K)C C\ Hy,, forn>N,.

Since K141 C G, it also follows from (ZI0) that
f"(Kpy1) CC\ Hyp,, forn—L <m.

Together with (7.9) and (7.IT]), this is sufficient to show that (7.6]) holds. To
conclude the proof, we note that all points escape to infinity uniformly on
K, = AR'(f). Together with (Z.6), this implies that all points escape to in-
finity uniformly on C' = KU J, .y K& O
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8. EXAMPLES OF SPIDERS’ WEBS

We begin this section by proving Theorem which shows in particular that, if
f belongs to the widely studied Eremenko-Lyubich class B, then Ag(f) is not a
spider’s web.

Proof of Theorem[1.8. If Ag(f) is a spider’s web, then there is no path to oo
on which f is bounded, by Lemma [T.2] part (c), since this implies that |f(z)| >
M™(R), for z € L,,, m € N.

If f € B, then there must be a path to co on which |f]| is constant (see [19]),
so Agr(f) is not a spider’s web. Finally, if f has an exceptional value «, then
f(2) = a+ (2 — a)Ped®), for some p > 0 and some entire function g (see [9]), so
1 —9(2)
f@)—a  (z—a)
is a transcendental meromorphic function with one pole, at «. Hence h has
asymptotic value oo by Iversen’s Theorem (see, for example, [34, p.286]), so f
has asymptotic value o and is therefore bounded on a path to oo. O

The rest of this section is devoted to showing that there are large classes of
functions for which Ag(f) is a spider’s web whenever M (r, f) > r for r > R > 0;
in particular, we prove parts (b)—(e) of Theorem (Recall that we proved
Theorem part (a) at the end of Section 6.) We obtain these examples by
using the following result.

Theorem 8.1. Let f be a transcendental entire function and let R > 0 be such
that M(r, f) > r for v > R. Then Ar(f) is a spider’s web if and only if there
exists a sequence (Gp)n>0 of bounded simply connected domains such that, for all
n >0,

(8.1) GnD{z:]z| < M"(R)}
and
(8.2) Gni1 is contained in a bounded component of C\ f(0G,,).

Proof. If Ag(f) is a spider’s web and (H,,) is the sequence of fundamental holes
for Ar(f), then it follows from Lemma [[.2 parts (a) and (b) that the sets G,, =
H,, have properties (81]) and (8.2).

Now suppose that there exists a sequence (G,) of bounded simply connected
domains satisfying (81]) and (8.2), and let G denote the component of Ag(f)°
containing {z : |2| < R}. We will show that G is bounded and hence, by
Lemmal[ldlpart (b), that Ag(f) is a spider’s web. In order to do this, we suppose
that GG is not contained in GGy and obtain a contradiction. For simplicity, we put
Y = 0G,,, for n > 0.

If G is not a subset of GGy, then there exists a compact connected set K such that

(8.3) KcG, Kn{z:|2] <R} #0 and KN~y # 0.

It follows from (B2]) and (B3] that f(K) is a compact connected set with
FE)N{z: 2l <M(R)} #0 and f(K) Ny #0.
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Thus, by (81)),
’ Ky = {z € K |f()] > M(R)} #0.

Using (8] and (82]) repeatedly in this way, we deduce that, for each n € N,
(8.4) K,={ze K:|f"(2)]| > M"(R)} # 0.

Since, for each n € N, K, is compact and K, 1 C K, we have [, . I, # 0. It
follows from (84]) that

m Kn C AR(f)

neN

and from (83) that
(K. C K CGCAp(f)

neN
This is a contradiction and so our original supposition that G is not a subset
of Gy must have been incorrect. Thus G C Gy and is therefore bounded as
required. O

We obtain the following corollary of Theorem [B.1] by taking the domains G, to
be discs. Here m(r) = miny.|—, | f(2)], for > 0.

Corollary 8.2. Let f be a transcendental entire function and let R > 0 be such
that M(r, f) > r for r > R. Then Ag(f) is a spider’s web if there exists a
sequence (p,) such that, for n >0,

(8.5) pn > M"(R)
and
(8'6) m(pn) 2 Prt1-

Much work has been done on establishing when the conditions of this corollary are
satisfied in connection with a conjecture of Baker that functions of small growth
have no unbounded Fatou components. (For further details on the history of
this problem see the survey article [29].) The strongest results on this problem
are given in [47] and [30]. Recall from Theorem [L.H part (b) that if Agr(f) is a
spider’s web, then f has no unbounded Fatou components. Thus, if Ag(f) is a
spider’s web, then both Eremenko’s conjecture (that all the components of I(f)
are unbounded) and Baker’s conjecture hold.

It follows from the discussion at the end of the first section of [47] that the
conditions of Corollary are satisfied if f is a transcendental entire function
and there exist m > 2 and ry > 0 such that

1
(8.7) log log M(r) < 100%[

, for r > ry.

Here log™ denotes the mth iterated logarithm function. Thus, for such functions,
ARr(f) is aspider’s web. As discussed in [46, Section 6], there are many examples
of such functions for which there are no multiply connected Fatou components.
Firstly, Bergweiler and Eremenko showed in [I1] (see also [12]) that there are
functions of arbitrarily small growth (and hence functions satisfying (87)) for
which the Julia set is the whole plane. Further, Baker [5] and Boyd [17] inde-
pendently showed that there are functions of arbitrarily small growth (and hence
functions satisfying (8.7)) for which every point in the Fatou set tends to 0 under
iteration.
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We now define the order and lower order of a transcendental entire function
since these concepts play a key role in discussing further examples of functions
for which Ag(f) is a spider’s web. The order of growth of a transcendental entire
function f is defined by

log log M
r—00 10g T
and the lower order of growth is
loglog M(r)

Af) = hﬂg}f logr
Functions satisfying (8.7) have order zero. It follows from the results in [46, Sec-
tion 6] that there are many functions of order less than 1/2 with regular growth
for which Agr(f) is a spider’s web. (Note that we do not use this terminology in
that paper — there we say that for these functions the set Bp(f) is connected.
This set has an analogous definition to the set Ag(f) — see the remarks after
Corollary 2.5)

We now give a general result which can be used to show that Ag(f) is a spider’s
web, not only for the functions discussed above, but for many other classes of
functions.

Corollary 8.3. Let f be a transcendental entire function and let R > 0 be such
that M(r, f) > r forr > R. Then Agr(f) is a spider’s web if, for some m > 1,

(a) there exists Ry > 0 such that, for all r > Ry,
(8.8) there ezists p € (r,r™) with m(p) > M(r), and
(b) f has regular growth in the sense that there exists a sequence (r,) with

(8.9) r, > M"(R) and M(r,) > )", forn>0.

Proof. Let Ry > 0 be as in part (a). Then, by part (b), there exists a sequence
(rn) satistying (89) with r,, > Ry, for n > 0. So, by (8.8), for each n > 0, there
exists p, € (rn, ") with

m(pn) > M(r,) > Tl > Pnti-

By (89), we have p, > r, > M"(R), for n > 0. Thus the conditions of Corol-
lary B2] are satisfied and hence Ag(f) is a spider’s web. O

Note that Corollary generalises [47, Theorem 5] which states that, if f is a
transcendental entire function of order less than 1/2, then f has no unbounded
Fatou components whenever, for all m > 1, there exists a real function ¢ defined
on (rg, 00), where rq > 0, such that, for r > rg, we have ¢(r) > r and

(8.10) M((r)) = (L(M ()™

Indeed, if f has order less than 1/2, then f satisfies Corollary B3] part (a) for
all sufficiently large values of m — this was proved by Baker [2, Satz 1] and also
follows from the version of the cos mp theorem proved by Barry [7]. If the function
1 above exists for such a value of m, then Corollary part (b) holds by taking
rn = Y(M™(R)). Then Corollary implies that Ag(f) is a spider’s web, so f
has no unbounded Fatou components by Theorem part (b).
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For a discussion of various functions satisfying the regularity condition (8.10),
see |47, Section 7]. For example, we show there that (810) holds for a suitable
function v if there exists ¢ > 0 such that the function ¢(z) = log M (e”) satisfies

¢ (x) - 1+c
olz) — =
The condition (8IT]) is used by Anderson and Hinkkanen in [I] and it is satisfied

if f has finite order and positive lower order — see [29, p.205]. So, if f has finite
order and positive lower order, then f satisfies Corollary part (b).

(8.11) , for large x.

We now discuss several classes of functions for which Corollary part (a) is
satisfied for all sufficiently large values of m. It follows from Corollary R3] that,
for functions in these classes, Ar(f) is a spider’s web whenever the growth is
regular, as defined by (8.9) for an appropriate value of m.

Class 1

As mentioned above, it follows from the cosmp theorem that any function of
order less than 1/2 satisfies Corollary B3] part (a) for all sufficiently large values
of m. Many examples of functions of order less than 1/2 with regular growth are
given in [46, Section 6]. These examples include the function

z 2P
TR

which has order 1/4. The spider’s web Ag(f) for this function is illustrated in
Section 1.

1
f(z)25(00821/4+coshzl/4):1+ 4o

Remark. Rod Halburd (personal communication) has pointed out that, more
generally, functions of the form

mn

f =% (;;)!, pgeN,

n=0

are entire with order p/q. These functions also have regular growth, so if p/q <
1/2, then Ag(f) is a spider’s web. Further to this, Sixsmith [5I] has observed
that, for many entire functions g(z) = >~ a,z", the function

f(2) = agm?™, paeN,

n=0

has an Ag(f) spider’s web.

Class 2

Many entire functions for which the power series expansion has wide enough
‘gaps’ also satisfy Corollary part (a) for all sufficiently large values of m. A
transcendental entire function f has Fabry gaps if

f(z) = Z apz"*
k=0
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and ng/k — oo as k — oo. It was shown by Fuchs [22] that, if f has finite order
and Fabry gaps, then, for each € > 0,
logm(r) > (1 —¢)log M(r)
holds for all r outside a set E for which

1 dt
lim / — =0.
r—oc logr En(1,r) U

Together with Lemma [2.1] this result shows that functions of finite order with
Fabry gaps satisfy Corollary B3] part (a) for each m > 1. We now give an
example of such a function f for which Corollary B3] part (b) is also satisfied for
each m > 1, and hence Ag(f) is a spider’s web.

Example 1. Let [ be the transcendental entire function given by
N B

f(z) = Z @z[ M7 where ¢ > 0.

k=0

Then f is a function of order ¢® with Fabry gaps and regular growth, and so
Ar(f) is a spider’s web.

Proof. Note that, for ¢ € N, the power series defining f is obtained from the
Taylor series for exp(zc2) by discarding all terms except those for which the
power of z is of the form k2. The function f clearly has Fabry gaps, and it is
not difficult to check that it has order and lower order equal to ¢?. These can
be calculated either directly or by using the following formulae (see [32]) for the

order and lower order of an entire function of the form f(z) => 7 a,2":

nlogn ny logng_q

(8.12) p(f) = limsup

n—soo log1/|ay| an (f) = maxlimin

(ny) koo log1/|an, |’

Since f has finite order and Fabry gaps, it satisfies Corollary part (a) for
each m > 1. Since f has finite order and positive lower order, it follows from
the discussion after Corollary R3] that the growth of f is sufficiently regular to
satisfy Corollary B3] part (b) for each m > 1. Thus, by Corollary B3], Ar(f) is
a spider’s web. O

There are also functions of infinite order with gap series for which Corollary
part (a) is satisfied for each m > 1. Hayman [25] showed that Fuch’s result
above, for functions of finite order with Fabry gaps, holds for functions of any
order provided that a stronger gap series condition is satisfied, which can be
stated as follows:

(8.13) ng > klog k(loglog k)®,

for some o > 2 and sufficiently large values of k. Thus, by the same argument
as above, such functions also satisty Corollary part (a) for each m > 1.
An explicit example of a transcendental entire function of infinite order which
satisfies (813) and with sufficiently regular growth to ensure that Agr(f) is a
spider’s web is given by Sixsmith [51].

Remark. It was proved by Wang [53] that functions with gap series of the type
described here and with regular growth of a certain type have no unbounded
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Fatou components. This is also implied by our results since functions for which
Ag(f) is a spider’s web have no unbounded Fatou components.

Class 3

Many functions which show the pits effect also satisfy Corollary R3] part (a)
for all sufficiently large values of m. Roughly speaking, a function shows the
pits effect if it is very large except in small regions, known as pits, around the
zeros of f. If the pits are sufficiently small and spaced out and the function is
sufficiently large outside the pits, then Corollary R3] part (a) is satisfied. The
pits effect has been studied by many authors and, in most cases, it is sufficiently
strong for Corollary B3] part (a) to be satisfied.

Here we look in detail at the functions studied by Littlewood and Offord in [33]
since it follows from their results that, in a certain sense, for almost all functions
of finite order and positive lower order, Ag(f) is a spider’s web. Thus functions
for which Ag(f) is a spider’s web are not unusual, as was originally thought.
Other papers giving examples of functions which show a suitably strong version
of the pits effect include [20] and [36].

Example 2. Suppose that
S
n=0

is a transcendental entire function of order p € (0,00) with positive lower order
and that

C={f: ()= enanz"}.

where the e, take the values +1 with equal probability. Then Ag(f) is a spider’s
web for almost all functions in C.

Proof. 1t was shown by Littlewood and Offord in [33] that almost all functions in
the set C' show the pits effect. More precisely, they proved, among other things,
that, for each € > 0, there exist A, B,rg > 0 and a set C. C C' of measure
less than ¢ such that if f € C'\ C;, r > 1o, pu(r) = sup,, |a,|r™ and N(r) is the
largest n satisfying this equality, then

(a) if z is not in a pit and |z| = r, then

(8.14) log | f(2)| > log pu(r) — r%;
(b) if z is in a pit and |z| = r > 7o, then the radius of the pit is at most
exp(—r7);
(c) the number of pits in the annulus {z : /2 < |z| < 3r/2} is at most
AN(2r) + Bre.

It follows from [26, Theorem 6 and the proof of (6.20)] and also from [27, Theorem
6.23 and Lemma 6.15] that

(8.15) N(r) < (log M(r))2
and

(8.16) pl(r) > (M(r))"2,
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for r ¢ E, where E is a set of finite logarithmic measure; that is, [ EN(1,00) % < 00.

We now take € with 0 < ¢ < /2, where \ is the lower order of f. It follows
from (a) above together with (8.I6]) that, if z is not in a pit and |z| = r, then

(8.17) log |£(2)] > ilog M),

for all values of r except those in a set of finite logarithmic measure. Further,
it follows from (b) and (c) above together with (8.15]) that the set of values of r
for which {z : |z| = r} meets a pit has finite logarithmic measure and so (8.17)
holds except in a set of finite logarithmic measure. Together with Lemma 2.1]
this is sufficient to show that, for each function in C'\ C;, Corollary part
(a) is satisfied for all sufficiently large values of m. The result now follows since
e can be chosen to be arbitrarily small and functions in the class C' have finite
order and positive lower order, and hence satisfy Corollary part (b) for each
m > 1. U

Remark. 1t is of interest to know which of the above examples of functions
with Agr(f) spiders’ webs have no multiply connected Fatou components. In
forthcoming work [49] we show that any transcendental entire function for which

M(r, f) satisfies the condition (811]), introduced by Anderson and Hinkkanen,
has no multiply connected Fatou components, and we give sufficient conditions

on f for (811 to hold.

We end this section by proving the following result which allows us to construct
many more examples of functions for which Ag(f) is a spider’s web. For example,
we can deduce from Theorem [B.4] and a theorem of Pélya [24) Theorem 2.9] that,
if f has non-zero order and Ag(f) is a spider’s web, then f? has infinite order
and Ag(f?) is a spider’s web.

Theorem 8.4. Let f be a transcendental entire function and let R > 0 be such
that M(r, f) > r forr > R. Then, for m € N, Ag(f™) is a spider’s web if and
only if Ar(f) is a spider’s web.

Proof. Suppose that Ag(f) is a spider’s web. It follows from Lemma [7.I] part
(b) that each component of Ag(f)¢ is bounded. We know from Theorem
that Ar(f) C Ar(f™) and so each component of Ag(f™)¢ is bounded. Thus, by
Lemma [T1 part (b), Ar(f™) is a spider’s web.

To prove the converse, we use the result of Theorem that if R > R is
sufficiently large, then Ag/(f™) C Ag//o(f). It follows from Lemma [Z.I] part (d)
that, if Ar(f™) is a spider’s web then Ag/(f™) is also a spider’s web and hence,
by Lemma [T Tl part (b), that each component of Ag (f™)¢ is bounded. Thus each
component of Ap /o(f)¢ is also bounded and so, by Lemma [Tl part (b), Ag//2(f)
is a spider’s web. Thus, by Lemma [T part (d), Ag(f) is a spider’s web. O
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